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RIBLTOGRAPniCAL  NOTE  ON  THE  USE  OF  THE  WORD  MASS  IN 

CURRENT  textbooks; 

By  EDWAilD  V.  HUNTINClXiX.  Harvarc]  I'lavcryity. 

1.  Introductiou     1 

II.  Prelimiruiry  rciuarkti  on  iiic{t.surnl)h'  quniititics  in  grucral   2 

III.  Current  detiDitioQS  of  the  mags  of  iv  bo<iy : 

1.  Maaa  aa  measured  by  force  -t-  acceleration  (inertia)   3 

2.  Miusa  as  measurgd  by  a  beam  balance  (standard  wcipiht.)    4 

3.  Mass  as  measure*,!  by  mutual  ai'celcratiQn  (intcrat  lioiij   (j 

4.  Ma.s3  as  measured  by  the  number  of  identical  corpuscles   7 

IV.  Incomplete  "definitions"  of  mass: 

5.  "  (Quantity  of  matter"     7 

6.  Circular  definitiona   9 

7.  Definition  lacking   9 

8.  Mass  as  body,  or  lump  of  nuitter   9 

V.  Remarks  on  the  names  of  the  units  of  mass    9 

VI.  Conelmiions: 

rropositione  {/!)-((/)   10 

Proposition  (//;    12 

Vir.  I.Tst  of  books  examined   12 

T.  TxTttODTrrTTox. 

The  history  of  dynamics  from  before  the  time  of  Newton  to  the  present  day 
has  been  a  history  of  continually  increasing  precision  in  the  use  of  terms.  Sucli 
words  as  p(nver,  energy,  force,  which  only  a  few  generations  ago  were  hopelessly 
confused  and  ambiguous,  are  now  well  defined  and  accurately  used  by  all  careful 
writers. 

Not  quite  all  the  ambiguities  have  been  removed,  however.  In  particular, 
the  term  "mass"  is  one  which  is  still  defined  in  a  variety  of  ways — with  much 
resulting  confusion. 

'  Preaented  to  the  American  Mathematical  Society  at  its  Cleveland  meeting,  September  5, 
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With  a  view  to  ascertaining  exactly  what  meaning  present-day  students  are 
being  taught  to  attach  to  the  word  "nuiss,"  T  have  looked  up  the  definition  of  the 
term  in  a  large  number  of  current  books  on  mechanics  and  physics,  and  I  venture 
to  present  here  the  result  of  this  survey,  in  the  hope  that  it  may  be  not  without 
interest  to  teachers  and  other  mature  students.  Let  me  state  most  emi^atically, 
howevor,  that  this  bibliographical  r^wft  is  not  intended  for  beginners,  or  for 
clnss-roora  use.  The  chief  end  of  a  cohtsc  in  dynamics  is  not  a  definition  of  "  mcuis,'* 
but  the  development  of  power  in  the  solution  of  fundamental  dynamical  problems; 
if  too  much  time  is  spent  on  controversial  matters,  too  Uttle  energy  will  be 
avaQable  for  the  mast«y  of  essoitial  principles. 

II.  Pbeuuinabt  Reuabks  on  MEASTnuLBLB  QnANTinss  IN  Genebal. 

Since  we  are  not  here  conoemed  with  metaphysical  spectdations  as  to  the 
ultimate  nature  of  matter,  but  only  with  a  certain  measurable  property  of 
matter  which  may  be  used  in  the  equations  of  mechanics,  it  is  important  to  recall 
briefly  under  what  circtimstances  any  given  phenomenon  can  be  treated  as  a 
measurable  quantity.  The  whole  progress  of  modern  science  has  been  a  constant 
effort  to  reduce  merely  quaUtative  data  to  a  basis  of  accurate  quantitative  meas- 
urement, and  no  concept  (like  the  "food  value"  of  a  bag  of  flour,  or  the  "amount 
of  matter"  in  a  lump  of  metal)  can  be  regarded  as  having  any  sdentific  standing 
until  some  method  of  reducing  that  concept  to  measurement  has  been  aprced  upon. 

A  set  of  elements,  n,b,  c,  •  •  • ,  is  said  to  be  meamrnhir,  in  ienns  of  a  unit  element^ 
u,  of  the  set,  when  the  follomng  conditions  A,  B,  C,  are  satisfied: 

{A)  Given  any  two  elements  a,  h,  it  must  be  possible  to  decide  whether 
a  a  6,  a  <  fr,  or  a  >  6. 

This  condition  implies  the  existence,  among  the  elements,  of  a  rule  of  com- 
parison, <,  which  is  siippoTd  to  obey  nil  tlic  ordinary  laws  of  si-riiil  order. 

{B)  It  must  be  possil)l('  to  form  multiples  and  sub-multiplcs  of  each  element, 
or  at  least  of  the  unit  element,  to  any  agreed-upon  extent. 

lliis  condition  implies  the  existence,  among  the  elements,  of  a  rule  of  com- 
bination, +1  which  is  supposed  to  obey  all  the  ordinary  laws  of  addition  in  algebra. 

(C7)  Given  any  element,  a,  it  must  be  possible  to  find  at  least  one  positive 
integer,  n,  such  that  (\ln)n  :^  </;  nnd  for  every  such  value  of  n  (within  some 
prescribed  range)  it  must  be  possible  to  find  two  consecutive  positive  integers, 
m  and  m  +  1,  such  that 

V  u 
m  -  S  a  <  (m  +  1)  -'. 
H  n 

This  condition  implies  tliat  the  rule  of  addition,  -f ,  and  the  rule  of  com- 
parison, < ,  obey  the  law  that  *dz<y  then  a  -h  or  <  a  +  y. 

The  wider  the  ran^  nf  i  ntegers  over  which  these  conditions  hold,  the  greater 
the  accuracy  attainable  in  the  measurement.^ 

'  Wc  may  nuU\  in  prtssiiin,  tliut  niiiny  sots  of  entities  satisfy  rondilion  .1  but  nol  coitiiition  B. 
For  example,  iu  cousideriug  seusulioufi  of  color,  wu  bay:  tliis  color  ia    kiis  red  "  than  that;  but. 
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Now  it  is  obvious  that  before  the  idea  of  "mass"  can  be  used  in  the  equations 
of  dynamics,  the  "masses"  of  bodic.t  must  be  defined  as  mcasnrable  qnantities: 
and  all  the  different  definitions  of  the  word  mass  are  in  reality  different  definitions 
of  the  way  in  which  the  measurement  of  mass  is  supposed  to  be  effected. 

ni.  CimBXNT  Definitions  of  Mass. 

We  DOW  take  up,  in  ordw,  the  four  pnndpal  types  of  d^nitiooa  of  mass 
oontaiiied  in  the  cuxtent  textbooks.  The  books  referred  to  axe  listed  at  the 
end  of  the  article. 

a 

1.  Man  09  Mittiured  by  Force 

In  the  opinion  of  J.  Clerk  Maxwell  (p.  40),  "the  only  definition  of  equal 
masses  idik^  can  be  admitted  in  dynamics"  is  Ihe  following:  "Any  two  bodies 
are  of  equal  mass  if  equal  forces  aj^ed  to  these  bodies  produce,  in  equal  times, 
equal  changes  in  velocity" ;  and  this  definition  is  in  fact  the  one  adopted  by  the 

largest  number  of  authors.  Thus: 

Lamb  !p.  20):  "It  is  observed  .  .  .  that  the  same  force  apjjlicd  in  suece.ssion 
to  diflfereut  bodiei>  produces  in  general  dill'erent  degrees  of  acceleration.  Tliis  is 
described  as  due  to  differences  in  the  inertia  or  mass  of  the  respective  bodies. 
Two  bodies  whicdi  acquire  equal  velocities  in  equal  times,  when  acted  on  by 
the  same  force,  are  regarded  as  dynamically  equivalent,  and  their  masses  are 
said  to  be  equal." 

l^oincare  (p.  13,  tr.) :  "  The  quotient  of  force  divided  by  acceleration  is  what 
ve  mean  by      mass  of  a  body.*' 

E.  H.  Hall  (p.  142):  ''Equal  mass»  are,  by  definition,  quantities  of  matter 
which,  whatever  their  inequalities  in  other  respects,  are  alike  in  this,  that  they 
require  equal  forces  to  give  them  equal  velocities  in  equal  times.'* 

Similarly  in  Routh  (p.  23),  Poynting  &  Thomson  (p.  4),  Rankiiie  (p.  482), 
homy  (p.  5),  Cox  (p.  118),  CUliord  (p.  59),  Macgregor  (p.  191),  (iarnett  (p.  22), 
Williamson  &  Taxleton  (p.  32),  H.  Adams  (p.  lU),  Encyclupsedia  Britannica, 
Art.  Mechanics  (p.  974),  New  International  Encydopedia,  Art.  Matter  (p. 
1033),  Lanza  (p.  11),  Trowbridge  (p.  Gl),  DuBois  (p.  3),  Wright  (p.  4C^),  Carhart 
(p.  42).  Kimball  (p.  18),  Duff  fp.  28),  Slocura  (p.  70),  F<«rry  (p.  77),  :\rann  & 
Twiss  (p.  3<)),  Thwinjr  (p.  12),  Trautwine  ip.  33(>\  Tla^s  ward  i  p.  191),  Ciiwolson 
(p.  72),  Deschanel  (p.  44),  Dclauncy  (p.  Jaiuiii  (p.  ()2),  Massau  (p.  Ill), 
Ringefanann  (p.  99),  VioUe  (p.  98),  La  Grande  Encyclopedic,  Art.  Maase,  sub* 
heading  Mecanique  (p.  371),  Autenrieth  (p.  194),  Hamel  (p.  46),  Streintz  (p. 
100),  Voigt  (p.  39),  Voss  (p.  49),  WiiJlner  (p.  56),  "Hfltte"  (p.  148),  Weber 
&  Wellstein  (p.  93). 

we  hardly  say:  this  color  is  exactly  "  twice  as  red  "  aa  that.  Such  entities  may  be  said  to  be 
comparable,  but  not  additive.  On  the  other  liand,  many  sets  of  entities  satisfy  B  but  not  A. 
For  cxHiupI'-,  two  points  in  ?i-(li;ncii.^it  nal  spare  have  a  readily  definable  "  sum,"  but  we  do  not 
Mpeak  of  either  of  such  points  as  being  "  less  than  "  the  other.  Such  entities  may  be  aaid  to  be 
additive,  but  not  oompiarabte;.  No  entities  can  be  nud  to  be  «trict]y  meaaur&fale  unleae  tliciy  are 
both  comtMrable  and  additive. 
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Also  in  the  folio  '  -  books^  if,  aft  is  dearly  intended,  we  understand  by 
"inertia"  the  ratio  ot  force  over  acceleration:  Tait  (p.  28),  Gray  (p.  100),  R. 
W.  Stewart  (p.  93),  Movhy  (p.  27),  Martin  fp.  4),  Slate  (p.  224),  Fuller  & 
Johnston  (p.  5),  Culler  (pp.  4,  20),  Ames  {16\)7,  p.  31),  Crew  &  Jones  {p.  25), 
Carhart  &  Chute  (p.  6),  Duhem  (p.  105). 

This  definition  of  mass  as  force  -r-  acceleration  is  obviously  unintelligible 
without  some  previous  definition  of  the  equality  o!  two  forces^  and  this  is  eq^ressly 
pointed  out  by  a  number  of  writers.  Thus: 

Loiiey  (p.  5):  "It  is  here  assumed  that  it  is  possible  to  create  forces  of  equal 
intensity  on  different  oocasioos,  e,  g.,  that  the  force  necessary  to  keep  a  giyen 
spiral  qirlng  steetcbed  through  the  same  distanoe  is  always  the  same  when  other 
conditions  are  unaltered." 

R.  W.  Stewart  (p.  92) :  "  Equal  forces  may  be  defined  as  forces  which  extend 
the  same  spiral  spriug  to  the  same  extent." 

Similarly,  Voss  (p.  5i),  Cox  (p.  118),  Chwolson  (p.  70>,  Larmor  (p.  278), 
and  others. 

Or,  if  pr^erred,  equal  forces  nuiy  be  defined  as  forces  whidi  give  to  the  same 
lump  of  metal  eqnnl  nccolcrations.  In  any  case,  it  must  be  ranembered  that 
forces  can  be  specified  and  compared  without  involving  in  any  way  the  idea  of 
the  mass  of  a  body.^ 

(la)  A  variation  of  this  definition  (by  force  over  acceleration)  is  adopted  by 
some  writtifs  who  re|dace  the  general  expreasion  F(a  by  Wfg,  where  W  is  the 
special  force  due  to  gravity,  and  g  the  corresponding  acceleration.  (Ohler  writers 
use  Gig  for  Wjg.) 

Thus  I.  P.  Cliureh  (p.  53):  "Since  [for  any  given  body]  the  quotient  Qlg  is 
invariable,  it  will  be  used  as  the  measure  of  the  mass  M  in  the  body." 
.  C.  M.  Woodward  (p.  176):  "The  ratio  Wjg  is  quite  universally  represented 
by  one  letter     whidi  stands  numerically  for  the  mass  of  the  body." 

Similarly,  Winkelmann  Tp.  4),  Merriman  (p.  148),  Moulan  (p.  129),  Kent 
(p.  488),  T.aroiisse  (p.  rnO).  Wood  ip.  in\  Worthingtmi  I'p.  9),  Perry  (Calc, 
p.  2G,  Mech.,  p.  40),  and  probably  Weisbach  (p.  158),  Hancock  (p.  4),  and 
Hudson  (p.  74). 

(16)  Another  variation,  expressed  in  Uxw&  of  kinetic  energy,  is  found  in 
J.  J.  Thomson  (pp.  28-30),  Larmor  (p.  ISl),  Sanfoid  (p.  27),  Cheston,  Gibson  k 
Timmerman  (p.  94),  and  Young  (p.  108).  Compare  Holman,  p.  61. 

2.  Mnsn  as  Meu^-und  by  a  Bvam  Balance  {Standard  We^ight). 

In  spite  of  MaxTsell's  opininn  that  force  dividrd  Ity  a(  (  <  I*  ration  is  the  only 
admi?sihlc  drfiiiitinn  of  ina^-^-,  in.iny  writers  in  hoth  i)ure  and  afip!ie<i  mechanics 
prefer  a  second  dchnitioii,  which  wc  bhall  call  the  beam  balance  dehaition.  Thus; 

Franklin  &  MacNutt  (pp.  25,  14):  "The  mass  of  a  body,  as  a  quantity,  is 

*  DanSell's  oonteDtion  (p.  20)  that  "  Force  can  neror  be  meosiired  until  we  know  ...  the 

ni.a8s  acted  upon  aiid  the  ucceleralion  actually  impelled  tO  it  **  WOUld  appear  tO  be  refuted  by 

the  nrboie  history  of  the  ecieucc  of  statics. 
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defined  hy  the  operation  of  weighing  by  a  biilunee.  .  .  .  Tlie  only  proper  defini- 
tion of  a  quantity  is  the  definition  which  rorrcspoada  to  the  fundamental  method 
which  is  actually  used  in  measuring  that  quantity.  ...  It  is  all  very  well  to 
Udk  afaoiit  defining  the  mass  of  a  body  in  aocardance  with  the  above  utterly 
imi«acticable  method  of  measuring  its  mass  [by  force  and  acoderation];  but 
senaUe  men  always  define  ttiings  in  physics  in  the  way  they  do  them." 

Ganot  (p.  15):  "Two  bodies  are  said  to  have  equal  masses  when,  if  placed 
in  a  perfect  balance  in  vacuo,  they  counterpoise  each  other." 

Pender  (p.  930):  "Two  bodies  are  said  to  iiave  equal  masses  if,  when  they 
are  raspendeid  amultaneously  in  a  vacuum,  one  from  each  end  of  an  equal-armed 
balance,  there  is  no  tipping  of  the  beam." 

Capito  (p.  170):  "This  is  the  only  wsy  in  which  the  mass  of  a  body  can  be 
found  direct." 

Similarly,  in  Love  (p.  OS),  Maurer  (p.  142),  Stewart  &  Gee  (p.  63),  Daniell 
(p.  12),  Nichols  &  Franklin  (p.  8),  Gage  (p.  2),  Henderson  &  Woodhull  (p.  39), 
Hoadley  (p,  15),  MilUer^Pouillets  (p.  94). 

Also  in  the  following  books,  where  "weighing"  b  clearly  to  be  understood  as 
"weighing  on  n  heam  balance":  Thomson  &  Tait  (p.  220),  Jeans  (p.  29),  Lorentz 
(p.  IIS),  Planck  (p.  2),  Minchin  (p.  2),  Ncwcomb  (p.  554),  Wentworth  &  Hill 
(p.  7),  Dolbear  (p.  19),  C.  F.  Adams  (p.  10),  Everett  (p.  16),  Ziwet  &  Field  (p. 
120),  Hastings  k  Beach  (p.  5) ;  and  probably  Miller  &  Lilly  (p.  2),  Black  &  Davis 
(pp.  164-165),  and  F6ppl  (p.  30).   

The  essential  equivalence  between  the  force  acoeleration  d^nition  and  the 
heurn  V>.i]arif  e  definition  is  maintained  by  many  writers.  Thus 

Kenneily  (p.  8):  "Mass  [of  &  body]  is  estimated  either  by  its  inertia  or  by 
its  weight."   

Rowland  &  Ames  (p.  46) :  ^  It  is  possible  to  define  two  objects  as  having  equal 
masses  if,  when  set  in  motion  by  the  same  cause,  they  have  identical  motions. 
[This  is  the  force  -f-  acceleration  definition.!  .  .  .  Or,  two  bodies  might  be 
defined  as  being  of  equal  mass  if  they  have  the  same  weight.  [This  is  the  beam 
balance  definition.]  .  .  .  There  is  no  a  priori  reason  why  there  should  be  any 
connection  between  these  two  definitions;  but  it  is  found  by  experiment  .  .  . 
that  two  bodies  whidi  have  tiie  same  inertia  also  have  the  same  weight.  Con^ 
sequently,  it  is  immaterial  which  of  these  two  properties  is  taken  as  the  basis 
of  comparison.  .  .  .  Tn  j>rnrtiff>  masses  arc  compared  and  measured  by  means 
of  a  balance,  which  is  au  iustrument  to  measure  weight." 

It  should  not  be  forgotten,  however,  that  the  equivalence  between  these 
two  definitions  is  merely  an  assumption,  and  indeed  one  whidi  setfns  likdy  to  be 
called  into  question  by  modem  researches  into  the  behavior  of  bodies  moving 
witii  very  high  vdocities.  For  a  further  discussion  of  the  contrast  between  these 
two  definitions,  see  §  VI,  F,  below. 
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3.  Mass  as  Measured  by  Mutual  Acceleration  {Interaction). 

The  following  tlefinition  was  first  proposed  by  Macb  in  ISdS,'^  and  is  asso* 
ciated  in  England  with  tiie  name  of  Karl  Pearson. 

Mach  (p.  218):  "Those  bodies  are  bodies  of  equal  mass  which,  mutually 
acting  on  each  other,  produce  in  each  other  equal  and  opposite  accelerations." 

Peanon  (p.  329):  '*We  conceive  a  standard  corpuscle,  Q;  *  •  •  then 

Mass  of  A  '^'^  Q  '^^^ 

Acceleration  of  A  due  to  Q ' 

Wc  have  here  a  perfectly  clear  and  intelligible  definition  of  the  mass  of  A  relative 
to  Q.    It  is  III  tliis  matinpr  tliat  mass  is  invarial)]y  determined  scientifically." 

Appell  (p.  S9):  "The  ratio  of  the  masses  of  two  points  is,  by  definition,  the 
inverse  of  the  ratio  of  tiie  accelerations  wliicli  each  of  them  determines  in  the 
other;  the  numerical  value  of  one  mass  having  been  diosen  arbitrarily,  the  values 
of  all  t]ie  others  are  determined.  The  word  force  does  not  etita  into  the  prin- 
ciples of  dynamics  as  here  developed." 

Hoskins  (p.  227):  "The  masses  of  two  particles  are  in  the  inverse  ratio  of  the 
accelerations  which  they  give  each  other.    This  is  a  definition  of  mass." 

Similarly,  in  Goodwill  (p.  4S),  Encydopeedia  Britannica,  Art.  Motionjp.  907), 
Barton  (p.  196),  Roberts  (p.  72),  Crew  (Mech.,  p.  66,  Physics,  ppT  57^9)', 
Ames  (1904,  p.  60),  Lecornu  (p.  207),  Andrade  (p.  54). 

Also,  as  an  alternative  definition,  in  Anerbaeh  (p.  36),  and  others. 

The  most  obvious  case  of  interaction  between  two  bodies  is  the  case  of  impact 
or  collision,  and  hence  most  of  the  writers  who  use  the  mutual  acceleration 
defimticm  itgKtd  a  **coiUnon  halanee**  that  is,  an  apparatus  for  comparing 
velocities  before  and  after  collision,  as  the  fundamental  instrument  for  measuring 
masses.    See,  for  example.  Goodwill,  pp.  50-53. 

As  to  the  relation  between  tliis  definition  an<l  the  preceding  flefinitions: 
ly<)ve  (p.  10^)  makes  a  di-tinetion  between  the  "  ujuas-ratio "  of  two  bijdies,  as 
determined  by  the  mutual  ueeeleration  deiinition,  and  tlie  "ratio  of  the  masses" 
of  the  bodies,  as  determined  by  the  beam  balance  definition,  and  asserts  the 
equality  of  the  two.  Pearson  (pp.  333-337)  shows  how,  on  ( < nain  a-sum]ition», 
the  mutual  acceleration  definition  may  be  regarded  as  including  both  the  beam 
balance  definition  and  the  force-prr-aeeelcration  definition  as  special  cases. 
(Compare  Love,  pp.  10.>,  340.)  On  the  otlier  hand,  if  we  accept  the  principle  of 
action  and  reaction,  the  collision  balance  definition  is  obviously  a  special  case  of 
the  force-per'^Gceleration  definition,  since  the  bodies  are  acted  upon,  during  the 
brief  interval  of  impact,  l)y  equ  il  f nrees. 

(3o)  The  purely  analytic  definitions  of  mass  given  by  Kirchhoff  (p.  23), 
Boltzmann  (p.  21),  Timerdin?  (  p.  2S7K  and  Webster  (p.  23)  may  also  be  classed 
under  this  hcadint;  (of  mutual  acceleration). 

'E.  Macb,  "  U«fbur  die  Defiuiugu  cier  Miutoe,"  Curl' a  Ittj/tfUtrium  fur  Experimtiiial-I'hyeik, 
Vol.  4,  pp.  355-359  (186S). 
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These  three  types  of  definitions  are  the  ones  which  the  student  is  most  likely 
to  meet  in  his  ordinary  reading.   (Compare  The  Century  Dictionary,  Art.  Mass.) 

4,  Mats  09  MtoM/wnd  hy  Uie  Nutnber  of  IdenHeal  Cwprnda  in  a  Body* 

The  following  definition  dq>ends  on  a  certain  assumption  in  regard  to  the 
structure  of  matter. 

Johnson's  Cydopsedia,  Art.  D^oiamks  (p.  87&):  "If  we  suppose  .  .  .  that 
the  ultimate  particles  or  molecules  of  ail  ^u^^tances  are  the  same,  and  that 
we  may  designate  by  the  term  density  the  degree  of  proximity  of  the  particles 
of  any  body  to  each  other,  then  the  number  of  particles  in  a  given  volume  may 
be  taken  to  denote  the  mass  of  the  body." 

Hertz  (p.  46) :  "  The  number  of  matttial  particles  in  any  space,  comparedjdth 
the  number  of  material  particles  in  some  dhosen  space  at  a  fixed  timer  is  called 
the  mass  contained  in  the  first  space." 

La  Grande  Encyclop^die,  Art.  Masse,  subheading  Astronomic  (p.  371,  tr.): 
"One  can  then  define  the  mass  of  a  body  as  the  number  of  identical  particles 
(points  mat&ids)  of  whidk  it  is  composed." 

Houston  &  Seal  (p.  30):  "The  mass  ol  a  body  is  proportional  to  the  number 
<rf  its  molecules." 

This  definition  of  mass,  though  seldom  explicitly  stated,  is  probably  the  idea 
thai  most  authors  have  in  mind  when  they  speak  vaguely  of  mass  as  "quantity 
of  matter." 

Granting  the  basic  assumption,  the  definition  is  logically  quite  defensiUe. 
Unfortunately,  however,  there  is  not  a  shred  of  evidence  in  support  of  this 
assumption,  and  the  student  who  has  been  brought  up  on  any  such  notion  of 
the  ultimate  structure  of  matter  finds  it  difficult  to  adjust  himself  to  the  modern 
theories,  which  make  the  structure  of  the  atom  as  complex  as  that  of  the  solar 
system*  And  of  course^  as  a  practical  method  of  determining  the  mass  number 
df  any  given  body,  the  definition  faili^  completely,  and  resort  must  be  had,  sooner 
or  later,  to  one  ol  the  other  methods  of  measuring  mass.  (Compare  Barton, 
p.  195.) 

rV.  Incomplete  DEFiNrnoNs  of  Mass. 

All  the  definitions  so  far  mentioned  i>ati6fy  the  fundamental  condition  that 
masses  must  be  measurable  quantities.  But  a  number  of  widely  used  text-books 
stiU  retain  "definitions"  of  mass  whidi  are  no  definitions  at  all,  because  they 
fail  to  explain  how  mass  is  to  be  measured. 

5.  "QiaintUy  of  Matter  " 

Almost  every  book  on  the  subject  pa\  s  its  respects,  in  some  form  or  other,  to 
the  time-honored  "definition"  of  mass  as  "quantity  of  matter." 

In  compiling  the  present  report,  whenever  I  found  this  "definition"  supple- 
mented by  a  statement  of  how  the  "quantity  of  matter"  is  to  be  measured,  I 
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ignored  the  words  "quantity-  of  matter"  nnd  accepted  this  supplementary  state-  ^ 
ment  as  the  author's  real  definition  of  mass.    But  where  the  words  "quantity  of 
mAtter"  atand  alone  (as  in  Ziwet,  p.  129),  they  must  be  regarded  as  a  totally 
inadequate  definition  of  the  mass  of  a  body  as  a  quantitative  concept.  The 
situation  is  wdl  described  by  many  authors.   For  example:  ^ 

Encyclopsedia  Britannica,  Art.  ^Motion  (p.  007):  "The  mass  of  a  body  is  ^-'^ 
often  loosely  defined  as  the  measure  of  the  quantity  of  matter  in  it.    This  defini- 
tion  correctly  indicates  that  the  mass  of  any  portion  of  matter  is  equal  to  the  sum 
of  the  masses  d  its  parts,  .  .  .  but  gives  no  test  for  comparison  of  the  masses 
of  bodies  of  different  substances." 

Jamin  (p.  63,  tr.):  "Some  authors  define  mass  as  the  quantity  of  matter  ^ 
which  the  body  contains.  .  .  .  This  idea  is  vague  and  illusory,  for  matter  is  -^^g^ 
not  a  thing  wliich  one  can  measure.  .  .  .  Those  who  wish  to  preserve  this  idea  ,5^^ 
of  mass  are  obliged,  at  the  start,  to  define  what  they  propose  to  mean  by  equal 
quantities  of  matter." 

Chwolson  (p.  73,  tr.) :  "  The  ]ttimitive  definition  of  the  term  mass  as  quantity  ^ 
of  matter  is  not  admissible,  for  .  .  .  for  heterogeneous  materials,  the  notion  of 
equal  or  unequal  quantities  of  matter  is  entirely  lacking." 

Hoskius  (p.  2) :  "  The  mass  of  a  body  is  often  briefly  defined  as  ita  quantity  of 
matter.  These  words,  however,  convey  no  definite  idea  of  die  meaning  of  mass 
as  a  factor  in  the  det^mination  of  motion." 

It  cannot  be  empha»zed  too  strongly  that  without  a  definite  stat^ent  of  ^ 
the  method  of  measurement,  the  phrase  "quantity  of  matter"  is  empty  and  ^' 
useless  in  dynamics.  Merely  caliuKj  a  tiling  a  qnanfiti/  docs  not  make  it  a  qiinntity. 
It  is  just  as  absurd  to  speak  of  "  quantity  "  of  matter  witliout  defining  tiie  method 
of  measurement,  as  it  would  be  to  speak  of  "quantity"  of  beauty,  or  ''quantity"  ^ 
of  temperature,  without  defining  some  methoid  of  estimating  the  values  of  these  ^ 
"quantities." 

There  are,  of  course,  familiar  cases  in  which  we  do  liave  a  direct  intuitive 
perception  of  comparative  "quantity."  For  example,  any  one  can  tell  that 
one  speed  is  many  times  faster  than  another  speed,  or  that  one  bulk  is  many 
times  larger  than  another  bulk.  Speed  and  bulk  are  perfectly  definite  intuitive 
magnitudes,  regardless  uf  the  method  of  measurement  which  may  be  used  to 
determine  their  numerical  value.  But  in  the  case  of  viattcr,  it  is  preeiiely 
uUvitirr  perreplion  of  qnuntitatiic  relations  which  is  enfirehj  lacking. 

Suppo.se,  for  example,  that  a  load  of  coal  and  a  load  of  wood  come  to  the  door, 
and  let  us  ask  the  question,  which  has  more  "matter"  in  it?  It  will  be  found, 
on  reflection,  that  no  answer  to  this  question  is  forthcoming,  except  by  reference 
to  one  or  other  of  the  measurable  properties  described  above.  \\e  can  tell  at 
once  which  load  has  more  bulk;  we  ran  hazard  a  guess  as  to  whirh  hn9  more 
weight,  or  a.s  tn  which  would  require  more  force  to  .set  it  in  moton;  we  can  j 
even  amuse  our.sei\ cs  by  preteuding  to  count  the  number  of  identical  particles  i 
of  which  we  may  imagine  the  two  loads  to  consist;  but  when  we  try  to  think  of 
any  direct  comparison  between  the  mere  "matter"  in  one  load  with  the  mere 
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"matter"  m  tbe  other  load,  intbout  nialdng  even  subconacioiis  use  of  any  one 
of  these  methods  of  measurement,  the  mind  becomes  abeolutdy  blank.  No 

such  direct  comparison  is  possible,  even  in  theory  (eiieept,  of  course,  in  the  oflm 
cited  but  quite  trivial  and  ifrdevant  case  of  the  comparison  of  bodies  of  the  same 
homogeneous  material). 

t^ortunately  for  the  student,  the  number  of  textbook  writers  who  still  persist 
in  dinning  mass  as  merely  "quantity  of  matter"  is  rapidly  decreasing  (since  the 
publication  of  Pearson's  Qrammar  of  8eknee)t  and  is  already  negligibly  small. 

6.  Circular  Definitions. 

The  definition  of  mass  in  terms  of  density,  followed  by  a  definition  of  density 
in  terms  of  mass,  still  appears  in  Tait  and  Steele  (p.  42),  Bowser  (p.  0),  Andrews 
&  Howland  (p.  11).  (Compare  Thomson  &  Tait,  p.  220.)  The  obvious  dr* 
cularity  of  this  definition  has  been  pointed  out  by  many  critics.  Kmilarly, 
Dadoiirian  (p.  103)  defines  mass  in  terms  of  "kinetic  reaction,"  and  on  the  same 
page  defines  "kinetic  reaction"  in  terms  of  mass. 

7.  Definition  Lacking. 

A  number  of  books  in  which  one  would  expect  to  find  a  definition  of  mass  lise 
the  tf>rm  freely  wit*hout  formal  definition  of  any  kind.  For  example,  -Tamieson 
(p.  2),  .Miiiikau  (p.  13),  Smith  k  Ix>ngley  (p.  90),  Hedrick  &  Kellogg  (p.  1), 
Watson  (p.  68),  SilBerstein  (p.  50). 

(7a)  On  the  other  hand,  some  very  successful  writers  prefer  to  develop  the 
whole  theory  witho  t  using  the  word  mass  at  all;  so  Cotterill  &  Slade  (loc.  cit.), 
Merriman  (p.  148),  Black  &  Davis  (p.  154),  and  especially  Sir  George  Greenhill 
(Joe.  cit.).  '\ 

8.  Mass  as  Lump  of  Matter. 

One  further  use  <  f  the  word  mass  may  be  mentioned,  although  it  hardly 
pretends  to  be  a  definition  of  the  mass  of  a  body  in  any  quantitative  sense. 
When  one  speaks  of  "the  impact  of  two  masses,"  or  when  one  solves  a  problem 
about  "two  masses  suspended  by  a  cord  over  a  pulley,"  one  obviously  means  by 
a  mass  simply  a  body,  or  lump  of  matter.  This  is  a  v«ry  common  and  convenient 
usage  which  ought  not  to  be  likely  to  create  any  misunderstanding. 

This  completes  the  record  of  all  the  important  uses  of  the  word  mass  in  the 
current  textbooks. 

It  remains  to  add  a  brief  report  on  the  various  names  that  are  given  to  tlie 
units  of  mass. 

V.  Reiiabks  on  the  Names  op  tbe  Units  of  Mass. 

(1)  If  the  mass  of  a  body  is  defined  by  the  force-per-acoeleration  definition, 

the  name  of  the  unit  of  mass  is  naturally  derived  from  the  names  of  the  units 
of  force  and  acceleration,  just  as  the  name  of  the  unit  of  acceleration  is  itself 
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derived  from  the  names  of  the  units  of  length  and  time.  Thus  we  speak  of  a 
mass  oil  lb.  per  ft.>per-8eG.*,  or  1  kg.  per  cm.<pef<ecA 

WortliinRton  (p.  9)  abbreviates  1  lb.  per  ft.-pcrac.'  into  1  "slug,"  while 
Maurer  (p.  143)  calls  this  unit  n  "  gce-potind." 

On  the  other  hand,  some  writers  prefer  lo  leave  the  unit  unnamed  altogether. 

Church  (p.  53) :  "  No  name  will  be  given  to  the  unit  of  mass,  it  being  always 
undentood  that  the  Iraetkm  G/g  will  be  put  for  M  bdbre  any  numerical  substitu* 
tion  is  made." 

Similarly,  Perry  (Calc.,  p.  26),  Sanford  (p.  28). 

(2)  If  the  beam  balance  definition  or  the  mutual  acceleration  definition  is 
adopted,  the  name  of  the  unit  of  mass  is  simply  tlie  name  of  the  lump  of  metal 
which  is  used  us  the  standard;  as  the  standard  pound  body,  the  standard  kilo- 
gr&m  body,  etc. 

It  must  be  remembered,  however,  that  the  words  pound,  kilogram,  etc.,  are 
used  also  (quite  properly)  to  denote  units  of  force.  Hence,  in  books  in  which 
forces  and  masses  appear  in  the  same  equations,  it  is  necessary  to  di3tina:iiish 
between  the  [iound  force  and  the  pound  mass,  and  between  the  kilogram  force 
and  the  Idlogram  mass. 

This  distincdon  is  emphasised  by  many  writors,  for  example,  Kennelly  (p.  10). 
The  attempt  sometimes  made,  however,  to  symbolize  tiiis  distinction  by  writing 
"lb."  for  one  of  the  units  and  "pd."  for  the  other  seems  foreiloomed  to  failure, 
since  no  one  can  remember  which  is  which.  For  example,  Worthinf^ton  (p.  9) 
uses  "pd,"  for  force  and  "lb."  for  mass,  while  Dadourian  (p.  109)  uses  "pd." 
for  mass  and  "lb."  for  force.  Similariy,  die  two  new  notations  leoen^  pro^ 
posed  by  Hudson  (p.  74) — ^"pounds  (abs.)"  for  mass  as  measured  by  weight, 
and  "pounds  (grav.)"  for  mass  as  measured  by  weight  divided  by  j^^ould  seem 
to  serve  only  to  increase  the  existing  confusion.^ 

In  Ijooks  in  which  forces  are  compared  only  with  forces,  and  masses  only 
with  masses — so  that  no  equation  contains  both  forctjs  and  masses  together — ■ 
the  necesdty  for  this  distinction  disappears.  Thb  is  the  real  secret  of  the  sim- 
plicity, as  regards  untts«  of  the  method  advocated  by  the  present  writer  (see 
§VI,  IT,  below). 

VI.  Conclusions. 

In  condusion,  I  venture  to  express  my  own  personal  preference,  in  regard 
to  the  use  of  the  word  mass,  by  offoing  to  defend  the  following  proposition^: 
(A)  It  is  impossible  to  assume,  at  the  beginning  of  a  course  in  mechanics, 

'  As  an  illustration  of  iJie  confu-im  wluch  arises  wbeii  units  of  force  and  mass  arc  introiiui  c-d 
ioto  the  same  equation,  it  may  be  amusing  as  well  aa  instructive  to  reproduce  the  following  state- 
ments from  two  books  which  have  had  a  wider  oircuIatioiD  perhiqw  than  way  otheni  in  limr  Te> 
•pective  fields  of  theoretical  and  applied  mcthanios. 

Routh  {Dynamics  of  a  Particle,  p.  25):  "  The  equation  W  ~  mg  shows  that  the  weight  of  a 
unit  mass  is  g."{\)    (One  had  always  supposed  that  W  was  a  force,  and  g  an  acceleration!) 

Wdsbach  {hlechanic*  oj  JSngineaing,  p.  159):  "  Hence  the  mass  of  a  body  whose  weight  ia 
20  pounds  is  0.62  pounds;  «nd  inveneiy  the  wdgibt  of  a  mass  of  20  pounds  is  644  pottnds."(l) 

Quotations  almost  as  distnastng  «s  tbese  might  be  made  from  many  more  modem  tex^tooks. 
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that  a  8tud«Dt  has  any  intuitive  idea  of  the  meaning  of  the  espfesnon  "the  mass 
of  a  body."  Before  this  tenn  is  introduced,  its  meaning  should  be  defined  (|  7). 
The  use  of  the  word  "mass**  as  a  synonym  for  "lump  of  matter"  is  often  oon* 
venient,  and  need  not  be  discouraged  (§  8)j  but  this  gives,  of  course,  no  quanti- 
tative idea  of  the  "  mass  of  the  body," 

(B)  The  definition  of  "the  mass  of  a  body  "  as  the  uumber  of  identical 
corpuscles  in  it  (§4),  and  the  pseudo-definition  of  "mass"  as  "quantity  of 
matter"  (§  5),  are  unsatisfactorj',  and  should  be  abandoned. 

f  O  The  definition  of  "  mass "  by  mutual  acceleration,  at  least  in  its  general 
form  (§  3),  is  too  abstract  fnr  Vx  ginners.' 

There  remain  to  be  considered,  therefore,  only  the  inertia  definition  (§  1) 
and  t]ie  beam  balance  definition  (§  2). 

(D)  The  idea  of  the  inertia  cfa  body,  as  mea8uied.by  force  divided  by  aocelei!»> 
tion,  is  important,  and  the  Newtonian  hypothesis  that  the  inertia  of  a  body  is 
constant  (that  is,  independent  of  the  body's  velocity)  should  be  thoroughly 
understood.  Any  teacher  who  wishes  to  introduce  tlie  term  "mass  of  a  body" 
to  mean  the  inertia  of  the  body  has  excellent  authority  for  doing  so  (§  1). 

(E)  The  idea  of  the  standard  wciglu  of  a  body,  as  measured  by  a  beam  balance, 
is  also  important,  and  any  teacher  who  wishes  to  mtroduoe  the  term  "mass  of  a 
body"  to  mean  the  standard  weight  of  the  body  has  excellent  authority  for 
doing  so  (§  2). 

(F)  It  is  by  no  meatia  a  matter  of  indifference,  hoverer,  which  of  these  two 
definiliona  of  "mass"  is  adopted,  since  many  passages  in  standard  literature  pre- 
suppose one  of  these  definitions  to  the  absolute  exclusion  of  the  other. 

As  a  first  example,  consider  the  following  quotation  from  Foincare  (p.  13,  tr.): 
"  In  the  new  mechanics,  tlie  mass  of  a  body  increases  enormously  with  the  velocity, 
and  becomes  infinite  when  the  velocity  approaches  the  velocity  of  light."  Here 
the  word  "mass"  dearly  must  mean  inertia;  the  passage  would  become  quite 
unintelligible  if  "mass"  were  interpreted  as  standard  weight. — Secondly,  con- 
sider the  following  proposition,  cited  by  many  authors  as  a  fundamental  law  of 
nature:  "Force  »  mass  X  acceleration."  Here  the  word  "mass,"  whatever 
else  it  may  mean,  certainly  does  not  mean  inertia  ftliat  is,  force  -^  acceleration), 
since,  if  it  did,  the  proposition  in  (pu'Stion  would  be  not  a  law  of  nature,  Init 
merely  a  trivial  algebraic  transformation  of  the  very  definition  of  inertia.  To 
give  the  pro])osition  any  significance  as  a  law  of  nature,  the  word  mass  must  be 
interpreted  as  something  other  than  inertia,  tw  ^campte,  as  standard  weight — 
Thirdly,  consider  the  contrast  between  the  two  ways  of  naming  the  units.  If 
the  inertia  definition  is  adopted,  the  natural  units  of  mass  are  the  lb.  per  ft.-per- 
sec.',  the  kg.  per  cm.-per-sec.-,  etc.  (where  "lb."  and  "'kjr."  are  to  he  understood 
as  imits  of  force) ;  while  if  the  beam  balance  definition  is  adopted,  the  natural 
units  of  mass  are  the  pound-mass,  the  kilogram-mass,  etc.  (whidi  are  the  names 

*  The  collision  balance,  which  is  a  very  instructive  appaiaius,  is  Lett  Luttrpreieci  im  an  iustni- 
mcnt  for  comparing  tlie  intrtias  of  two  bodies,  the  equality  of  the  forces  acting  on  the  two  bodies 
duiiog  the  impact  being  insured  by  the  principle  of  action  and  reaction  H  3). 
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of  oertain  lumps  o!  metal);  moreover,  the  latter  units  diffw  from  the  former  by 

the  numerical  factors  32.1740  and  980.665  respectively. 

These  three  iHustrations  may  suffice  to  show  tliat  the  choice  between  the 
two  (lefuiitioiis  of  mass  is  a  serious  matter,  which  affects  the  whole  developmeat 

of  tlie  course. 

(6')  In  view  €f  tkue  eontidtraliom,  it  vmild  appear  detifoble,  at  Ua$t  at  tkt 
hegifming  qf  the  courte,  to  mphy  only  Ike  eeparaUf  wdl-eriat^hed  terms  "merHa 

qf  a  body"  and  "standard  weight  of  a  body"  to  denote  these  two  closely  related  byt 
still  quite  distinct  conceptions.  Later  in  the  course,  the  student  should  be  told, 
as  an  important  matter  of  general  information,  that  the  word  "mass"  is  used  by 
some  writers  to  denote  inertia  and  by  other  writers  to  denote  standard  weight. 
There  ie  at  anjf  rate  notiung  toheUmt  byfoihwing  this  plan;  and  there  is  oerfatfity 
much  to  be  gained  in  the  toay  ^  dear  thinking. 

All  these  recommendations,  it  will  be  noticed,  leave  entirely  open  the  question 
whether  F/a  =  F'ja'  or  F  =  ma  is  the  better  form  of  the  fundamental  equation 
of  mechanics,  and  I  hope  that  a  general  acceptance  of  the  truth  of  the  proposi- 
tions iA)-{G)  may  serve  to  clear  the  ground  for  a  more  satisfactory  discussion 
of  that  question. 

(H)  To  avoid  possible  misunderstanding,  I  should  like  to  add  that  while  I 
have  constantly  advocated  the  use  of  the  equation  F/a  =  F'ja'  as  the  funda- 
mental equation  of  mechanics,  I  have  no  objection  whatever  to  the  nxe  of  the 
letter  m  as  an  abbreviation  for  F/a,  or  W(g.  It  is  obvious,  however,  that  the  letter 
m,  wiieii  so  used,  denotes  an  inertia,  that  is,  a  force-per-acceleration,  and  not  a 
numb^  derived  from  a  beam  balance.  Hence,  when  numerical  computation  is 
involved,  I  like  to  replace  such  an  m  by  the  more  <  \]  I'cit  Wfg  before  inserting 
mimcricHl  valtics,  thus  avoiding  the  possibility  of  confusion  between  the  units  of 
inertia  and  the  units  of  standard  weight.  By  following  this  plan,  nothing  is 
lost  in  the  way  of  algebraic  compactness,  and  much  is  gained  in  the  way  of 
flureness  and  cnnfort  in  numerical  oomputation.^Hw  alternative  ]dan  of  regard- 
ing the  "m"  in  F  s  ma  as  a  fundamental  concept  (usually  vaguely  definisd  as 
quantity  of  matter")  appears  to  me  to  offer  no  advantages,  and  to  lead,  in 
practice,  to  many  disturbing  and  quite  superfluous  complications. 

\\\.    IjST  OF  BoriKS  EXAMIVKD. 
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BOOK  REVIEW. 
Sbnd  all  communications  to  W.  II.  Bdsset,  Uoivemty  of  Minnesota. 

Projective  Geometry.  By  L.  Watland  Dowunq.  McGraw-Hill  Book  Company, 
New  York,  1917.   215  pages.  ?2.00. 

If  long  and  expectant  waiting  for  the  giiest's  arrival  insnrcs  a  hearty  welcome, 
this  little  l>ook  first  sees  the  lijrht  under  most  ausjjicious  circtimstances.  For 
many  years  tiiose  who  have  had  the  good  fortune  to  teach  projective  geometry 
have  been  wialung  for  a  text  in  English  that  should  lay  sufficient  emphasis  on  ita 
non-metrical  diaracter  and  at  the  same  time  should  be  adapted  to  the  powers 
of  the  average  college  junior  or  even  the  exLej)tIonal  younger  student.  Cremona, 
excellent  book  though  it  is,  does  not  satisfy  the  first  condition;  Holgatc's  trans- 
lation of  Reye  has  long  been  out  of  print;  and  Vcbh  u  and  Young's  masterful 
treatise  has  seemed  to  many  too  heavy  for  the  purpose.  Here  we  have  a  book, 
amaB  and  compact,  of  pleasing  extmial  appearance,  wdl  printed  in  good  type, 
with  dear  and  attractive  page  broken  by  figures  of  reasonable  size.  Its  point  of 
view  is  non-metrical  and  yet  it  does  not  neglect  the  metrical  applications.  It 
merits  careful  consideration  by  all  who  are  interested  in  this  beautiful  field  of 
mathematical  thought  and  sympathetic  trial  ia  man\-  of  the  institutions  where 
the  Bttfaject  is  taught. 
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BOOK  REVIEW. 


Perhaps  the  first  questiou  confronting  the  author  of  an  elementary  text  on 
projective  geometry  is  wlieth«r  the  oonic  sball  be  studied  first  as  generated  by 
piDjecttve  ranges  and  pendls  or  as  made  up  of  the  self-conjugate  dements  of  a 

polar  field.  Shall  he  ally  hiraself  with  the  school  of  which  we  may  take  Reye 
as  an  example  or  with  that  typified  by  Enriques?  The  logical  advantages  of  the 
latter  have  been  clearly  pointed  out/  its  wisdom  from  a  pedagogical  standpoint 
it  not  so  elear.  It  takes  mudi  longv  to  reach  what  to  the  student  seems  worth 
while. 

The  teacher  finds  himself,  perhaps,  in  the  position  of  the  guide  who  must 
choose  between  two  paths  up  the  monntain.  There  is  on  the  one  hand  a  lon<j  and 
rugged  climb,  which  leads  directly  to  the  top,  and  on  whicii  the  wonderful  hmd- 
scape  bursts  suddenly  into  view  in  all  its  beauty;  and  on  the  other  is  an  easier 
path,  which  half-way  up  the  mountain  affords  a  fine  view,  if  not  the  equal  of 
that  at  the  higher  level.  The  most  hardy  of  his  party  would  not  stop  short  of 
the  top  in  any  event.  Of  those  who,  exhausted,  would  f&JI  to  finidi  the  longer 
ascent,  some,  enoonraged  by  tlie  lesser  view,  will  go  on  to  the  greater;  others, 
stopping  at  the  half-way  house,  will  at  k'ast  have  something  for  their  labor. 
Must  it  not  be  agreed  that  unless  the  party  is  made  up  entirely  of  hardy  climbers 
the  wise  guide  will  choose  the  second  route?  But  is  this  a  true  analogy?  We 
confess  doubt. 

Our  author  frankly  admits  in  the  preface  that  he  chooses  Reye  for  his  pattern, 
and  yet,  if  we  may  continue  the  figure,  he  does  not  fail  to  point  the  way  to  the 
higher  level.  After  viewing  the  beautiful  landscape  embracing  the  conic  sections 
and  their  properties  from  the  level  of  generation  by  projective  forms,  he  concludes 
the  book  with  diaptm  on  pfojectively  related  primitive  forms  of  the  second 
kind  and  polarities  in  a  plane  and  in  a  bundle.  The  question  might  be  raised 
whether  it  would  ha\  e  been  possible  and  desirable  in  one  book  to  give  the  teacher 
his  choice  of  paths.  Our  author  has  not  attempted  this.  Much  of  the  book 
would  have  to  be  entirely  recast  if  the  teacher  wished  to  make  his  first  approach 
to  the  conies  through  the  polar  field.  In  particular  the  involution  on  a  line 
could  not  be  derived  from  the  involution  on  a  oonic. 

With  what  simple  means  and  how  quickly  are  we  led  to  the  conies  I  Only 
four  chapters,  36  pages,  are  necessary  to  introduce  the  student  to  the  funda- 
mental notions,  the  primitive  forms,  the  theorem  of  Desargues,  the  ])rinciple  of 
duality,  the  theorem  of  perspective  quadrangles,  the  harmonic  set,  as  a  prepara- 
tion for  projective  oiM-dimensional  primitive  forms,  the  generation  tjt  the  conic, 
the  theorans  of  Pascal  and  Brianchon,  and  the  polar  theory  of  the  conic.  These 
are  treated  in  four  chapters  covering  57  pages.  To  be  sure,  the  involution  is 
not  yet  known,  nor  those  properties  that  depend  on  it.  Tlirce  (■ha|)ters  intervene, 
Chapter  IX  on  the  I  )iatnet<'i s,  Axes,  and  Algebraic  Equations  oi  Curves  of  the 
Second  Order,  Chapter  X  on  Ruled  surfaces  of  tlie  Second  Order,  and  Chapter  XI 
on  Fhijectively  Related  Elementary  Forms,  before  in  Chapter  XII  we  have  the 
involution  defined  as  a  cyclic  projectivity  of  order  two.  This  chapter  deals 

1  Oiurlotte  A^M  Soott,  Aimidf  of  Mjhematiea,  2d  Series,  Vol.  2,  pp.  64-72. 
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with  the  theory  of  the  involution  and  Imaginary  elements,  and  the  following 
Chapter  XIII  with  the  foci  and  focal  propejrties.  This  doses  the  diaeuasion  of 
one-dimensionAl  foims,  the  remaining  fifty  pages  being  occupied  with  two- 
dimensional  forms,  the  two  chapters  mentioned  above. 

In  general  outline  these  first  thirteen  chapters  handle  the  subject  in  about 
the  manner  that  one  familiar  with  Keye  would  expect.  A  few  features  deserve 
special  mention. 

In  oonddonng  the  fundamental  theomn  the  author  constructs  a  harmonic 
scaloj  calls  attention  to  the  fact  that  harmonic  constructions  from  three  points 

can  never  yield  all  the  points  of  a  line,  though  "tlieoretleally  we  may  arrive  at  a 
point-row  whose  points  are  everywhere  dense,"  and  gives  a  formulation  of  the 
Dcdckind  postulate  as  here  applied.  He  confesses  that  the  treatment  is  meager, 
but  it  fumidies  a  starting  point  for  the  teacher  who  consideis  it  advisable  to  lay 
stress  on  €he  logical  foundation  of  the  fundamental  theorem. 

Defining  the  involution  on  a  conic  as  a  cyclic  projectivi^  of  order  two  fur- 
ni'^hes  the  autlior  with  an  occasion  for  a  short  discussion  of  cyclic  projectivities  in 
general.  The  definition  of  imaginary  elements  and  the  solution  of  certain 
problems  mv  olving  their  use  follow  closely  the  latest  edition  of  Reye's  first  volume. 

Though  nearly  a  quarter  of  the  book  is  devoted  to  metrical  matters  the 
double  ratio  receives  scant  attention. 

A  more  detailed  outline  of  the  last  two  chapters  may  be  in  place,  since  in  the 
selection  of  material  here  there  is  a  wider  range  of  possibilities.  The  definition 
and  determination  of  perspective  and  projective  transformations  of  two-dimen- 
siuuai  forms  are  followed  by  the  plane  perspectivity,  affinity,  similitude,  and 
congruence,  with  a  short  discussion  of  the  double  elements  of  a  coUineation.  In 
the  last  chapter  we  have  the  construction  and  classification  of  polarities  in  the 
plane  and  bundle;  orthogonal  and  absolute  polarity  and  antipolarity;  two 
polarities  in  the  same  plane  or  bundle  with  resulting  rollineation  and  with  appli- 
cation to  the  cyclic  planes  and  focal  axes  of  cones;  quadratic  transformations, 
inversion,  circular  transformations. 

In  handlbg  these  two  chapters  the  teacher  is  affcnded  ample  opportunity  to 
leave  his  impress  upon  his  course.  He  will  wish  to  amplify  the  treatment  at 
many  points  and  readjust  the  emphasis,  in  order  to  bring  out  the  advantages  of 
the  polar  field  approach  to  the  conic.  One  must  delay  long  enough  on  the  summit 
for  the  mists  to  roll  away.  He  will  find  it  necessary  even  to  correct  misleading 
statements  such  as,^  "If  two  planes  are  collinearly  related  and  have  a  self-corre- 
spondiQg  line,  they  are  in  perspective  position,  or  else  they  are  superposed  and 
have  in  oonmum  a  sheaf  of  rays."  Evidently  what  the  author  means  is  a  line 
(if  self-corresponding  points  rather  than  a  self-corresponding  line.  Again,  in  the 
demonstration  of  the  theorem,^  "In  aflinately  related  planes,  the  ratio  between 
the  areas  of  corresponding  figures  is  constant,^'  it  is  implied  tliai  c<*rresponding 
^gments  bear  to  each  other  a  ratio  that  is  constant  throughout  the  plane. 

'1^165.  ' 
«Pieel70. 
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BOOK  BEVIEW. 


Scattered  through  the  book  there  are  some  fifty  sets  of  aaacaati  averaging 
sue  ezerciaes  to  the  set.  For  the  formulatira  of  these  the  teachw  irill  be  grateful. 
We  have  noticed  two  of  them  that  are  faulty  in  statement:*  "Show  that  in  the 

configuration  of  Desnrgues  any  line  may  fx;  taken  as  an  axis  of  perspectivity. 
The  two  triangles  and  the  center  of  perspectivity  will  tlien  be  uniquely  deter- 
mined/' is  not  clear ;^  "If  a  hexagon  whose  vertices  are  not  copianar  nor  its 
Huree  diagooab  ooncunent  is  projected  from  any  point  on  a  fine  whkh  meets 
all  three  (rf  the  diagonals*  show  that  the  lines  projecting  the  vertioes  are  rays  of  a 
cone  of  the  second  order,"  draws  the  conclusion  of  Pascal  from  the  hypothesis 
of  Brianehon. 

The  historical  notes  are  few  and  do  not  attempt  to  sketch  the  development 
of  the  subject.^  "Chasles,  Geomeirie  SupSrieure,  1880,"  may  be  thought  mis- 
leading, since  the  date  is  not  that  of  the  first  edition. 

While  the  author,  as  he  liimself  says,  has  patterned  after  Reye,  he  has  by 
no  means  given  us  a  mere  translation.  The  langiuige  and  style  are  the  author's, 
not  Reye's.  Some  things  we  think  might  he  better  said  in  the  interest  of  cle;)r- 
ness  and  accuracy.  For  example,'  "Like  primitive  forms  are  eacli  composed 
of  the  same  kind  of  elements/"  appears  in  its  connection  to  be  a  definition.  The 
breaks  in  the  argument  for  the  purpose  d  dualising  are  some^es  disturbingly 
frequent.  For  some  things  we  should  use  other  names;  throw  of  points  or  lines 
where  the  author  uses  range  and  pencil,  two-dimensional  forms  for  forms  of  the 
second  kind,  (luadratic  transformation  for  quadric  transformation.  We  see  no 
reason  for  banishing  the  diagonal  point.  In  passing  may  we  express  the  hope 
that  some  steps  will  soon  be  taken  to  standardize  the  nomenclature  of  this  subject. 
It  is  eoiainly  not  an  advantage  pedagogically  to  have  several  different  names 
for  the  same  thing. 

It  is  a  pleasure  to  the  teacher  to  be  able  to  point  out  to  his  class  the  excel- 
lences of  good  figures.  This  |)leasure  is  in  measure  denied  to  the  user  of  the 
book  we  are  discussing;  for  wliile  the  figures  are  in  general  clear  and  easily  read, 
the  teadier,  if  he  calls  attention  to  them  at  all,  will  be  forced  to  remark  on  the 
cardessness  exhibited  in  their  construction.  The  inconsistwt^  in  the  use  of 
small  circles  surrounding  designated  points  and  in  the  use  of  dotted  lines  is 
astonishing.  Tn  each  of  two  figures  three  lines  tliat  should  pass  through  a  point 
form  a  triangle  of  cunsiderable  size.  Very  unfortunate  is  Fig.  120,  one  of  the 
most  pretentious  in  tlie  book.  The  crude  upproxiumtions  to  ellipses  here  shown 
are  an  offence  to  even  the  slightly  trained  eye.  What  a  pity  that  a  book  must 
carry  a  blemish  of  this  sort,  which  might  so  easily  have  been  avoidedl 

Let  us  conclude  with  the  hope  that  this  book  will  find  wide  acceptance  and 
accompHsh  much  in  bringing  the  subject  to  the  attention  of  a  larger  body  of 
students. 

John  W.  Bradshaw. 

Xhamusm  or  MicmoAN. 

'  Ex.  5,  page  23. 
»  Ex.  9,  page  SO. 
«  Ex.  G,  page  63. 
*  Page  17. 
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PROBLEMS  FOR  SOLUTION.^ 


Sum  AMJt  oomramcAattMa  abouv  ntanxm  to  B.  F.  Finkcl,  SpriDcfidd*  Mo. 
ami.  VnvonA  by  mmm    mannk  SUte  OoHoge,  P>. 

Prove  that  the  distance  measured  along  the  dde  of  a  triangle,  from  the  point  of  contact  with 
the  inscribed  circle  to  the  point  of  eotttact  iritli  an  eacribed  dcde*  ia  eqiud  to  the  aide  of  the  tri- 
angle between  the  two  circles. 

2661.   Proposed  by  AKTEMAb  UAKTlX,  Washiiigton,  D.  C. 

Find  a  paralldopipedon  whose  edges,  and  the  diagonals  of  its  tacee,  are  all  rational  whole 


ma,  Tnfomai  If  jon  ufcmm,  Nvw  Yett  CMy. 

Assume  we  have  two  piles  of  gohi  bars.    The  ditncn.-'ioii^  of  the  bars  in  the  first  pile  are 
2.643  X  5^  X  10.573  aod  the  dioaeosioas  of  the  bars  in  the  second  pile  are  2.13  X  6.53  X 
10.678.  Hpocy^Ua^ftnanvabanfiomtliefintiiileaadfiroiatlMa 
eubea»  the  ban  bom  the  pUea  to  be  taken  sepantdy  QrineotnMnation. 

ml  IlNpeaedbrB.r.BaKni,Oiilf«r^erimnu 

Item  the  identity 


Macmahon  {Combiualorial  Analysi«,  vol.  I,  p.  Id  i>rove8  the  number  of  partitions  of  any  ijuteger 
n  into  odd  parts  is  equal  to  thsaombcr  of  prtrtitiona  of  n  into  parts  no  tiro  of  which  are  equal. 

Taking  tlie  rinnnnn  of  aome  caiTiinal  number,  deviae  an  ordinal  amnfenuait  which  puts  each 
aMmbtt  into  one-to-ooe  coneq^ondeoce  with  a  number  of  the  other  clan  and  of  such  a  nature 
that  a  diieet  ealeidation  detecnincs  which  ia  the  partner  of  any  member  in  dther  daas. 

2164.  Tfeopeead  by  f.  w.  mcmouox,  lianlahBa  State  Unlvenl^. 
Find  the  sum  of 


2665.  Proposed  by  CLIFFOBD  N.  3IILI.8,  Brookings,  S.  Dak. 

A  teleyrapli  wire,  which  weighs  1/10  of  a  jwund  j)cr  yard,  is  stretched  between  poles  on  a 
level  ground,  so  that  the  greatest  dip  of  the  wire  is  3  feet.  1  iii<l  approximate^  the  diatanoe 
between  the  poles  wlwn  the  tension  at  the  ktwest  point  of  the  wire  is  140  pounda. 

2666.  Propoeed  by  w.  woolsey  iOBMaONp  Aaaapetta,  Marjdaad. 

Ten  equations  between  five  (juantities  Xj,  x;,  •  •  •,  Xi  being  written  as  follows:  xi  ~  1  —  tsT| 
and  four  others  formed  by  cyclic  interchange  of  llic  sulFixtis;  also  x»xiij  =  Xi  +  x»  ~  1  and  four 
others  forine<l  by  cyclic  interchange;  prove  that  only  three  of  these  equations  are  independent. 
In  other  words,  the  vaiuea  of  xi  and  xa  lieiog  assumed  at  pleasure, ««,  xt,  and  Xt  can  be  so  deter- 
mined as  to  aatisTy  afl  ten  eqoatioDs. 

^7.    Proposed  by  E.  L.  BEES,  The  University  of  Kentucky. 

Given  one  diagonal  of  a  paraliclugr;ini  and  the  area  of  the  rectangle  whose  sidca  ure  equal 
to  those  of  the  paralleioKnini,  construct  the  parallelogram  80  that  the  diagonal  shall  make  a  given 
angle,  a,  with  a  given  line  and  so  that  the  nun  of  the  angiee  that  two  adjacent  aides  make  with 
tfaaa  line  shall  be  equal  to  n  given  angle,  fi. 

1  Hereafter  the  pioblemi  will  benumbeied  cooeacutiTely  bc^ningat  the  next  nmnber  above 
the  total  number  proposed  prior  to  this  date.  Editobb. 
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20  SOLUTIONS  OP  PROBLEMS. 

2M8.  FiraptMd  bgr    r.  nraiL,  Drwf  CoOflftt. 
Show  that 

.  2ga*v 

wbero  a  is  llie  ndiiH  of  *  droplet,  a  its  density,  q  the  viscosity  of  the  air  aad  v  the  velocity 
under  gnvHyf.  Stokae**  Lkv. 

2669.  FtapoMdbrft.A.oour.AIUa,]«m. 

1  f"*  il,,  Ai,  and  —  +Xt+  •••  -f  .!»)  be  tlie  vtH^tor  sides  of  an  «;ririeugon, 
Pl^t;  or  gauche.  Also  let  Bt,  Bt,  •  ■  aad  ~  {Bi  +  Bt  +  ■  ■  ■  +  ^i)  be  the  vector  sides  of  a 
<cooiid  emwagoD,  when 

Bi  =  C.Ai  -  CtCiA,  -  CMt  +  C«CiCtAT, 
Bt  -  C|A,  -  CtC«A4  ~  C.C*d«  +  CfiMt, 

Bi  =  r,.4,  +  c,/i4  -  c.r,.4,  -  ccvi,, 

A  -  C^,  +  C'4Cw44  +  C,X.  +  CtCUs, 
ft  -  C«4i  -  C^Ai  +  C,A,  -  CiAu 
S|  -  C«A«  -  C>il«  +  Csili  -  Ciili, 

Ci,  Ct,  Ct,  Ci,  Ci,  and  C«  being  scatan. 

Then,  if  a,  =  tensor  j'l,,  h.  =  tensor  /?„  anil  cos  (ArA,)  —  cosine  of  the  auf^Ie  iucluded 
between  ilr  and  At,  and  cos  (^r^«)  =  comne  of  the  an^e  included  between  Br  and  establish 
the  foOowlns  relation  between  the  Mm  and  angles  of  the  two  i 


-      CO0  (ff  A)    CM*  COS         +  CM  cm  (B»B^)  +  C,CA(i  ow  (lUU. 

Show  that  Geometry  problem  506  is  a  Bpc(  iai  case  of  the  foregoing.  Give  illustrative  ex- 
ample, using  triangle  or  other  simple  geometric  figure,  by  Msuming  that  acme  of  the  aides  of  tlM 
fint  enncagon  an  leio. 

SOLUTIONS  OF  PROBLEMS. 


482  (Algebra).  Urop— od  by  c.  w.  CHnnnm,  Kingston.  Ont. 

Find  a  necemaiy  and  sufficient  condition  that  tlie  infinite  sequences  of  positive  quantities 
(oi, at,  ■  •  •)  and      bi,  •  •  •)  may  beaucbtbittbeMfiMaiXi  +  otXi  +  •••  muI biXi  +  btxt  + 
either  both  eonveige  or  boUi  diversft,  wbeii  the  »*•  we  any  poeitive  quantitiee. 

Solution  hy  the  Proposer. 

The  condition  is  that  ai/6i,  atfbi,  •  •  •  all  lie  btstweeu  two  positive  limits  m  aud  M  {m  <  Af). 
It  is  sufRdent;  for  it  malm  m  <  (a,Xr)/ib,x,)  <  M.  It  i«  neoeeaaiy;  for  if  it  does  not  hold, 
either  the  sequence  (oi/fti,  ^,/^;,  •  •  •)  or  (hi!a,,  bsfat,  •  •  •)  has  +  »  for  one  of  hs  limits,  lliat  is 
(taking  the  first  case),  there  m  a  partial  sequence  (oii/bd,  <Ht/bi„  ••  •)  oi  iucrea^iug  quantities 
tendlnc  to  Henoe,urinff«naivimeBtdiietoIXiBoi8-Itoyino^ 


oonveigcs,  and  the  series 
diverges.  Hence,  if 


J.^(vS-v|) 
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the  ptrtiAl  Mrius  XrCU^  divatgea  while  ZAh^  comreqiH.  Abo  the  other  z'e  m&y  be  ohoeeii  ao 
MMUl  M  to  make  the  eotteepondtog  vduee  of  tluin  the  temiB  of  ft  tpma  eottveKgeat  aariee; 
■Q  that  we  have  made  ooe  aoriea  divevge  while  the  other  eon^wgiea. 

Abo  solved  by  S.  Bsattt. 

MS  (iUgehn).  Propoeed  by  o. ».  WMCAN,  Anhent  Collefe. 

PloiveQrdiB|M>Tttthafalknrii)gtheoit«ii:  Aniofiniteaerieaiii  +A»+At+      4- Aa  +  ••• 
it  «r  diment  MfloidinK  aa 


Urn  -  0     or      4  0. 

SoLiTiox  BY  Edwin  Biowell  Wii80N«  Massachusetts  Institute  of  Technology. 
The  t«et  when  applied  to  the  series 

WW 

iudir  atcs  coin  orgenrc,  whenas  the  aefles  deaily  divoBDi.  If  this  emnple  be  ooondeced  aitlp 

ficial  ooDBider  the  aeries 

1,1,       ,      1  , 
CtMdnf*  integral  teat  ahowa  tiiat  thia  aeriea  divergea  when  f»S  1  and  oont«i|iea  wben  p>l. 

An  1   1  

j_Aj_"_l^__l_"  nOogn)'  -  (»  -  DPog  (A  -  I}]'' 

iln-l      Am  Am~t 

Now 


(log  n)P     n(loK  n)'  -  (n  -  1)  [lo«  (n  -  1)  ]'     (log  (n  -  l)]' " 

Bence,  the  limit,  sou^t  by  the  test  is  zero  for  all  positive  values  of  p,  whereas  it  ehouid  be  «ero 
only  for  values  greater  than  unity. 

The  Buggeated  teat  for  conveigenoe  ia  therefore  no  good. 

If  the  limit  esiata  and  \b  greater  than  aeroi,  tbm 

1       ^  11^1 

1 — i->T^   "  A;-Jzi<y' 


A«  Aa_i 


1 


A»-l  t  Am-i, 

(We  have  assumed  a  aeries  of  positive  terms.)  The  series,  therefore,  divergea  by  oompaiiMNi 
with  the  barmonie  aniee.  Hence,  the  test  for  divergence  when  applied  to  aeriea  of  poritiva  tanna 
to'mlid. 

Also  solved  by  Horace  Oison. 

514  (Geometry).  Propoeed  by  TICEKTE  M DLIiS,  BfanOa,  P.  L 

(Hffein  an  equilateral  triaii^  the  length  of  the  sides  bemg  unknown,  and  *  point  within, 

the  distances  from  which  to  the  vertices  are  tciven,  reriuirod  the  length  of  a  aide  of  the  triangle 
and  the  angles  subtended  at  the  given  point  by  the  sides  of  the  triangle. 
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I.    SoLmoN  BY  WiLUAM  W.  Johnson,  Cleveland,  Ohio. 

From  the  figure,  we  have 

«i+  ^  +  ^  =  360%      9  -  300"  -     +  ^) 

eiMf -CM    +    -CM^coH^ -Bin^diii^,     or     eoe 9 ect om f  *•  - lia /I dn f . 

Squaring  both  aides,  ire  get 
00^  «  —  2  ooe  9  cocjicoei^ +  006^^001^  f  ^  iSaof  fi  tSuf  ^ 

-a-co^^)(l-co*»^) 

manapoaing  and  uniting,  ire  have 
A  X  ^  eori*»  +  eofl^J9  +  ootf  ^'2«OB«eoi^eoef  -  L 

fam  tlie  eooine  fonnuiaa  in  trigpnouMtiT,  we  get 


(1) 


coe«  — 


+  b»  -  x« 


(A),      BOe  ft 


(B),      COS  ^ 


2ai^  —  -  -       2fcc  '  "  2ca 

SubetitUting  these  values  in  (1),  clearing  of  fruclioDH,  and  -rrnnging  terms,  we  get 
_  ^(jj  +     +  c»)i*  +  'm*      b'  -i-  c*  -  «V-  -  f/'a=  -  c-6')i»  -  0. 
Factoring,  wo  find  one  root  is  i'  =  0.    Removing  the  factor  x',  we  have 

i«  -  (o»  +  b*-h  c»)x»  +  a<  +  fc«  +  c*  -  c«fc»  -  {i»e»  -  c*a»  «  0. 
I'his  is  a  quadratic  equation  in  x-.   Solving  equation  (ct)  for  x,  we  find 


(C). 


(4) 


The  nngles  0,  0,  and  ^  may  now  bo  found  by  inserting  the  values  of  z  found  in  (4).   The  negative 

aigDS  before  the  nuiicals  apply  when  llie  jKiint  1'  lies  outside  the  triiiiigle. 

Having  found  x,  the  following  lomiulas,  adapted  Tor  logarithmic  computation,  may  be  u<ied 
to  leplaee  (A),  C0).  and  (fi). 

cos  \0  =  which      p  =  Ka  +  6  +  z), 


coBl^-^''^'~-5i      inirtudi  + 


eoB  1^  -  jriLHi.)      in  which     r  -  i(a  +  c  +  »}. 


n.  Solution  by  Daniel  Kbeth,  WeUman,  la. 

Let  ABC  be  the  given  triangle,  and  P  the  given  point.  Put 
ylP  =  a,  £P  -  6,  and  CP  -  c.   Let  «■>  n  aide  of  the  triangle  '  \ 

Then 


the  area  =  t  \Z. 
4 


(1) 


Conetruct  the  triangle  i4£'£  =  triangle  APB,  triangle  BFC  = 
triangle  BFC,  and  triangle  CD  A  -  triangle  CPA.  Draw  £F, 
9aAFD, 


Z  i>A£  »  2/  BAC  -  120%  D£  la equal  toaside<il  an equilatetal  triangle inaeribed 
in  a  drele  whoee  nuIKis  ie  a. 
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BtmoB,DR*^a^  bi  tlieMiDeiiiiiuierwtt  find  JKP  -  iiS  and  FD  ^c^. 

Am  of  triangle  DaS-~-<IS;  (^) 

tnaof  ttiaac^^BF**^  (8) 

area  of  triangle  FCZ)  =  | (4) 

and 

m of  trinnle  DBF  -  i V(«  +  ^  +      +«  -  a)(a  +  «  -  i)(a -«).  (6) 
(?)  +  (3)  +  (4)  +  (5}  -  theanft  ofthApolyiim  ASBPCD 
«  2  X  ana  of  triaa^  A0C. 
Equmting  tlift  two  aptmiooa  for  the  bvm  of  the  tsiaai^e,  m  have 

^  >l§  =  J(o«  +  l)»  +  c*)^S  +  j  V(a  +  6  +       +  c  -  o)(a  +  c  -  fc)(a  +  6  -  c); 
4 

In  the  triangles  we  have  all  the  sides  given,  to  find  the  angles. 

Also  solved  by  Nathan  Alishilleb,  Nellb  L.  Ingels  and  the  Pboposeb. 
gig  (Geomelzy).  ppfeaei  hgr  Ci>  F.  gummeb,  Eingstoot  OalHia* 

Sioir  how  to  cut  up  a  aquare  oaipet  and  make  it  into  three  equal  square  oaipeta.  EatimAta 
the  total  length  of  aeam  hi  oomiwison  ^rath  a  aide  of  the  original  carpet. 

I.   SoLmoN  BT  Harry  C.  Bradley,  Massachusetts  Institute  of  Technolog\'. 

CoDatmction.  Let  ABCD  be  the  ongiiial  aquaie.  Take  P,  O,  H  aa  iha  middle  pointa  of 
its  four  aidci.  Lay  off  BJC  •  D/  eqqal  to  the  dietanee  BF  •  OH.  Diaw  SK  and  JO,  whkh 
an  obvkmdy  panillei.  Bamore  tiie  tiiaoi^  BBK  and  JDO,  and  plaoe  them  in  the  podtiona 


GCL  and  KMN,  mpeetfaely.   In  any  roavenient  position  draw  the  line  OP  perpendkohur  to 
/GeodJUr,  Bomm  the  piece  ^£^0/,  and  fit  it  into  the  poaitionilf^^L,  Theaqnanhaa 
now  been  tnaafonned  into  the  notanipa  dPliQ»  whkb  ia  thne  tfanaa  aa  fang  aa 
ffividad  by  the  linea  5r  and  ITF  Into  thne  equal  aquana. 
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Proof.  The  area  of  the  fecLauu;le  OI'RQ  is  evidently  the  saiue  us  that  of  the  original  square, 
and  it  is  only  neces-sarv  to  prove  that  the  long  side,  OQ,  is  three  times  the  short  side  OP.  The 
aide  OQ  =  JL  =  JG  +  GL  =  JG  +  EK  =  2JG.  To  avoid  fractions,  let  t^e  side  of  the  orisinal 
square  equal  6,   Then  DG  =  DU  =  3,  JD  ^  Gil  (!)>  construction)  «  3  V2,  and 

jCr  -  <rXP  +  Jl)^  =  3  >S. 

Whence,  og  =  6>l3.  The  area  of  the  rectangle  OPBQ  -  the  area  of  the  square  ABCD  -  6 
XO-86.  That  is,  OP  XOQ -36,  or  Oi*»  3^.  Hsaee  OQ  ■*  30P. 

The  Length  of  Seam.  The  length  of  seam,  KL  +  CC  +  ^f^,  "  just  twice  the  length  of  a 
ude  of  the  original  square.  For  GC  +  MN  is  the  length  of  a  side  of  the  square,  since  each  is 
wiialtolidf  «>idfl^  wfaib  KL  ^  KC  -¥01  ^  KC  ^-  BR  ^:BC. 


\ 

f  V 

II.   Solution  by  A.  F.  FnmiA'Ei.LFR,  Marquette  University. 

Before  attacking  this  special  case,  let  us  deduce  the  formulas 
that  govvmtlMpBilitionof  asqaaiointo/irBqiiums.  het  ABCD 

be  a  given  square,  8  its  F?idc*,  and  n  a  number  such  that .?  =  nsr,  in 
the  figure  n  •>  4.  Draw  DX,  and  complete  the  figure  as  indi* 
eated.  Tbaa  m  h»Te 

(1)  5Si-si+5-J{rt^  +  i), 

(2)  £Z-ii«4-|-|(i«^+l);  hAnee  i^<-(f^-f-lV*W««. 

This  gives  us  the  vebtion  between  the  iraiiil>er  of  sab^quans, 

and  the  length  of  the  fundamental  segment  on  AB  which  pro- 
duces this  parutionj  ^  =  n-  +  I.  The  niuuber  of  complete  sub-equares  lying  within  the  given 
aqoare  It  evide&tfy  the  graatest  Intoier  in 

(It  -  lKn«  -  n  +  1) 
n  ' 

whidi  number  Is  the  produot  of    _ 

the  shorter  formnla  conveyed  by  our  figure,  (n*  4-  IJ  —  4i»  »  —  1)',  holds  only  wlien  n  is 
{ntegnl. 

The  number  .V  is  an  intsesr  not  only  when  n  is  integnl,  Iwt  likewise  irfien  »  <•  iff,  in  whidt 
case  N  "  k  +  1,  and 

if      -3,A  .  V2,Mld 


or  hnlf  the  dia^nna!  of  the  originn!  f^qiiare.  The  lensth  of  «B  the  outs  made  in  the  given  squaBSf 
when  n  is  rational^  is  dearly  2n  times  DX,  or 

when  n  is  irrational,  it  will  he  noted  that  the  kst  cut  parallel  to  DX  within  the  square  (call  it 
S^r)  does  not  reach  the  bassUne,  but  eroases  the  side  of  the  square  at  *  point  X„  By  similar 
triao^lssy  we  then  Iiave   

DX  _  ErXr 
S»   "  t  -  [iMl]  ' 

where  the  bradttt  means  as  usual,  "  the  greatest  integer  in  nti ";  hence 
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Z0Si)  -  BStiin]  +  (n  -  [nD)  •  n-BX, 


Since  the  constnictioo  of  the  cr     lii  i    i  '  similar,  tho  s\ini  of  all  the  cuts  is  as  before  2«  Vri*  +  1. 

The  skew  lattice-wwk  of  our  figure  can  be  readjusted  by  alippiog  downwards  each  of  the 
otHwm  lying  between  D  mi  C,  until  the  points  Di,  Di,  D,  rest  on  SI!;  Ibis  Is  optional 
for  n  int^al;  but  for  n  irrational  it  is  7uc€ssanj,  in  onler  to  have  conKruent  fragments  along 
the  sides  of  the  given  square,  out  of  which  our  A'  8ub-s<iuares  may  be  patched  up.  Thus  we 
find  the  actual  lines  on  which  the  original  square  must  be  partitioned.  (Tliis  problem,  for  N  ^  3, 
is  solved  as  above  in  Sundara  Row's  "  Qeom.  Exenans  in  Paper  FoUinsi"  but  vitluut  any  hint 
as  to  how  the  solution  was  arrived  at.) 

The  patched  squares  have  "  seams  "  across  them,  whoSS  tOtd  length  IS  2l,  dnOS  tVO  OqUil 
segments  from  the  sides  combine  to  form  one  scam. 

m.    SOLimON  BT  THE  FfeOPOSKB. 
JcSsi  AF  UiBBtGJ  to  AS,  SB  to  JC  vni  DG,CE  to  DF.  j>i  g 

TiMaum' AF  + AH +HB  +  CB 


Also  wived  by  E.  B.  Escoir. 

421  (Gtleolw).  rwjiied  by  R  H.  ■cmmi.,  Ngir  Tsiic  CHy.  ^  ^ 

K  il  be  the  an*  c(  •  plane  triaagls  eonstmcted  with  the  sides         such  that 

a*  +  ^  +  e*  -3fc«. 

show  that  the  miMrinntm  vafaie  of  J  is 

Soamas  bt  Eluah  Swift,  University  of  Vennont. 

Using  the  Heionian  fotmaia  for  the  ana  of  a  trian^  in  tenne  of  the  aides,  we  have 

UU*  «  -  a*  -  (*  -  «•  +3eV  -I- 

Clearly  we  may  make        a  maximum  instead  of  A . 

By  Euler's  method  of  solving  an  isoperimetric  problem,  we  must  equate  to  aero  the  partial 
derivatiyes  with  respect  to  a,  of  UU*  —  4X(ii*  +  b*  +  c*.—  8ft*).  ^Foc  oonveniiDce  I  vae 
—  4X  instead  of       In  this  way  we  get  the  equation 

-  4o«  +  4<i6»  +  W  -  4X(3c«)  =  0^ 

and  two  mon  similar  to  it.  Dividing  by  4a,  which  cannot  be  aeio, 

(1)  tf  +  9Sa'V  +  ^ 

and  two  equations,  (2)  and  (3),  obtained  by  permntmg  i^dicslly  the  Isttsn  0^    e  bl  (1). 
But  from  (1)  a  must  satisfy  the  equation 

(4)  2i»  +  3\x  =  a'  +     +  c», 

and  (2)  aiui  (3)  show  that  b  and  c  are  roots  of  the  same  equaUon.  Since  this  equation  has  only 
one  jwsitiTe  root,  a,    e  must  all  be  equal,  and  the  triaagto  eqitdlatsnd,  wfaenos  it  appears  timt 

its  area  must  be  which  is  not  thp  value  given  in  the  statement. 

The  same  method  used  here  shows  that  this  result  holds  when  the  auxiliary  condition  is 
«■  +  6"  +  c"  =  3*",  n  >  1. 

It  is  evident  from  the  conditions  of  the  problem  that  the  values  found  give  a  maximum. 

Also  solved  by  R.  A.  Johnson,  S.  A.  Cobet,  and  J.  B.  Eeynoiob. 
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427  (Gilcalw)*  Prtpoted  by  movm  s.  JPmraoM,  Adu/bmi  QJggft,  CtewhnJi,  Otto. 

Of  all  elllpsM  cifcum.scribf'd  about  a  given  parallelograiu,  the  inininium  I*"***""""*],  with 
regard  to  area,  has  as  conjugate  diameters  the  di^on&ls  of  the  parallelogram. 


Solution  by  Henry  D.  Thompson,  Princeton,  N.  J. 

Let  tike  given  parallelogram  be  PQP'Q\  with  QP  =  2h,  aiul  Q'P  » SU^  let  the  diaflooAls 
P'P,  (yQ  ialeneet  at  O,  and  through  O  take  the  asaxis  parallel  to,  and  poeidve  in,  diraeCioB 
of  QP  and  P'Q',  and  the  oblique  2/-axis  pumllel  to,  aud  positive  iu,  the  direction  0'^  and  P'Q, 
and  let  the  angle  of  the  axe*j  be  w.  Take  a  representative  ellipse  through  PQP'Q'  cutting  the 
pontive  aMxis  in  the  point  U,  with  the  codrdinates  «),  and  the  y^«DB  in  the  point  F(Ot  9). 
Tben  the  equation  oC  tbi»  ellipse  ia 

and  since  it  passes  through  P{h,  k)  the  relation  holds 

ft*  V 

Tlie  aiw  for  the  eUipae  » 

Bin  <#,  (8) 

aitd  tbis  is  A  Bunimiiin  when 

If  -  w  (4) 

ii  a  minimum.  Differentiation  of  (4)  and  (2)  giTes  for  tlw  «>faiiwnim  dM/iu  "9  +  udvfiu  »  0, 

with  —  ft*/?.'  —  {l^lv*)di-/du  0,  and  elimination  of  t/p/du  gives  Jt*/e*  =  A'/u*  =  J  from  (2), 
whence  u  =  h->i2,  v  =  ky^.  These  values  set  in  d*M [du*  give  4/; /A,  a  positive  magnitude,  and 
the  aieft  of  the  ellipse  is  a  minimum.  This  ellipse  is  x*/2h*  +  y*/2k*  -  1,  and  the  tangents  at  the 
vcrtioeB  evidently  intenect  on  the  diagpnala  P'P  and  Q'Q,  which  are  thua  eonjtigate,  ainee  OU 
and  OV  are  conjugate. 

Tlie  tlieoieni  iMia  be  pro\et^I  without  the  use  of  the  caiculti.s  a.s  follows:  The  coordinates  of  ft 
pointoQ  (1)  can  bo  expressed  by  means  of  a  parameter  ^  by  the  equations  a;  »  vooe  vain  if 
whidi  for  the  point  P(h,  k)  become  Jb»«ooe^,  fc^vrin^,  where  pi  dianges  with  u  and  ». 

Then  (4)  brromes  ^f  =  A.'r  'sin  ^"1  cos  v'l  =  2hk:~'m  2c-i,  wliii  h  has  the  single  minimum  when 
•in  2<f>t  is  a  maximum,  that  is  unity,  or  when  <pi  =■  ar/4,  or  when  u  —  h-^,  v  ^  );V2,  as  before. 

Also  solved  by  Marie  Whelan,  J.  B.  Reynolds,  and  Florence  P.  Lewis. 
Several  solutions  of  Mechanics  problem      will  be  printed  in  an  early  issue. 
Editors. 


840  (Mechanics).   Proposed  by  riUL  CAnOV,  V.  S.  Naval  Acadunf. 

A  rigid  straight  line  I  pasyes  through  a  fixed  point  0,  but  is  otherwise  free  to  move  in  a  plane. 
If  C  is  the  instantaneoiifl  center  of  rotation  for  I,  prove  that  CO  is  always  perpendicular  to  I  and 
that ,  if  (O  being  wed  as  pole)  p  -  /(fi)  lepvesents  the  focus  of  any  pofait  PoaltOCto  atwaan  equal 

to  idrnm- 


Solution  hy  S.  W.  Reaves,  University  of  Oklahoma. 

If  we  know  the  directions  oi  laot  ion  at  a  given  iastant  of  two  points  of  the  moving  line,  then 
the  center  of  rotation  for  lliat  instant  is  to  be  found  at  the  intersection  of  the  nonnaia  drawn  at 
these  points  to  their  directions  of  motion.  (See  Ziwet,  TkeonUeal  Mtdumiea,  Art.  23;  Danartm, 
Cours  de  Giomftrie  infinilisimale,  Art.  20.) 

In  the  problem  before  us  the  direction  of  motion  of  the  point  of  I,  which  at  the  (ITen  inntl>Ht 
coinddea  with  O,  is  along  I.  Uenoe  the  normal  to  I  at  0  must  pass  through  C. 
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Again,  the  nonnal  at  P  to  the  path  of  P,  p  -  f{e),  must  also  pMs  through  C.  Henee  t]i« 
•m^  OPC  is  tlie  oomplementloC  the  engte  4>  between  OP  nd  the  tMtgwt  «t  P.  BeiMM!» 

teaOPC  -oot^a^. 

(Se«  any  book  on  Calculus.)    Therefore,  from  the  right  triangle  COP,  we  have 

OC-/>taiiOPC-^-^/(fl), 
Alao  solved  by  J.  B.  Rxtkoids  and  W.  E.  Cbdbbbebo. 


ai7  (Nvnber  Theotr)*  Flrepoaed  bf  mow  o^tuvoBNissr*  Itatvirrilr  ef  1 

Find  a  general  exp^ei^£ion  for  the  number  of  positive  integers  fmn  %  tO  lO'i  indttsiver  ertiy 
one  of  which  ooattusa  the  figure  9  exactly  r  times  (0  ^  r  ^  l). 

Solution  bt  tbs  Pbopober. 

In  the  case  of  tlie  integers  from  1  to  10,  we  have  nine  u  hir-h  do  not  contsm  tbs  figure  9  sad 
one  which  contains  one  9.   This  shall  be  indicated  by  the  exprciisioD  9  +  1. 

In  the  case  of  10*,  tlie  number  of  integeis,  which  do  not  contain  9,  is  9  -9,  or  9*;  which  oaOf 
one  9,  is  9*1  +  9,  or  2*0;  wlucb  contain  two  O's,  is  I,  and  we  have  the  expanskn  of 

(9  +  1)»  =  9*  +  2-9  +  1. 

For  10»,  we  have  9-9>,  9-2  9  +  9»,  9- 1+  2  9,  and  1,  or  »»  +  3-9»  +  3.»  +  1. 
Then,  for  10*,  assume  the  expansion  of  (9  +  1)*,  or 

9*  +  (f)9»->  +  (J)0^^  +  ...  +  (,l,)9*-<»-«>  +  (*)9*-  +  •••  +  G!,)9  +  1. 

For  10*'*'^  we  reason  as  follows:  The  number  of  integers  which  do  not  contain  9  is  9-9*,  or 
9*«; wlueh«ont«inoiie9,is9  O 9'^-H»*,or 9»; whicfaoontMiit«o9's,iB9'(^ 9*^-{-09>^ 
or       9*~*,  $ad  which  eontsin  i»  H^b,  is 

+  (Jti)9^*^  '10+  - 
Henoef  we  have,  for  10*^,  the  eaqwosion  of  (9  + 1}^**,  or 

+  (*t')9*+ +  (*:')9**-*""  +  •••  +  c:')9 + 1. 

Now,  the  tened  esprasdoin  holds  for  jb  >  2  and  for  I;  -  3;  hence  it  hokU  for  all  positiva 
integral  fnohios  of  k. 

Therefore,  the  general  eaqmsraoin  required  is  (')  0'-*. 

Also  solved  by  HoRACS  Olson,  H.  C.  Feeustbb,  C.  C.  Yen,  and  N.  P. 
Pandya. 

258  (Number  Theory).    Proposed  by  \.  A.  BENNETT.  UnivereUy  of  Texas. 

Find  a  reoutsion  formula  in  terms  of  binomial  coefficients  for  On,  where  the  a's  are  defined 
by  the  oondition  that  the  perqnmstiie  determinanta 


m  Oi  <tt 
at  oj  • 


and 


Oi   Ot  Oi 


are  each  equal  to  unity  for  every  positive  integer  n. 

Solution  bt  C.  F.  Gvmheb,  Queen's  University,  Kingston,  Ont. 

Tliough  tliis  solution  does  not  directly  involve  binomial  coefficients,  yet  by  finding  the  valuO 
of  Os  it  may  be  considered  to  dispose  of  the  problem  sufficiently. 
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The  given  conditions  show  that  a«  »  at  =  1,  and  that  the  other  a's  may  bo  found  in  sue- 
oarion  muqiidy  f  ram  wpmldam  io.  wbidi  thq^  IQiMr  -mlii  1h»  codBciMit  unilar.  The  «1i  bdng 
detarmiiiate  thm  eadsto  a  sequence     Si,      audi  fhftt 

(1 )  On  =  On-lXo  +  <l«-«iBl  +  •  •  •  +  atXn-i,         «  "  1,    »  *  *  *  i 

for  the  6r8t  n  equations  of  (1)  have  a  determinant  equal  to  UOi^.- 
If  wc  apply  the  substitutions  (1)  to  the  last  row  of 

«l  Of 


and  limpUfy  by 


of  the  other  nnni,  the  last  tow  becomes 

With  amilar  treatment,  the  jneeeding  tow  becomes 

0,  aeXn^i,  oox„  +  air„_i,  •  •  •, 
and  60  for  all  but  the  first  row.   On  simplifying  by  columns  we  get,  since  <i«  ■>  1, 


Xi  JCj  Xt  *  * 
Xt    Xi  ■ 

Tj  - 

A  likn  traatDMBi  cf  the  other  determinant  i^vee 

Xa  Xi   Xi    •  • 

Xi    Xf     '      •  • 

Ti     •       '       •  • 


-1. 


Xtn 


1. 


Hence,  z»,  xi,  •  •  •  are  defineil  m  u mis  of  x;,,  xj  in  the  same  way  us  at,  aj, 
Alao  a*  «  Oi  »  1,  Ot  2. 
Hence,  Xn  ~  xt  ~  It  Xk    2,  by  direct  calculation. 
Hence,  x.  -  o.,  Sence,  (1)  becomes 


in  terms  of  a*,  a^. 


9) 


Ta  ealeulate  a*,  we  infer  firan  (2)  tbat  the  eoeffieient  «f<»inttaao  +  ai<  +  a«P+*«*i* 

eqfual  to  the  coefficient  of      m  !»•,  wben  »  *  1, 2,  ■  • 

Hence,  (u  —       —  t^;  

Henee^  u  >•  I  fit  —  VI  —  4l/(8<),  the  minua  iSgn  being  necesBaiy  to  make  «  a  eeiiea  in 
podtive  powers  of  (. 


Heno^  tbe  eoeflBdeni  o»  of  t*  in  «  eqpials 


in 
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QUESTIONS  AND  DISCUSSIONS. 
Bbsd  aixi  oomfmncAnom  to  U.  O.  Mmani.,  Unh«Eiity  of  KuuUf  LKWtmot* 

mscnssioNS. 

I.  Relatino  to  a  Solution  of  th£  Biquadeatic  £quation. 
Bt  Emuqub  CsncHAOA,  Oulean  Oonaul,  lUlAddphift,  Fann^TAiik. 

Soit  X*  +  +     +       0  I'cquation  k  r^soudre  et  Xq,  a-j,  xt,  Xt  lcs» 

ladiies  i  dicrdb^.  Cherdions  u,  v,  y,  z,  radnes  des  fonctions  qymltriqiies 
soiTftntes: 

On  peut  aisement  6tablier: 

L  g  —  (« +  y)  =  w,  II.  =  «f 

—  p  "  tt  +  »,  «y  +  rz  -«  —  r. 

On  d^uh  du  syst&OM  I: 

et»  en  substituant  oes  valeurs  dans  le  syst^e  II,  et  en  simplifiant, 

I  f — --  ^^ ' 

en  €levant  cette  equation  au  carre  et  en  I'ajustuiit  4yz  —  4*,  on  obtieut  la 
solviint  aislment, 

(y  +  a)*  -  «(y  +  z)«H-  (pr  -  4»)(y  +  2)  -        -  4g)  +  r^J  =  0. 

En  combhiaDt  les  trots  vateun  de  (y  +  s>  avec  oeUe  de  ys  ^  nous  obti- 
endzons  she  valeurs  des  produits  xot  i,  Xi>x2,  xox^,  xix^,  xiXi,  x^xz.   En  substituant 

dans  le  syst^me  I  les  trois  valeurs  rles  (//  +  ~"),  on  obtiendra  les  six  valeurs  des 
somnnes,  rp -4-  .n,  .tq  +  arj,  etc.,  losquelies  en  combinuisou  avec  ceiles  des 
prodiuis  0:0,2:1,  xqx%,  •  •  -f  etc.,  nous  dunneront  d6finitivcmcnt  les  quatre  valeurs 
chsich^es* 

On  peut  connattre  les  six  valeurs  possibles  des  produits  uyvz  ^  {q  —  z  —  y)s, 
uy-{-vz**  —  r.  On  fera  ensuite  la  combinaison  altem^  des  facteiirs  de  deux 
valeurs  oonjugu^  de  u,  y,  t,  x. 
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n.  Hblaxeko  to  the  DEFiMmoN  or  a  FuNonoN  E* 

Br  Oscar  Scbmieoel,  Bellevue  College,  Bellcvue,  Nebraaka. 
A  function  E  is  defined  by  the  following  three  statements: 

*    H*+»J  ((l  +  n)""(i  +  r— In) 


«  (Z-n)a-2n) 


(i-7i)(i-2n)...(i-f-ln) 


3.  £C^>  -  1  +  _  +  —  +    _^^.^.-_+  .... 

The  second  statement  is  a  consequence  from  the  iirst  when  r  is  n^ative;  the 
third  a  special  definition  for  the  piu^xne  of  simplification  in  the  present  remarks. 
The  index  r  in  the  first  and  second  may  be  omitted  when  for  particular  Ysluea 
of  I  and  n  the  scries  either  terminates  or  becomes  infinite;  the  index  I  may  also 

be  omitted  when  /  =  1;  thus,  E^^-    =  e'. 

It  will  now  appear  by  reference  to  the  September,  1917,  number  of  the 

IvtoNTHLY,  pp.  342  343,  that^  J  sin  6f^dd  and  f  cos  6^dd  may  be  written  in  the 

foUowing  concise  forms: 

/«n«.<»--»|n, -1^2,- sin  ((!-«•) 

-    cos     (^y  -  3:577+ g^gyTTjj  -  +  . . .  J 

«  iiB-^  sin  e^(£C-'»')  -  £t<*«))  ^  ^1  cos  0*(£(-'*">  +  E^***>) 

—  |^cos«* 

-  lr*(oo8    +  »  Sin  ^E^-^  +  irHcos  J»  - 1  sin  ^E<'^ 

-  cos  tf* 

«  irHe"*£(-"^  +  e-**»£t**^)  -       cos  ^; 
Jeos  e»de  -  itrH«'*'i;^-*"^  -  e-'**£t'**>)  +  ir*  sin 

If  ill  a  similar  manner  the  integral  of  e*'<W  is  sought  by  means  of  the  reduction 
>  We  write  sin  0*  for  sin  {9*},  etc. 
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fonnula 

the  foUoviDg  two  fonns  aie  obtuned: 

J  »  <sO  •=!  tW  ,=.1  11  J 


»  tmi-r  tmtu  sn  —  m  —  I 


*»  —  J»  —  A  J 

where  r  is  a  positive  integer. 

The  aeoond  of  these  gives,  for  m  »  0,  n  »  2,  the  desred  developniMkt  as  e 
conveigent  series,  which  by  8.  takes  the  fom 

Comparison  of  these  three  lesults  aAiows  the  foOowing  rdfttion  to  hold: 

f  case's -j-  if  sin  W  =  / 

as  was  to  be  expected. 

When  «  +  1  is  a  multiple  of  n,  the  development  of  f  Q^e^'dO  is  a  finite  series. 
Thu$,  let  m  »  7,  Oi  n  »  2,  lespectivety,  and  r  »  3,  and  the  first  fonnula 
gives: 

•/  let  «sl 

4i«  +         3,  ^ 

=  <?g**^*i:a;5.-,/wv^j  [by  21. 

Tt  is  interesting  to  observe  that  these  values  of  m  and  n  substituted  in  the 
second  of  the  formulae  above  will  give,  after  a  little  transf onuation,  the  same  finite 
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forms;  thus,  in  the  latter  case: 

differing  from  the  previous  result  only  by  a  constant  term. 

This  result  is  general,  and  gives,  when  the  exponent  of  the  argument  is  a 
unit  fraction: 


tl 


or,  the  same  expression  plus  the  term  (—  l)"nl. 

m.  Relatinq  to  Magic  Squabes  for  the  New  Year,  1918. 

Bt  S.  a.  Corit,  Alhis,  Iowa. 

The  two  following  4X4  magic  squares  are  taken  iiKJiscriminately  one  from 
eadi  of  two  large  families  of  4  X  4  magic  squares  with  sum  1918  which  may 
be  formed  in  like  manner  from  the  two  sets  of  15  square  numbers  here  employed. 
It  is  iTnpro])ahIe  tiuit  other  families  of  4  X  4  magic  squares  with  the  sum  1918 

can  be  found  with  similar  characteristics. 


464 

383 

513 

558 

591 

480 

482 

365 

414 

429 

527 

548 

449 

626 

396 

447  1 

461 

409  1  516 

532 

565 

483 

508 

362 

440 

452 

426 

600 

501 

393 

551 

473 

Some  of  the  peculiarities  of  the  familiet  of  magic  squares  from  whidi  (A) 

and  (B)  are  taken  are  as  follows: 

Each  niim})er  em[)loye(I  may  he  decomposed  into  the  sum  of  the  squares  of 
four  separate  numbers  taken  from  the  series  of  natural  numbers,  1  to  18  inclusive 
(IS  being  the  last  two  figures  of  19/^). 

In  forming  wdi  sums  aU  the  square  numbers  used  are  used  just  four  times 
with  one  exception  in  each  case  as  follows: 

In  (A)  10  is  used  eight  times,  and 
In  (B)   0  is  used  eight  times. 

In  forming  the  numbers  employed  in  (.4)  all  the  natural  numbers,  1  to  IS 
inclusive,  are  used,  except  1,  II  au'l  13,  the  sum  of  which  is  25. 

In  forming  the  numbers  employed  in  (D)  all  the  natural  numbers,  1  to  18 
indusive,  are  used,  except  5,  9  and  11,  the  sum  of  which  is  likewise  25.  To 
illustrate: 

2'  +  6=  -  10''  4-  1^-  =  464,  3=  +  7-  +  10'-  +  15-  =  383,  4-  +  12^  +  17- 
=  513,  6*  +  9-  +  14-  4-  16=  =  55S  [464,  383,  513  and  558  being  the  numbers  m 
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the  first  low  of  (^)l;  1»  +  6^  +  lO^  +  18* «  461,  2'  +  6»  +  12»  +  16^  »  409, 
3^  +  7«+  13^+  «-  5X8,  4^  +  8«+  14^+  1«»  -  682  [461,  409,  616  and  532 
being  the  numbers  in  the  first  row  of  (B)  ]. 

We  note  above  that  the  sum  of  the  natuDil  numbers  not  used  in  (A)  is  25  and 
that  10  is  used  more  than  the  usual  niiiiitn  r  of  times.  Similarly  in  (B)  the 
numbers  25  and  o  are  exceptional  numbers.  V\  ere  we  inclined  to  be  superstitious 
yire  might  therefore  aay  that  October  26  (10-26)  and  June  25  (6-25)  ate  dates 
of  transcendent  importance  in  1918,  say,  the  date  of  the  signing  of  tlu  treaty  of 
peace,  and  the  date  of  cessation  of  fighting  in  the  world  war. 


UNDERGRADUATE  MATHEMATICS  CLUBS. 

Edixsd  it  R.  CS.  AmmmKWt  Brawn.  Univenity,  ^videnoe,  R.  L 

It  is  designed  that  this  new  department  of  the  Monthly  shall  record  the 
details  of  organization  and  aetiidty  of  eaeh  undei^nnuluate  mathematics  dub  in 

America,  shall  s^e  as  a  medium  of  communicatto!i  between  such  dubs,  and 
shall  contain  information  helpful  and  suQjestive  for  their  guidance,  and  for  the 
development  of  their  usefulness. 

As  soon  as  the  information  can  be  collected  a  list  of  the  clubs  will  be  i)ubii3iied. 
To  35  did»s  already  disoovned  appeal  has  been  made  for  details,  a  portion  of 
which  will  be  given  in  connection  with  this  list.  It  is  earnestly  desired  that 
every  other  club  shall  make  itself  known  totheeditor,  reporting  on  such  things  as: 
(1)  the  club's  exact  name,  ('2)  ihr  <]ntv.  f  vfar  and  month)  of  organization,  (3)  the 
club's  object  and  those  eligible  for  nieuihership,  (4)  the  names  of  the  officers  of 
the  club  for  1917-18,  (5)  the  number  of  members  of  the  club,  the  average  attend- 
ance, and  Uie  number  of  meetings  held  each  year,  (6)  the  dates  of  meetings  in 
1917-18,  the  titles  of  papers  read  and  the  names  of  the  speakers.  The  editor 
would  like  to  receive  also  copies  of  all  printed  programs  for  the  cuxtent  and 
earlier  years. 

CLUB  ACTIVITIES. 

The  Matbkmatigb  Cltjb  of  Bbown  UNiVBsanr,  1917-lS* 

Membership  b  open:  (1)  to  those  who  have  had  or  are  taking  a  course  in 
analj'tic  geometry;  (2)  to  the  members  of  the  freshman  class  who  win  the  prizes 
awarded  in  connection  with  the  coini)etiti\ e  examination  on  original  problems 
in  entrance  mathematics;  and  (3)  to  mathematical  students  in  the  second  semester 
<^  the  beshman  year  who  have  attuned  to  the  higher  honor  grade  in  a  mathe- 
matical course  of  the  first  smester.  Average  attendance:  52. 

Chahrman:  Professor  N.  F.  Davis. 

Committee  on  Program :  Professor  R.  G.  D.  Richardson,  Marion  R.  Luther 
Gr.,  Mary  I.  Briggs  'IS,  Clarence  R.  Adams  'IS,  James  B  Hobbs  '18. 

Committee  on  Arrangements:  Doctor  T.  H.  Brown,  Lydiu  L.  Cooper  Gr., 
Esther  £.  Brintsenhoff  '19,  Albert  S.  Fkatt  '18,  Chauncey  D.  Wentworth  '20. 
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The  program  for  the  year  1917-18  is  as  follows: 
November  16:  "Geometric  Exercises  in  Paper  Folding"  by  May  Speny  *18; 

"Mathematical  Fallacies"  by  Albert  S.  Pratt  '18; 

December  14:  "  Growi^^h  and  Form"  by  Mary  I.  Briggs  *18;  "Secrets  of  Light- 
ning Calculators  "  by  James  B.  Hobbs  '18; 

January  11:  "Nomograpby"  by  Professor  E.  V.  Huntingtcm  of  Harvard  Uni* 

versity; 

February  15:  "Mathematics  of  Warfare"  by  Mary  E.  Carroll  '10;  "Probability 

Cm-ves"  by  Clarence  R.  Adams  IS;  "The  Development  of  Mathematical 

Symbolism"  by  Marion  R.  Luther  Gr.; 
March  15:  ''The  Russiaii  Peasant  Method  of  Multiplication  and  the  Binary 

Scale  of  Notation"  by  Elsie  M.  Flint  '18;  "Non-Euelidean  Geometry"  by 

Professor  H.  P.  Manning; 
April  19:  "Some  Philosophical  and  Psychological  Implications  of  the  Game  of 

Nim"  by  E.  B.  Delabarre,  Professor  of  Psychology  in  Brown  University; 
May:  Picnic. 

Tm  JmnoB  Mathekatical  Club  of  the  UNZVxBanT  op  CmcAGO* 

Professor  Slaught  has  kindly  furnished  most  of  the  following  notes: 
"This  dub  was  organized  by  students  in  the  auttmm  of  1905  chiefly  through 
the  instrumentality  of  N.  J.  Lennes,  who  was  then  a  graduate  student  at  the 
university.  Its  purpose  was  to  afford  an  opportunity  to  all  students  primarily 
interested  in  mathematics,  whether  undergraduates  or  graduates,  to  present 
before  a  sympathetic  audience  the  results  of  reading  and  investigation,  especially 
along  lines  not  likely  to  be  included  in  regular  class  work.  The  intention,  for 
llie  most  part  well  carried  out,  has  been,  and  is,  to  keep  these  papers  strictly 
elementary  as  compared  with  tlie  papers  presented  in  tlie  Graduate  Mathe- 
matical Club  of  the  university  where  only  the  results  of  oripnal  research  are 
given.  In  fact,  the  chief  incentive  to  organizing  this  Junior  Club  was  the  great 
discouragement  experienced  by  even  the  younger  graduate  students  (not  to 
motion  the  undergraduates)  in  trying  to  be  interested  and  to  look  wise  while 
attending  the  meetings  of  the  Graduate  Club. 

"The  meetings  of  the  Junior  Clnh  occur  every  st^roTv]  v,<-fk  during  the  j'ear 
from  October  to  June,  alternating  with  thosc'of  the  Graduate  Club.  They  rarely 
last  for  more  than  an  hour  and  a  quarter,  the  half  hour  preceding  the  pre^^eutatiou 
and  discussion  of  papers  being  usually  devoted  to  friendly  intercourse  encouraged 
by  a  cup  of  tea. 

"The  chief  results  of  these  meetings,  looked  at  in  perspective  over  a  decade, 
are:  (1)  Accunn:latIon  of  information  by  the  member'  in  many  lines  that  they 
might  otherwise  not  find  time  or  inclination  to  look  up  for  themselves;  (2)  stimu- 
lation to  activity  on  the  part  of  individuals  who  might  otherwise  be  content  to  do 
the  required  class4m>m  work  and  nothing  more;  (3)  cultivation  erf  independence 
in  study,  and  ease  and  clearness  in  presenting  the  results  of  study  to  an  audience; 
(4)  preparation  of  students  cither  for  teaching  or  for  further  advanced  study, 
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in  many  ways  which  would  not  otherwise  be  fealifled  in  the  legaLu  college  and 
uiuversity  inwk. 

"The  average  number  of  members  b  somewhere  between  fifteen  and  twenty. 
There  is  no  constitution  and  no  requirement  for  membership  other  than  a  devotion 
to  mathematics  and  a  desiie  to  commune  with  others  having  the  same  devotion 
The  minutes  of  tlie  first  meeting  record  that  'Professor  Slaught  was  made  an 
ez  officio  member  with  the  power  <d  veto'  to  make  sure,  I  mippose,  that  things 
would  go  straight.  I  have  almost  always  given  the  opening  address  at  the 
antiunn  meeting. 

"It  may  be  of  interest  to  add  that  the  first  president  of  the  Junior  Chib  was 
W.  R.  Longley,  now  professor  at  Yale,  and  that  the  first  program  committee 
included  6.  D.  Birkhoff,  now  professor  at  Harvaidi  and  Dr.  H.  F.  MioNdsh, 
now  of  the  De  Witt  Clinton  High  School,  New  York." 

Officers,  1917-18:  President,  E.  P.  Lane;  vice-president,  C.  Gouwens; 
secretary,  Minna  Schick. 

The  program  committee  consists  of  the  officers  and  of  I.  A.  Barnett,  VV.  G. 
Simon  and  Gladys  Gibbons. 

All  officers  and  mmbers  of  the  conmiittee  are  graduate  students. 

The  following  is  the  program  for  the  fall  quarter,  1917: 
October  1 2 :  Election  cf  officers.  "  Purposes  and  Aims  of  the  Club  *'  by  Professor 
Slaught. 

October  24:  "G.  Cantor"  by  Minna  Schick;  "Notion  of  Number"  by  I.  A. 
Barnett; 

November  7:  ''Unique  Factorisation  in  the  Quadratic  Realm"  by  C.  Gouwens; 
November  21 :  "Finite  Projective  Geometries"  by  Cyril  A.  Nelson,  Jr.; 
December  5:  "  History  of  the  Teaching  of  C<dl^j;iate  Mathematics  in  the  United 
States"  by  W.  G.  Simon. 

The  Mathematics  Club  or  the  UNirEKSiTr  ov  Kansas,  1917-18. 

Membership  is  open  only  to  those  who  have  had  a  three-hour  year  course  in 
calculus,  kvengp  attendance  about  19. 

Officers:  Prudent,  Mildred  Abel  '18;  Tice-preadent,  Eran  Burgert  '18; 
secretary,  Frances  Adams  '18;  faculty  adviser,  Professor  U.  G.  Mitchell. 

Pro^rnm  Committee:  Helen  Garman  '18,  Mary  Smith  '18,  and  Edward 
Buffington  18. 

Tiie  program  for  1917-18  is  as  follows: 
Octobers:  "Air  Planes"  by  Professor  L^sdietz; 
October  22:  «Poincai€*s  Non-euclidean  World"  by  Mildred  Abel  '18; 
October  31:  "Fortunes  told  mathematically"  by  Professor  Van  der  Vries; 
November  12:  "The  Number  Zero"  by  Helen  Wedd  '18;  "The  Number  jr"  by 

Beulah  Armstrong  Gr.; 
November  26:  "Feuerbach's  Circle"  by  Mary  Smith  '18;  "A  Probability 

Machine"  by  Anna  Marm  Gr.; 
December  10:  "Mathematics  of  the  War"  by  Eran  Burgert  '18; 
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January  7:  "Numoical  Flroper^  of  Color  and  Sound"  by  Edward  Buffington 

'18; 

January  21:  "Mathematical  FalJacies"  by  Sarah  fiingham  '18;  "Card  Tricks" 
by  Edith  Whitcher  '19; 

February  11:  "Mathematics  as  a  Fine  Art"  by  Georgia  j^eebe  '18;  "Mathe- 
matical Accomplishments  of  Women"  by  Lrina  Leon  '19; 

February  25:  "History  of  Time  Pieces"  by  Wealthea  Babcock  '19;  "History 

of  tlie  Metric  System"  by  Sadie  Horsley  Gr.;  \ 
Marcli  11:  "Zeno's  Paradoxes"  by  Fiances  Adams  '18; 

March  25:  "Addition  and  Subtraction  by  Logarithms"  by  E.  B.  Miller  (In- 
structor); 

April  8:  "Mathematicians  who  became  Famous  in  other  Fields "  by  J.  H.  Hoover 

Gr.; 

April  22:  "Regular  Polygons  inscrihable  in  a  Circle"  by  Goldie  Piper  '19; 

May  12:  "The  Beginnings  of  Higher  Mathematics  in  England"  by  Faye  Dod- 
dridge '19;  "The  Beginnings  of  Mathematics  in  tlie  United  States"  by 
Hden  Garman  '18; 

May  26:  Annual  Picnic. 

topk  s  for  cli  b  programs. 
1.  The  Oldest  Mathematical  Work  Extant. 

This  is  the  liciratic  papyrus  said  to  have  been  one  of  a  number  found  at 
Thebes  in  the  ruins  of  a  small  building  near  the  Ramesseum.  It  was  purchased 
at  Luxor  in  1858  by  A.  Henry  iiliind  and  after  his  death  it  passed  into  the  hands 
of  a  gentleman  from  whom  it  was  purchased  by  the  trustees  of  the  Britidi  Museum 
in  1864. 

The  papyrus  was  copied  by  a  scribe  named  Ahmes,  between  2000  B.  C.  and 
17()()  B.  ('.,  from  an  older  work.  The  text  comprises  a  series  of  propositions  or 
problems  in  arithmetic,  mensuration,  trigonometry,  and  in  the  various  branches 
of  practical  geometry,  sometimes  accompanied  by  diagrams,  representing  the 
dass  of  practical  mathematical  knowledge  whidi  an  overseer  ol  royal  farms,  or  « 
revenue  officer  or  the  master-mason  employed  in  building  a  pyramid  or  tmple, 
would  be  expected  to  possess. 

Any  ai^proximately  complete  bibliography  of  the  papyrus  should  contain 
more  than  iorty  titles.  Three  may  be  regarded  us  referring  to  worits  which 
are  fundamental  in  connection  with  its  study.  These  are:  (1)  The  fao 
simile  in  original  colors  published  by  the  British  Museum  in  1898  (21  plates, 
15  X  25  in.)  with  a  preface  from  which  most  of  the  detuls  mentioned  above  have 
been  trtken;  (2)  the  translation  into  Germnn,  and  commentary,  prepared  by 
the  Heidelberg  aegyptologibt  August  Eiscidohr  with  the  aid  of  two  mathe- 
maticians, his  brother  Friedrich  and  Moritz  Cantor;  the  second  edition,  without 
plates  (a  work  in  quarto  format  of  nearly  300  pages),  published  by  Hinrich's 
Budihandlung  in  Leipzig  under  the  title:  Em  maikemalUohea  Handbuch  der  alten 
Aegypter  {Papyrw  RMnd  de»  British  Mweum);  (3)  the  discussion  of  Eisenlohr's 
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work  by  L.  RoDBT«  "Les  pr^tendus  probldmes  d'algdbre  du  Manuel  du  Calcu- 
lateur  igypfaiea,**  in  Jwrnd  ctfiofiguf.  Pans,  1881-82,  alrie  7,  imoB  IS;  these 
articles  were  reprinted  in  1882  (122  pages). 

Three  references  may  be  given  to  historical  works:  (1)  M.  Caxtor,  Vor- 
lesungen  iihcr  Gc3ckichie  der  Mathcmatik,  Band  I,  3.  Auflage,  Leipzig,  T»nibner, 
1907,  pages  57  ff.;  (2)  S.  GCNiiLLii,  Geschwhte  der  Maihernaiik,  I.  Tell,  Leipzig, 
Gasclien,  1908,  pages  2^35;  (3)  W.  T.  Sbdgwick  and  H.  W.  Ttleb,  A  Short 
History  of  Science,  New  York,  Macmillan,  1917,  pp.  30-84. 

In  English  there  are  also  the  papers  by  (1)  F.  L.  Griffith,  in  Proceeding!!  of 
the  Society  of  Bibliml  Archaeology,  London,  volumes  13  and  16,  1801,  and  1S94; 
and  (2)  G.  A.  Millea,  in  School  Science  and  Mathematics,  Chicago,  volume  5, 
1905, 

In  French:  (1)  V.  V.  Bobynin,  (a)  "Sur  le  proc6d£  «nploy4  dans  le  papyrus 

Rhind  pour  r6duire  les  fractions  en  quantiemes,"  BibKoth&^a  Mathematiea,  Ldp- 
zip,  2.  Reihe,  Band  4,  1890;  (b)  "M6thode  experlmentale  dans  la  science  des 
nombres  et  principaux  r^suitats  obtenus,"  L'Engeigfiemeni  Mathematiqne,  Paris- 
Geneve,  tome  8,  1906;  (2)  G.  Milhaud,  Noutellet  etudes  sur  I'histoire  de  la  pensie 
tdenlifique,  Paris,  Alcan,  1911,  pp.  58-66;  (3)  L.  BBTlNfiCBTlcOj  Les  Mapet  de  la 
pkUowpkie  maikimaii^,  Paris,  Alcan,  1912,  pp.  26-32. 

2.  GEOMEIBOGBAFHr  AMD  OTHER  METHODS  OF  MeaBUBEUENT  OF  GeOHBTBICAL 

COMSTBVCnOKS. 

As  far  back  as  1833  Steiner  wrote  a  passage,  often  qiioted,  regarding  the 
desirability  of  an  investigation  as  to  the  simplicity  and  exactitude  of  geometric 
constructions;^  but  it  is  only  within  the  past  thirty  years  that  theories  along  these 
lines  have  been  developed. 

Geometrography  may  be  definedr  in  the  words  of  its  inventor  Emile  Lemoine 
(1840-1912),  as  "tiba  art  of  geometrical  constructions."  Its  aim  is  to  discover 
which  of  the  various  ways  of  solving  a  proMcm  is  the  simplest,  or,  in  other  words, 
which  way  requires  us  to  perform  the  smallest  number  of  operations. 

Lemoine's  iirst  memoir  on  the  subject  was  read  before  the  French  .Association 
for  the  Advancem^t  of  Science  in  1888  and  during  the  next  twenty  years  he 
published  more  than  thirty  papers  and  notes  on  the  subject.  The  iJieory  is 
pretty  well  summed  up  in  his  little  book:  GeomHrographie  ou  art  dee  conetnteH/mt 
giometriques  (Scientia  no.  18).    Paris,  Gautliier-Villars,  1902. 

Reference  may  also  be  given  to:  (i)  Leuioine's  papers  ou  a  geometrographic 
comparison  of  twelve  constructions  deduced  from  eleven  solutions  of  the  same 
problem  in  Comptee  rmdnte  de  VAeeodaHon  Fran^tse  pour  VAtaneemeni  dee 
Sciences,  1899  and  1900;  to  (2)  Lemoine's  revision  of  Note  IV,  "  Sur  la  g6om£tro« 
graphic,"  pages  517-548  of  Rouch^  et  Comberousse,  TraiU  de  giomStrie,  tome  I, 
8e  ^d.,  Paris,  Gauthier-Villars,  1912;  to  (3)  E.  HArxTZsrirrL,  "De  I'exactitude 
des  constructions  geomctriqucs."      Emctgui/rnt'Dt  M afMrnalique,  tome  9,  1907, 

^  Die  geometriacfien  Conelruclionen  amgejuhrl  viitkUl  der  (Jcradcn  Linit  und  tirtca/eetm  Krtia*^, 
Beiliii,1888,{19. 
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pp.  45^1;  aod  to  (4)  feoent  volumes  of  ZriUehf^fiir  maihtmaHtehm  und  noter- 

wiismteheiftlichm  Unterricht,  which  had  a  department,  under  the  editonhip  of 
K.  Hagge,  devoted  to  the  discussion  of  problems  in  geometrography. 

For  extension  of  the  considerations  to  space,  see  Lemoine's  papers;  (1)  "La 
geometrographie  dans  I'espace,"  Compies  rendus  de  VAcademie  dea  Sciences,  Paris, 
vol.  131,  1900;  (2)  "GrfomCtrographie  dans  Teapace  oa  stfirfomfo-ographie," 
Compte  rmita  de  I'Attoeiation  FranfoitB  pout  VAwncement  des  Sciences,  1900. 

Among  English  writings  the  following  may  be  noted:  (1)  J.  S.  Mackat, 
"The  Geometrography  of  Euclid's  Problems,"  Proceedings  of  the  Edinburgh 
Mathematical  iSociety,  vol.  12,  1894,  pp.  2-16;  (2)  J,  L.  Coolidge,  A  Treatise  on 
the  Circle  and  the  Sphere,  Oxford,  Ciareudon  Press,  1916,  pp.  166-179;  (3)  H. 
P.  Hudson,  Ruler  and  Campmus,  London,  Longmans,  1916,  pp.  112-117;  (4) 
C.  E.  YouNQMAN,  "On  Two  Constructions  for  the  Regular  17-Side,"  Maihemaiical 
Qiteetions  and  Solutions  from  "The  Educational  Times,"  new  series,  vol.  10,  190G, 
pp.  55-5G;  and  (5)  R.  F.  MuirueajD,  "Constructions  with  Straight-edge  and 
Dividers,"  MaihemaUcal  Gazette,  London,  1905,  vol.  3,  pp.  20^211. 

Other  systems  of  meuuieoMaitaMdasfaibed  in  A.  Gb6tehkb»  Die  Gnmila^ 
d§r  OeemtiroffrapMi,  Leipsig,  Quelle  imd  Meyer,  1912;  in  K.  Romr  und  B. 
Papperitz,  Lehrbuch  der  dar^dlmden  Owmttris,  Band  I,  4.  Auflage,  Leipzig, 
Veit,  1913,  pp.  486-493  and  501-502;  and  in  Eneyklopddie  der  mnthemoHBehen 
]Vi.'<.''rnschaften,  Band  IIIl,  Heft  4,  Leipzig,  Teubner,  1910,  pp.  528-531. 

1  lie  issue  of  tiic  2vIonthly  for  February,  1896,  contained  a  portrait  of  Lemoine 
and  a  biographical  sketch  by  D.  £.  SmiUi.  Reference  Is  made  to  the  influrace 
which  he  verted  in  the  realm  of  music  throu^  his  celebrated  soirees,  "La 
Trompette."  (Cf.  L.  Amt  de  Lasstts,  La  TnmpeUe.  Un  dtmp-tHeU  de  mueigue 
de  chembre,  Paris,  Delagrave,  1911.) 


NOTES  AND  NEWS. 
BDtrao  BY  D.  A.  Rovbbock,  Indiaaa  Uidvanity,  Blooiiiii^;(on,  Ind. 

Mr.  D.  R.  Belcher  has  been  appointed  instructor  in  mathematics  at  Adelbert 

College,  Western  Keserve  University. 

At  Syracuse  University,  Associate  Professor  F.  F.  Dbcseb  has  been  promoted 
to  a  professorship  of  mathematics,  and  Dr.  J.  L.  Sottm  has  b^n  promoted  to  an 
assistant  professorship. 

Following  the  death  of  President  P.  W.  McRetnoujs,  of  Defiance  College, 
Defiance,  O.,  Professor  A.  G.  Caris,  of  the  dq>artment  of  mathematics^  was 
made  acting  presid^t  of  the  College. 

At  the  University  of  Maine,  Mr.  M.  F.  Jordan  and  Mr.  Q.  Staupfeb  have 
been  appointed  in.strnctnrs  in  mathematics;  the  department  of  mnthematics 
has  united  with  the  military  department  in  offering  courses  in  navigation. 
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Large  numbers  of  teachers  of  mathematics  in  secondary  schools  and  colleges 
have  enlisted  in  the  military  service  since  the  opening  of  tlie  present  academic 
year.  It  has  been  the  plan  of  the  editors  of  the  Montrlt  to  record  as  many 
*bf  these  enUstments  as  pos^ble,  especially  the  members  of  the  Association. 

The  editor  of  the  "Xotcs  and  News"  columns  of  tlie  iSToxTnLY  welcomes  all 
notices  sent  him  concerning  the  military  service  of  any  member  of  the  Associa- 
tion, or  other  mathematicians. 

^Ir.  Gilbert  Thayer,  a  eharter  member  of  the  Association,  has  been  com- 
missioned first  lieutenant  in  the  aviation  secticju  of  the  Signal  Utiicers'  Reserve 
Corps,  in  CaliftHrnia.  At  the  University  of  Maine,  Assodate  I^feseor  L.  J. 
Reed  has  been  granted  leave  of  absence  to  serve  as  statistician  to  the  War  Trade 

Board  in  Washington.  Dr.  J.  M.  Stetson,  instructor  in  mathematics  at  Adel- 
bert  College  of  Western  Reserve  University,  has  resigned  to  enter  the  national 
army.  Dr.  A.  H.  Norton,  professor  of  mathematics  and  vice-president  of 
Elmira  College,  N.  Y.,  and  president  of  the  S^Tacusc  section  of  the  Mathematics 
Teachers  of  the  Middle  States  and  Maryland,  has  been  granted  leave  of  absence 
by  Elmira  College  am!  sailed  for  France  in  Dt  ceniher  to  engage  in  Y.  M.  C.  A. 
work.  Professor  W.  Marshall,  of  Purdue  Uni\ersity,  is  serving  under  the 
Food  Administration  as  chief  statistician  of  the  International  Sugar  Committee 
with  Jieadquarters  in  New  York  City. 

The  following  mathematical  papers  were  presented  at  the  October  meeting 
of  the  Cambridge  Piiilosophicai  Society:  "The  convergence  of  certain  multiple 
series,"  by  G.  H.  Hardy;  "Bessel  functions  of  large  order,"  by  G.  N.  Watson; 
"  A  particular  case  of  a  theorem  of  Dirichlet; "  ** Ramanujan's  mpirical  ca^nsion 
of  modular  functions,"  by  L.  J.  Mokdeu.;  "Extension  of  Abd's  theorem  and 
its  converses/'  by  A.  Kienast. 

Parts  3  and  4  of  Vol.  IH,  Proceeditujs  of  the  London  Maihematkal  8oei^, 
recently  issued,  contain  the  following:  "Bessel  functions  and  Kapteyn  series" 
(continued  from  part  2),  by  G.  N.  Watson;  "On  non-absoiutely  convergent, 
not  necessarily  continuous,  integrals"  and  "On  multiple  integration  by  parts 
and  the  second  theorem  of  the  mean,"  by  W.  H.  YouNo;  "On  the  das^cation 
of  the  integrals  of  linear  partial  differential  equations  of  the  first  order,"  by 
M.  J.  M.  Hii.l;  "A  problem  on  Diophantine  approximation,"  hy  IT.  T.  J.  Nor- 
ton'; "A  syninietrical  relation  between  Legendrc's  functions  with  parameters 
cosh  a,  sinh  a,"  by  F.  J.  W.  Whipple;  "On  two  theorems  of  combinatory 
analyns  and  some  aUied  identities,"  by  L.  J.  Hogebs.  At  the  regular  meeting 
of  the  London  Mathematical  Society  held  on  November  1  under  the  presidency 
of  Professor  H.  M.  MacdoKald,  the  following  papers  were  presented:  "Tetra- 
hedra  in  relation  to  spheres  and  quadrics,"  by  J.  II.  Gracf;  "Tlie  continuation 
of  the  hypergeometric  series,"  by  M.  J.  M.  Hill;  "Restricted  romicr  serie?;  and 
the  convergence  of  power  series,"  by  W.  H.  Yolng;  '  Invariants  und  covariants 
of  linear  homogeneous  differential  equations,"  by  £.  B.  Stoitffeb;  "The  simul- 
taneous system  of  two  quaternary  quadratic  forms/'  by  H.  W.  Turnbull. 
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Aiiiong  i\\v  innltituilc  of  scientific  [)ii[)crs  presented  at  the  meetings  of  the 
Paris  Academy  of  Science  during  the  past  six  months  are  the  following  on  mathe- 
maticBl  subjects:  "Siirfaoes  such  that  the  Lapkce  equation  of  the  network 
formed  by  the  lines  of  curvature  b  integrable,"  by  C.  GmcHABD;  "A  gen^alizfr-' 
ti<m  of  Taylor's  serieSf  by  G.  D,  Bibkhovf;  "Binary  indeterminate  conjugate 
forms  remnininj*  invariant  under  a  proup  of  linear  substitutions,"  hy  G.  Julia; 
" Fourier-Bessei  transcendentals  with  several  variables,"  by  ^I.  Akimoff;  "The 
convergence  of  conjugate  trigonometrical  series,"  by  J.  Priwaloff;  "Tlie 
development  in  a  continued  traction  of  a  quadratic  irrational,"  by  M.  Ambler; 
"The  measurement  of  linear  ensembles,"  hy  M.  Leau;  "The  continued  fraction 
of  Stephen  Smith"  and  ">Some  properties  of  binary  indefinite  quadratic  forms," 
by  G.  Humbert;  "Tlie  dassifieation  of  the  transcendental  points  of  the  invcrae 
of  integral  or  meromorphic  functions,"  by  G.  Remoundos;  "Orthogonal  sur- 
foces,"  by  H.  DirroiiTi  "The  jasakam  surface,"  by  P.  HmiBEaT;  "The  notion 
of  nei(^borhood  in  abstract  ensmblesy"  by  M.  Fr^chet;  "A  new  method  in 
the  numerical  evaluation  of  the  coefficients  of  a  series,"  by  M.  PETROvrrca; 
"A  new  method  in  the  summation  of  trigonometrical  series,"  by  M.  Anoftt^sco; 
"The  theory  of  trigonometrical  series,"  by  W.  H.  Young;  "  Abelian  functions,  ' 
by  G.  Scorza;  "The  integraiiun  of  certain  systems  of  differential  equations," 
by  £.  G0UR8AT;  "The  triple  cyclic  systems  of  Steiner/'  by  S.  Bats;  "A  func- 
tional equation  and  spherical  unicursal  curves,"  by  W.  Detaunenbebg. 

The  volumes  of  the  Pneeedingt  of  the  Edinburgh  Mathemaiieal  Soeidy  are 
issued  annually  in  two  parts,  the  Brst  in  May  and  the  second  in  Novmbear.  The 

recently  completed  volume  35,  issued  by  the  aid  of  a  grant  from  the  Carnegie 
Trustees,  eontains  the  following  papers  extending  over  100  pages:  By  II.  Datta, 
(1)  "On  the  theory  of  continued  fractions";  (2)  "On  the  failure  of  Heilemann's 
theorem";  by  L.  R.  Ford,  (1)  "On  a  class  of  continued  feaetions";  (2)  "A 
geometrical  proof  of  a  theory  of  Hurwits";  (3)  "The  effect  of  a  rise  in  prices 
upon  the  amount  of  small  money  used";  by  G.  B.  Jeffery,  "Transformations 
of  axes  for  Whittaker's  soluti(»n  of  Laplace's  equation";  liy  W.  P.  Milne, 
(1)  "The  apolar  locus  of  two  tetrads  of  pi>int>";  ('2)  "The  eo-apolars  (if  a  cubic 
curve";  by  G.  D.  Taylor,  "Geometrical  illustrations  of  cyclaut  substitutions"; 
by  £.  T.  Whxttaseb,  "On  the  latent  roots  of  compound  determinants  and  Brill's 
determinants";  by  A.  W.  YoUNO,  "On  the  computation  of  a  Lagrangian  inters 
polation.'^ 

In  addition  to  the  Proreedings  the  Edinburgh  Mathematical  Society  has 
published  also  21  numbers  of  Mathcmalwal  Notes,  a  Rctieio  of  Ekmentary  Mntfie' 
viatics  and  Science.  The  last  number  (pages  239-254)  was  published  in  December, 
1916. 

i'rufessor  F.  R.  !MouLTO\,  University  of  Chicago,  is  Secretary  of  Seeiion  A 
(Mathematics  and  Astronomy)  of  the  American  Association  for  the  Advance- 
ment of  Science.  His  absence  from  the  holiday  meetings  at  Chicago  was  due  to 
his  official  duties  at  Pittsburgh. 
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The  twenty-fourth  annual  meeting  of  the  Americnn  Mathematical  Society 
was  held  in  New  York  on  December  27-28,  1917.  Tiu  re  were  eleven  papers 
on  the  printed  program,  the  authors  representing  seven  colleges  and  universities. 

The  ninth  regular  meeting  of  the  American  Mathematical  Society  at  Chicago, 
being  the  fortieth  meeting  of  the  Chicago  Section,  was  held  at  the  University 
of  Chieftgo  on  Deoembor  28-29, 1917,  in  oonjunction  with  the  third  annual  meet- 
ing of  the  MathematiGal  Association  of  America.  There  were  eighteen  papers 
on  the  printed  program,  tlie  authors  refnesenting  nine  colleges  and  universities. 
Two  additional  papers  were  also  read. 

Former  Captain  Stuart  C.  Godfrey,  Corps  of  Engineers,  West  Point,  New 
York,  is  now  Major  Godfrey  and  is  located  at  Fort  Leavenworth,  Kan. 

A  booklet  on  the  "History  of  Limits  and  Fluxions  in  England  during  the 
Eighteenth  Century,"  by  Professor  Florian  Cajori,  is  now  in  process  of  publi- 
cation by  the  Oxford  University  Press,  having  been  delayed  since  1915  by  the 
exigencies  of  the  war. 

A  series  of  public  addresses  in  the  state  of  Montana  on  the  nations  concerned 

in  the  great  war  was  given  during  the  Red  Cross  campaign  by  members  of  the 
faculty  of  the  University  of  Montana,  and  the  proceeds  were  devoted  to  tlie 
Red  Cross.  The  address  on  Scandina^na  was  given  by  Professor  N.  J,  I1ENNE8, 
head  of  the  department  of  mathematics. 

The  Central  Association  of  Science  and  Mathematics  Teaciiers  was  organized 
in  Chicago  in  1902.  The  membership  has  steadily  grown  from  324  in  190S  to 
973  in  1917.  The  last  annual  meeting  was  held  in  Columbus,  Ohio.  An  im- 
p(fftant  feature  of  the  program  was  the  report  of  the  Committee  on  Mathematical 

Requirements  by  the  chairman,  Mr.  J.  A.  Foberg,  of  Crane  Junior  College, 
Chicago.    Mr.  Foberg  is  the  representative  of  the  Central  Association  on  the 

National  Committee  of  the  Mathematical  Association  of  America. 

The  secretary  has  had  specific  inquiries  for  the  following  back  numbers  of 
the  American  Mathematical  Monthly.  It  will  confer  a  favor  upon  various 
Sttbscribm  who  are  seeking  to  complete  their  files  of  this  journal  if  any  who  have 
these  nsues  fw  sale  will  inform  the  secretary  of  the  Association,  giving  the 

price  desired,  including  the  necessary  postage.  The  secretary's  oflSce  will  be 
glad  to  efTect  the  exchange  in  such  cases  if  the  price  is  satisfactory  to  the  sub- 
scribers. (The  numbers  called  for  by  the  University  of  Wisconsin  in  the  last 
issue  of  the  Monthly  have  been  su[jplied.) 

Vol.  1, 1894 — Jan.,  Feb.,  Mar.,  June,  and  July. 
Vol.  II,  1896— June  and  Nov. 

Vol.  ni,  1896  (at  least  all  issues  except  Jan.,  Feb.,  and  June). 

Vol.  IV,  1897— Jan.,  Feb.,  Apr.,  June,  and  July. 

Vol.  V,  1898— ]March  and  May. 

Vol.  VI,  1899 — May,  September,  and  November. 

Vol.  VII,  1900— April  and  May. 
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Vol.  Vin,  IfiOl— November. 

VoL  IX,  1902— Mftjr  and  June-July. 

Vol.  XI,  1909— April. 

Vol.  XTX,  1907-  Jan.  and  Oct. 
Vol.  XIX,  1912— Jtine  and  July. 
Vol.  XX,  1913— Oct. 

Professor  W.  D.  MacMti.l.vx,  who  spent  the  autumn  in  Texas,  has  now 
returned  to  his  work  at  the  University  of  Chicago  in  the  department  of  astronomy. 
Frof<e89<»s  E.  J.  Wilgztnski  and  H.  E.  Slaitgbt  are  out  <rf  residence  during  the 
winter  quarter,  and  Professor  L.  E.  Dickson  has  returned  from  his  sojourn  at 
the  University  of  California. 


NOTES  ON  THE  THIRD  AXM  AL  MEETING  OF  THE 

ASSOCIATION. 

By  H.  E.  SIAUGHT,  Unhreirity  of  Chfe«go. 

The  atteinianee  at  the  third  aiiiuial  meeting  was  inosi  gratifying,  in  view  of 
war  conditions.  Tlie  total  number  present  at  the  various  sessions  was  119, 
induding  93  members.  Members  from  a  great  distance  were  warmly  welcomed, 
including  Professors  Cajori  from  Colorado,  Do<Id  and  Ettlinger  from  Texas, 
Huntington,  Phillips,  and  Ransom  from  Massachu.<ietts,  Archibald  from  Rhode 
Island,  and  Kingston  from  Winnipeg. 

The  joint  dinner  on  Thursday  evening  with  the  Chicago  Section  of  the  Society 
was  attended  by  seventy-three  persons  and  proved  most  enjoyable.  The  Quad- 
mngie  Club  is  admirably  adapteti  for  such  occasions,  providing  ample  roouf  and 
complete  seclusion,  with  full  opportunity  for  social  intercourse  both  before  and 
after  the  dinner  and,  indeed,  throughout  the  progress  of  the  meetings.  President 
Cajori  presided  and  short  talks  were  given  by  members  representing  vai  i  u 
parts  of  the  eotintry.  A  matter  of  deep  interest  was  the  Seeretary's  roll-<.'all  of 
mathematieians  in  the  national  service,  a  inaiiifestix'  inconipU'te  list,  wiiich, 
however,  was  supplemented  by  numerous  additions  on  the  spot,  and  which  it  is 
desired  to  make  as  complete  as  possible  for  earl\  publication  in  the  Monthly. 

As  was  the  case  at  the  New  York  meeting  a  year  ago,  there  was  much  sustained 
enthunasm  over  the  election  of  officers  which  was  closed  at  the  business  meeting 
late  Friday  afternoon.   The  contest  was  very  dose  in  some  cases,  especially  in 

connection  with  the  Council.  The  detailed  figures  will  be  given  in  the  Secretary's 
oflieiol  r«  [lort.  The  result  was  as  follows:  E.  V.  Iltmtington,  President;  D.  N. 
Lehmer  and  J.  W.  Young,  Vice-Presiflents;  \V.  1).  Cairns,  .Seeretary-Treasurer; 
Florian  Cajori,  Elizabeth  B.  Cowley,  G.  A.  Miller,  and  E.  J.  Wilczynski,  members 
of  the  Council  to  serve  till  January  1920.  The  Secretary's  figures  will  show  that 
the  total  vote  was  not  as  large  as  one  would  suppose  it  should  be.  Probably 
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many  have  not  yet  fully  realized  that  these  are  real  elections  and  that  each  and 
every  menihcr  has  a  voire  in  the  deterrnination  of  the  affairs  of  the  Association. 

Why  should  we  not  ha\-e  at  least  1,(M>0  votes  at  these  annual  elections? 

The  program  was  pronounted  on  every  hand  to  be  excellent.  It  was  the 
first  occasion  when  voluntary  papt;rs  were  called  tor  by  the  Committee,  but  it  is 
undentood  that  hencefwth  this  is  to  be  an  int^pral  part  of  all  programs.  This 
announcement  is  made  thus  early  in  order  that  all  may  be  aware  of  the  privilege 
and  tiiat  many  may  take  advantage  of  the  coming  months  to  prepare  such 
papers  for  submission  to  the  next  program  committee  for  approval  long  in  advance 
of  the  next  meetinjE;.  On  this  occasion  the  time  was  very  short,  too  short,  but 
evidently  those  who  respoudeil  to  the  call  had  been  preparing  for  emergencies— 
at  any  rate,  the  result  was  most  gratifying.  The  programs  ot  all  the  sectional 
meetings  are  evidently  conducted  entirely  on  this  basis  and  with  great  success — 
indeed,  the  sectional  meetings  should  prove  to  be  a  fruitful  source  for  the  dis- 
covery of  good  papers  for  the  national  programs. 

The  address  of  Professor  Roever  proved  to  be  inspiring  and  the  prolonged 
discussion  which  it  aroused  led  to  the  expression  of  a  desire  to  organize  the  collep:e 
teachers  of  descriptive  geometry  as  a  special  division  of  the  Association — at 
present  they  have  no  organization  and  are  laboring  under  the  dilemma  that  they 
are  recognised  ndlther  by  the  drawing  departments  nor  by  the  niathemati<aii 
departments.  The  feeling  prevailed  that  we  in  the  Association  should  welcome 
them  into  full  mathematical  fellowship  and  steps  will  soon  be  taken  to  invite 
them  into  the  meml^ership  of  the  Association. 

The  financial  report  of  the  Secretary-Treasurer  showed  a  safe  balance  on  the 
1917  business  of  the  Association.  Whether  tlu^s  will  be  maintaiuctl  during  1918 
depends  upon  the  loyalty  and  support  of  the  present  membership.  There  tHII 
be  the  temptation — even  the 'pressure — in  the  case  of  many  to  economize  by 
dropping  memberships  in  some  of  the  scientific  associations,  but  now  is  the 
time,  of  all  times,  when  such  organizations  should  be  supported  at  all  hazards — 
.  even  at  personal  sacrifice  on  the  part  of  individuals.  Muuy  such  bodies  are 
proposing  to  hold  on  the  rolls  of  active  membership  all  who  are  in  the  military 
or  naval  service  of  the  country  without  their  payment  of  dues  if  they  so  request. 
Our  Council  voted  to  put  our  Asaodation  among  those  who  -1'  :1  perform  this 
patriotic  service,  believing  that  our  membership  will  back  up  this  action  b\  holding 
our  numbers  not  only  up  to  the  present  total  but  by  actually  increasing  this  total 
througli  still  further  accretions  from  the  ranks  of  present  non-members,  it  was 
surely  gratifying  to  have  twenty-two  individuals  and  two  institutions  elected  to 
monbership  at  this  meeting. 

In  spite  of  the  heavy  burden  (over  S400)  for  increased  cost  of  paper  for  the 
MOMTHLT  during  1917,  the  Association  carried  on  the  work  of  its  standing  com- 
mittees and  provided  the  subventinn  agreed  upon  for  the  Annals;  and  we  look 
forward  with  confidence  to  1918  feeling  assured  that  no  backward  step  will  be 
necessary  on  account  of  the  lessening  of  individual  support. 
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An  important  step  forward  was  taken  in  connection  with  the  amendment  to 
the  oonstitution  providing  for  a  further  subdivision  of  the  editorial  responsi- 
bilities. Professor  Carmichael  now  beoomes  editor-in-chief  of  the  Montblt 
and  a  feding  of  absolute  confidence  prevails  throughout  t?  <  A  sodation  that  the 

Monthly  could  not  he  in  better  hands,  and  that  we  are  entering  upon  an  epodl 
of  distinct  advancement.  Already,  improvements  and  new  departments  are  in 
process  of  development  which  will  commend  themselves  to  all  readers  of  the 
joumaL  The  personnel  of  the  editorial  committee  remains  unchanged  except 
for  the  promotion  of  Professor  Carmichael  to  the  editorship.  The  business 
management  of  the  Monthly  remains  as  heretctfore*  In  accordance  with  the 
amended  by-laws,  the  associate  editors  are  now  appointed  annually  by  the 
Council  on  the  recommendation  of  the  editorial  committee.  These  appointments 
will  appear  in  the  official  report  of  the  Council  actions.  The  Council  held  three 
sesdons,  ten  members  being  present  at  eadi  session. 

In  response  to  a  call  sent  out  previous  to  the  Chicago  meeting,  some  twenty- 
five  Illinois  members  of  the  Association  met  on  Thursday  afternoon  to  oonnder 
the  question  of  forming  a  section  of  the  Association.  The  secretary's  report  of 
this  meeting  will  appear  in  the  February  number  of  the  Monthly. 


An  effort  was  made  to  eompfle  a  mcwe  serviceable  index  to  the  Isst  volume 

of  the  MoNTULT  than  ^ose  in  previous  volumes,  and  it  is  hoped  that  this  effort 

will  appeal  to  our  readers  as  wortli  wIillc  and  justifying  the  added  labor  and  ex- 
pense involved.  The  work  was  done  imder  the  supervision  of  Professor  Helen 
A.  Merrill  of  the  editorial  staff. 


Modern  and  Successful  Books 


RietZy  Crathome  and  Taylor's  School  Algebra 

By  U.  L.  RiETZ,  Profesaor  and  A.  H.  Crathorne,  Associate  in  the  University  of  lUinois, 
and  E.  H.  Tayum,  FkoftHor  in  the  Eastern  Ulinob  State  Noraul  School.  {AmsHean 

MaOiemalical  Series.)   Firsl  Courte.  xiii+271  pp.   12dio.   $1.00.   Second  Courae.  x+ 

235  pp.    12mo.    7i>  c^nts.    Compfe/e  in  one  volume,  unabridged,  11.25. 

W.  A.  KiCHABDs,  Grant  Vocationai  High  School,  Cedar  Rapids,  Iowa:  We  have  used  the 
School  Afgebra  iboe  Sflptamber,  and  we  have  bam  well  pkaaea  widk  the  ptewntation  of  the 

subject. 

The  thing  that  particularly  pleased  me  was  the  fact  that  factoring— the  bugbear  to  pupils 
in  algebra — is  placed  after  many  problems  in  simple  equations.  Tlii^  arraiii^einiiit  shows  the 
mquJa  that  algebra  has  a  praotiMd  appUcatkMi  before  th^  sUurt  the  factoriitg  and  they,  there- 
fore, fed  more  like  wwkiiig  and  getting  it, 

H.  E.  Cobb,  Lewis  InslUute,  Chicago :  It  fumbhes  much  excdient  niiiteriai  for  the  work  in 
hi^  school  algdira.  The  methods  of  presentation  are  simple,  clear  and  readily  grasped.  Com- 
plicated lonns  for  manipulation  and  much  ahetractmaterial  of  no  great  practical  use  are  omitted. 
The  pirobIem.s  are  new  and  of  ccnisiderabie  interest.  The  chapter  on  functions  may  be  made  the 
basis  of  much  profitable  work  of  a  practical  nature  during  the  course. 

Trb  IifDnwDBNT :  The  Firtf  Coane  is  admirably  fitted  to  the  stndy  of  dthrr  pure  ot 
applitti  iitgebra.  The  trnn^iiflon  from  iirithniefic  lo  nlpebrii  is  s<t  carefully  plannerl  that  the 
student  slijis  over  the  difliculties  wilhout  conscimw  e(ri>rt,  niul  a  i  lear  comprehension  of  ulgebra 
is  won  Ijy  ^irIlple  drills  on  puzzlings'  details,  by  coimiHriwuis  of  linglish  and  alpebr  lii  <  \[  ressions 
and  b^  illustrations  with  rectangles  and  circles.  By  a  skillful  tabulation  of  busiue»s  questions, 
the  principle  of  graphs  ie  used  so  conatantly  that  the  final  pbttiiiig  of  points  and  lines  presents  no 
difficulties. 

An  a  year  or  two  generally  intervenes  between  the  use  of  the  Firxl  (  ourse  and  the  Secxtnd 
Course,  the  latter,  following  the  best  features  of  the  first  book,  starts  v,  \  i  v  c  Ji -pLumed  review. 
The  problems  in  physics  and  geometry  fully  meet  the  demands  of  apphed  algebra,  while  the 
work  in  pure  alg^a  is  suffideot  to  satisfy  college  lequireoicnta. 


Young  and  Schwartz's  Plane  Geometry 

By  J.  W.  YoUKG,  Professor  of  Mathematics  in  Dartmouth  College,  and  A.  J.  Scuwabtz, 
Grover  Cleveland  High  School,  St.  Louts.  (American  MaihenuUical  Series.)  pp. 
ISino.  85  cents. 

B.  F.  FI^rKEL,  Drury  College,  Springfield,  Mo.: — T  wisli  fo  say  that  I  am  very  much  pleased 
with  the  straightforward  and  unconventional  manner  by  which  the  student  is  introduoea  to  the 
study  of  Geometry  as  presented  in  Young  and  Schwarts.  The  student  om^t  to  have  no  tioiible 

in  mastering  geometry-  as  presented  by  these  authors. 

C.  A.  EwLNG.  The  Tome  School,  Purl  rjffmil,  Md. :  Its  reading  gave  me  a  very  enjoyable 
evening.  I  picked  it  up  to  glance  through  it,  but  became  so  interested  that  I  did  not  put  it 
down  until  I  had  nvea  it  a  cweful  reading.  The  introductory  chapter  is  a  gem.  1  know  of  no 
other  text  that  makes  sudi  a  bgical  approach  to  ^e  subject.  Anoth<»-  feature  that  delisted  me 
was  the  careful  treatment  of  the  idea  of  motion.  The  whole  text  is  built  on  such  origmsl  lines 
that  the  book  itself  is  an  answer  to  the  oft-heard  question.  Why  another  geometry  ? 
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By  BOWiN  S.  CRAWLEY  and  HENRY  B.  EVAN5] 
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Size:  xiv+239  pages,       x  4%  inches.    Price  $i.6u. 

Chapters  I  toX  (190  pages)  give  a  full  college  course  in  planeanaiytic  geomctr>'.  Chap- 
ter XI  (14  pa^es)  on  empirical  equations  will  hoof  particular  ii>tOM/st  t<  >  stude.-tt?  of  cn;;i- 
ncciiit^4  ami  iiilier  applied  Bcienccs.  C  hapter  XII.  liie  contkiding  chapter,  is  devoted  to 
the  C.Mensioii  of  coordinate  t;eonietry  tu  suiiie  t-jiace  problems. 

Orders  and  appiicaiiunti  fur  sanipie  cupivs  fur  examination  with  a  view  to  introduction 
sliottld  beaddrewed  to 

E.  S.  CRAWLEY.  University  of  Pennsylvaois.  Pbiladelpliia 
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THIRD  ANNUAL  MEETING  OF  THE  MATHEMATICAL 
ASSOCIATION  OF  AMERICA. 

The  third  annual  meeting  of  the  Association  was  held  at  the  University  of 
Chicago  on  Thursday  and  Friday,  December  27-28,  1917,  in  conjunction  with 
the  Chicago  Section  of  the  American  Mathematical  Society,  which  met  on 
Friday  and  Saturday  of  that  veek.  There  were  119  m  attendance  at  the  vaiious 
sessions,  including  the  following  93  members  of  the  Association  and  one  institu- 
tional ddegate: 

L.  D.  A^fKS,  University  of  ^Ti.ssouri. 
R.  C.  ARcuiBALU,  Brown  UoiverHity. 

I.  A.  Babnett,  Chicago,  lU. 
Bfitt.  W,  E.  BecKwrrH,  College  for  Women , 
WeBtem  Reeorvc  Univcraity. 

G.  A.  Buss,  University  of  Chicago. 
P.  P.  BoTo,  University  of  Kentneky. 

H.  T.  BcRGKss,  University  of  Wisconsin. 
W.  II.  BuBaKY,  Uuiversity  of  Minneaota. 

W.  D.  CAIBN8,  Oberlin  CoUegs. 
FtORiAw  Cajori,  Golondo  Gdlege. 
D.  F.  Camfbbi^  AriDOur  InatiiutB  of  TBch- 

nology. 

R.  D.  CAimiCHABii,,  Univenity  of  lUinoiB. 

W.  E.  (jKOFRBrnr!,  Aupisfana  CoUagB. 
H.  K.  Conn.  Lcwid  Instiime. 
L.  M.  CoFFm,  Coe  CtiUcKc 

C.  £.  CoMSTOGX,  Bradley  Pdytechnic  Inaii- 

ttite. 

M.  W.  CouLTiiAP,  North  Western  rollcuc 
A.  R.  Crathornb,  University  of  Illinois. 
G.  H.  Ciu:88E,  University  of  Michigan. 

D.  R.  Cmmss,  Nortbaratern  Univainty. 
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E.  W.  Davis,  University  of  Nebraska. 
L.  E.  DicsaoN,  University  of  Chicago. 
E.  L.  DooOt  Dnivvnlty  cf  Texas. 
Abmold  TXaeamx,  Unrverrity  of  Wiwonain. 
Otto  Dxthkbl,  Washington  University. 

Aknou)  Eucu,  Uniyersity  of  lUinoia. 

L.  C.  EHMONit  MidiigiMi  AcdcultnnI  CoQegB. 

H.  T.  BfTLDnRB,  Uidvenity  of  Tbim. 

J.  A.  FoBERG,  Crane  Junior  College,  GhimgO. 

W.  B.  FoBDf  University  of  Michigan. 

A  F.  FftUHViiLLBB,  Marquette  UniverBiiy. 

CoBNKUvs  GomrBMS,  Univeiaity  of  Iowa. 
M.  E.  GMAsmi,  HakimMrg  TTnivwrity. 

Laijrence  Hai>L£¥,  Eitritiam  College. 
W.  A.  Haiolton,  fieloit  College. 
Harris  Hancock,  UnivecBity  of  Cincinnuii. 
3.  O.  Hassubr,  Crane  Junior  College, 

E.  R.  Hedhick,  Univnrsity  of  Missouri. 

T.  H.  IIiLOEBRANDT,  University  of  MicUgao. 

1'  7T  IIoDiiE,  Fninklin  Cbllopo. 

ij.  \  .  UuNTiNuTON,  Harvard  University, 
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NnuB  If.  Ikobu,  GreeDTiDe  Golkgp. 
jBflsia  M.  JaoobB)  UitMiift,  HI. 

A.  M.  ISmmm,  Fmdue  Univenity. 

J.  M.  KiNNBY,  Hyds  Paik  High  School, 

Chicago. 

n.  R.  K1NO8T0N,  University  of  Manitoba. 
DAMm  Kbetu,  Wellman,  la. 

KuuT  Laves,  lltiivrraity  of  Chicago. 

D.  A.  Lehuam,  Goshen  CoUcko. 

ThCMA  Lb  Stoubouon,   Lcggctt  8diool, 
Detroit. 

E.  B.  LvTLE,  University  of  Illinois. 

W.  D.  MacMillan,  University  of  Chicago. 
MAtcoLM  McNeill,  Lake  Forest  College. 
W.  O.  Mkndknuall,  Earlliam  College. 
G.  A.  MiLLBB,  Univenity  of  Uliuoifl. 
O.  R.  MnncK,  Neir  C3tftte  (Fa.)  Hi|^  SdraoL 
U.  0.  Mm'ttf'M,,  University  of  Kansas. 
C.  N.  MooRB,  University  of  Cincinnati. 
E.  H.  MooKE,  Univnnsity  of  Chicago. 
C.  C.  Moxaa,  Ohio  State  University. 
R  !•  ttowioN,  Northwestern  Uoiversity. 

G.  W.  Mnia,  Univvnity  of  Chicago. 

M.  J.  Nbwbll,  Evanston  (111.)  High  Sebool. 

H.  li.  Oi-iioN,  Chicago,  III. 

G.  h  FaIiMBB,  Lewis  Institute. 

H.  B.  Phujjfs,  Mass.  Institute  of  Technol- 

ogy. 

L.  C.  Plant,  Michigan  Agricultural  Col- 
lege. 


Jbbvb  G.  QmoMT,  GoDcge  of  Saint  Tmsa. 

O.  J.  Rami.kk,  Catholic  Univcntlty  of  America. 

W.  K.  KANaoM,  Tufts  College. 

8.  E.  Rahor,  Ohio  State  Univeirity. 

II.  Tj  I?ii;rz,  Univrr.sity  of  Illinois. 

W.  li.  lioEVEB,  Washington  Uuivendty. 

Ida  M.  Schottenfels,  Clilcago. 
G.  H.  Scott,  Bcnsonia  Academy. 
J.  B.  SnAW,  University  of  Illinois. 
L.  S.  SmYELT,  Mount  Monis  Colloge. 
C.  H.  SniAH,  XTnivenity  off  IDinoia. 
II.  E.  SLAunnT,  University  of  Chicago. 
A.  W.  SuiTU,  Colpntc  University. 

G.  W.  Smith,  B.  loit  f  ollcge. 

C.  C.  Ri'ooNKR,  Northern  Michigan  State 
Normal  tSchool. 

E.  H.  TatIiOB,  Eastern  Illinois  Normal  School. 
E.  J.  TowmEND,  Univeiaity  of  niuioii. 

H.  W.  TiLBB,  Mass.  liutitiite  of  Todmotogy. 

J.  N.  Van  dbb  Vrub,  TTnivemlty  of  Kansas. 

L.  G.  Wr.i.u,  Pullman  (111.)  Manual  Training 
School. 

A.  E.  WmtvoBD,  Milton  College. 
J.  A.  Wbttod,  Hedding  GdUcge. 
E.  J.  WiLcsnnxi,  Univenity  off  Chicago. 

J.  W.  A.  YooNOj  Unimnity  of  CSiicago. 

John  ZntusBVAif ,  Dubuque  German  College. 

Cliff  Goiu>,  Illinois  Wcslcyan  Univorsily 
(institutional  ddsgate). 


Some  were  tloubtleiss  kept  from  the  meetings  because  of  the  inconveniences 
of  railway  travel  and  because  of  considerations  of  economy  based  on  patriotic 
grounds  ;*  yet  it  b  worthy  of  note  that  so  large  a  number  ahowed  by  their  presence 
aiu]  participation  their  conviction  t!iut  the  torch  of  Icurtilng  muHt  be  kept  bright 
in  this  as  well  as  in  otlier  ways  in  the  present  troublous  times.  Twelve  came 
from  institutions  more  than  five  Imndred  miles  from  Chicago,  including  four  from 
Massachusetts,  tliree  from  Texas,  one  each  from  Colorado,  Washington,  D.  C, 
Manitoba,  New  York  and  Rhode  Island. 

As  announced  in  the  program  the  opening  session  on  Thutsday  morning  was 
devoted  to  p:i])ers  presented  by  members  on  their  own  initiative.  It  has  been 
recognized  from  the  outset  that  the  .\ssociation  i)rograms  must  not  merely 
include  papers  and  discussions  on  topics  selected  hy  a  rommittee  from  among 
the  most  important  subjects  in  collegiate  mathematics,  but  that  there  shall  also 
be  afforded  an  open  forum  for  the  presentation  of  papers  not  thus  limited.  The 


*  See  letter  by  Professor  T.  W.  Richaids,  in  Science,  Dec.  28, 1917. 
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latter  might  well  indude  reports  on  speciiJ  methods  of  problem  solutions, 

pedagogical  discussions,  accounts  of  original  mvestigations,  the  organization  of 
a  particular  topic  or  chapter  in  some  collegriate  subject,  etc.  Tliat  such  a  com- 
bined pro^n'ani  has  elements  of  strength  grcutcr  than  one  composed  either 
entirely  of  selected  papers  on  specified  topics  or  papers  enturely  unrestricted, 
seems  unquestionably  answered  in  the  afihrmative  by  the  result  at  Chicago. 
In  aatidpation  of  sunflar  programs  at  future  meetings,  the  oSoas  of  the  Assoda- 
tion  earnestly  urge  this  opportunity  upon  the  attention  of  our  m^bers,  so  that 
when  a  call  comes  for  either  t%"pe  of  papers,  there  may  }>e  a  ready  and  hearty 
response.  The  "Questions  and  Discussions"  in  n-ccnt  numbers  of  the  Monthly 
indicate  that  our  members  appreciate  an  open  foruui,  and  it  seems  evident  that 
a  fidler  opportunity  should  be  provMed  tiiaxi  the  cnmM  pages  of  the  Montblt 
aOow. 

On  Thursday  evening  the  joint  dinner  of  the  Society  and  the  Association 
was  held  at  the  Quadrangle  Chib  with  an  attendance  of  73.  T\\e  toastmaster, 
President  Cajori,  called  upon  the  following  members,  who  responded  with  brief 
remarks:  Professor  E.  H.  Moore,  University  of  Chicago;  I'rofessor  VV.  ii.  Ford, 
University  of  Michigan;  Ph>fe8sor  E.  V.  Huntington,  Harvard  University; 
Professor  L.  E.  Dickson,  University  of  Chicago;  Professor  E.  L.  Dodd,  University 
of  Texas;  and  Professor  E.  R.  Hedrick,  University  of  Missouri.  Much  interest 
was  expressed  in  various  phases  of  war  activity  and  in  the  share  which  the 
Association's  members  have  in  the  country's  service.  By  request,  the  secretary 
of  the  Chicago  Section  of  the  Society  and  the  secretary  of  the  Association  collated 
rather  hastily  and  read  a  list  of  ^  American  mathematidans  known  to  be  in 
national  service  at  present.  About  forty  members  took  advantage  of  the  invita- 
tion of  the  American  Association  of  University  Frofessors  to  attend  the  dinner 
on  Friday  evening  at  the  Quadrangle  Club.  As  in  tlic  case  of  earher  meetings, 
so  at  Chicago  admirable  accommodations  and  plans  made  by  the  local  members 
of  the  Committee  on  Arrangements  helped  greatly  to  further  social  intercourse 
and  to  render  everyone's  enjoyment  the  more  complete.  The  members  of  this 
Committee  and  those  of  the  Program  Ciminuttee  merit  mudi  praise  for  tiie 
thoughtful  planning  whicli  made  the  meetings  a  success. 

President  Cajori  i)resided  except  ou  Tliurstiay  afternoon,  wlien  he  called 
Professor  E.  W.  Davis  to  the  chair.  Professor  L.  E.  Dickson,  president  of  the  » 
American  Math^atical  Society,  presided  at  the  Joint  session  on  Friday  aft^ 
noon.  At  this  session  Professor  W.  6.  Ford  gave  his  returing  address  as  duuT' 
man  of  the  Chicago  Section  of  the  Society,  on  the  subject  "  A  conspectus  of  the 
modern  theory  of  divergent  scries."  On  behalf  of  tlie  Association,  Professor  L. 
D.  Ames  of  the  University  of  Missouri  gave  an  adih-ess  "On  a  definition  of  tlie 
real  number  system  by  means  of  iiiiiuite  deciraals."  Professor  Furd's  paper  has 
been  offered  to  the  BvUdm  of  the  Society  for  publication.  Hie  following  is  an 
abstract  of  Professor  Ames's  paper: 

The  purpose  of  this  paper  was  to  present  a  definition  of  the  real  number 
system  which,  while  sound  logically,  shall  be  pedagogicaUy  simpler  than  the 
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well-knovn  methods.  Pedagogicany  the  number  system  is  built  up  by  succes- 
sive steps;  with  one  exception  each  step  follows  rather  closely  our  intuitive 
notions;  but  in  the  definition  of  irrational  numbers  all  the  commonly  accepte<l 
methods  of  approach  break  rather  sharply  witli  our  intuitions  and  are  rather 
oomplicated.  The  mode  of  procedure  suggested  in  this  paper  is  as  follows:  It  is 
first  shown  that  all  rational  numbors  can  be  expressed  as  terminating  or  repeating 
decimals^  and  that  con  <  r  i !  all  tcrn)ituitiii<r  or  repeating  decimals  are  rational. 
Then  examples  of  individual  infinite  decimals  wliieh  do  not  repeat  are  given; 
these  are  not  rational,  but  they  make  as  vivid  an  appeal  to  the  student  as  do 
the  rationals.  A  real  number  is  then  defined  as  an  expression  in  the  decimal 
nototioii,  this  being  justified  pcdugogically  and  logically.  A  logical  treatment 
frf  the  properties  oi  real  nnmbos  follows  dosely  the  natural  snggestioiis  of  the 
decimal  notation.  'Die  notion  of  a  continuum  is  approached  as  follows:  The 
rational  nimiber  system  has  certain  properties  of  order  which  are  carefully 
stated.  The  student  know??  some  iniinite  dtn  iinals  which  are  not  rational; 
these  can  be  inserted  one  at  a  time  between  ratiunuls,  and  the  enlarged  system 
will  have  at  eadi  stage  the  properties  just  mentioned.  To  speak  cruddy,  there 
seem  to  be  vacant  spaces  where  new  individual  numbers  can  be  inserted  between 
those  already  given.  On  the  other  hand  it  is  not  possible  to  insert  in  the  set  of  all 
infinite  decimals  a  single  new  element  so  that  the  enlarged  set  shall  liavc  the 
properties  stated.  To  speak  crudely  again,  all  the  vacant  spaces  seem  to  be 
filled.   This  idea  is  the  basis  of  the  definition  given  of  a  continuum. 

The  other  parts  of  the  program  are  grouped  under  three  leading  heads*  and 
abstracts  are  given  corresponding  to  the  numbers  in  eadi  list,  together  with 
iqxyrta  of  some  further  informal  discussions. 

Contributed  Papers. 

(1)  "The  Graph  of  f{x)  in  Line-Coordiuates  for  Complex  Numbers."  1'ro- 

FB880B  A.  F.  Fbumvellbr,  Marquette  University. 

(2)  "Note  on  the  Generalization  of  the  Witch  and  the  Cissoid."  Professor 

P.  H.  Hodge,  Franklin  College. 

(3)  "Fermat's  Method  of  Infinite  Descent."   Professor  W.  H.  Bvaestr, 

University  of  Minnesota. 

(4)  "On  the  Disciplinary  and  Applied  Values  of  Matiiematical  Study."  Piio- 

FB880R  C.  N.  Moore,  University  of  Cincinnati. 

(5)  "On  the  Content  of  a  Second  Course  in  Calculus."   Professor  £.  J. 

MoULTON,  Northwestern  University. 

(6)  "Comments  on  Mathematics  in  the  High  Sdiool."   Professor  Harris 

Hancock,  University  of  Ciuciooati. 

(1)  The  gn^h  of  f(x)  in  ordinary  point-codrdinates  leads  to  a  S-dimenaional 

diagram  when  x  or  y  is  taken  as  complex;  and  to  a  4-diracnsional  diagram 
when  both  are  com])lcx  Professor  Frumveller's  paper  was  describiMl  jis  an  at- 
tempt to  escape  from  this  difficulty  by  employing  Unc-coordiimtes.   A  base-line 
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OOi  and  two  linesi  OX,  OY,  perpendicular  to  it  and  in  one  plane,  are  tbe  fraine' 
work  used.  The  "locus"  of  the  moving  line  is  that  part  of  the  plane  over  which 
the  line  is  free  to  range.  Lacunary  regions  exist,  bounded  by  the  "envdope" 

of  the  line. 

When  X,  or  y,  or  both,  become  complex,  the  lines  OX,  OY  are  replaced  by 
planes.  The  moving  line  now  ranges  over  a  S-space,  and  generates  ruled  surfaces, 
the  lacunary  regions  being  now  bounded  by  the  curves  called  respectivdy  the 
"edge  of  legressiun/'  and  the  "line  of  striction."  A  method  of  h*wdlmg  this 
diagrsm  conveniently  was  indicated. 

(2)  In  thb  note  Professor  Hodge  presented  two  rimple  constructicms,  eacb 

leading  to  a  family  of  quartic  curves  involving  a  parameter  k.  As  k  becomes 
infinite  the  first  construction  merges  into  the  classic  construction  for  the  witch 
and  the  equation  becomes  the  equation  of  the  witch.  Under  the  same  condi- 
tions the  second  construction  becomes  the  construction  for  the  cissoid  and  its 
equation  becomes  the  equation  of  the  cissoid. 

(3)  Professor  Bussey's  introduction  to  Fermat's  famous  method  of  infinite 
descent  and  discussion  of  its  range  of  usefulness  will  appear  iu  full  in  a  forth- 
coming issue  of  the  Monthlt. 

(4)  In  this  paper  the  disciplinary  value  of  mathematical  study  as  a  training 
in  reasoning  was  exhibited  by  Professor  Moore  in  the  foQowing  fashion:  Cotain 
well-known  examples  of  deductive  reasoning  in  the  fidds  of  public  debate  and 
natural  science  are  analysed  into  their  logical  elements.  Parallel  with  each 
example  arc  given  one  or  more  examples  of  deductive  reasoning  in  elementary 
algebra  and  geometry,  whidi  are  biiilt  up  from  precisely  the  same  logical  elements. 
Thus  the  medium  for  the  transfer  of  training  is  shovm  in  expUdt  form.  The 
applied  value  of  mathematical  study  is  shown  by  pointing  out  that  a  knowledge 
of  elementary  mathematics  is  essential  for  a  proper  understanding  of  the  scientific 
discussion  of  almost  any  subject  that  can  he  studied  scientifically.  Thus,  for 
example,  some  knowledge  of  mathematical  notation  and  procedure  is  necessary, 
not  only  in  all  the  natural  sciences,  but  also  in  psychology  and  the  social  sciences. 

(5)  In  his  discussion  Professor  Moulton  commented  on  the  obvious  general 
need  of  a  second  coiu^e  in  calculus,  and  on  the  diversity  of  ways  in  which  the 
need  is  met.  One  source  of  difficulty  in  outlining  a  course  for  general  considera- 
tion lies  in  the  differences  in  the  preparation  of  students  in  various  institutions 
due  mainly  to  the  different  lengths  of  the  first  course  in  calculus.  An  outline 
w  as  presented  of  a  course  to  follow  a  first  course  of  about  a  hundred  lectures. 
It  is  the  hope  of  the  editors  that  a  fuller  account  of  this  paper  may  be  given  in 
an  early  number  of  the  Monthly. 

(6)  Professor  Hancock  said  that  the  nrp-iiinents  given  in  recent  years  by 
various  non-mathematicians  in  support  of  the  classics  and  English  applv  with 
equal  force  to  mathematics.   Noteworthy  are  a  book  on  "The  value  of  the 
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dftssics"  by  Dean  Andrew  F.  West  of  Princeton  University,  a  speech  by  Dean 

Roscoe  Pound  of  Harvard  Law  School,  the  speech  by  Ex-Presidoiit  Grover 
Clexelaiul  at  tlic  inauguration  of  Woodrow  Wilson  as  president  of  Princeton 
University,  and  the  answerinp  comincuts  of  President  Wilson.  Professor  Han- 
cock urged  also  the  desirability  of  having  an  experimental  high  school  which 
shall  be  entirely  antipodal  to  the  Flexner  "Modem  Sdiool/'  and  reported  on 
various  investigations  of  the  past  few  years,  chiefly  of  one  in  Cindnnati  in  whidi 
business  men  and  a  general  group  of  college  and  university  teachers  voted  pre- 
dominatingly for  a  rigorous  course  which  should  include  mathematics. 

Session  os  Descriptive  Geomkiky. 

(1)  Address:  "Descriptive  Geometry  and  its  Merits  as  a  Collegiate  as  well 

as  an  Engineering  Subject."   Professob  W.  H.  Roeyeb,  Washington 
Univosity. 
Discussions  by 

(2)  Professor  F.  Hiobkk,  D(  partment  of  Descriptive  Geometry  and  Drawing, 

State  Tfniversity  of  Iowa, 

(3)  Professor  A.  V.  Millar,  Department  of  Drawing,  University  of  Wisconsin. 

(4)  FboixsBOB  Arnold  Emcu,  Department  of  Mathematics,  University  of 

Illinois. 

(5)  Mb.  Willard  W.  Ebmeling,  Instructor  in  Descriptive  Geometry,  Crane 

Junior  Collei^e,  Chioapro. 

(6)  Mr.  W.  F.  Willard,  Instructor  in  Drawing,  Carl  Schurz  High  School, 

Chicago. 
General  Discussion. 

(1)  In  Ills  address  Professor  Roever  traced  the  development  from  the  early 
attempts  to  solve  the  pruhkius  encountered  in  building  and  stone-cutting  to 
the  descriptive  geometry  of  Monge,  and  showed  how  the  needs  of  the  artist  were 
responsible  for  perspective,  which  in  turn  brought  forth  projective  geometry, 
axononii  t  ry  and  photogrammetry  and  thus  completed  the  work  begun  by  Monge. 
He  emphasized  the  two  purposes:  (I)  to  represent,  by  figures  which  lie  in  a  plane, 
the  objects  of  space;  (2)  to  solve,  by  peornetrio  eonstructions  which  can  be 
executed  in  a  plane,  the  problems  ot  s|)a(  e;  and  then  showed  that  the  ^iongean 
method  fulfills  best  the  second  purpose  and  perspective  the  first,  but  that  the 
axonometric  method  of  making  paralld  projections  satisfies  simultaneously  both. 
He  called  attention  to  the  fad  that  the  development  of  descriptive  geometry 
in  Europe  lia<.  Keen  eonfiiied  ahnost  e\(lu.*ively  to  the  technical  scliools  and 
that  in  this  country  also  it  is  confined  to  the  engineering^'  schools,  beint;  taui,dit 
there  to  a  limited  extent  only.  He  closed  by  saying  that  tlie  liope  for  its  de- 
vdopnmit  in  this  country  depends  on  its  introdiwtion  into  the  ooU^es  and 
universities,  that  for  this  tiiere  is  sufficient  justification,  that  the  requirements 
demanded  of  teachers  of  descriptive  geometry  should  l)c  raised  and  that  mathe- 
maticians should  familiariae  themselves  with  it  more  fully. 
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Frolessor  Roever's  address  will  appear  in  full  in  an  early  number  of  the 

MOSITHLT. 

(2)  "The  sti!»]y  of  flescriptive  geometry.''  writes  August  Comte,  "possesses 
an  important  piiilosupiiical  peculiarity,  quite  independent  of  its  high  industrial 
utility.  This  is  the  advantage  which  it  so  preeminently  offers  in  habituating 
the  mind  to  consider  very  complicated  geometrical  oombinations  in  space,  and 
to  follow  with  preclsiuti  their  continual  correspondence  with  the  figures  which 
are  actually  traced— of  exercising  to  the  utmost,  in  the  most  certain  and  precise 
manner,  that  important  faculty  of  the  human  mind  wliich  is  properly  called 
imagination,  and  which  consists,  in  its  elementary  and  positive  acceptation, 
in  re]nesenting  to  omsdvn,  dearly  and  easily,  a  vast  and  vai!kd>le  coHectioii  of 
ideal  objects,  as  if  they  were*really  bdfore  us.  .  .  The  more  oftoi  one  reads 
this  statement  and  considers  its  true  meaning,  the  more  one  becxmies  convinced 
that  it  contains  the  first  and  last  word  on  the  value  of  descriptive  geometiy  as  a 
college  subject. 

This  "high  industrial  utility"  of  which  Comte  writes  has  quite  generally 
been  conceded.  As  evidence  of  this  fact  one  might  point  out  that  &om  the 
beginning  of  tedmical  schools  down  to  the  present  descriptive  ge<nnetry  has 

held  an  important  place  in  their  courses  of  stud\-,  and  has  held  it,  one  is  tempted 
to  add,  in  spite  of  the  revolutions  through  wliich  thcsp  same  courses  of  study 
have  passed  with  changing  administrations  and  times.  Tiie  relation  which 
exists  between  descriptive  geometry  and  designing  is  fundamental;  it  is  the  bed- 
rock upon  which  may  be  based  a  knowledge  of  the  art  of  drafting.  As  a  funda-* 
mental  part  of  the  training  of  a  designer,  descriptive  geometry  sb  >;i!<l  aim  to 
accomj)lish  three  things:  First,  it  should  teach  orthographic  projection,  and 
teucii  it  most  thoroughly.  A  designer  must  not  only  be  able  to  make  drawings 
but  he  must  read  them  as  well,  and  orthographic  projection  may  truly  be  called 
the  grammar  of  that  language  which  is  the  means  of  oominmucatkm  between 
design«!8  and  builders.  Secondly,  descriptive  geometry  should  develop  the 
ability  to  solve  graphically  problems  concerning  the  relations  of  points,  lines 
and  planes.  These  are,  of  course,  hut  the  elements  in  the  representation  of  all 
enpneering  structures  and  it  is  essential  that  designers  and  draftsmen  be  trained 
to  solve  problems  relating  to  theiu  directly  on  the  drawing-board.  Thirdly, 
and  perhaps  most  important  of  all,  descriptive  geometry  should  promote  the 
ability  to  analyze  a  problem  into  its  comjxinent  parts,  to  reason  logically  and 
clearly  from  a  given  set  of  conditions  to  a  required  set  of  conclusions,  to  build 
up  from  a  drawing  a  mental  picture  of  what  is  there  represented,  or  the  reverse 
of  this  process;  for  without  the  ability  to  analyze,  to  reason,  to  visualize,  and  to 
translate  from  one  language  to  another,  a  draftsman  is  lacking  in  the  essential 
qualifications  of  his  calling. 

But  since  descriptive  geometry  has  become  established  as  an  essential  part 
of  a  technical  course  of  study,  perhaps  we  may  assume  its  value  in  such  a  course 
and  pass  on  to  consider,  without  further  conuueut  here,  whether  or  not  the 
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subject  might  with  profit  be  seriously  considered  as  deserving  of  a  place  in  a  non- 
technical collcgre  cfmrfp.  Let  us  turn  again  to  our  quotation  from  Cointf. 
From  this  it  must  be  evident  that  descriptive  geometry,  quite  apart  from  its 
recognisied  practical  value,  is  entitled  to  serious  consideration  for  its  educational 
advantages.  If  it  has  such  advantages,  then  undoubtedly  the  subject  deserves  a 
{dace  in  a  non-technical  course  of  study. 

Being  a  form  of  geometry,  it  should  need  no  defense  before  an  association 
such  as  this.  If  mntliematics  in  any  form  possesses  educational  value,  apart 
from  the  unque-itioiied  usefuliu>s  of  such  subjects,  then  it  should  be  agreed 
tlmt  descriptive  geometry  likewise  has  an  educational  value  and  is  therefore 
deserving  of  recognition  as  a  proper  subject  for  study.  But  in  addition  to  this 
perhaps  recognised  fact,  it  should  be  kept  in  mind  that  in  descriptive  geometry 
analysis  and  logical  deduction  are  verified  by  grapWc  al  sohitioii.  Tluis,  not  only 
does  descriptive  geometry  possess  all  the  merits  of  other  forms  of  ^jeometry 
but  in  addition  it  insists  upon  a  mental  attitude  which  leads  one  to  visualize 
the  problem,  to  see  it  in  all  its  parts,  and  to  work  vith  conditions  which  are 
actually  represented  by  a  drawing.  "A  noathematical  problem,"  to  quote  from 
anotbw  writer  on  the  subject,  "may  usually  be  attacked  by  what  is  termed  in 
military  parlance  the  method  of  systematic  approach;  that  is  to  say,  its  solution 
may  be  gradually  felt  for,  even  thoiiph  successive  steps  leading  to  that  solution 
cannot  be  clearly  fores^n.  But  a  descriptive  geometry  problem  must  be  seen 
through  and  through  beforo  it  can  be  attempted.  The  entire  scope  of  its  oondi- 
tion8»  as  well  as  each  step  toward  its  solution,  must  be  grasped  by  the  imagination. 
It  must  be  taken  by  assault."  Even  to  the  sceptic  it  must  be  obvious  that  such 
a  form  of  mental  training  is  valuable;  and  when  to  this  is  added  the  usefulness 
of  descriptive  geometry  as  a  real  means  of  solving  difficult  problems  with  a 
considerable  degree  of  precision,  it  should  be  granted  that  the  subject  might 
properly  be  placed  in  every  college  course. 

(3)  In  descriptive  geometry,  objects  of  three  dimensions  are  represented  in 
outline  on  a  plane  sheet.  This  method  of  conveying  an  idea  from  one  person  to 
another  by  means  of  a  drawing  is  widely  used  and  is  one  of  the  most  accurate 
and  concise  methods  employed  for  that  purpose.  It  is  often  superior  to  a  written 
or  oral  description.  The  fundamental  prindples  involved  in  making  such  a 
representation  of  an  object  are  the  principles  included  in  descriptive  ^metry. 
The  subject  therefore  has  preat  practical  importance  anrl  the  principles  are  so 
universally  employed  that  many  times  the  user  docs  not  realize  he  is  employing 
descriptive  geometry.  Those  who  have  done  mucli  designing,  either  of  buildings 
or  of  machines,  and  who  have  not  made  a  formal  study  of  descriptive  geometry, 
use  Its  principles;  and  if  they  take  up  the  study  of  the  subject  later  they  find  it 
very  easy.  For  those  who  are  preparing  themselves  to  do  design  work,  the  study 
of  the  subject  develops  the  reasnninp  and  visiiali/ing  powers  and  enables  them 
to  progress  more  rajiidly  and  inteili^rntly  with  design. 

The  visualizing  process,  so  oft  an  spoken  of  in  connection  with  descriptive 
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geometry,  depends  upon  reasoning.  The  student  reasons  from  the  given  condi- 
tioitt  that  tiw  objects  or  magnitudes  must  be  in  a  oertun  position  in  space  and 
by  his  reasoning  power  builds  up  a  moital  picture,  the  deamess  of  which  depends 
upon  the  clearness  of  his  reasoning.   The  subject,  therefore,  in  addition  to  its 

practical  application,  gives  excellent  training  in  reasonin?r— «  particulur  kind  of 
reasoning,'  which  results  iu  a  definite  mental  picture.  Students  who  have  had 
thorough  irammg  m  mathematics,  particularly  calculus,  find  descriptive  geometry 
mwh  easier  than  those  who  have  not  had  such  training.  The  subject  is  peculiar 
in  that  the  problems  are  usually  seen  as  a  whole.  The  student  first  analyzes  the 
problem,  which  involves  seeing  it  in  complete  form  and  as  well  the  variotis  funda- 
mental steps  which  must  be  taken  to  reach  the  conclusion,  and  then  he  inakes 
the  construction  which  involves  taking  these  steps  in  order  until  the  conclusion 
is  reached.  There  can  be  no  better  training  given  than  by  this  process  of  grasping 
the  problem  as  a  whole  and  then  testing  the  accuracy  of  the  conclusion  by  an 
actual  mechanical  construction. 

There  are  only  a  f  v  fundamental  principles  in  the  stihjeet,  but  these  principles 
must  be  thoroughl  !( nmed  if  the  student  is  to  be  master  of  the  suhjeet.  Tie 
must  know  these  principles  as  he  knows  the  fundamental  operations  in  arithmetic 
if  he  eiqieets  to  solve  successfully  original  problems.  The  fact  that  there  are  few 
fundamental  princtples  and  that  these  can  be  thoroughly  mastered  makes  the 
subject  just  that  math  more  valuable.  With  the  lab<ttator>'  practice  which 
usually  accompanies  descriptive  geometry  comes  the  value  of  motor  training 
and  the  emphasizing  of  principles  studied  in  the  class-room.  This  part  of  the 
subject  should  by  no  means  be  omitted  and  a  fair  degree  of  accuracy  should  be 
donanded.  If  the  students  in  our  colleges  are  to  become  proficient  in  the  use  of 
English,  instructors  in  all  subjects  must  help.  Frequently  a  student  must  be 
told  that  lie  appears  to  understand  the  pr()i)lem  under  discussion  hut  that  his 
statements  are  inuceurate  and  would  be  unintelligible  to  a  person  not  futniliar 
with  the  subject.  He  must  repeat  one  or  more  times  and  may  need  the  help 
of  other  students  before  the  answer  is  satisfactory.  There  is  no  better  subject 
in  the  college  curriculum  for  emphasising  the  necNl  of  clear  and  concise  English 
than  descriptive  geometry. 

The  subject  then  is  not  merely  of  j)ractical  value  but  gives  also  excellent 
opportunity  for  training  in  reasoning,  thoroughness,  motor  activity,  and  English. 

(4)  Fnieaeioe  Emdi  found  himself  in  agreement  with  most  of  the  views  and 
arguments  advanced  by  Professor  Roever.  A  course  in  descriptive  geometry, 

or  constructive  geometr\ ,  is  certainly  of  great  benefit  to  the  student  of  mathe- 
matics. As  in  other  branches  of  science,  it  is  desirable  that  the  student  sliould 
first  acquire  a  certain  amount  of  geometric  knowledge  of  forms  and  their  repre- 
sentation before  he  is  asked  to  argue  about  the  logical  foundations  of  science. 
Tbis  principle  should  be  observed  earlier  in  the  teadiing  of  geometry  in  the  high 
school,  i.  s.,  much  more  attention  should  be  paid  to  the  constructive  side  of 
geometrical  instruction  in  its  dementary  stages.  Much  complaint  about  poor 
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results  in  many  classes  in  geometry  is  probably  due  to  this  neglect.  At  the 
University  of  Illinois  this  want  is  met  by  a  course  in  constructive  geometry, 
which  is  open  to  students  who  have  had  anal^-tic  geometry.   As  a  rule  this 

course  is  very  well  attended ;  it  serves  as  an  introduction  to  projective  geometry 
and  other  more  advanced  courses  in  geometry.  It  comprises  chapters  on  the 
various  possibilities  of  geometric  construction,  accuracy  and  simplicity  of  con- 
struction, inversion  in  the  plane  and  in  space  (including  stereographie  projec- 
tion), isometric  projectiim,  <ffthographic  projection,  perspective,  the  analytic 
form  and  mathematical  principles  of  these  projections,  coUineation,  cross-ratio 
ail'?  it--'  invariaiice  in  projection,  cleniciitaiy  synthetic  theovy  of  conies  and 
quadncs,  description  of  curves  by  linkai^cs. 

It  would  seem  that  a  course  of  this  or  a  similar  sort,  as  suggested  by  Pro- 
fessor Roever,  should  be  taken  by  every  prospective  teadier  of  mathematics  or 
writer  of  mathematical  text-books  along  i^metric  lines.  The  great  number  of 
faulty  drawings  in  many  text-books  on  geometry  would  "Acreby  be  avoided. 
Moreover,  no  course  can  be  made  more  inspiring:  for  future  geometrical  research 
than  constructive,  or  descriptive,  geometry  for  beginners  who  intend  to  specialize 
in  mathematics. 

(6)  Professor  Roevw's  address  suggests  to  IVIr.  Ermding  sevrnd  questions 
to  which  attention  may  well  be  drawn.  Perhaps  tlie  first  that  occurs  is  this: 
Should  the  subject  of  descriptive  geoiiutry  be  confined  to  technical  schools? 
Prof.  T.  E.  French  of  Ohio  State  I'niversity  has  said  that  descriptive  geometry 
has  three  important  functions:  (1)  to  train  the  student  to  think  in  terms  of  three 
dimensions;  (2)  to  visualize  quicldy  and  accurately;  (3)  to  build  up  a  clear 
mental  image  by  a  training  in  constructive  imagination.  These  are  of  primary 
importance  to  the  enpneer,  who  deals  willi  throe-dimensional  things.  Are  they 
any  less  important  to  the  general  student  If  Is  not  one  of  the  needs  of  a  course 
in  mathematics  this  very  training  in  visualization ?  We  have  all  seen  the 
pleasure  of  the  stud^its  of  analytical  geometry  in  making  graphs  of  their  work. 
Are  we  doing  our  duty  by  the  student  of  mathematics  if  we  give  him  the  symbols, 
the  values,  the  equations  and  omit  the  other  benefits  so  easily  obtained  by  a 
course  of  mathematics  worked  out  over  the  drawing-board?  Is  it  not  like  trying 
to  teach  chemistry  or  physics  without  laboratory  work? 

It  is  undoubtedly  true  as  Prof.  V.  T.  Wilson  says  in  the  preface  to  his  text- 
book, "that  in  the  application  of  the  principles  of  descriptive  geometry  to  the 
making  of  working  drawings,  the  necessary  modificati(ms  have  often  caused  the 
loss  of  sight  of  the  fact  that  descriptive  geometry  is  a  mathematical  subject." 
This  raises  the  questions  of  (a)  what  should  be  the  qualifications  of  the  teacher 
of  descriptive  geometry,  and  {b)  whether  the  subject  should  be  taught  by  the 
department  of  drawing  or  by  the  department  of  mathematics.  A  little  con- 
sideration would  probably  lead  us  to  see  that  the  teacher  of  the  subject  should 
have  not  only  a  mathematical  training,  but  also  a  practical  experience  in  the 
drafting  room;  or,  to  state  it  more  broadly,  not  only  engineering  training  but 
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engineering  experieace.  It  does  not  then  greatly  matter  whether  the  subject 
be  considered  a  part  of  the  drawing  department  or  of  the  department  of  mathe- 
matics. The  important  thing  is  to  have  descriptive  geometry  related  directly 
to  the  other  branches  of  mathematics. 

With  all  the  foregoing  facts  in  mind,  it  would  seem  that  descriptive  geometty 
has  a  value  sudi  that  the  subject  could  wdl  be  required  in  a  genoral  collegitfte 
training  in  mathematics  and  not  confined  to  the  ^igineering  courses  as  at  present. 

(6)  In  attempting  to  discuss  the  merits  of  I'rofessor  Koever's  excellent 
paper,  it  might  be  well  to  answer  first  some  of  the  questions  which  he  submitted. 
(1)  It  ts  "Mr,  WiDard's  opinion  that  the  preparation  of  a  teacher  of  descriptive 
geometry  should  include  an  engineering  education,  inasmuch  as  the  subject 
finds  its  greatest  usefulness  in  that  field.  If  a  student  majors  in  mathematics 
in  H  piifcly  academic  college  course,  he  should  likcwi«;e  have  a  course  in  descriptive 
geometry.  (2)  It  would  beem  from  the  meager  data  available  that  most  of  the 
smaller  colleges  present  the  subject  in  connection  with  the  mathematics  depart- 
ment, whereas,  in  the  engineering  schools,  it  is  presented  in  conjunction  with  the 
<lrawing  department.  This  is  so  because  engineers  emj)hHsize  the  drawing  phase 
for  its  practical  application  to  many  problems  in  industrial  life.  Tlie  colleges 
do  not  emphasize  the  drawing  part  of  the  subject  perhaps  because  tlie  depart- 
ment of  engineering  haii  not  been  established  or  developed,  the  student  on  that 
account  giving  the  analytical  part  of  the  subject  his  exclusive  attention.  (3) 
The  old  texts,  which  have  become  fosdiised,  are  in  a  measure  responsible  for  a 
great  deal  of  the  distaste  whtdi  students  have  for  the  subject.  In  the  spealnr's 
experience,  where  the  subject  was  presented  in  the  freshman  year  of  an  engineering 
course  in  college,  many  students  were  predisposed  to  failure,  tiirough  the  reputa- 
tion of  descriptive  geometry  whicii  was  passed  on  by  those  wlio  had  completed 
the  course,  a  majority  of  these  students  having  come  from  schools  where  not  all 
the  shops  and  drawing  departments  were  yet  established. 

The  advisability  of  extending  this  subject  into  the  secondary  schools  rests 
largely  with  the  school  itself.  It  is  obviously  undesirable  to  require  boys  and 
girls  alike  to  take  descriptive  geometry  in  a  purely  academic  or  college  preparatory 
course  in  high  school;  but,  where  our  city  schools  have  included  technical  courses 
with  a  view  to  en^neering  preparation,  it  is  quite  possible  fw  such  students  to 
grasp  the  subject,  and  highly  desirable  as  well,  especially  in  the  third  or  fourth 
year.  It  is  also  well  to  observe  that  boys  who  have  liad  a  tliorough  course  in 
plane  and  solid  geometry  have  very  little  difficulty  in  <iescri])tive  geometry. 
In  the  Chicago  high  schools,  technical  course  students  are  concerned  in  their 
sophomore  year  exclusively  with  development  and  penetrations  of  solids.  In 
these  exercises  are  many  problems  involving  the  theorems  of  descriptive  geometry. 
Why  would  it  not  be  easy  for  tliesc  boys  to  cover  a  satirfactory  course  in  descrip- 
tive drawing  immediately  following  their  sophomore  year?  Our  universities 
and  engineering  schools,  as  a  rule,  are  loath  to  accept  the  work  of  the  secondary 
schools  for  entrance  in  this  particular,  and  perhaps  justly  so,  because  of  the 
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varying  success  of  our  high  schools  in  carrying  on  thb  work.  Boys  who  leave 
from  our  best  technical  high  schools  for  the  universities  am!  engineering  schools 
very  often  are  required  to  duplicate  this  work,  much  to  their  chagrin.  It  might 
be  well  for  our  higher  institutions,  through  their  examiners,  to  differentiate 
such  institutions  as  are  proficient  and  do  otl'er  a  course  in  descriptive  drawing, 
and  credit  this  toward  advancement  in  their  college  course.  When  this  is  done, 
there  will  certainly  exist  a  happier  relationship  between  our  secondary  schools 
and  universities. 

In  the  ensuing  general  discussinn,  Prttfrs-^^nr  Van  der  \ries  and  Mr.  Erniclinf 
brought  out  the  fact  hy  a  show  of  hands  that  in  most  of  the  institutions  repre- 
sented at  the  meeting  the  subject  of  descriptive  geometry  is  taught  not  in  the 
department  of  mathematics  but  in  the  department  of  drawing,  and  by  technically 
trained  instructors,  although  Mr.  Willard  and  ProfSessor  Ardiibald  were  inclined 
to  believe  that  a  fuller  investigation  would  show  the  contrary  to  be  the  case  in 
the  country  at  large.  Professor  E.  W.  Davis  described  the  method  as  carried 
out  at  the  I'niversity  of  Turin,  where  figures  are  sketched  upon  the  bhickhoard 
in  free-iiand;  he  stressed  the  great  help  whicii  descriptive  geometry  affords  the 
students  of  solid  geometry  and  on  this  ground  urged  this  or  the  study  of  perspec> 
tive  as  a  part  of  the  regular  course  in  high-school  geometry. 

As  an  instance  where  the  methods  of  descriptive  geometry  lend  themselves 
readily  to  the  satisfactory  solution  of  a  problem  often  treated  unscientifically 
even  by  mathematically  trained  persons,  Professor  Roever  described  the  method 
for  drawing  the  representation  of  a  line  perpendicular  to  a  given  plane.  A 
livdy  interchange  of  views  between  Professors  Roever  and  Millar  brought  out 
the  fact  that  the  principles  of  representation  (f.  g.,  in  isometric  projection, 
which  was  at  the  time  under  discussion)  are  not  always  ap{)lied  consistently. 
In  response  to  Professor  Millar's  doubt  as  to  the  aliility  of  high-school  pupils  to 
handle  descriptive  geometry  readily,  Mr.  Willard  expressed  his  decided  judgment 
based  on  his  teaching  experience  that  they  do  show  a  sufficient  ability.  Professors 
Dodd  and  Hadley  pointed  out  that  the  course  is  sometimes  ^ven  successfully, 
paying  only  set  ondary  consideration  to  the  extreme  accuracy  of  the  constructions. 
Following  Professor  Burgess's  remark  as  to  his  unhappy  memory  of  the  course 
made  up  as  it  was  of  a  long  succession  of  puzzling  drawings  carrying  out  meaning- 
less rules,  Professor  Wilczynski  summed  up  the  discussion  by  saying  that  it 
is  altogethtf  evident  that  there  has  been  too  much  purely  mechanical  following 
of  particular  methods  without  a  proper  presentation  of  the  mathematical  prin- 
ciples involved,  and  that  the  leading  colleges  and  universities  must  do  their  share 
in  bettering  this  instruction  and  making  more  certain  the  undoubted  benefits 
which  come  from  the  study  of  descriptive  geometry. 

Befobis  of  Standing  ComirrrEES. 

<1)  National  Committee  on  l^Iathematical  Requirements. 

(a)  ''Scientific  Investigations  of  the  Committee."  Professor  A.  R« 
Crathobne,  University  of  lUinob. 
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(6)  "The  Work  of  a  Coramittee  representing  the  Central  Association  of 
Science  and  Mathematics  Teachers."  Mb.  J.  A.  Fobebg,  Crane 
Jitmor  Cdlege,  Cliicago,  Quunnan  Codperating  Committee. 

(2)  Committee  on  Libraries. 

(A  report  of  this  committee  was  published  in  the  October  Monthly  in  the 
form  of  a  list  of  160  mathematical  books  for  schools  and  colleges.) 
Discu.'^sioii  oj>cned  by  Tkofkhsor  H.  E.  Slaught,  University  of  Chicago. 

(3)  Committee  on  Mathematical  Dictionary.   Preliminary  lleport  by  the  Chuir- 

muk,  Profbssob  E.  R.  Hedrick,  University  of  Miaaonti. 

(4)  Committee  on  Annals  of  Mathematics.   Report  by  the  Chairman,  Pro- 

fessor E.  H.  Moore,  University  of  Chicago. 
(6)  Committee  on  Bureau  of  Information.    Report  by  the  Chairman,  PfiO- 
FESSOR  J.  B.  iSH.\w,  University  of  llliuois. 

(la)  The  subcommittee  on  scientific  investigations  is  at  present  studying 
the  application  of  the  theory  of  correlation  to  educational  data.  Several 
thousand  complete  records  of  high-school  pupils  in  different  parts  of  the  country 
are  being  collected  to  fwm  a  atatiatioal  baaia  for  the  investigation.  Tlw  ootrela- 
tion  coefficients  not  only  for  mathematics  and  other  subjects,  but,  for  comparison 
purposes,  the  coeffidents  for  man)'  otlier  pairs  of  subjects  will  be  discussed. 
The  question  to  be  answered  is  this:  "  If  siiKjVft  ,4  is  considered  Hy  rdiif-ators  to 
be  a  fundamental  part  of  all  secondary  curricuJa,  does  proficiency  in  inathe- 
matics  count  more  or  less  than  proficiency,  say,  in  stenography,  or  civics,  towards 
an  inereaae  of  proficiency  in  " 

There  ia  a  fdrly  well-defined  theory  believed  in  by  most  psychologists  to  the 
effect  that  training  gained  in  the  study  of  one  subject  is  of  use  in  the  study  of 
some  other  subjects.  The  technical  word  "transfer"  is  used  in  this  connection. 
The  real  question  at  issuG  in  connection  with  formal  discipline  is  the  amount 
and  method  of  transfer.  A  commonly  accepted  statement  of  this  principle  of 
formal  dtscipline  (Ba^ey's)  »  as  follows: 

"Hie  pnaent  intcrpratatioB  of  the  doetrine  of  foniMl  diwipliiie  u  bofled  upon  the  belief 

that  H])ecifir-  habits  may  bo  fzcnprulized  into  ideals  and  prejudices,  which  in  tvirii  make  pos-sible 
the  acquittiliou  of  sirnilar  habita  in  new  licld.s,  as  when  from  the  specific  habita  of  accuracy  and 
cikMe  iwucniDK  de\-c-lup*-d  in  the  school  exercises  in  mathematics  one  comes  gradually  to  idealise 
accuracy  and  ekm  thinldag  tm  methoda  of  procedure  that  wiU  bring  deainible  xeeulta  is  other 

One  of  the  first  steps  in  answering  the  question  "Should  mathematics  be 
required  of  all  high-school  pupils,"  would  be  then  to  investigate  the  "spread," 
"transfer"  or  "generalising  power"  of  mathonatics.  We  all  believe  that  a  boy 
or  a  girl  who  has  taken  a  thmough  course  in  akebra  will  do  some  things  better 
than  one  who  has  not  taken  such  a  course.  What  these  things  are  and  how  nnich 
better  the  first  pupil  will  do  thera  are  things  to  be  found  out.  The  number 
which  represents  the  "how  much  better"  we  might  call  the  "factor  of  transfer" 
or  "coefficient  of  spread."  The  object  of  this  subcommittee  is  to  find  out  as 
far  as  poaaible  the  connection  between  this  "factor  of  transfer"  and  the  correhi^ 
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tioQ  coefBcieut.  The  object  is  not  primarily  to  find  arguments  in  defense  of 
mathematics,  but  an  open-minded  investigation  of  correlation  theory  applied 
to  educational  measuranoits,  with  enough  data  bdiind  it  to  make  the  results 

conclusive. 

The  Council  of  the  Mathematical  Associatioti  has  voted  the  sum  of  one 
hundred  dolhirs  to  take  care  of  the  great  amount  of  purely  clerical  work  involved 
in  gathering  tlie  records  used  in  this  investigation. 

(16)  At  the  Chicago  meeting  of  1916  the  Mathematics  Section  of  the  Central 
Association  of  Science  and  Mathematics  Teadiers  ordered  the  appointment  of 
a  rnmmittee  to  cooperate  with  the  National  Committee  on  Mathematical  Re- 
quirements. Professor  W.  \V.  Heat,  of  the  University  of  Wisconsin,  then  chair- 
man of  the  Section,  appointed  a  committee  of  twdve,  distributed  over  the 
territory  covered  by  the  Association,  and  during  the  year  past  this  committee 
has  acted  in  cooperation  with  the  National  Committee. 

At  the  request  of  Professor  J.  W.  Young,  a  report  was  yirrpfin^l  by  a  sub- 
committee, with  Mr.  Alfred  Davis  of  the  Francis  W.  Parker  bchooi  as  chairman, 
on  the  topic  "Valid  Aims  of  Matliematics  Teaching  in  the  Secondary  School." 
This  was  one  of  several  preliminary  reports  submitted  to  Professor  Young,  who 
is  soon  to  publish  a  final  report  on  tliis  topic.  This  subcommittee  report'  will 
appear  in  School  Science  and  Mathematics,  beginning  in  January,  1918. 

A  questionnaire  addressed  to  prominent  buniness  folk  and  professional 
people  of  Ciiicago  was  prepared  by  another  subcommittee,  with  the  idea  of 
investigating  the  opinions  held  by  such  persons  concerning  the  value  of  mathe- 
matics teadiing  in  the  high  sdiool.  This  questionnaire  was  published  at  length 
in  Schod  and  Society  of  November  17, 1917;  discussion  and  comment  concerning 

it  hn^  appeared  in  subsequent  runnhers. 

Another  subcommittee  prepart'<i  a  U«-j)ort  on  First-Yt-ar  Mathematics  for 
the  high  school— a  topic  to  be  worked  over  more  in  detuii  in  cooperation  with  the 
representative  of  the  Asspciation  of  Teachers  of  Mathematics  in  New  England 
during  the  coming  year. 

After  submitting  its  report  at  the  Columbus  meeting  of  the  Central  Associa- 
tion, the  Cooperating  Committee  was  continued  for  a  year,  with  instructions  to 
carry  on  the  work  in  cooperation  with  the  National  Committee. 

In  the  discussion  which  followed  these  two  reports,  Professor  Iledrick,  as 
the  one  who  had  been  responsible  in  1916  for  the  apiiointment  of  the  National 
Committee,  state<l  that  it  was  distinctly  understood  that  this  Committee  on 
Mathematical  Requirements  was  to  enlist  the  cooperation  of  committees  of 
seconflarv-school  teachers  all  over  the  country,  and  that  tlicse  would  be  thtis 
groupeti  together  in  effective  service  through  this  agency  of  the  National  Associa- 
tion. The  whole  discussion  and  recent  correspondence  makes  manifest  the  grow- 
ing consciousness  over  the  country  that  here  is  for  the  first  time  in  the  history 

'  Kcprints  of  this  report  and  the  quc3tioDuairc  may  be  had  from  Mr.  Alfred  Duvis,  Parker 
Sduwl,  330  WebBi«r  Ave^  Chicagio,  at  ten  «enis  per  copy. 
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of  American  mathematics  a  powerlui  orgamzed  body  which  is  investigating  the 
whole  question  of  mathonatics  fts  a  fldtool  subject,  employing  in  ^is  study  the 
definite  mformation  and  the  sd«itific  training  of  the  mathematicians  of  the 
whole  country  and  at  the  same  time  putting  aside  natural  prejudices  In  favor 
of  mathematics  as  fuUy  and  honestly  as  Is  humanly  possible. 

(2)  Professor  Slaught,  in  speaking  of  the  work  of  the  Library  Committee, 
first  endeavwed  to  show  its  proper  setting  in  the  general  scheme  of  activities  of 

the  Association.  Keeping  in  mind  the  general  purpose  of  the  Association, 
namely,  to  advance  the  interests  of  mathematics  in  tlie  collegiate  field,  he  men- 
tioned three  great  i^treuuis  of  iuilueuce:  (1)  Moetiiigs — national,  sectional,  and 
local;  (2)  Committee8-H>n  mathematical  reqiiirements,  on  libraries,  and  on 
bureau  of  information;  (3)  ru])1icati()ns— the  Momthlt,  the  AnmUt  and  the 
proposed  Dictionary.  The  national  meetings,  at  best,  can  bring  together  only 
a  small  fraction  of  the  members;  but  we  may  hope  to  see  the  sections  become 
so  numerous  that  every  member  may  atteml  at  least  one  meeting  a  year;  and 
thae  is  wide  range  and  great  opportunity  for  local  clubs  in  the  larger  dties 
and  in  normal  sdiools  and  colleges.  The  standing  committees  of  the  Aasodatlon 
constitute  the  laboratories  from  which,  as  time  goes  on,  will  emanate  the  delibera- 
tive pronouncements  of  this  national  body  on  the  great  questions  of  every  char- 
acter which  concern  the  vitiil  interests  of  undergraduate  mathematics  in  America. 
Already,  our  various  comuiatccs  are  doing  foundation  work,  especially  in  the 
three  lines  mentioned  above.  The  publications  of  the  Association  are  the 
channels  through  which  must  flow  all  these  streams  of  Influence  to  the  individuals 
and  institutions  in  the  membership  <tf  the  Associatimi,  and  by  means  of  whidi 
the  interchange  of  ideas  necessary  to  progress  and  jrrowtli  is  made.  The 
Monthly,  in  this  respect,  stands  in  the  mo.st  intimate  rehition  to  every  member; 
the  Annals,  in  its  relationship  to  the  Association,  supplies  a  need  that  has  long 
been  felt  in  this  country;  and  the  proposed  Dictionary  opens  up  a  great  field 
of  possible  service  to  the  college  teachers  and  students  of  mathematics. 

The  I-ibrary  Committee  consisting  of  Florian  Cajori,  E.  S.  Crawley,  Solomon 
Lefsclietz,  W.  K.  T.ongley,  R.  K.  Root,  and  W.  R.  Fon],  Chairman,  was  appointed 
in  reponse  to  a  pressing  need  base<i  upon  requests  from  many  sources  for  assistance 
both  in  sdecting  mathematical  books  for  a  small  college  library  and  in  convincing 
local  authorities  of  the  need  of  such  books.  The  committee  wisely  limited  this 
list  to  what  would  seem  to  be  an  irreducible  minimum,  and  also  classified  the 
books  according  to  the  needs  of  students  at  tlie  various  stages  of  progress  in  the 
collegiate  course.^  The  members  ot  the  committee  have  expended  much  time 
and  energy  in  selecting  these  titles.  They  make  no  claim  of  infallible  wisdom, 
in  induding  this  particular  book  or  excluding  that  one,  but  it  is  dear  that,  in 
general,  they  have  shown  excellent  judgment,  and  that  they  certainly  have  made 
a  most  worthy  first  approximation.  Any  college  library  which  contains  this 

'The  ro))ort  wii.';  piihlislied  in  full  in  ttiis  Monthly  for  October,  1917.  .insnTH.  Re- 
prints may  be  had  from  the  Secretary,  Frofcsaor  W.  D.  CainM,  27  King  Street,  Ubcrlin,  0., 
upon  lequest  MooniMaied  ivHh  *  thiee^t  stamp. 
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list  of  books  wiU  provide  suitable  opportuuity  for  its  mathematical  students 
who  wish  to  know  something  more  the  vaifous  subjects  than  can  be  found 
in  the  tact-books  used  in  the  class-room.  The  committee  will  welcome  sugges- 
tions of  any  sort  with  respect  to  this  list.  At  the  business  meeting  in  the  after- 
noon, the  committee  was  requested  by  formal  \'ote  to  prepare  a  list  of  text- 
books available  for  the  various  collegiate  subjects,  giving  the  publishers,  the  cost, 
and  brief  comments  as  to  the  character  and  scope  of  each.  Presumably,  the 
committee  will  include  in  this  list  sll  of  the  subjects  mentioned  in  the  tentative 
report  of  the  Dictionary  Committee  immediateij'  following  this  report.  Such  a 
list  of  text-books  will  be  of  the  greatest  service  to  collegiate  teachers  everywhere. 

(3)  Your  Committee  on  Mathematical  Dictionaryi  consisting  of  H.  C.  Archi- 
bald, H.  L.  Rietz,  H.  E.  Slaught,  D.  £.  Smith,  and  E.  R.  Hedrick,  chairman, 
appointed  at  the  Cleveland  meeting,  begs  to  rqwrt  as  follows: 

After  considerable  correspondence  and  discusdon  at  the  Chicago  meeting, 
tlie  committee  is  agreed  tentatively  upon  several  important  points,  hut  none  of 
these  is  irrevocably  settled,  and  it  is  hoped  that  discuHsion  here  and  suggestions 
by  individuals  later,  either  orally  or  preferably  in  writing,  will  assist  the  com- 
mittee in  revising  and  completing  these  tentative  conclusions. 

It  is  thought  wise  not  to  attempt  any  publication  during  the  period  of  the 
war,  but  since  the  time  required  for  the  preparation  of  any  such  work  would  be 
very  great,  it  is  felt  that  we  need  not  hesitate  to  initiate  the  work  as  soon  as  is 
practicable. 

After  some  rough  computation,  we  believe  that  a  dictionary  containing 
brief  definitions  of  the  words  employed  up  to  and  including  the  end  of  collegiate 
work  pmper,  or  possibly  including  the  first  graduate  year,  could  be  condensed 
into  two  reasonable  volumes  which  might  be  sold  at  approximately  five  dollars 
each.  It  is  desirable  that  the  committee  have  opinions  as  to  the  salableness  of 
a  work  of  this  character  and  price,  and  as  to  its  usefulness  us  thus  limited  in 
scope,  and  members  are  asked  to  advise  the  committee  in  writing. 

As  to  the  scope  of  the  work,  it  is  thought  impracticable  to  include  all  mathe- 
matical terms  used  in  the  entire  literature.  Some  line  of  demarkation  seems 
inevitable.  The  comniittee  has  tentatively  placed  this  line  at  the  cnnchision 
of  the  collegiate  curric  iihim;  that  is,  to  include  all  words  used  in  nuitheniatieal 
courses  usually  offered  to  undergraduates,  or  in  some  institutions  to  hrst-year 
graduates,  and  words  that  mig^t  occur  in  thdr  assigned  reading.  This  would 
cover  the  texts  and  references  used  in  at  least  the  following  subjects:  elemoitaiy 
algebra  and  geometry,  trigonometry,  plane  and  solid  analytic  geometry,  and  a 
first  and  second  course  in  the  calculus,  together  with  elementary  first  courses  in 
differential  equations,  higher  analytic  geometry  (including  curves  ami  surfaces), 
higher  algebra  (including  theory  of  equations,  determiuauts,  etc.),  ilw  tlieory  of 
numbers,  the  theory  of  functions  of  real  and  of  complex  variables,  the  theory 
of  groups,  descriptive  geometry,  projective  geometry,  line  geometry,  differential 
geometry,  mechanics,  and  the  theory  of  probability  and  statistics. 
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It  18  assumed  that  no  lengthy  articles  would  be  induded,  but  only  brief 

deiinltions,  accompanied  by  necessaiy  lefSefences  to  more  complete  sources, 
the  ordinary  linguistic  oommentSj  and  poseibly  the  equivalent  words  in  Frradi, 

German,  and  Italian. 

A  question  exists  regarding  the  inc-Iu:?ion  of  historical  matter,  since  this  is 
already  reasonably  covered  by  existing  encyclopaedias  and  by  historic  of 
mathematics.  In  certain  cases,  as  in  the  entry  "Taylor's  Theorem/'  brief 
historical  data  might  be  er  t  ti 

It  was  tipon  the  basis  of  such  a  phm  that  the  above  estimate  of  size  and  price 
was  made.  Any  enlargement  of  scope  would  entail  obvious  increase  in  size, 
time  required  for  preparation,  and  price,  and  consequent  decrease  in  probability 
of  success  in  selling  the  dictionary  widdy  to  those  who  most  need  it. 

It  is  felt  that  the  venture  is  worth  while  only  if  it  can  be  completed  in  a 
tbtnoughly  scholarly  manner,  and  jo  as  to  reflect  credit  upon  the  Association 
and  upon  American  mathematics  as  a  whole.  To  this  end  the  interest  and 
cooperation  of  some  of  our  foremost  scholars  would  be  an  essential,  and  we 
should  hesitate  to  enter  upon  the  work  without  the  most  certain  assurance  of 
such  codperation  and  support. 

After  hearing  discussion  here,  and  receiving  suggestions  from  membm 
personally,  as  a  result  both  of  this  meeting  and  of  the  publication  of  this  tentative 
report,  the  committee  will  try  to  formulate  a  more  detailed  and  final  report  to 
be  presented  at  some  meeting  of  the  Association  during  the  ensuing  year. 

The  above  report  was  discussed  briefly  at  the  dose  of  the  business  meeting 
in  the  aftmioon.  Two  points  were  brought  out  dearly  and  evid«itly  endorsed  ' 
by  the  sentiment  of  those  present:  (1)  That  such  a  dictionary  is  gri  atly  needed 
by  those  who  arc  not  within  reach  of  l;!r?f  mathematical  libraries,  as  is  the  case 
with  most  teachers'  mikI  stiiclcnts  of  matficinatics  in  the  colleges  of  the  country. 
This  need  was  emphasized  in  most  convincing  manner  by  Professor  A.  F.  Frum- 
veller  of  Marquette  University,  Milwaukee,  Wisconsin ;  (2)  that  such  a  dictionary 
is  not  greatly  needed  by  the  professm  siid  researdi  students  of  the  graduate 
schools,  and  that  the  only  justification  for  the  Association's  pm^XMed  sponsoring 
of  such  a  venture  is  the  real  service  which  it  may  render  in  the  collegiate  field 
where  at  present  no  reference  books  comj)arable  in  scope  and  potential  usefuhiess 
are  available.  This  point  of  view  was  emphasized  by  Trofessor  Slaught,  who 
dedaied  that  lus  interest  in  the  dictionary  project  was  based  entirely  upon  its 
adaptation  to  the  needs  of  college  teachers  and  students. 

(4)  A  report  of  the  Committee  on  the  relations  of  the  Association  witli  the 
Annals  of  Mcdhemaiics  was  made  by  the  chairman,  Professor  E.  H.  Moore,  at 
the  dinner  on  Thursday  evening.  Attention  was  called  to  the  fact  that  the 
articles  of  expository  or  historical  character  for  whidi  the  Association  is  supplying 
a  subvention  are  now  appearing  in  the  /Innob  and  that  the  next  one  will  be  by 
Professor  D.  R.  Curtiss  in  the  Marc  h  issue  on  ".\  Chapter  in  the  Theory  of 
Equations."   An  appeal  was  made  for  contributions  of  artidcs  of  the  character 


Digitized  by  Google 


62 


THE  MATHEMATICAL  ASSOCUTION  OF  AMERICA. 


in  quesdon,  the  present  scamty  being  attributed  to  the  fact  that  this  opportunity 
for  the  publication  of  such  articles  has  so  recently  become  effective.  The  com- 
mittee will  welcome  any  information  concerning  possible  articles,  especially 

those  in  which  the  exposition  is  made  in  the  simplest  and  most  direct  form 
regardless  of  the  space  required  in  order  to  achieve  this  end. 

(5)  The  Bureau  of  Information  desires  to  report  that  it  has  served  its  purpose 
to  some  extent  (luring  tlie  past  year.  It  lias  replied  to  thirteen  inquiries,  furnish- 
ing information  as  to  text  books,  histor}-  of  mathematics,  pedagogy  of  mathe- 
matics, a  few  problems  of  special  interest  to  the  proposer,  and  has  thrown  light 
on  certain  questions  that  puzzled  the  inquirers. 

The  duurman  of  the  bureau.  Professor  J.  B.  Shaw  of  the  University  of 
Illinois,  would  offer  the  suggestion  that  the  bureau  be  rather  steadily  advertised, 
as  it  proliably  has  not  yet  come  to  the  attenti'>'i  f>f  imny  jirrsons  that  such  a 
bureau  exists  and  is  doing  hn^iness.  If  the  number  of  inquiries  was  greater  the 
bureau  would  be  able  to  umimuin  at  least  a  page  of  replies  in  each  number  of  the 
MoNTHLT  and  it  would  be  then  advertised  as  a  matter  of  course. 

Meetings  of  the  Council  op  toe  Association. 

The  Council  held  meetings  on  Thursday  afternoon  and  on  Friday  and 
Saturday,  ten  members  being  present  at  each  session. 

(1)  The  fuliowiug  twenty-four  persons  and  three  institutionSj  on  upplicationa 
duly  certified,  were  dected  to  membership: 

To  individual  membership: 

C.  C.  Bramble,  instructor  in  mathematics,  U,  S.  Naval  Academy,  Annapolis,  ^Td, 
A.  L.  C.\NDY,  professor  of  pure  mathematics.  University  of  Nebraska,  Lincoln, 

Neb. 

R.  C.  CoLWELL,  professor  of  mathematics,  Geneva  College,  Beaver  Falls,  Pa. 

C.  G.  Crooks,  professor  of  mathematics.  Centre  College,  Danville,  I^. 

P.  J.  Daniell,  assistant  professor  of  applied  mathematics,  Rice  Institute, 

Houston,  Tex. 

Alexander  Dillingham,  instructor  in  mathematics,  U.  S.  Naval  Academy, 
Annapolis,  Md. 

C.  S.  Do  AN,  head  of  mathematics  department.  Friends'  Select  Sdiool,  Phila- 
delphia, Pa. 

Tdeodore  Doll,  fellow  in  mathematics,  Northwestern  University,  Evanston,  111. 
H.  II.  DowNiNr.,  assbtant  professor  of  mathematics.  University  of  KeutuclQ', 
Lexin^on,  Ky, 

E.  T.  Fra2«kel,  statistician.  Police  Department,  New  York,  N.  Y. 
L.  M.  Gbao,  New  York,  N.  Y. 

W.  H.  Hats,  teacher,  Broadway  High  School,  Seattle,  Wash. 

L.  S,  Johnston,  professor  of  mathematics,  State  Normal  S(  hon!,  La  Crosse,  Wis. 

J.  £.  McAtee,  instructor  in  mathematics.  University  of  Illinois,  Urbana,  111. 
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V.  S.  Mallory,  vice-priucipal  and  instructor  in  mathematicSj  Higli  ^school, 
Dumont,  N.  J. 

1.  L.  Miller,  professor  of  mathematics,  Carthage  Collegej  Carthage,  HI. 

M.  J.  NewelLi  Township  High  School,  Evanston,  111. 

JEflSiE  G.  QiTiGLBT,  pvofcssor  of  mathematics.  College  of  Swst  Teresa,  Wtnona, 

Minn. 

J.  A.  Salladk,  instructor  in  mathematics,  Pennsyivauia  State  College,  State 
College,  Pa. 

Mabion  £.  Stork,  ptoieaam  of  mathematics  and  astronomy,  Meredith  College, 
Baleigh,  N.  C. 

Marian  M.  Tokrey,  teacher  of  mathematics,  St.  Johnsbury  (Vt.)  Academy. 

Warren  Weaver,  assistant  professor  of  mathematics,  Throop  College  of  Tech- 
nology, Pasadena,  Calif. 

W.  H.  Wilson,  instructor  in  mathematics,  Massachusetts  Institute  of  Tech- 
nology, Cambridge,  Mass. 

S.  D.  Zkldin,  instructor  in  mathematics.  College  of  Hawaii,  Hondulu,  Hawaii. 

To  in.stiiuiioiiol  membership: 

Illinois  Wesleyan  University,  Bloomington,  111. 
CoLLEcoE  OF  Saimt  Tebesa,  Wiuona,  Minn. 
M1LLBAF8  Colueob,  Jackson,  Miss. 

(2)  Since  tlie  enlistment  of  u  nunihcr  of  our  members  in  military  service 
may  make  it  impossible  for  them  to  continue  as  active  members,  the  Council 
voted  as  follows: 

On  reqiMrt,  the  name  of  any  member  of  the  Association  who  is  in  the  amy  or  navy,  or  ia  in 

othrr  war  ser\*!r^  over-sras,  will  be  rctiiinoil  on  the  roll  of  ineinborsliii)  without  the.  payment  of 
dues.    The  MoNTULr  will  be  forwarded,  however,  only  if  a  dehuile  mailing  addresa  ia  furuiahed 

bj  the  member. 

(3)  It  was  voted  to  hold  the  next  annual  meeting  in  Xew  York  City  in  con- 
rcctlon  Vi  itli  the  meeting  of  the  American  Mathematical  Society.  Tiie  mathe- 
matics faculty  of  Columbia  University  has  kindly  indicated  its  hearty  approval 
of  this  plan. 

(4)  The  Cowicil  approved  the  plau  already  announced  in  the  December 
HoKTHLT     a  shOTtened  roister  of  memhos,  containing  the  full  list  of  members, 

including  the  names,  acad^ic  record  and  addresses  of  those  elected  since  the 
publication  of  the  charter  membersliip,  and  any  corrections  in  names,  titles  or 
addresses  that  are  reported  to  the  secretary-treasurer  promptly. 

(6)  Matters  of  regular  business  routine  were  referred  with  power  to  tlie 
Council's  Committee  on  Finance,  a  standing  committee  whidi,  in  conformity 
with  the  amended  constitution,  is  now  composed  of  the  President,  Secretary- 
^beasurer  and  Manager. 

(6)  The  Council  voted  to  direct  its  future  Nominating  Committees,  in  choos- 
ing the  second  candidate  for  each  office,  to  take  into  account  not  only  the  votes 
for  each  person  for  that  particular  office,  but  also  the  total  vote  for  that  person 
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for  all  the  offices.  (See  "Comments  on  the  Preliminary  Ballot,"  page  67  of 
this  issue.) 

(7)  FtofesBOT  Mabt  Eult  SinceiAIB  of  Oberlin  CoiUege  was  appointed 

Librarian  of  the  Assodfttion. 

(8)  In  accordance  with  the  amendments  adopted  at  the  aniiual  business 
meeting,  the  Council  made  the  following  appointments; 

Secretafy-Trenaurer:  W.  D.  Caibns. 
Committee  on  Publications : 

W.  H.  BussEY,  Review  Editor. 

H.  E.  Slaught,  Manager. 

R.  D.  Cabmicuael,  Editor-in-Chief. 

Associate  Editors: 

R.  C.  Archibald,  Helen  A.  Msbbiix, 

E.  L.  DoDD,  U.  G.  Mitchell, 

Otto  Dunkel,  R.  E.  Moritz, 

b.  f.  flnkel,  d.  a.  rothrock, 

ToULiNsoN  Fort,  D.  E.  Smith, 

H.  R.  KiNQBTON,  E.  B.  Stoufvbb. 


Ammval  Business  Meeting. 

The  secretary-treasurer  announced  the  names  of  those  just  elected  by  the 
Council  to  membership.  lie  also  reported  the  death  of  the  following  ten 
members  not  previously  reported,  all  charter  members  of  the  Association: 

J.  A.  Colson,  Searsport,  Me. 

Mrs.  Elizabeth  B.  Davis,  Nautical  Almanac  Office,  Washington,  D.  C. 

G.  W.  Hartwell,  professor  of  mathematics,  Hamline  University. 

C.  S.  Jackson,  mathematical  master.  Royal  Military  Academy,  Woolwich,  Eng. 

C.  T.  Levy,  fwmerly  teaching  fellow.  University  of  California. 

J.  W.  I^didsfm,  profesBW  of  mathematics,  Lou^na  State  University. 

S.  F.  Norns,  professor  of  mathematics,  Baltimore  City  College. 

£.  W.  Ponzer,  assistant  professor  of  mathematics,  Stanford  University. 

L.  E.  I'ratt,  Tecumsf'f),  Xeb. 

W.  C.  Wngiit,  eoniiuiimg  actuary  and  accouutuiit,  Medford,  Muss. 

It  was  voted  that  the  Committee  on  Libraries  be  continued  and  be  asked  to 
publish  a  list  of  etirrent  texts  in  collegiate  mathematics,  giving  briefly  the  scope 
and  character  of  each. 

The  amendments  recommended  by  the  Council  (see  November  Monthly, 
pp.  445,  446)  were  adopted  unanimously.  It  will  be  remembered  that  the  main 
purpose  of  tliese  \s  as  to  divide  the  burdens  of  editorial  work  and  to  change  the 
manner  of  choosing  the  secretary-treasurer  so  that  this  officer  shall  be  selected 
by  the  Council  rather  than  elected  by  vote  of  the  Association. 
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The  election  of  officers  for  tlio  year  191S  was  conducted  both  by  mml  and  in 
person  at  this  nieptintr,  as  provi(Jcd  by  the  constitution.  Tlie  tellers  (E.  L. 
Dodd,  O.  J.  Rainier,  and  II.  13.  Phillips,  chairman)  appointed  by  President 
CftJ<m  reported  the  result  of  the  b«]lotnig  «a  foHowSi  a  total  of  319  ballota  having 
been  cast,  some  of  which  were  blank  in  whole  or  in  part: 
For  President:  £.  Y.  Huntington,  215  votes;  Oswald  VeUen,  97  votes;  scatter- 
ing, seven  votes. 

For  Vice-President:  J.  W.  Young,  183  votes;  D.  N.  Lehmer,  165  votes;  R.  C. 

Archibald,  154  votes;  M.  B.  Porter,  101  votes. 
For  Secretary-Treasurer,  W.  D.  Cairns,  294  votes. 

For  additional  members  of  the  Council  to  serve  until  January,  1921:  Florian 
Cajori,  253  votes;  G.  A.  Miller,  196  votes;  E.  J.  Wilczynski,  194  votes; 
EHzabeth  B.  Cowley,  163  votes;  H.  E.  Hawkes,  155  votes;  W.  H.  Bussey, 
130  votes;  L.  W.  Dowling,  S5  votes;  A.  M.  Kenyon,  81  votes. 
The  following  were  accordingly  declared  elected: 

President,  E.  V.  Huntixgtox,  Harvard  University. 
Vice-Presidents,  D.  N.  Leumek,  University  of  California,  and 

J.  W.  Young,  Dartmoutii  Cdlege. 
Secretaiy-Treasnrer,  W.  D.  Caxrkb,  Obeilin  College. 

Additional  members  of  the  Council  to  serve  until  January,  1921: 

Flobian  Cajohi,  Colorado  College, 
EuzABETH  B.  CowisT,  Vassar  College, 
6.  A.  Miller,  University  of  Illinois, 
£.  J.  WiLCZTNBXi,  University  ol  Chicago. 

Tibe  secretary-treasurer  made  hb  financial  report  for  the  year,  giving  an 

account  of  all  business  transacted  for  the  Association  up  to  December  1,  1917. 

The  report  of  the  auditing  committee  (Mary  E.  Sinclair,  IT.  E.  Slaught,  and  H.  J. 
Ettlinp^er,  chairman)  was  then  made,  nm]  hoih  reports  were  accepted  and  ap- 
proved.  The  financial  report  is  printed  m  fuli  below. 

Bbfobt  of  tbb  Secbetabt-Tebasuber  ab  T^tBASTJBEB,  Bbc.  1,  1917. 

Receipts. 


Bdanoe  D«e.  21, 1916  |%953.24   FuUiflher's  biUs   91,942.37 

Charter  membership  list   391.47 

1915  subscriptions              9      2.00  Mana^ciiiK  cditor'H  ofHoe. ..........  260.87 

1916  eubecriptions                   22.25                  Other  editors' postage   7.00 

1916  indiv.  dues                    22.50                 Committee  on  Member^lup   4.85 

191 G  ini^tit.  due?;                      5.40  Comm.  od  Math.  RcquiremcDts. . . .  28.19 

1917  subscriptions                399.75  Secretary-Treasurer's  office: 

1917  indiv.  duea   2,0S0.9S  Poetage  $137.72 

1917  iiuUt.  dues   263.00  Bond   5.00 

1917  but.  fiees   140.00  Office  supplies  ......  25.80 

Sale  copies  of  MoMxaLT. .       35.18  Express,  tclcKranis, 

Sale  reprints   14.43  freight,  etc    18.98 


4784)8  libimiy  eoqpeiwtt   33.33 
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Exchange   .tf 

Interat  State  6»v|i.  Bk. .  77.13 
iBtorart  Vwptm  Bk   mm 

Total  1917  nedpta   i,SnM 


Total  rc<  cipU  up  to  1918  business.  .  $6,523.24 

Total  expenditures   3,3<>2  58 

fiAUoceonmZbufliDMi..  13,132.06 

Ree'd  on  UU~1«20  biirinaw   352  s  i 


B«]Mioe  Dee.  1, 1U7  S8,485.47 


Caerioal  work   187^ 

Priming   101.04 

New  York  mooting   89.10 

QeveUnd  meeting   21.  lU 

initiaUon  fee*  paid  to 

aeetiooB   4jOO 


Annals  subvention  


Total  expenditurca   13,392.58 

Caah  on  hand,  not  deposited   24.00 

Chfldcmg  aeoount   380.9 1 

.STftto  Savi?3.  Bk.  Co.  account   2,337.16 

Peoples  Bkg.  Co.  account   643.40 

UbertiyBand   lOOJM) 

Bank  balance  Deo.  1, 1917  S8»486.47 


Approved  by  the  auditing  committee, 

H.  J.  Ettunoer,  Chedmanf 
Mart  Euzlt  Sinclaib, 
December  28, 1917.  H.  £.  Slauoht. 


When  the  accounts  were  closed  on  December  1,  1917,  as  was  necessary  in 
order  to  furuish  the  auditing  committee  a  complete  record,  there  remained  on 
the  total  biiBtDeaa  kit  the  oal^idar  year  1917  the  fonowini;  itenn: 


Bnia  RicEiVABUD. 

Advertising  1169.(50 

1917  duoe  unpaid   75.00 

Bade  eubicriptiona   6jOO 


9250.00 


Bills  Pavablb  (either  paid  in  Decexzioer  or 
eatimated). 


.  $1,560.00 

75.00 

58.00 

5.00 

20.00 

50.00 

125.00 

Printing  Chicago  program,  boUota, 

50.00 

6.00 

ConoiD.  on  Math.  RoqumaMnta. . . . 

100.00 

45jOO 

13,100.00 

If  to  the  balance  on  1917  business  shown  iu  this  report,  $3,132.66,  there  be 
added  the  amoimt  of  bills  receivable,  $250.00,  and  there  be  subtracted  the  esti- 
mated amount  of  bills  payable,  $2,100.00,  there  results  an  estimated  final  balance 
on  1917  business  of  approximately  $1,2S0,  as  compared  with  a  similarly  estimated 
final  balance  a  year  apo  of  approximately  $1,180.  The  major  portion  of  tliis 
$1,280  is  the  thousand  iMlIars  which  was  turned  over  to  the  Assoeiation  by  the 
management  of  the  Monthly  when  the  Association  was  organized  and  which 
we  fed  must  be  kei^  intact  as  a  reserve  fund.  The  managemrat  b  thus  able  to 
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present  a  gain  in  the  year's  finances  of  about  one  hundred  dollars,  this  gain 
having  been  brought  about  through  the  increased  amount  of  advertising  secured 
for  tlie  AroNTiiLT,  through  the  continued  expenditure  of  much  time  by  a  goodly 
number  of  officers  at  no  expense  to  the  Association,  and  in  spite  of  various 
unavoidable  expenditures,  particularly  the  cost  of  paper  in  connection  with  the 
publication  of  ike  Mohtblt,  this  increase  amounting  to  about  S400. 

The  financial  management  feels  that  this  is  an  auspicious  showing,  when  it  is 
considered  that  we  have  provided  for  the  most  pressing  need  of  the  National 
Committee  on  Mathematical  llequirements  and  have  put  into  operation  the  plan 
of  subvention  of  the  Annals  qf  Mathematics  as  approved  by  the  Association,  an 
anangem«it  whkh  it  is  certain  will  redound  to  the  mutual  advantime  of  the 
AnmUt  and  llie  membm  of  the  Association.  The  Association  seons  secure  on 
the  financial  side,  but  if  we  are  to  continue  to  make  a  positive  and  strong  contribu^ 
tion  to  the  cause  of  mathematics  in  America,  the  Association  will  need  the  full 
support  of  its  inciiibership  and  the  Council  will  not  he  free  from  the  necessity  of 
scanning  with  care  all  expenditures  from  the  treasury. 

Five  hundred  dollars  of  the  reserve  fund  is  being  invested  in  a  Liberty  Bond, 
the  final  payment  bebg  made  early  in  January. 

W.  D.  Cairns,  Secntarif-Tnantrer, 

Comments  on  the  Preuminary  Ballot. 
By  the  fiMSBWiinr. 

The  Constitution  and  By-Laws  provide  that  "all  membtfs  shall  be  £^ven 
an  opportunity  to  nominate  by  mail  a  candidate  fof  «icfa  office  for  the  ensuing 
year"  and  that  for  the  final  ballot  "the  Council  shall  announce  two  candidates 

for  each  oflSce,  one  Hrinjr  the  person  who  received  the  higliest  vote  in  the  nomina- 
tions and  the  other  being  selected  by  the  Council  from  among  the  several  nominees 
next  in  order."  The  spirit  of  the  Constitution  would  thus  seeui  to  be  tliat  mem- 
bcis,  merely  with  the  knowledge  that  a  second  candidate  has  been  chosen  in  this 
manner,  are  expected  to  exercise  thdr  right  of  choice  on  the  final  ballot.  The 
discretion  here  given  to  the  Council  enables  its  nominating  committees  to  take 
cognizance  of  such  considerations  as  uniform  geographical  distribution,  a  proper 
balance  as  between  universities  and  colleges,  large  and  suiall  institutions,  etc. 

Three  unfavorable  symptoms  have  appeared  in  the  working  out  of  this 
syston:  (1)  The  number  voting  in  the  preliminary  ballot  is  disappointingly  nnall 
when  compared  with  the  membership  of  the  Association.  The  full  success  of 
our  democratic  system  is  quite  dependent  on  a  large  participation  on  the  part  of 
the  membership.  To  the  recurring  expression  of  lack  of  knowledge  of  suitable 
candidates  for  nommation  the  obvious  answer  is  the  clear  obligation  resting  upon 
each  member  of  acquainting  himself  with  his  fellow  members  both  within  and 
outside  his  own  particular  region  and  of  making  reiwesentations  at  stated  times 
of  persons  qualified  for  the  manifold  kinds  of  service  in  the  Association.  (2)  It 
would  seem  that  there  is  probably  too  concentratefl  a  list  of  names  voted  for; 
the  officers  of  the  Association  have  continually  tried,  and  have  succeeded  reason- 
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ably  wdl  in  their  endeavor^  to  enHst  an  ever  increasing  number  of  members 
in  active  service,  in  the  convicUcm  that  there  are  many  othov  wdU  qualified  to 

assume  some  of  the  responsibilities  of  the  organization  besides  those  who  have 
as  yet  been  chosen.  Just  how  to  accomplish  this  in  the  preliminary  ballot  with- 
out ran^intr  too  trreat  a  scattering  of  votes  and  on  the  other  hand  without  inter- 
feriug  wiLii  tiie  members'  free  choice,  is  a  puzdiug  quebtiou.  A  suggestion  has 
been  made  that  a  Ust  of  names  might  be  proposed  for  the  various  offices  when 
the  blanks  for  the  preliminary  ballot  are  sent  to  the  members,  this  list  to  be  large 
enough  and  representative  enough  so  that  the  members  would  still  have  a  real 
dioice,  yet  might  avoid  the  disadvantage  mentioned  under  the  next  head,  while 
there  would  also  be  the  possibility  of  proposing  other  names  than  those  on  the 
suggested  list.  (3)  The  same  names  are  often  proposed  for  different  offices, 
and  the  popular  vote  for  a  certain  person  is  thus  weaker  than  if  concentrated 
upon  one  office.  The  Council  has  directed  its  nomioating  committees,  in  choosing 
the  second  candidate  for  each  office,  to  take  into  account  the  total  vote  which 
each  person  has  received  for  all  the  offices.  This  will  materially  aid  in  inter- 
preting the  wishes  of  the  members;  yet  it  would  be  a  further  improvement  if 
this  duplication  of  voting  could  be  avoided. 

It  is  to  be  understood  that  full  secrecy  is  observed  in  all  matters  oomiected 
with  the  balloting.  To  make  sure  that  the  necessity  of  signing  tlie  ballots  will 
not  act  as  a  deterrent  in  voting,  the  secrctarj'  will  hereafter  ask  each  member 
to  return  the  iinnffned  ballot,  putting  his  name  on  the  outside  of  the  envelope 
merely  for  the  purpose  of  enabling  the  name  of  the  member  to  be  checked  off 
from  the  membership  list.  Any  suggestions  as  to  improvements  in  the  madiinery 
of  balloting  will  be  gladly  received  by  the  secretary.  The  ends  desired  from 
the  method  adopted  by  the  Association  will  be  attained  only  if  all  members 
devote  a  stamp  and  a  few  moments'  time,  if  no  more,  to  each  of  the  two  ballots 
of  the  year. 


THE  SECOND  ANNUAL  MEETING  OF  THE  MISSOURI  SECTION. 

The  second  annual  meeting  <rf  the  lifissouri  Section  of  the  Mathematical 
Association  of  America  was  held  in  Kansas  City  on  Saturday,  November  17, 1917, 

in  conjunction  with  the  meeting  of  the  Missouri  State  Teachers'  Association. 
The  session  was  held  in  tlie  Public  Library.  The  chairman  of  the  Section, 
Professor  L.  D.  Ames  of  the  University  of  i^iissouri,  presided. 

Twenty-one  visitors  were  present  and  the  following  fifteen  members: 

L.  D.  Ames,  University  of  Missouri,  Columbia. 

Austin  C.  Andrews,  Manual  Training  High  School,  Kansas  City. 

Otto  Dunkel,  Washinprton  T"^nivcrsity,  St.  Louis. 

Zoe  Ferguson,  Central  High  School  and  Junior  College,  St  Joseph. 

R.  R.  Fleet,  William  Jewell  College,  Liberty. 

6.  F.  Finfcel,  Drury  College,  Springfield. 

Mary  E.  Hdwig,  High  School,  Kansas  City,  Kansas. 
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C.  E.  Home,  Paric  CoII^,  ParkviUe. 

Thomas  W.  Jackson,  High  School,  Fulton. 

William  A.  I;uby,  Polytechnic  Institute,  Kansas  City, 

Paul  R.  Rider,  Wasliington  University,  St.  Louis. 

William  H.  Roever,  Washington  University,  St.  Louis. 

R.  A.  Wells.  Park  College,  PurkviUe. 

EDa  Woodyard,  High  Sduxrf,  Kansas  City,  Ibnsas. 

William  H.  Zeigel,  Missouri  State  Nonnal  School,  Kirksville. 

The  oflRcers  elected  for  the  ensuing  year  are  Professor  William  H.  Roever, 
Washington  University,  St.  Louis,  Chairman;  Professor  O.  D.  Kellogg,  Univer- 
sity of  Missouri,  Columbia,  Vice-Chairman;  Dr.  Paul  iv.  Rider,  Washington 
University,  St.  Louis,  Secretary-Treaaurer. 

The  program  of  the  meeting,  with  abstracts  of  papers,  follows  below.  In  the 
absence  of  Ptofessors  Dean  and  Scarborough  their  papers  were  read  by  title. 

Abstracts  of  PArEKs, 

1.  Some  Properties  of  Plane  and  Spherical  Triangles  and  their  Frequeni  Analogies. 
By  Professor  William  H.  Zezoel,  Missouri  State  Normal  School,  Kirksville. 
Professor  Zeigd  caOed  attention  to  the  fact  that  trigommietric  functkins  and 

hyperbolic  functions  are  special  cases  of  elliptic  functions,  also  that  plane 
trigonometry  is  a  special  case  of  spherical  trigonometry  where  the  melius  of  the 
sphere  becomes  infinite.  Formula'  of  spherical  trigonometry  go  over  into  corre- 
sponding formulae  of  plane  trigonometry.  It  is  an  interesting  exercise  to  obtain 
these  analogous  forms  by  a  direct  method. 

If  T  denotes  the  area  of  a  plane  triangle,  n  the  radius  of  a  ^h«!e,  and 
c  =  Vsin  «  sin  («  —  a)  sin    —  6)  sin  («  —  c),  it  follows  that 

lim  {crri')  =  V«i(*i  —  a){si  —  b){8i  —  c)  =  T, 

where  the  sides  are  eaqpressed  in  circular  measure.  But  n  usually  equals  unity, 
hence  it  appears  that  ^  is  a  form  analogous  to  that  expressing  the  area  of  a  pbuae 

triangle. 

For  relations  involving  the  area,  sides,  angles,  altitudes,  radii  of  inscribed,  cir- 
cumscribed, and  escribed  circles  in  the  plane  triangle,  many  analogous  forms  are 
found  involving  corresponding  parts  in  the  spherical  triangle.  Four  rules  per- 
taining to  idmtical  sxid  co-functional  relations  were  obtuned  whidi  shorten 
materially  the  theoretical  work  of  sphmal  trigonometry. 

Numerous  frequently  anabgous  forms  wtte  deduced. 

2.  TheValue  of  Maihemati(»  in  Secondary  EdtusaHon.  By  Dr.  John  W.  WrrsEiis, 
Superintendent  of  Instruction,  St.  Louis. 

The  discussion  on  the  foregoing  paper  was  led  by  Miss  ZoE  FekgusoN, 
Central  High  School  and  Junior  College,  St.  Joseph,  and  Professor  B.  F.  Fikeel, 
Dnuy  College,  Springfield. 
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3.  Sttndiah  and  Skylights,  By  Professor  Wiuiah  H.  Robvbb,  Washington 

I'niversity,  St.  Louis. 

Professor  Roever's  paper  hppan  with  a  general  discussion  of  sundial  con- 
struction. He  then  showetl  bow  the  methods  of  diahng  could  be  used  to  deter- 
mine the  form  of  the  skylight  in  the  conical  roof  of  a  circular  prison  so  that  every 
cell  would  teoeive  the  direct  rays  of  the  sun  either  bom  exterior  windows  or 
throng  the  skylight,  for  a  portion  of  the  day  tiie  year  around. 

4.  Pure  and  Applied  Mathemaliai  in  the  Nineteenth  Century.   By  Professor 
6.  R.  Deax,  Missouri  School  of  Mines,  Rolla. 

5.  The  Equal  raraUnx  Curve  for  Frontal  and  Lateral  Vition.  By  Dr.  Paul  R. 

RiDKR,  Wus}n"iiL'toii  University,  St.  Louis. 

It  seems  evident  that  those  creatures  having  side  vision,  such  as  birds,  have 
an  advantage  over  those  having  frontal  vision,  such  as  man,  in  their  ability  to 
gauge  the  relative  distances  of  their  surroundings,  since  the  axb  of  their  vinon 
is  perpendicular  to  the  direction  of  their  motion,  and  hence  as  they  move  forwaid 

the  apparent  displacement  of  objects  is  a  maximum.  The  equal  parallax  curve 
is  a  curve  showing  the  distances  that  a  man  and  a  bird  must  move  forward  to 
give  the  same  apparent  displacement  of  objects  against  the  horizon.  This  paper 
derives  parametric  equations  of  the  curve.  It  appeared  in  Seience,  new  series, 


6.  A  tiiinple  Derivation  of  the  Derivatives  of  the  Trigonometric  Functions.  By 
Professor  Otto  Dunkel,  Washington  University,  St.  Louis. 

The  formulae  for  the  derivatives  of  x  and  y  with  respect  to  the  length  of  arc 
of  a  curve  dxfds  —  cos  r,  dyjdM  »  sin  r  can  ea»ly  be  developed  in  the  early  part 
of  the  calculus  and  this  is  done  in  several  texts.  These  formule  depend  upon  the 
same  fundamental  limit  that  is  used  in  the  usual  development  of  the  derivatives 
of  the  trigonometric  functions  and  yield  these  derivatives  when  applied  to  the 
circle  of  unit  radius.  For  this  special  curve  we  have  x  =  cos  d,  y  =  sin  $,8=0, 
and  r  —  t/2  +  6,  as  is  easily  seen  from  a  figure.  On  substituting  these  values 
in  the  formulae  above,  we  have  at  once  the  doivative  of  cos  $,  and  of  sin  0. 
It  is  readily  seen  that  this  deduction  holds  for  any  angle  B. 

7.  The  Graphical  Solution  of  a  Cubic  Equation  having  Complex  Roots.   By  ^Lr. 
WiLUA&i  A.  LuBY,  Polytechnic  Institute,  Kansas  City. 

Mr.  Luby's  paper  assumed  the  cubic  in  the  form  yn^i^-f-px  +  gsO.  The 
three  A  alues  of  X  wMdi  make  p  aero  are  of  the  form  a±  i&  and  e*  Then  it 
follows  that 
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(1) 
(2) 


(3) 


a  +  i6  +  o  —  ft  —  c  =  0, 
(a  +  ib)(a  —  tfc)  +  <o  +  ib)e  +  (o  —  i&)c  =  p, 

(a  +  i6)  (a  —  ib)c  =  q  —  y. 
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From  (1),  (2),  and  (3),  we  have 

(4)  y= -8a'-2ap-t-g, 

In  (4)  a  and  y  are  variables,  in  (5)  b  and  y.  Constructing  the  graphs  of  (4)  and  ' 

(5)  we  obtain  readily  the  complex  roots  of  ^  +  fw  +  9  *  0. 

8.  Applied  Mathematics  for  the  Arrrage  Strident.    By  Professor  J.  H.  ScAR- 
BOHOUGH,  ^lissouri  State  Normal  School,  Warrensburg. 

9.  The  Solviion  of  Linear  Differential  Equations  with  Periodk  Coeffieimta,  By 
Dr.  James  E.  McAtek,  William  Jewell  College,  Liberty. 

Dr.  McAtee  made  a  report  on  a  paper  by  IVofessors  F.  R.  Mmilton  and  W.  D. 
MacMilian  of  the  University  of  Chicago  on  "  The  Solution  of  Certain  Types  of 
Differential  Equations  with  P«nodic  Coefficients."  This  paper  is  to  be  found  in 
Vol.  38  ol  the  Ammean  Journal  cf  Mo^iemafiet,         Paitl  R.  RnnsB, 

Stcntary* 


BEFORT  OF  ORGANIZATION  OF  THE  ILLINOIS  SECTION. 

At  the  call  of  Professor  II.  E.  Slaught  the  following  persons  met  in  Room  38 
of  Ryerson  Physical  Laboratory,  University  of  Chicago,  at  4:30  P.M.,  on  Decem- 
ber 27,  1917«  to  discuss  a  plan  for  organizing  an  Illinois  Section  of  the  Mathe- 
matical Aasodation  of  America:  I.  A.  Bamett,  G.  A.  Bliss,  H.  E.  Cobb,  C.  E. 
Ccnnstock,  M.  W.  Coultrap,  A.  R.  Crathorne,  D.  R.  Curtiss,  A.  Emch,  J.  A. 
Foberg,  J.  O.  Hassler,  Miss  Nelle  Ingels,  E.  B.  Lytle,  M.  McNeill,  H.  L.  Olson, 
H.  L.  Rietz,  Mr.  Scheibler,  J.  B.  Shaw,  C.  H.  Siaam,  £.  J.  Townsend,  and  £.  J. 
Wilczynski. 

Mr.  J.  A.  Foberg,  of  Crane  Junior  College,  Chicago,  was  unanimously  elected 
diainnan  of  the  meeting;  he  appointed  Mr.  E.  B.  Lytle  secretary.^  A  motion 

of  Professor  Townsend  that  an  Illinois  Section  be  organized  was  unanimously 
adopted.  Among  other  plans  it  was  suggested  but  not  determined  that  the 
meetings  of  this  new  Illinois  Section  be  held  at  the  time  and  place  of  the  meet- 
ings of  the  Illinois  Academy  of  Science. 

On  motion  of  Professor  Wilczynski  the  chairman  was  authorised  to  appoint 
four  mmbers  who  with  the  chairman  ^11  constitute  an  «cecutive  committee 
with  full  power  to  arrange  the  time,  place  and  program  for  the  first  meeting  of 
the  Illinois  Section.  In  addition  to  the  chairman,  the  members  of  this  eoinniittee 
are:  Nelle  L.  lugels,  Greenville  College;  C.  E.  Comstock,  Bradley  Polytechnic 
Institute;  G.  T.  Sellew,  Knox  College;  mid  L.  S.  Shively,  Mount  Morris  College. 

*  Mr.  I^e  ma  appoiiited  secretary  at  the  dooe  of  this  mfiitfing,  w  that  these  minuted  are 
written  up  from  nmnMy. 


Digitized  by  Google 


72 


BOOK  BEVIEV. 


On  motion  of  Professor  Bliss  the  executive  committee  just  formed  was  directed 
to  appoint  a  committee  of  three  to  report  at  the  fint  meeting  and  to  pMsmt 
nominations  for  permanent  officers  of  the  Section. 

Ebmbsi  B.  Lttle, 
  Secretary, 

BOOK  REVIKW. 
Bind  aul  counnncAnom  «o  W.  H.  BuaraT^  UnivuBity  of  Miimeeota. 

A  FirH  Coune  in  Higher  Alge^,  By  Hsubn  A.  Mebsill  and  Claba  E.  Smm 
The  MacmiUan  Company,  New  York,  1917.  xiv  +  247  pages.  $1^. 

In  this  work  written  with  the  idea  that "  Higher  Algebra,  to  be  worthy  of  the 
name,  must  employ  advanced  methods,"  we  find  the  plan  well  carried  out.  It 
is  written,  too,  with  the  conscioits  "hope  that  there  is  nothing  to  be  unlearned  in 
later  work."  Not  only  have  the  authors  succeeded  in  expressin^j  tbe  mntrrial  in 
form  which  will  not  have  to  be  unlearned,  but  this  text  gives  us  uu  illustration 
of  the  fact  that  methods  often  reserved  for  advanced  work  can  very  profitably 
be  applied  to  elementary  college  subjects,  to  the  ^at  advantage  of  the  student 
for  the  work  in  hand  as  well  as  for  the  power  gained  for  more  advanced  work, 
by  the  familiarity,  secured  here,  with  methods  which  will  be  used  on  more  intricate 
material  in  later  courses. 

While  this  text  omits  very  little  that  is  given  in  the  usual  college  algebra,  it 
places  before  the  student,  in  minimum  space  and  with  extreme  deamess,  most  of 
the  usual  college  algebra  material  and  much  of  other  material  often  found  inci- 
dentally by  t!)e  student  in  more  advanced  courses,  or  not  found  at  all.  As  an 
instance  of  the  careful  presentation  of  a  subject  often  slighted,  and  sometimes 
omitted,  could  be  mentioned  the  chapters  on  the  number  system.  The  first  of 
these,  the  chapter  on  rational  numbers,  precedes  other  work,  and  contains,  in 
addition  to  the  usual  material,  some  of  the  simple  theorems  on  integers,  which 
are  very  useful  for  factoring;  while  the  chapter  on  irrational  numbers  comes 
later  where  it  can  receive  a  careful  treatment  by  the  theory  of  limits,  sufficiently 
detailed  to  secure  the  student  a  definite  and  clear  understanding. 

In  the  second  chapter,  which  does  not  differ  much  from  the  usual  somewhat 
condmscd  work  on  permutations,  combinations,  and  probabili^,  the  student 
begins  work  on  {problems  of  which  there  is  a  whol^me  number  throughout  the 
text.  Many  of  the  problems  given  in  various  chapters  serve  for  the  further 
development  of  the  text. 

While  the  chapter  on  determiuauts  is  clear  and  well  developed  on  the  whole, 
articles  48  and  50  suggest  conflicting  ideas  of  a  minor.  It  seems  to  the  reviewer 
somewhat  unfortunate  that  the  student  is  not  giv^  a  greater  familiarity  with 
determinants  of  order  high* ;  ],  ui  the  third,  since  determinants  have  so  many 
interesting  properties  that  might  well  serve  as  one  of  the  subjects  "to  arouse 
curiosity  and  to  lead  students  to  iind  for  themselves  what  lies  just  beyond." 
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It  is  at  this  point  in  the  text  that  the  discussion  of  the  theory  of  limits  begins, 
with  a  chapter  on  variables  and  thenr  limits,  followed  by  a  chaprtor  on  differentia- 
tion of  a^bnuc  functions.  A  clear  geometric  interpretation  of  both  the  first 
and  the  second  derivative  is  ^?iven,  showing  the  analytical  significance  of  the 
nmxiniutn,  the  miuinium,  and  the  point  of  inflection.  Since  the  student  is  here 
given  the  condition  for  maximum  and  minimum,  the  condition  might  well 
have  been  used  later,  on  page  210,  to  determine  whether  the  ordinate  of  the 
minimum  point  of  —  7ae  +  7  is  positive  or  negative,  ss  a  preliminary  to  the 
discussion  of  this  function  by  Sturm's  theorem. 

There  follows  a  chapter  on  scries  where  the  material  is  advisedly  chosen, 
well  presented,  and  made  definite  by  examples.  This  chapter  gives  the  student 
familiarity  with  the  Cauchy  test  as  well  as  other  tests.  On  this  foundation 
rests  the  devdopment  of  functions  in  series,  where  undetermined  coeffideots  are 
treated,  and  Maclaurin's  expansion  is  used  with  careful  study  (tf  the  ttfpoti  <rf 
convergence.  The  binomial  theorem  is  shown  as  a  special  case.  The  multi- 
nomial theorem  is  not  given.  In  the  treatment  of  partial  fractions  a  sufficient 
number  of  examples  is  given  to  secure  the  desirable  dexterity  to  the  prospective 
student  of  calculus. 

With  the  theory  of  limits,  smes,  and  convergence  in  hand,  the  student  is 
now  prepared  for  the  chaptev  on  irrational  numbers,  wherein  the  ideas  of  a 

dense  set  and  a  continuous  set  are  made  clear.  The  existence  of  non-terminat- 
ing, non-repeating  decimal  numbers  is  shown,  and  it  is  explained  how  a  sequence 
of  numbers  is  said  to  define  an  irrational  number.  On  this  basis  \2  is  given 
and  a  method  of  finding  the  value  of  is  indicated.  The  sum,  dill'erence,  product, 
and  quoti^t  of  Irrational  numbers,  the  power  and  root  of  an  irrational  number, 
are  also  d^med  by  sequences.  The  meaning  of  an  irrational  exponent  is  ex- 
plained by  means  of  a  limit,  and  given  with  sufficient  detail  to  make  the  following 
chapter  on  logarithms  clear  and  full  of  meaning.  AMiiie  e  and  ir  are  given  tlieir 
classification  in  the  chapter  on  irrational  numbers,  it  is  in  the  work  on  logarithms 
that  «  is  shown  to  be  the  lim,,;.«  [1  +  (l/n)]",  in  which  work  the  student  has 
another  opportunity  to  increase  his  familiarity  with  conveifrace  tests. 

The  derivative  of  the  Naperian  logarithm  of  a  fuj  ^  li  n  i  -n,  allowing  the 
student  a  working  knowledge  of  tliat  derivative,  which,  though  all  tlic  founda- 
tional work  on  interchange  of  limits  is  not  included,  gives  the  student  the  material 
for  securing  the  logarithmic  series  by  Maclaurin's  expansion.  Here,  again, 
lhae  arises  an  opportunity  to  use  the  convergence  tests  to  find  the  region  of 
converg^moe  of  the  series  thus  secured.  Not  only  will  this  diapter  probably 
fulfil  the  hope  of  the  authors  that  the  "  work  will  help  the  student  to  appreciate 
the  labor  that  has  gone  into  the  construction  of  tables  of  logarithms,"  but  it 
must  surely  also  give  the  student  a  more  accurate  idea  of  the  logarithm  as  a 
function  instead  of  merely  as  a  mechanical  convenience. 

In  addition  to  the  usual  work  on  complex  numbers  as  to  thdr  combination 
and  the  geometrical  rqireaentaticm  of  the  numbers  and  of  thdr  combinations, 
the  authors  prove  de  Motvre's  theorem  and  ^ve  the  geometrical  interpretation 
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of  powers  and  roots  of  complex  numbers.  The  graphing  of  a  function  of  a 
complex  variable  is  indicated,  as  is  alao  the  use  of  comidex  numbers  and  the 
complex  variable  in  series,  with  graphical  illustration  of  the  sequence  S„  of  a 

series.  Here,  n^^  nt  tlie  end  of  most  chapters,  good  references  are  given  from 
whicli  the  student  may  secure  further  knowledge  on  the  subject  treated. 

The  more  or  less  usual  chapter  on  the  theory  of  equations  is  given,  with  an 
eiqMsitton  of  the  dieory  of  Sturm's  functions  and  the  approximation  of  leal  roots 
by  Homer's  method. 

At  the  end  of  the  book  there  b  a  very  bfief  diapter  on  integration  as  the 
inverse  of  differentiation.  The  reviewer  wonid  approve  the  sngijestion  of  the 
authors  that  this  chapter  "may  serve  for  reference  in  later  work;"  for,  while  tiie 
chapter  is  interesting,  it  is  hardly  essential  or  even  useful  to  the  student  of 
algebra.  It  would,  no  doubt,  be  of  some  use  to  a  student  of  science,  but  such 
student  would  need  so  much  more  tliorough  work  on  integration,  gained  only  by 
more  complete  study  and  extended  practice  with  that  very  important  operation, 
that  it  might  be  wise  to  devote  the  time  which  would  be  required  for  this  chapter 
to  establishing  a  more  thorough  acquaintance  with  material  already  in  hand. 

The  following  nusprints  were  noted: 

Page  XJJJ,  line  15,  exponmt  of  «  should  ben—  lirateadofm—  1;  page  116, 

equation  (2),  numerator  should  be  2  —  3x  +  instead  of  2  —  3x  —  l.r*;  page 
121,  line  18,  read  portfire  for  prmtion;  page  156,  line  9,  read  Ay/Ax  instead  of 
Ay/A;  pajic  234,  line  2i),  rcud  aox"  -h  aia;""^  instead  of  Oor"  +  aii"~. 

The  material  (if  the  text,  somewhat  out  of  the  usual  line,  chosen  with  dis* 
cnmination,  is  arranged  in  a  way  to  raider  the  text  easily  read  and  of  »sy  use 
for  r^erence,  thus  maldng  the  book  a  valuable  addition  to  the  library  of  the 
undergraduate  for  reference,  as  well  as  a  workable  t^  for  a  da»  in  the  early 
undergraduate  years. 

Mart  £.  Wells. 

PROBLEMS  FOR  SOLUTION. 

SXND  AIX  COMMtTNICATIOXS  AVOVT  PBOBLBMB  TO  B.  F.  PiNKKL,  Springfield,  Mo. 

2670.  Proposed  by  <-|.lFl'X)RD  N.  Mn.f.s,  Ikooklngs,  S.  Dakota. 

A  telt'Kraph  wire,  weighing  one  tenth  pound  fx^r  yard,  is  stretched  between  poles  on  level 
ground,  m  liiat  the  greatest  dip  of  the  wire  is  3  feet.  Find  approximately  the  dutaaee  between 
the  polee  when  the  tencion  at  the  lowest  point  of  the  wiie  is  140  pounds. 

2671.  Proposed  by  aktkmas  maetin,  Washincton,  D.  C. 

Find  two  lectangular  porallelopipedotis  whose  edges  are  catknud  whole  numbers  and  whose 
solid  dtsgnnals  nie  also  rational  whole  numbers  and  equal. 

2S72.  nepoMd     K.  T.  UUh  SeaMo.  WMUngUm. 

There  is  an  identity  in  z,  (1)  A(z)  s  B(z)CU);  (e.  g.,  Aiz)  =  1/(1  -  kV);  B{z) 
-  1/(1  -  kz);  C(z)  =  1/(1  +kz));  and  the  formal  e\i)an8ions  A(z)  =  2<i(ri)z»,  B{z)  «=  26(n)r", 
C(«)  ■  £c(n}«",  (n  =0,  1,  «),  when  substituted  in  (1),  give,  on  equaling  coetficicats, 
(3):  a(n)  -  i(tt)e(0)  +  6(n  -  l)c(l)  +  h  6(0>e(n).  If  (2)  is  an  identity  in  n,  justify  sueh 
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a  use  of  non-convergent  aeriefl  to  obtain  it  (e.  g.,  (or  ^  1  in  the  abofve).  This  method  of 
finding  important  identities  (2)  has  been  u.si'^I  frooly  by  Hermite  and  many  othm  without  quA^ 
tion  of  its  validity,  and  without  ofTering  indeix-ndcnt  proofs  of  (2). 

Proposed  by  inujAM  O.  KKAL,  University  of  Minnesota. 

A  plane  tlirouiA  ths  omter  of  an  ofaibto  sphoraid  makiB  ftn  angle,  i,  with  the  of  ito 
eqimtor.  Exprcs.^  the  eccaiitiidty,    of  this  sect  km  in  terms  of  the  ecoeotfidtar, of  ft  meridian 

section  and  the  nncle,  i. 

2674.  Propoitcd  by  t.  o.  MAHONEIf,  Forest  Avenue  Hi^h  Srhuol,  D&Uum,  Texas. 

If  two  sides  of  a  triangle  difitcr  by  leas  than  a  certain  Iciigih,  e,  the  two  opposite  tui^es  wili 
differ  by  less  than  a  certain  quantity  \,  erpmaed  in  degrees,  sucii  that  X  <  61e/a,  when  9  ex- 
presses, with  a  pofflible  eirar    tbe  length  of  the  apparently  equal  aides  of  the  trian^. 

2675.  Proposed  bjT        nOIMR*  K«MM  CUf,  M*. 

8am  the  series 

1  l»x»  ,  1-3  2»i»    13.5  8»z'  , 

2  8   ^2-4     6      2-4-6     7  ^ 

2676.  Proposed  by  EDWix  S..  8KITH,  Stftto  CoBego,  Pa. 

Find  the  maximum  term  of  the  series 

tpjap  -l)---(8p  -r  +  1)  -a,M,-.,J.l  l\ 

_!)...(.  _r  +  l)  + 

where  «,  r,  tq  and  «p  are  podtive  integers,  r  <»,p  and  9  are  proper  fnMStioiismcb  that  p  +  g  «  1, 
and  Fi—  r,  —  q^-,  fp  —  r  +  1,  1)  is  a  ^ypergpoiucitne  aeries.  If  r  and  t  —  r  ate  laigSt  ihmr 
that  the  maximum  term  is  approximately  equal  to 

2677.  Proposed  by  K.  K.  morl£T,  Worcester,  Mass. 

A  qaaitei^4iiile  tiwik  ia  to  be  oouBtraeted,  having  Bemi«di«u]ar  ends  and  sttaightamy  mdm. 

It  is  rfxiuired  to  have  the  rectangular  part  of  enclosefl  field  referred  to  in  No.  I2t  GramnBa'a 
Calculus,  page  110,  as  large  as  po^bible.   Find  kngth  of  tlie  straightaways. 

Abo,  required  to  inscribe  the  maximum  rectangle  in  a  track  of  length  I,  with  semi-circular 
ends  and  stn^ghtaway  sides,  assuming  that  two  sides  of  the  rectangle  are  parallel  to  the  sfcraig^t* 
mmys.   Find  the  length  of  the  straightaways  and  the  dimenuons  of  the  reetaii^. 

2678.  Proposed  by  C.  r.  oummek,  Queen's  University,  Kingston,  Canada. 
Find  oeoessar}'  and  sufficient  conditions  that  the  roots  of  the  etjuation 

may  bo  all  teal  and  separated  by  the  roots  of  x"  -|-         +         +■•••  +  b,  •  0. 

2679.  Proposed  by  J.  w.  laslet.  University  of  North  Caroiioa. 

^ow  that  the  perpendicular  from  any  point  on  a  circle  to  any  chord  of  the  circle  is  a  mean 
pwpcrtional'to  the  peipendieidare  from  that  point  to  the  tanemta  at  the  eiida  of  the  ehand. 


SOLUTIONS  OF  PROBLEMS. 

Nab.—yiepKie  adtatkna  as  follows :  (1)  Give  tlie  number  of  the  problem  vith 
the  name  of  the  proposer  and  his  address;  (2)  restate  the  problem  as  published; 
(3)  then  give  the  name  of  the  solver  with  addiess;  (4)  then  |pve  the  solution 
carefully  and  neatly  written. 


Digitized  by  Google 


76  SOLUTIONS  OF  PfiOBUSHS. 

Solutions  of  477  (Algebra)  were  reodved  from  £.  B.  Escott  and  E.  H.  Worth- 

ington;  of  478  (Algebra)  from  E.  B.  Escott;  and  of  481  (Algebra)  from  L.  C. 
Mathewson.  These  solutions  were  received  aftor  copy  had  been  prepared  for 
publication.   Professor  Worthington  should  have  reoeived  credit  also  for  solving 

476  (Algebra). 

4M  (Algebra).  FtapoMd  br  ■»  T.  HinmiraTON,  CaodiiMf**  Maw. 

Showtbat 

1        h  h     _  .J-D* 

w«     (m  +  1)«     (m  +  2)»     '"^{m  +  k)*     1         1  1  ,  1 

!_   (-1)*        »***m  +  l'*"i»  +  2"*"""*'m  +  Jb 

m'~in  +  l     m  +  2     '"'^m  +  k 

for  «]I  podliTe  intcignl  values  of  m  and  k.  Here 

*  -     1.2  ■  »  *»"        1:2^8  »  •"^ 


Tlik  eqaatioB  vu  HgBwted  to  the  proposer  by  a  professor  of  cfaemistiy  ulio  iriihiBB  to 
uae  of  tin  oqiiatka,  if  corraetj  in  an  aetuBl  proUein  in  boctariology. 

I.  Solution  by  David  F.  Barbow,  Sheffield  Scientific  School. 

The  denominator  may  be  tmmmed  im  fulluwti:  Cuu&ider 

If  we  expand  (ho  integrand  by  the  binominl  (lieorem  and  integrate  term  by  ferm,  we  obtain  the 
denominator.   But  if  we  integrate  by  parts,  t.'J>^ing  «  =  (1  —  xj*  and  dv  =  3(*~*dx,  we  obtain 

Tlie  dosed  part  vanishes  at  both  limits.  This  furnishes  a  convenient  reduction  formula  by 
suooessive  aroticationa  oi  whioh  the  integration  may  be  completed  without  difficulty.  We  an 
tbuB  led  to  tits  result, 

1  _    fe     ,    fa  .  (-1)*    kljm  -  1)1 

In  the  fanuula  to  be  proved,  let  ua  nMiItiply  up  this  denominator  on  tbe  litflit  dde. 

^  '    ni*     (m  +  1)*  ^  (m  +  2)'  ^  (m  +  k)^      {>n  -f  /O!   \m         +  1 

Now  ifiksOorif&el,  this  formula  is  easily  seen  to  be  true  for  all  positive  integral  values  of 
m.  We  shall  completo  the  proof  by  aiathematical  induction  jf  we  establisb  that  IT  (1)  tnt»/«r 
all  talucs  of  »i  and  any  forHeuhr  taiue  «f  ifc,  then  U  it  tut  for  off  eafafM «/ m  and  ftof  vabis  i/k 

We  a^unie,  then,  that  (1)  is  an  identity  in  m  when  lb  -  I;.  We  may  tbciefoie  vqplaoe  m 
hym  +  l,  obtaining 

1  tt       ,  (-  1)» 

(m  +  1)«  "*  (m  +  2)«     (m  +  3;»         *^  (m  +  it  +  1)« 

Ms»t       /    1     .     1     .  1  \ 

■  (m +  *  +  1)1  V«  + 1       +2''"  ***  "^m  +  fc  + 1^  * 

NowA;i,  ki,  "'  are  the  binomial  coefficients.  Hence  they  satisfy  the  relatiDU  ki-i  +  t<  —  (A  -f  1  )< 
(preserrinK  the  notation  of  the  propoaer).  BememlMring  this,  we  subtract  equation  (ji)  from 
equation  (1),  and  get 


m 
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frt»  ~  (m  +  1)«     {m  +  2)»  ~  (m  +  ^  -f-  1)* 


ti(CT-i)tri  ■         w    \/  1    ■   1  . 

(m  +  fc)I  L»'''\  ~w  +  fc  +  lA« +  !''"«» +  3''"  ***  """m  +  t/ 


m  +  ib  +  1  m 

kKm  -  1)T  r  (m  + 1  +  1)«  -  m»        t  +  1     /     1  1     \  T 

(m  +  Jfc)!  L    m(m +  *  +  !)•    "^m  +  Jfc  +  iVm  +  l  rn  +  kj] 

^(f^  +  mm-DUl     _J_   1  \ 

But  tliLs  Ls  what  we  get  if  in  (1)  we  replace  k  by  k  +  1.  Bene*  (I)  it  tme  fw  «D  TMlttW  Of  «  md 
for  i  +  1;  li^oe  it  is  true  for  all  values  of  m  and  k. 

II.  Solution  bt  Edwin  Bidwxll  Wilson,  Massachusetts  Institute  of  Tech- 
nology. 

The  equation  is  an  identity  for  all  values  of  m  and  is  mmly  »siied«l«Me<ll  ft|eiiendtlMOiem 
in  logarithmic  differentiation  of  rational  fractions. 
SuppOWtlMt 

^  (i  —  a^)  ix  —  aj)  •  ■  •  (x  —  a„) 
U  —  biliJ:  —  Ih)  -  ■  -{z  —  hn) 

]b  a  rational  fraction,  and  for  simplicity  let  it  be  proper  (m  <  n)  and  without  multiple  factors  in 
either  uumerator  or  denominator  (the  remit  for  tfie  geiMnl  ntional  1 
only  in  notation). 

TIm  derivative  «f  the  legarithm  of  HUk  frectkn  b 

^^+.-^+   ■  '  ' 


Hie  frMtfcm  may,  bomver,  be  teedved  into  pertiel  btue/tkm  ae 


X  —  bi      X  —  bt  Z  —  bm 

and  its  logarithmic  derivative  then  has  the  form 

which  must  be  identical  with  the  former  expression. 

In  the  perllGular  ceee  in«itiaii«d  in  the  pnoblem  the  imtioiud  baetion  is  evidently  of  the  f om 


m(TO+  l)(rn  +  2)  •..(»»  + it)* 
m  replaGing  c  The  eqMneion  into  partial  fractions  ie 

I    fc     I    kf     f  t 


•ad  the  eoefldente  may  readily  be  found  by  the  "eulietlttttion  "  metliiod.  Indeed,  if  ve  dear  «f 
baetioiw  and  aetm  *  —  pwe  have 

A  «  W-  J»)(- 1»  + 1)— (-  l)tt)<2)- •  •(*-!») 

t  ^  (-l)M  ^,        k(k -l)-'Vc-p  +  l) 
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if  the  as  yet  undetermiaed  A  be  taken  as  kl. 

AnoUMT  intweating  qMcuJ  eaae  1»  found  <m  tnaling 

A 


(m  -  k){m  ~k  +  l)-"(m  -  l)m{m  +  !)•  •       +  *  -        +  k) ' 
eqiedally  if  A  be  allowed  to  beoone  infinite  (eotangent  series). 

Abo  solved  by  Prank  Ibwin,  C.  F.  Guumeii,  S.  Bealtt,  O.  Sgbuiedbl^ 
Olivs  C.  HazlbtTj  and  Ralph  Kefvbr. 


485  (Algebra).  TMpeted  br WALSH,  MadfaMW* 

Is  it  true  that  to  every  eoovefgient  series  of  positive  temw,  ai  4-  a  +  +  *  *  %  there  eom> 
spends  a  series  of  the  type 

3£    3/  3f 

XF  ''"2»   a*    ■  ■  ■» 

iiMbthat  Jir/ik»  >  at,  p  >  17 

Solution  by  E.  H.  Moore,  The  University  of  Chicago. 

A  oonrergent  series  of  positive  terms,  ai  +  Oa'l'***+<i*+"'r  ^  ^  positiveivaliied 
fttnetion  a;  a{k)  =  Okik  =  1,2,3,  ■■  • ),  of  the  variable  poshive  integer  k,  satisfying  the  condition 
that  the  corresponding  series  is  convtTgL-iit.    Dt^note  the  vhit^  of  nil  such  fuuction.s  a  by  C+. 

If  the  question  proposed  is  answered  in  the  aihrmative,  then  there  exists  a  sequence 
am  in  M  1, 2, 8,  •  •  •)  of  ftincUone  a»  of  tlie  daas     vis.,  the  aequenee  of  fianetioiis 

=  jtr." r-)  (fc  =  i.2.3. ...), 

of  purh  n  nature  that  cvrry  function  a  of  the  class  (S+  is  dominated  by  a  suitably  chosen  functinn 
a,  of  the  sequence,  viz.,  \a{k)  \  ^  {k  =  1,  2,  3,  •••), — that  is,  the  class  (£+  has  tho 

dominance  property  Dt  defined  (for  the  general  class  of  real-valued  functions  on  the  general 
range)  in  §  22  of  my  Jntrcduciion  to  a  Form  <^  Qtnerai  Anali/$it  {The  New  Haven  Matiiematical 
Colloquium,  Yale  Univendty  Press,  1910,  p.  41). 

Now  I  h.ivc  pruvi'tl  (§  2:k  (.'  i,  loc.  cit.)  that  the  rla.«s  (and,  a  fortiori,  the  class  Ct)  of 

ail  absolutely  couvcrgeut  tseries  of  real-valued  terms  fails  to  have  the  dominance  property  Ot. 
Hence,  the  question  proposed  must  be  answered  in  the  negative. 

The  proposition  citeid  is  one  of  a  number  of  theorems  involving  various  dominance  properties. 
The  present  question  may  be  ausiKered  still  more  luminously  by  citing  the  theorem  of  Hadamard 
(Acta  Mathematica,  \o\.  18,  1894,  p.  328,  theorem  cf.  also  loc.  cit.,  p.  49)  that  for  every 
sequence  (a.)  of  functions  of  the  class  such  that  for  every  A;  amik)  increases  with  n  there  exists 
a  fimctiOD  a  of  the  clasi  (S*  of  sueh  a  naturs  that  for  erery  n 

Also  solved  by  Elijah  Swift. 

48t  (Algelm).  Tn^tmi. by noraiCBP.  unm. BallfaMff»» Md. 

find  the  ooodition  wiudi  must  be  aatisfied  fay  the  ooeffidents  of  the  quartio 

a«c*  -I- Oiff*  +  owE^  +  4k«  -l-ai  '0 
in  Older  that  the  equation  be  solvable  by  sueccaeive  applicatioiis  of  the  quadmtie  fonmda. 


Solution  by  the  PRoro^Lii. 

The  equation  must  be  of  the  form  A(ai^  +  bx  +  c)'  -\-  B(ax*  -f  6x  +  c)  +  C  =  0  or 
Ay*  +  By  +  C  =0.  liCt  Xi  and  Xi'  correspond  to  root  yi,  and  xi  and  Xt'  to  root  y»,  respectively. 
We  then  have  xi  -f-  ii'  =  —  b/a  and  x»  -f-  xi '  =  —  6/a.  This  says  that  the  line  joining  i|  and  x,' 
is  bisected  at  —  6; 2a,  or  that  Xi  and  X|'  are  harmonic  conjugates  as  to  —  bi2a  and  »,   The  same 
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is  true  ol  x»  aod  xt.  Hence,  «  u  a  root  of  the  sextic  corariant,  whose  leading  coefficient  must 
tlMNfon  TBiikh.  Thia  gives  800*01  —  4a,/iiat  +  Oi'  ->  0  as  the  requu^  oooditkui.  The  same 
femh  tDiy  be  nadily  obtained  by  eleaMntaiy  metliodi. 

Also  solved  by  Hebbebt  N.  Cablbton,  Otio  J.  Raklbb,  and  Hobacb 
OiaoN. 

£.  B.  EscoTT  sent  in  three  solutions  of  515  (Geometry).  Tlie  first  two 
floliitioDS  vera  solutioiia  f^ves  io  E.  Catalan's  Thiorimet  d  IWQm^  i/9 
OSomMHs  ^tmmtaire,  pp.  ^-239.  The  third  h  a  neat  original  solution. 

516  (Geometry).    Proposed  by  &.  M.  MATHEWS,  Riverside,  Califui-uia. 

Through  the  edges  of  a  trihedral  angle  planes  are  passed  orthogonal  to  the  opposite  faces 
Fkove  thm  comkmL 

I.  SoLimoN  BT  Xatiiax  Altsiiiller,  University  of  Oklahoma. 

The  planes  x,  y,  2  which  pass  through  the  edges  OA,  OB,  OC  of  the  trihedral  angle  0-ABC 
end  wUch  eie  petpeudicdar  to  the  oppiMiie  iaoM  a,  b,  e,  cut  these  faces  Hlong  fines  OD,  OS, 

OF,  respectively.  A  pl.ini^  p  jx'rpendirular  to  OA  cuts  the  Hgcs  OA,  OH,  00  in  the  points  .1, 
if,  C,  and  the  liucs  0I>,  OA',  Ob'  iu  the  |>uiuts  i>,  F.  (The  reader  niay  readily  construct  the 
figxire.) 

The  plane  z  is  perpendictUar  to  a  by  oonstmetMn,  end  to  the  plane  p,  beosnse  x  iMMses  through 
OA;  hence,  z  is  perpendicular  to  the  line  of  hrtcxseetion  BC  of  p  with  a,  and  therefore  BC  is  per- 
pendicular to  AD. 

The  plane  h  is  perpendicular  to  y  by  construction  and  to  the  plane  p,  because  h  passes  through 
OA\  hence,  b  is  perpendicular  to  the  fine  of  inteneetion  BE  of  y  with  p»  and,  thnefore,  BB  is 

perpendicular  to  AC.    For  pimilar  rcaisons,  CF  \s  pcrpondinilar  to  AH. 

The  three  altitudes  AD,  BE,  CF  ol  the  triangle  liBC  concur,  according  to  a  well-kuown 
proposition,  in  a  point  H,  the  orthocentcr  of  ABC;  hence  if  is  a  common  point  of  the  planes 
X.  y,  s.  Now  these  three  planes  have  obvioo^  the  point  0  in  common,  henoe  thegr  pass  tluoogh 

Incidentally  have  also  proved;  The  locu*  of  the  otihoardcr  of  (he  Irianglc  (Irlrrmincd  hij 
thru  ameurrenl  lines  and  a  variable  plane  perpendicular  lo  one  of  the  given  lines  is  a  straight  line  con- 

IT.  Solution  by  W.  Woolsey  Johnson,  Annapolis,  Md. 

Referred  to  theqiheie,  the  problon  is  that  of  the  eadstence  ol  the  orthooentw  ol  the  spheiical 

triangle  A  BC. 

Ia^i  CD  p  be  the  peipendleubr  from  C  upoD  AB  and  IM  the  peipendieular  from  A  upon 
BC  cut  it  iu  0. 

Fkmb  the  right  triangle  AOD  we  have 

tan  0Z>  -  tan  OAD  am  AD.  (1) 

Fkom  ABB,  we  have 

cot  OAD  =  cos  c  tan  5.  Ot) 

IWun  ADC,  we  have  ' 

lun  AD  « tan  p  cot  il.  (S) 

Dividing  (3)  by  (2)  and  substituting  in  (1),  we  have  tan  OD  —  tan  p  cot  A  cot  B  sec  c. 

latecchangins  A  and  B,  e  and  p  remain  unchanged;  henoe,  the  peipendieular  from  B  cuts 
off  from  p  the  same  segment  01>  or  tiie  three  perpendieulan  meet  in  a  eommon  pomt. 

Also  sol  veil  by  Hokace  Olson,  L.  E.  Lunn,  C.  J.  Payne,  William  Hoover, 
and  the  Propc^er. 
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517  (Geometry).    Proposed  by  K.  p.  uakkr,  University  of  Iowa. 

The  coordinates  of  the  vertices  of  a  reguliur  icosahedron  can  be  expreBBOi  ratiouxLiiy  ia  terms 

Of      - 1)/4  aad  'V(6  +  •^)/8,  that  is,  cm (2^/5)  and  am(^l&y.  Tnm  <1)  thftt  the  oorine 

alone  i.q  sufficient ;  ^2)  that  the  irrationalities  cannot  be  reduced  ftttiier.  (Thelliearaii  that  tbey 
cannot  be  rational  is  proved  in  books  on  co'stal  theory.) 

Solution  bt  C.  F.  Gumiibb,  Queen's  University,  Kingston. 

Since  tlic  coordinates  of  the  center  are  expressible  rntionally  in  terms  of  the  vertices,  wc  may 
suppose  it  taken  as  origin.  Moreover  the  vertices  are  all  ratiooAl  in  terms  of  any  three  adjacent 
ones  A,  B,  C;  for  a  fouith  is  the  nfleo^m  of  il  for  the  idaiie  OBC,  and  ao  on.  Suppose  finfe 
that  A,  B,  C  have  coordinates  (o,  o,  r),  (r  sin  a,  o,  r  roa  or),  (r  sin  a  cos  (2ir/5),  r  sin  a  sin  (2)r/5), 
r  COS  a).  Since  AB  >-  BC,  we  find  cos  a  —  and  a  is  the  angle  subtended  at  0  by  an  edge. 
Henee,  the  genend  equationa  for  A,  B,  C  (with  the  ori^  for  joenter)  are 

Evidently  no  rational  .solution  cxiste,  vhich  {troves  tlie  second  part  of  the  theorem. 

A cinitlJe  solution  is  found  by  assuming  «i  ^  ifi  =  t»  =  u,  xt  =  y»  »  m  "  v,  xt  -  yi  ^  it  -  w, 
00  that  the  equattoDs  become  +  f*  +  «^  —  V5(«t?  +  tw  +  wu).  If  w  —  0,  u*  +  u*  —  iS  «», 
which  Is  f^tiafied  hv  u  ^  I,  v  ■-=  2  eo^  (2t/.j).  Tlicrefon,  A,  B,  C  mt^  be  taken  to  be  (1,  0| 

2  cos  (2x/5)),  (2  cos  (2»/5),  1,  0),  (0,  2  cos  C2jr/6},  1). 

518  (Geometry).    Proposed  by  KOGIX  A.  JOHNSON,  Cleveland,  Ohio. 

If  one  angle  of  a  tiiangle  is  60<*,  the  Euler  line  (the  line  through  the  circumcenter,  ortbooenter, 
and  median  point)  ia  popeDdkular  to  the  biaector  of  that  a&i^;  and  if  ooe  aai^  if  laO^  the 
Euler  line  ia  panllel  to  the  Irieector  of  that  aaile. 

SoLtmoN  BT  J.  L.  CoouDOB,  Harvaid  University. 
Let  the  vertieee  of  the  triangle  be  Ai,  At,  At,  the  middle  pointe  of  the  ddee  Mi,  Mt,  Mi, 

the  feet  of  the  altitudes  /A,  //j,  Ht,  the  ein  iinirentcr  0,  and  the  orlhoccnter  //. 

Let  us  take  Ai  as  the  angle  in  which  we  are  interested,  and  assume  it  first  to  be  aoute. 
The  anile  whidi  the  external  biaeetor  forme  ivith  A^t  ie  k{A%  —  A^  and  ita  tangent 

i^j      A  \     ^  -eoe(iU-X») 
tan  JU,  -  A,)  -  -Si  tA,-^  J-  • 

Hie  tangent  of  the  an^  whieh  the  Euler  line  makee  irith  AJLt  ie 

OMi  -  IlHx 
AiMi  -  AilU  ' 

We  have 

-  r  cos  Ai  =  r(sin  A:  sin  Ai  —  cos  At  cos  Ai], 
AiMi  =  r  ."in  Ai  =  rfsin  Az  ens  .4)  +  co8.4j  aiUila], 
HH\  =  (Aj/iijcln  At  =  2r  tos  .-Ij  lo.-;  At, 

Atlli  «  as  ooe  ill  —  2r  COB  A]  aiu  A». 
The  tangent  of  this  angle  is 

ain^itin  At  —  3  cos  At  c?^  Aj 
sin  (At  —  Ai) 

The  two  tangente  are  equal  If 
1  —  coe  At  ooe  Aa  —  fin  its  sin     -  am  ils  ihi  ill  »  8  ooe  Ai  008  ^i,  or  eoe      -f  -^a)  •>  —  I* 
Hence, 
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The  raae  when      is  obtuse  may  be  treated  by  a  similar  method. 

Also  solved  by  A.  M.  Harding,  Nathan  Altshillek,  C.  C.  Yen,  J.  F.  T-u, 
K.  K.  Chan,  Horace  Oijson,  G.  Breit,  H.  C.  Gossard,  Frank  V.  Morli^y, 
Loun  Weisneb,  and  Orro  J.  Ramlbr. 

428  (CalcalM).  Proposed  b;  J.  L.  UUCT,  Northwestern  State  Normal  School,  TaUe««ah, 
Okla. 


The  loop  of  a  Iemniscat«iol]iin«fiiiitaeiiR(]iiliaasiiof  &  Ptove  that  the  loous  frf  the  nodf 
ia  civea  by  the  equation 

and  tbat  W  '    if  pi  p'  be  oon«iiMMKUnK  radii  of  eurvatUM  of  tfaie  locus  aod  tin  lemniMate. 

SoLimoN  BT  A.  M.  HabdinGj  University  of  Ariniuaa, 

Tb»  proUetn,  aa  origioally  stated,  ia  iftooHMt.  It  ahould  Mad     above.  The  eqnation  of 

the  lemniBca.tc,  rc-rerrcd  to  a  tangent  at  its  center,  ie  ^ifima2$»  By  the  focnxiilai  of  the 
elemmtaiy  calculus  it  is  easily  shown  that 

a  ^J^a-4m^2kd»t     f  -  2«,     and     p  >•  |  4an2»» 

Kiwra  •  ia  tbe  length  oi  arc  from  the  node  A{»f  y)  to  the  point  P,  i^  is  tlie  an^e  between  AP  and 

the  tangent  at  P,  and  />  is  the  radius  of  curvature  at  P. 

Let  the  lemniacate  roll  along  the  x-axis  until  the  tangent  at  P  coincides  with  this  axis,  and 
let  0  be  the  oqgin  of  eoflndinatee.  Haen 

a«OP-APeoa#  •  a  J*  Voe^ a4in9eQi29,  and  }^  -  APain  ^  -  aiEE^dn  3»; 


2(c«c  2»)*t* 
3osb*3«  ' 


«+(i)"--«-(sr. 

and 


Hence, 


3  _ 
p'  —  ~  2 


PP'-  -2-. 


Also  solved  by  Wiluam  Hoover. 

430  (Calcahu).   Proposed  by  O.  fAASWELL,  New  York  aty. 

Revolye  a  eirde  about  a  dund  (not  a  diameter).  Select  a  atyetem  of  rectilinear  coOrdinatee 
wtth  this  choid  aa  one  ana  and  the  ovigfn  aa  the  inteneetiott  of  the  ebofd  and  the  dreninfttence. 

Term  this  axis  the  z-axk  aud  pu.s.H  u  plane  through  thei^  (or  fp-)  axis.  Find  tlieanaof  tlua  auifaoe 
intercepted  by  this  plane  and  the  xs-  (or  yz-)  plane. 

Solution  bt  Wiluam  Hoovi»,  Columbus,  Oiiio. 

Let  a  =  the  nuiiiis  rjf  the  circle,  c  =  the  distance  of  the  chord  from  the  center,  2a  =  the  angle 
subtended  at  the  center  by  the  arc  of  the  chord;  take  the  middle  of  the  chord  for  the  origin,  and 
the  ladina  at  right  ang^  to  the  ehoid  for  the  anucia;  the  equation  to  the  genmtiag  arc  ia  then 
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+  (x  +  u  cc«      =  a*, 
or   

T  =  Va'  —  j»  —  a  C08  a. 


The  element  of  leogth  of  the  arc  is     =  ads/^ia?  —  «»,  end  the  required  surfaoe 
•  Svafx  —  a  coaa  T   "l*ile* 

—  2«d^^dna  —  008a  (^"^"'^)^***]  "  2«rf(dBa  —  ««»«). 

If  a  =       5  -  2vo^,  as  it  sbould  be. 

The  object  of  the  choice  of  coOidinate  mm  u  «nigMd  in  the  statement  of  the  prablem  it 
not  evident. 

TheTohuneH 

//•n  tin  a  ,  

jra{  Jf2a'  +  a*  cos*  a;  sin  a  —  oa-a  eos  a} 
M  TO  i  — am  a  —  otfC  j ,  e^aooBa. 
If  e  •  0,  F  •  }ira*,  ttit  ehould  be. 

431  (Caknkui).  fftepoeed  bya.  w,  LAwar,  UnlfewMy  of  Necfli  CerolM. 
ExpUn  Bertnnd'e  feUa^: 

i»  -  -  i»,  1  -  -  1. 

SoLFiiON  BT  HoBACE  OusoN,  Chica«o»  lUinob. 

TIk  tc  is  a  ilioorcin  tluit  the  onlcr  of  iiitppration  of  a  (loul)ln  integral  nmy  he  ro\Tr.'<<'<l  i/ //ic 
integrartd  is  coriiinuous  in  both  cariablea  wilhia  the  region  qf  intfgration.  The  integrand  in  this 
fallacy  is  diaoontinuoua  at  (*  •  0,  y  •  0).  TherefoN,  the  theorem  does  not  justify  the  levenel 
of  the  Older  of  integration. 


S4t  (Moehaaiee).  r^peied  hy  WHOh  cumms,  U.  S.  Kaval  Academy. 

A  pole  I  fcH  lonp,  willi  one  cm!  on  Hit-  proTinri,  toui'hea  the  top  of  a  wall  n  fret  high  and  slides 
in  a  vertical  plane  perpcudicular  to  tlio  wM.  tihow  that  its  instiintuncoua  center  of  rotation  is 
at  the  intersection  of  the  vertical  where  it  touches  the  ground  with  the  perpendicular  to  itfi  axis 
wlieie  it  touches  ttie  wall,  and  that  tlie  locus  of  this  center  is  a  parabola  liaviog  the  latus  rectum  a. 

SoLunoN  BT  S.  W.  Rbatx8»  University  of  Oklahoma. 

Let  T  be  the  point  at  the  top  of  tlie  wall  and  G  the  point  on  the  ground  through  which  the 
pole  passes  at  some  given  instant.  Let  O  be  the  point  on  the  ground  in  the  same  vertical  line  with 
T,  and  let  0  be  the  angle  TOO. 

The  din  i  iioii  of  inntiMn  uf  uiiy  point  is  rlcarly  at  right  angles  to  the  line  joining  (lial  point 
to  the  instantaneous  center  of  rotation.  (Sec  Ziwet,  Theoniical  Meehanie$,  Art.  23;  Denmrtres, 
Cma-g  de  GtomUnt  ii^fSiiAMnate,  Art.  20.)  Hence,  if  the  direction  of  motion  of  a  point  be  launm, 
tlM  instantsneous  center  C  must  lie  on  the  nonnat  at  the  point  to  the  direction  of  motion. 
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Now  the  flireotion  of  motion  of  that  point  of  the  rod  which  at  the  instant  coincirk'S  with  T 
is  clearly  alon»^  tlie  ru<l.  Uence  the  instantaneoua  center  C  is  od  the  normal  to  the  rod  at  T, 
Again,  the  direction  of  motion  of  the  point  od  the  ground  is  along  the  ground.  Henee»  C  is 
in  the  vertical  line  through  G. 

To  find  the  locus  of  C,  we  choose  OG  and  OT  as  flOflntinate  axes.  Thea, 

j(_(N7-OTootf  -  aeot'fendy  -OC  -  TOab»  •acM^f. 
EBminetiiv  $  between  these  two  equatkni,  we  readily  obtain 

-  aftr  —  «>, 

which  ia  the  equation  of  a  parabola  with  ita  vertex  at  T  (0,  a),  its  axis  vertical,  and  latus  rectum 
equal  to  a.  The  pole  being  «f  limited  length    the  loeua  of  C  is  that  part  of  the  parabola  for 

which  U<  r<  V/*  -  n». 

Also  solved  by  U.  II.  Howard,  William  Hoover,  J.  B.  Reynolds,  and  the 
Proposer. 

342  (Mechanics).    Proposed  by  WILLIAM  HOOTEK,  Columbun,  Ohio. 

A  uniform  rod  of  length  2a  is  freeij'  hinged  at  one  end,  at  the  other  end  a  string  of  length  b  is 
attadied  which    foetened  at  its  further  end  to  a  point  on  the  surface  of  a  bomogeneoiu  sphere 

of  radios  r.  Tf  the  mnssra  of  the  rod  nn<l  Hphere  are  equal,  find  the  motion  of  the  system  when 
slightly  disturbed  from  the  vertical,  aud  the  cubic  equation  giving  the  corresponding  small 
oedllatioina. 

Solution  by  the  Frofosbb. 

For  synimetn.-  of  notation,  let  there  be  three  bodies  of  mii^ses  »ti,  nn,  tti,;  of  axes  of  symmetry 
whose  lengths  are  2at,  2ai,  2aa  with  centers  of  gravity  Gi,  Gj,  Gt  distant  ai,  at,  a*  from  corresponding 
extremitiei;  ladii  of  gymdon  about  Oi,  Gt,  Ot  «<|uid  to  h,  hi,  kt;  the  origin  of  rectangular  co- 
ordinates at  the  fixed  extremity  of  the  highest  body,  (xi,  rj,),  {zt,  yt),  {x%,  the  horizontal 
tiiiough  the  fixed  point  being  the  axis  of  x;  and  let  v>i,  <f>i,  <f>t  be  the  angles  which  the  axes  of 
symmetry  of  the  bodiea  make  witb  the  TWtleal  at  any  ^ne  (  Sum  the  bogmning  of  motim. 
Then, 

%  -  Ol  sin  M,  -  Ol  CO!  A,  (1) 

xk  -  2at  sfai  «i -1- «i  sin  ^      Ih  -  ast  ooa  m  +  a»  cue  n,  (2) 
an  -  2ai«in«i+2ai8lni»i +a«8uiiPi,     y«  -  Sat  ooe  fi  +  Sicb  eoe    +  «>  coe  r*.  (B) 
Hie  ktoetie  potential  equation  is 
7  -  limW  +  VI*  +  ibi>«i>)  +  Mie/  +  yy*  + 1^^)  +         +     +  k,*M) 
*  ff^foi  eoa  ft  +  mtf  (Soi  eot  ^  +  oi  coe  n) 

+  mtf  (2at  oca  ft  +  2a(  coa  «i  +  ai  eoe     -  y.  (4) 

From  (1),  12),  13),  ,  .... 

A^otcoeft'ft,     ih«~«nnft«ft,  (6) 

A  "SmeoBft'ft +«ioaeft*ft,        » -2iiisinft*ft -aiainft*ft,  (6) 
it  -aaiooaft'ft  H-2atCflam-ft  +  0100*  M'Mi 

- -2aidnft*ft  —  2aiainft*ft -tti^  wift.  (7) 

Tiicst!  in  (-1)  give 

T  -  imi(a,*  +  ki*)vi'  +  lm[iai*<fii'  +  4ai<h  cos  dpi  -  r^jy'iv't  +  W  +  *»^)<p»'} 
+  Jm»{4ai*^i*  +  4<ii»^  +  (at*  +  i-.»)^»*  +  SaiOj  cos  (^i  - 
+  4aMit  OQB  (tn  -  +  4aiai  ooa  (ft  -  ft)ft^} 

» iNi0aii  eoe  ft  +  iNtf  C3ttt  coa  ft  +  Ot  eoa  ft) 

+  «a0^eaBft+aat«iBft+<iiCOSft}  >7.  (S) 
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Applyillg  to  (jS)  Lagnose'a  equations  of  typical  form 

,i  (IT     iJT^  _dV  ,  ,  ^ 

the  M  runetion  » 

+  4ai«<mi  oM  («i  -        +  4aiaimt  da  (n  -        +  SoiOiiRt  ow  («i  - 

+  2atcmi  ein     -         "  -  J«i(wi  +  2*1*  +  2ma)  lin  m,  (10) 

wad  the      ^  fun<;tion8  are 
{l"»(<i»*  +  W)  +  4a,*m,};ii  +  {2ai(hmt  008      —       +  4ai<HTO,  ros  - 

-  2ai<hmi  sin  (^t  -  ^)  •  v>i'  -  4aiatm,  sin      —  ^pj)  • +  2aaaimt  «»(#»  — 

+  2aj<Jsnij  sin      —  v-j)<pi*  —  —  gat(mi  +  2m8)  sin  ^,  (H) 
«»{(o»'  +         +  2<Hai  ctw      -         -  2(i3ai  sin  (n  -  y>t}^  +  2aiO»  <x»  (^n  -> 

+  2oiaj  Bin  (v'j  —  =  —  nhga,  sin  ^3.  (12) 

Let  ^,  y^,  be  BO  small  that  one  may  empSoy  the  approximations  sin  ^  -  etc.;  cos  ^  -  1, 
ete.;  «k*  -  0,  eto:;  «m  -  0,  et«.  Hien  (10),  (11),  (12)  augr  be  vritten 

{wi{oi«  +  kn  +  +««))«  +  2atOiini^  +  4aiq#Mifa  +  2aio^  eoi  - 

-  -         +      +  2n»i)^,  (18) 

{2aMiMt  +  4ai(Nmt}««  +  {mt(«^  +  W)  +  *afmt)9»  +  aoMWiM  -  -  «(ii(mt  +  ami)n,  (14) 

m.{(a^  +        +  2aMi»  +  2Bia»n)  -  -  aS) 

These  are  thf>  three  equations  of  small  motion  in  the  Kcneral  form  of  the  problem. 

In  the  present  problem,  nit  *  0;  *»*  ~  oi*/3,  *f  =  0,  *i*  =  fo»';  and  we  may  put  mj  =  «  m; 
ibo  am  -  an,  2ih  -  6,  aei  -  ae^  and  (13),  (14),  (16)  «i« 

+a»ft  +  2kft +aBft  -  0, 

2»*i  +  6i»  +  ffw  +  ci5$  -  0, 

OTt  uaing  wiotlier  mrtetfan  of  diffenntial  equBtione, 

(V«D*  +  3g)«  +  2M)"*,  +  2eD«#,  - 

2oD»^  +  (6Z>«  +       +  eD*^  -  0, 

^.  ,  ,       ,         2ii2)»w  +  6iJ'*»  +  (icO«  +  ff),.i-a 

Eumiiiate  m  and  vt',  then, 

{8abd)»+9(2lla&  +  l»c  +  62eK)l>«  +  0*(8O0  +  4M+68c)X)«-4Q0^M-O.  (10) 

Let 

=  Lf  cos  (W  +  ap), 
and  after  siifaatitution  in  ^12)  and  aimplifying,  put  X*  «  ^  and  Wi  bave 

Sokipi*  -  f  (20afr  +  l»e  +  82«;)|i^  +  ^(80tt  +456-1-  63e)^  -  459*  '  <^ 
the  cubic  eqoatioa  reqidrad. 

Also  solved  by  J.  B.  Retnolds  and  W.  E.  Cedesbeso. 

259  (Number  Tbcary;.   Frop<M>ed  by  E.  K.  wuiTVUKU,  College  of  the  City  of  New  York. 

If  p  is  relativdy  prime  to  10,  and  if  any  multiple  of  p  oonaiBtinfc  of  n  di^ts  has  Hs  diglta 

permuted  cyclically,  the  number  thus  funru  d  is  ;il>-r)  n  innUipIr  of  p;  \hr  rmmbrr  n  to  br  deter- 
mined by  the  congruence  10*  «  1  (mod  p).  hot  example,  481,  814,  and  148  are  each  multiple* 
Of  37. 
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SoLunoK  BT  Benjamin  F.  Yaknet,  CoUege  of  Wocsteff  Wooster,  Ohio. 
Let  the  dii^to  in  the  initkl  order  be 

0»r  tht^t  •  •  0|. 

Then  by  hypotb^w, 

o,lO»-'     a.-ilO«-»  +  •  •  •  +  a.lO  +  Oi  =  0  (mod  p). 

Multiply  each  member  of  the  congruence  by  lU,  reMiemberinK  that  10"  b  1  (mod  p),  and 
place  the  digit  a«  in  unite  place.  We  thus  secure  one  cyclic  permutation.  Another  c^'oliepenmit^ 
tion  ifl  secured  by  multiplyiiig  again  by  10;  and  so  on.  This  completes  the  prool. 

It  wOl  be  obeemd  that  the  theorem  may  be  genenliied  by  multiplying  all  the  terms  to  the 

left  of  any  specified  term  by  lO*",  in  the?  rase  of  any  cjolic  i)crrii;f  ii'i  :i,  where  «  is  any  p<  i'i  e 
iot^er.  Thus,  in  the  example  Kivea,  480001,  800000014,  imd  l  iUOOoouuiOS  tire  also  each  mul- 
tiples of  37.  By  succes-sive  application  of  this  method,  we  may  obtain  different  types  of  cyclic 
pennuCatioiu.  Thus,  40000008000 1  is  a  multiple  of  37.  We  may  hKn  other  than  cftiis  permuta- 
tiona,  ivith  ciphers,  by  multiplying  any  one  or  more  t«frma  of  the  above  congruence  by  10«", 
whore  K  can  have  a  different  value  for  each  term  multiplied.  TIius,  80401  is  mIs  j  t  niuUipIe  of  37. 
It  is  interesting  to  note  in  this  more  general  application  that  no  two  integers  of  the  origiuai 
number  can  ever  ocdlide. 

Also  solved  by  L.  C.  Mathewson,  FAiup  Fbamkun,  W.  R.  RansoUj  Frank 
Ibwin,  Paxil  Cavbom,  Hobacb  Olson,  and  C.  C.  Yen. 


wa  (NttiAttlkMiy).  TnvtmA  bf  c  N.  aemuMM^  N«vT«ik  OKjr. 
If  «» y,  t,  an  3  IntaaMNi,  emMeeiillve  mhouk  tlie  inteBen  pdme  to    Aaw  that 

xC»  -      —     -  Slir)  >*  ^  3. 

SoLtmoN  BT  Edwabo  H.  Vance,  Gradimte  Student,  Ithacs,  N.  Y. 

Let  r  —  1  be  any  number  divUbla  fay  3,  then  any  set  of  three  integm  «0OMeativ«  among 
the  numbets  prime  to  8  may  be  roprtacnted  by  one  of  the  following  aeta: 

V  -  2,  V,  V  +  1;  tr,  ti  +  1,  p  +  3. 

Bubatituting  9  ~  2, 0,  V  + 1  for    y,  t,  reapeotively,  in  the  lefthand  aide  of  the  given  eqtM 
m  have 

s(«    ^)    aC»  -  2y)  •  8. 
Subatitttting  »,  «  + 1,  *  +  8  for  x,  y,  z,  respectively,  we  have 

oc{x  —  2y)  -  2(i  —  2jf)  »  —  3. 

Also  solved  by  Paul  Capron,  N.  P.  Pandya,  Louis  O'Shaughkesst,  Lewis 
Clark,  E.  F.  Canaday,  George  W.  Hartwell,  J.  L.  Riley,  Albert  G.  IIau, 
Herbert  N.  Carletun,  Horace  0l80N,  and  V.  M.  Spunab. 


QUESTIONS  AND  DISCUSSIONS. 

Sbmo  txd.  COMMUNICATIONS  TO  U.  G.  MiTcuELL,  University  of  Kanaaa. 

DISCUSSIONS. 

L  On  ^Loung  ^L\thk.matical  Results  More  Available  foe  Engineers. 

B>'  WiLLifl  Whitkh,  II:irrl!»btirK,  Penns>'lvania. 

Some  time  ago  1  received  a  circular  from  the  Mathematical  Assopiation  of 
America  regarding  the  Annals  of  Mathematics.   I  like  very  much  the  idea  of  a 
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series  of  articles  setting  forth  the  "state  of  the  art"  of  the  different  branches  of 
mathematics  in  a  form  that  would  be  intellipble  to  people  who  are  not  specialists 

in  the  respective  branche?;. 

I  am  an  engineer  and  know  that  there  are  Dumcrous  unsolved  problems 
in  engineering  science  which  are  chiefly  mathematical.  Tlie  engineer  studies 
mathematics  primarily  for  its  value  as  a  tool  in  solving  his  problems,  however 
fond  he  may  be  of  the  subject  for  its  own  sake.  Very  few  endneers  find  time, 
in  the  course  of  an  ordinary  lifetime,  to  acquire  a  reasonably  complete  knowledge 
of  all  the  ])iire  mathematics  that  they  can  use  to  advantaj»e  in  following  up  the 
latest  advances  in  their  respective  specialties  and  in  doing  the  research  work  that 
devolves  upon  them.  It  not  infrequently  happens  that  work  whidi  appears  at 
the  time  to  be  little  more  than  mathematical  gymnastics  is  subaequentiy  de- 
veloped into  something  quite  useful;  but  years  elapse  before  the  people  who  need 
the  mathematics  learn  of  its  existence.  The  investigating  enjfineer  and  the 
niatlieniiitician  must  keep  in  closer  touch  with  each  other  in  the  future  than  tiiey 
have  in  the  past.    America  must  take  a  larger  place  in  the  advancement  of  science. 

The  en^neering  investigator  who  encounters  difficult  mathematical  problems 
must  have  better  facilities  for  acquiring  the  knowledge  he  needs  of  the  many 
powerful  methods  of  mathematical  analysis  which  have  been  developed  within 
the  memory  of  men  now  living.  Works  on  ailvanced  mathematics  arc  prac- 
tically all  intended  for  professional  matliematicians.  Their  contents  are  almost 
wholly  academic  in  character  and  they  are  beyond  the  reach  of  the  engineer. 
Articles  in  mathematical  periodicals  are  seldom  intelligible  to  any  but  a  very 
few  specialists.  This  is  doubtless  unavoidable  and  perfectly  proper,  but  I  would 
urge  that  occasional  articles  he  written  bringing;:  various  branches  nf  the  subject 
down  to  date,  omitting,  perhaps,  much,of  the  purely  academic  work  and  express- 
ing the  whole,  if  possible,  in  terms  that  can  be  understood  by  the  engineer  who 
has  kept  up  his  collegiate  mathematics.  • 

From  what  little  I  know  of  modem  mathematics,  I  would  ima^ne  that  prog- 
ress nseftil  to  the  engineer  has  been  or  ^oon  may  be  attained  in  the  following 
braiiclics  iamoii^,'  others):  differential  equations,  calculus  of  finite  differences, 
vector  analysis,  successive  integration,  elliptic  and  liyperelliptic  functions,  tran- 
scendental equations  and  analytical  geometry. 

Most  of  the  modern  writers  on  advanced  analytical  geometry  use  homo- 
geneous coonlinates.  This  method  has  some  advantages  in  certain  kinds  of 
work,  but  it  is  rarely  taught  to  undergraduates  in  engineerinfr  and,  moreover, 
most  of  the  engineer's  problems  are  metrical,  so  that  Cartc^lau  coordinates  are 
better  adapted  to  their  solution.  Many  theorems  in  projecti\-e  geometry  could 
be  used  by  the  en^neer  who  employs  graphical  solutions  if  the  theorems  were  put 
in  such  form  that  he  could  acquire  a  knowledge  of  them  in  a  reasonable  time. 

Most  of  the  ftindamcntal  i)rinriplcs  of  those  branches  of  sei^'ncp  which  aspire 
to  become  exact  can  best  be  expressed  in  the  form  of  differential  equations. 
Many  of  these  equations  have  not,  thus  far,  been  solved.  Approximate  solutions 
are  better  than  none.  HencCj  I  would  urge  that  methods  of  approximate  solu- 
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tions  be  so  developed  as  to  make  them,  so  far  as  practicable,  accessible  to  the 
enjpneer.  In  the  practical  applicatbns  of  nwthanatks  to  en^eering  and, 
probably,  to  other  sdenoea,  the  aolittions  of  problems  are  often  not  exact.  Graph- 
ical solutions  are  subject  to  a  very  considerable  margin  of  error  and  arithmetical 

solutions  almost  always  involve  the  multiplication  or  division  of  decimals  in 
which  only  a  certain  number  of  decimal  places  are  retained.  Transcendental 
functions  and  radicals  are  only  given  approximately  in  the  tables  and  it  may  well 
happen  that  a  aolution  in  a  rapidly  converging  series  is  just  as  convenient  as 
an  exact  solution.  If  a  solution  is  in  the  form  of  a  series  with  general  ox])ressions 
for  coeflBcients,  it  may  he  almost  as  satisfactory  as  any  other  kind  of  a  formula. 
In  that  case,  if  a  similar  pri)h|pm  occnrs  again,  it  will  only  be  necessary  to  sub- 
stitute the  proper  values  for  the  coiiitant  terms  in  the  coefficients,  which  can  be 
done  by  an  assistant  who  is  not  familiar  with  difftawntial  equations.  I  therefore 
hope  that  matlicmaticians  will  pubHsh  freely  their  methods  for  approximate 
snlutions  of  differential  equations  and  other  proltlcms,  preferably  in  a  form  that 
will  not  compel  the  busy  engineer  to  search  through  a  multitude  of  monographs, 
many  of  which  are  in  foreign  languages  and  some  of  which  can  not  be  readily 
obtiJned,  before  hexan  get  an  adequate  idea  of  the  nature  of  the  solution. 

Elliptic  integrals  are  met  with  occasionally  and  if  they  merely  have  to  be 
integrated  once  approximate  methods  are  available.  If  suGoesMve  integration 
is  required,  it  is  apt  to  bo  "another  story." 

It  may  be  that  all  problems  that  can  be  solved  by  vector  analysis  can  also 
be  solved  by  the  older  methods,  but  this  method  b  often  so  much  simpler  that 
the  subject  is  worthy  thorough  study. 

The  engineer  often  meets  with  transcendental  equations  and  they  usually 
have  to  bi  >  1  ved  as  individual  problems.  If  more  genera!  methods,  even  if  only 
approximate,  ha\"c  been  developed,  they  should  Ih;  more  generally  known. 

Complex  variables  are  occasionally  encountered,  chiefly  in  connection  with 
differential  equations.  If  a  practical  knowledge  of  the  subject  could  be  imparted 
without  requiring  the  reader  to  toil  through  ponderous  tomes  in  an  effort  to  find 
an  explanation,  it  would  be  helpful. 

The  modern  theory  of  functions  is  a  subject  which  is  very  interesting  to  one 
w^ho  is  fond  of  mathematics  for  its  own  sake;  but  can  not  some  way  be  found  by 
which  the  student  can  get  at  the  pith  of  the  matter  in  a  reasonabte  time?  The 
subject  is  chiefly  academic,  but  is  very  attractive. 

n.  Relating  to  New  Remainder  Terms  for  Certain  Integration  FormuluS. 

By  8.  A.  OoRBT,  Albia,  I<mm. 

In  the  June,  1917,  number  of  tlie  Montuly  Professor  Daniell  notes  the  fact 
that  at  least  one  of  the  remainder  terms  of  the  integration  formulee  which  I 
gave  in  the  June-^uly,  1912,  numbw  of  the  Monthly  is  needlessly  large.  I  also 

observe  that  the  remainder  term  to  my  fommla  2."),v  wliich  lie  gives  is  too  small, 
as  he  has  tacitly  made  the  unwarranted  assumption  that  the  signs  of  his  ^'i  and  ii% 
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must  slways  be  alifce.  To  set  these  matters  aright  I  have  computed  a  new  set 
of  ranainder  terms  (based  on  a  form  due  to  Poisson^)  for  all  the  foimulae  originally 
given.  All  the  work  of  computation  has  been  carefully  checked  to  diminate 
errors  as  far  as  possible.   We  employ  the  symbol  r^. 


where  0  <  6  <  I,  and  0  <     ^  1. 

Form  11 

h   Remainder  Term 

Formula 

Reminder  Tmn 

(1) 

r4/72 

(2) 

r4/216 

(3) 

17rB/24192 

(4) 

llr,/7560 

(6) 

.000.154rk 

(6) 

.000,000,586r« 

(7) 

.000.000.279fh 

(8) 

.000,057»6r« 

(0) 

.0OO,009,58ik 

(10) 

.000,011  .or. 

(11) 

.U(K),029f9 

(12) 

.OOO.OGO.Ors 

(13) 

.000, 010, 7 f  10 

(14) 

.000,0 15,9f8 

(15) 

.000.000.584ra 

(16) 

.000,000,252ru 

(17) 

.000,000,16fi« 

(18) 

.000»105r« 

(19) 

.000,29r6 

(20) 

.000,011  To 

(21) 

.0O0,O0O,143ri» 

(22) 

.O0O,()00,000,203ni 

(23) 

.(XX),010.6r* 

(24) 

.0()().(X)0,002,16ru 

(25) 

r8/504 

(25) 

f6/3024 

(27) 

.000,046,9f^ 

(28) 

.000,146?^ 

(29) 

.000,01  l,7rio 

(30) 

.000,000,006,ftno 

(31) 

.(K>f>.f>(M  ,t',-rjj 

(32) 

.O0O,0tKl,335rio 

(33) 

.000,000, 11 9r,o 

(34) 

.0(X),fM)l,16rw 

(35) 

.000,002,7tVr,o 

(36) 

.000,000,537rM 

(37) 

.000,000,425rio 

(38) 

.000,00O,020,8rM 

(39) 

jOOO,000»OQ6^rte 

(40) 

.000,QOO,002,50ru 

(41) 

.000,000,1  ISr, 

(42) 

.000,P.62r8 

(43) 

.0(M),05(),f)r8 

(44) 

.OOU,(K)(),27r,o 

(45) 

.000,03 l,5rio 

(46) 

.000,001, b7f  12 

(47) 

.000,000,000,15ri» 

(48) 

.000,000,097rio 

(49) 

.000,000,055rte 

(60) 

.000,000,24fis 

(51) 

.000.000,021fte 

(52) 

.000,000,000^13rii 

(53) 

.000,372rio 

(54) 

.nnn,ni3rio 

(55) 

.000,001,29rtt 

(56) 

.000,00U,U29,8ri4. 

*  See  Foidt  ShtHet  on  DAwyml  Striet  and  AwMioMKly,  p.  6. 
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UNDERGRADUATE  MATHEMATICS  CLUBS. 
Editbd  by  R.  C.  AbchibalPj  Brown  Uiuvenity,  ProridenoOb  R.  I, 

CLUB  ACTIVITUB. 

The  Mathematics  Clitb  of  GitBENViLtB  College,  Greenville,  111. 

This  club  was  organized  in  September,  1916,  "for  the  purpose  of  arousing 
interest  in  ntsthemfttics  und  of  taldng  up  subjects  not  usually  discusaed  in  dsas 
work."  Tbere  are  2S  members  this  year  and  of  these  about  20  usually  attend 
each  meeting.   At  the  open  meeting^  addraned  by  Professor  Riets  of  the  Uni> 

versity  of  Illinois,  between  50  and  60  persons  were  present.  The  programs  of  the 
meetings  planned  for  1916-17  and  1917-18  were  printed  and  tiie  issue  of  the 
Greenville  College  Bulletin  for  November  1,  1917,  reproduced  the  latter  program 
and  a  group  photograph  of  the  dub  members  of  last  year. 

The  dub  levies  no  regular  dues  but  assesses  its  members  for  sudi  necessary 
expenses  as  bringing  fakers  from  out  of  town,  printings  making  cuts  for  the 
eoUege  annual,  etc. 

Officers:  President,  James  Caroway  '19;  vice-president,  James  Dilbeck  '18; 
secretary,  Edna  Lindh  '20;  treasurer,  Gerald  Bergman  '19;  1st  consul,  Herschd 
Lintherland  '18;  2d  consul,  Artemisia  Watkins  '19.  The  head  of  the  department 
of  mathematics.  Professor  Nelle  Louise  Ingds,  and  the  consuls,  constitute  the 
program  committee. 

The  programs  for  1916-18  are  as  follows: 
November  12, 1916:  "The  Correlation  in  Efficiency  of  Mathematics  and  other 

Branches  in  College"  by  Boryl  Eales  '17;  ''Determination  of  the  Distance. 

of  the  Earth  to  the  Sun  "  by  Harry  Schwartz  '20. 
December  13 :  **  Vocational  Value  of  Mathematical  Training  "  by  William  Treloar 

'18;  "Lives  of  Philosophical  Mathematicians"  by  Richard  Donoghue  '18; 

*'Zeno's  Arguments  "  by  James  Dilbeck  '18. 
January  10,  1017:  "fiBstory  and  Development  of  Logarithms"  by  Artemiaa 

Watkins  '19;  "Slide  Rule"  by  Ira  King  '18. 
February  1 7 :  Address  hy  Edgar  J.  Townsend,  Frofessor  of  Mathematics  at  the 

University  of  Illinois. 
March  14:  "Fourth  Dimension"  by  Gerald  Bergman  '19;  "Mathematics  of 

Chemistry  "  by  WendeU  Griffith  '17. 
April  11:"  Trisection  of  the  Angle  "  by  George  Morland;  *'  Squaring  the  Cirde  " 

by  Ruth  Hoffmann  '18;  "Duplication  of  the  Cube"  by  Floyd  Chase  '17. 
November  28,  1917:  "The  Function  of  Mathematics  in  Scientific  Research" 

by  James  Caroway  '19;  "How  to  Study  "  by  Edna  Lindh  '20. 
December  8:  "The  Mathematical  Treatment  of  the  Data  of  Science  "  by  Henry 

L.  RietE,  professor  of  mathematical  statistics  at  the  Univeraity  of  Illinois* 
January  9, 1018 :  "  Non-Euclidean  Geometry"  by  Gerald  Bergman  '10;  ''Hyper- 
space  "  by  Hairy  Schwarts  '20. 
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February  6:  "Medieval  Courses  of  Matlieniaties'"  by  Herschel  LlntlicrlaiKl  'IS; 

"Corrrlatioii  of  Efficiency  in  Mathematics  and  Efficiency  in  Other  High 

School  Branches  "  by  Professor  Ingels. 
March  6:  "Famous  IVoblrais  of  Antiquity"  by  Artemisia  Watldns  '19;  "Value 

of  Calculus"  by  Ruth  Cochran  '20. 
April  2:  "History  and  Sigui6cance  <^  the  Theory  of  Limits  in  Mathematical 

Study"  by  James  Dilbeck  '18. 

The  White  Matheuatics  Club  at  the  Unxversitt  op  Kektucsy, 

Locington,  1^. 

Although  this  dub  was  founded  in  the  autumn  of  1908  "it  was  not  given  its 

name  till  four  years  ago.'  Tlie  clnb  is  composed  of  inKtrnctors,  graduate  students 
and  students  majoring  in  the  department  of  niathcniatirf?.  Its  purpose  is  to 
create  and  foster  a  sympathetic  and  harmonious  relationship  among  those  working 
in  the  field  of  mathematics,  to  have  its  members  review  and  present  in  tmef 
papers  the  works  of  the  leading  mathematicians,  to  furnish  a  means  for  the 
systematic  and  detailed  study  of  some  standard  work,  and,  in  general,  to  stimulate 
the  mathematical  interests  of  its  members."  Meetings  are  held  weeUy.  Nunn 
ber  of  members,  7. 

Officers  1917-18:  President,  Professor  P.  P.  Boyd;  secretary-treasurer, 

Professor  H.  H.  Downini^. 
The  program  is  as  fr  l'  v 

October  31  and  November  7:  "  War  Mathematics"  by  Homer  L.  lleid  Gr. 

November  1 1 :  "  An  Account  of  Scientific  Measurements  of  the  licsults  of  Instruc- 
tion "  by  Professor  Boyd. 

November  21 :  "  Fermat's  Last  Theorem  and  the  Qri^  and  Nature  of  Algebraic 
Numbers"  [review  of  L.  E.  Diclcson's  artide  in  AnnaU  qf  Mathemaiieff 
1917]  by  Professor  E.  L.  Rccs. 

November  28 :  "  A  Problem  suggested  by  the  Mean  Value  Theorem  "  by  Professor 
H.  H.  Downing. 

December  5:  "A  Method  of  Constructing  the  Graph  of  Equations  in  whidi  the 
Variables  are  Separated"  by  Professor  E.  L.  Rees. 

December  12:  "Double  Points  of  Rational  Curves"  [review  of  0.  J.  Peterson's 

article  in  this  ^roNTHLY,  1917]  by  Vernon  G.  Grove  Gr. 
December  19:   "Tiie  Graph  of /(.f)  for  ('onij)le\'  Numbers"  [review  of  A,  F. 
Prumvellcr's  article  in  this  Monthly,  191  7J  by  Harry  11.  Allen  Gr. 

The  Mathematics  Club  of  tite  UMMCRsmr  of  Nobth  Carolina, 

Chapel  Hill,  N.  C. 

The  object  of  this  chib,  which  was  organized  in  October.  191(t.  is  "  to  promote 
interest  in  mutliematica  among  the  students  and  to  bring  them  into  closer  touch 

>  In  honor  of  ProfesMr  Jatoes  G.  White,  dean  of  men,  at  one  time  acting  president,  and  for 
uiany  ycara  head  of  tlM  departmeat  of  matbematics  in  the  uolveraily.  He  died  In  the  aiimmer 
of  1913  and  Fnfcnor  fioyd  nioeeeded  lim  aa  head  of  the  depoitment. 
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irith  the  faculty  in  a  non-class-room  way."  Special  effort  is  made  to  interest 
Sophomores  and  FVeshmen  in  the  club. 

As  a  rule  meetings  are  held  monthly.  Th»earenow25membora;  attendance 

15-20. 

Officers,  1917-lS:  President,  Professor  William  Cain;  vice-president.  Pro- 
fessor Arehibakl  Henderson;  secret ftry-treasurer.  Instructor  J.  W.  Lesley,  Jr. 

The  program  b  as  follows: 
October  10:  Election  of  officers;  "The  Principle  of  Duality"  by  Dr.  A.  W. 
ITobbs,  instructor;  there  was  also  discussion  by  the  secretary-treasurer  of 
several  problems  that  had  been  proposed  to  the  society  for  solution. 
November:  "A  Review  of  the  Situation  in  Mathematics  in  the  High  Schools  of 

North  Carolina"  by  Instructor  William  W.  Rankin. 
December:  no  meeting* 

The  Matheuatical  Club  of  Smitb  College,  Northampton,  Mass. 

This  club  was  organized  in  October,  1890,  "to  discuss  matters  relating  to 

mathematics."  Kacli  year  it  has  nine  regular  meetings,  two  or  more  of  which 
are  social  or  of  a  business  character.  Membership  is  limited  to  students  of  the 
Junior  and  Senior  classes  majoring  in  mathematics.  Of  the  35  members  about 
one  {bird  are  Juniors.  Average  attendance,  24. 

Officers,  1917-18:  President,  Professor  Eleanor  P.  Cushing;  vice-president, 
Sarah  S.  Powell  '18;  secretary,  Elizabeth  Walrath  18;  treasurer,  Ruth  Bray  '18. 

The  program  for  1017-18  is  as  follows: 
October  22:  "Mathematics  Used  in  Actuarial  Work  '  by  Professor  Huth  Wood 

and  Threasa  Boden  '18. 
October  30:  Business  meeting;  election  of  11  new  Senior  monbers. 
November  12:  "Ftactical  Use  of  Mathematics  in  Astnmomy"  by  Y&a  Gushee, 

demonstrator  in  astronomy. 
Decetiil)cr  3:  Business  meeting;  election  of  6  new  Junior  members. 
December  10:  Christmas  party. 

January  7:  "Bfathematics  as  applied  to  Domestic  Arts"  by  Margaret  Mc- 
Clenathan  '18;  ''Teadiing  of  Mathematics"  by  Florence  Putnam  '18. 

TOPICS  FO&  CLUB  FROGBAM8. 

3.  Abtthiietical  Pbodioies. 

There  are  many  instances  of  individuals,  often  very  young,  eudowcd  with  a 
power  of  effecting  eactracwdinafy  mental  caicolations.  Some  had  little  w  no 
education;  the  greatest  of  them  all  was  stupid  in  everything  but  calculation, 
evea  induding  mathematics.  Others  attuned  to  eminence  in  some  field  of 
science.  Many  had  exceptional  figure  memory  of  eitlur  the  visual  or  the  auditory 
type.  The  ratlier  small  body  of  authenticated  material,  collected  in  part  by 
commissions  of  scientific  bodies  appointed  to  test  various  prodigies,  has  been  the 
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basia  of  oonsidenible  stady  by  psycbologists  and  otb^  A  few  namea  and  facta 

mny  be  recalled. 

Because  of  exceptional  calculating  ability  Jedediah  iiiixton,  an  Englishman  of 
the  eigijteeuth  century,  was  tested  by  the  Royal  Society.  George  P.  Bidder 
(1806-1878),^  son  of  an  English  stone-mason,  could  multiply  twelve  figures  by 
twelve  figures,  and  perfbnn  complicated  problems  of  compound  interest.*  He 
became  a  noted  engineer  and  one  of  his  great  works  was  in  connection  with  the 
designing  of  the  Victoria  Docks,  London.  Zerah  Colburn  (1804-1S40),  son  of  a 
Vermont  farmer,  seemed  to  possess  to  a  remarkable  degree  the  ability  to  factor 
numbers.  In  his  autobiography  (Springfield,  Mass.,  1833)  occurs  the  following 
paragraph  concerning  an  exhibition  in  London  when  8  years  of  age:  '*It  had 
been  asserted  .  .  .  that  4,294,967,297  (=  2"  +  1)  was  a  prime  number.  .  .  . 
Euler  detected  the  error  by  discovering  that  it  was  equal  to  Gil  X  0,700,417. 
The  siime  number  was  proposed  to  this  cliihi  who  found  out  the  factors  by  the 
mere  operHtiuu  of  his  mind."  In  GKAVEtj,  Life  of  6ir  IVillMtu  lioicau  IlamiUun,' 
there  are  some  interesting  passages  oonceming  Hamilton's  connections  with 
"that  Zerah  Colburn,  the  wonderful  American  boy  who  used  to  calculate  with 
such  astonishing  rapidity."  Another  son  of  a  Vermont  farmer,  who  lived  within 
forty  miles  of  Colburn's  birth-phice,  was  Truman  Henry  Safford  (1836-1901) 
whom  Simon  Newcomb  has  characterized  as  a  "most  wonderful  genius."  At  the 
age  of  6  he  was  able  mentally  to  multiply  four  figures  by  four  figures  and  to 
extract  square  and  cube  roots  of  numbers  of  nine  and  ten  figures.  Newcomb 
records  that  "a  Committee  of  the  Ammcan  Academy  ot  Arts  and  Sciences  was 
appointed  to  examine  him.  It  very  justly  and  wisely  reporte<l  that  his  arith- 
metical powers  were  not  iu  themselves  equal  to  those  of  some  others  on  record,  ■ 
especially  Zerah  Colburn,  but  that  tl»ey  seemed  to  be  the  outcome  of  a  remarkable 
devdopment  of  the  reasoning  power/'  *  Safford  graduated  from  Iforvard  and 
became  an  astronomer.  From  1876  until  his  death  he  was  professor  of  astrontmiy 
in  Williams  Collepe.  Like  Ampere  the  Frcncli  [)li\sicist  who  was  also  a  cal- 
culating prodigy,  he  had  a  wide  range  of  interests  and  an  encvr  l^jiedic  Tuemory. 
"Chemistry,  botany,  philosophy,  geography  as  well  as  matiicmaLu  s  and  astron- 
omy, were  included  in  Ins  fidd  of  study."  Another  French  prodigy  was  Henri 
Mondeux  who  was  tested  on  behalf  of  the  Academy  of  Sciences  of  the  Institute 
of  France  by  a  committee  consisting  of  Arago,  Sturm,  Cauchy  and  Liouville.^ 

*  DteHonarft  ef  fTatUmtU  Biography,  Vol.  5,  London,  1886. 

>  He  h:ts  left  an  ex(  t  ll<  lit  in  iuuiu  of  hifl  methodi  in  ProeeeiingB  tf  the  InatUutim  4{f  Civil 
Engineer^f  London,  1856,  vol.  15,  pp.  251  ff. 

'  Volume  1,  London,  Longmans,  1882,ppi,77ff.  Itmay  be  noted  that  there  is  a  brief  reference 
tri  C<<1t>urn  in  De  Moi|ui,  Budget     PandKtu,  mcoimI  edition,  Gbicafo^  Open  Court,  1915, 

Vtil.  1,  p.  86. 

« For  thia  passage  and  other  interestinR  facta  see  S.  Newcomb,  The  Retninitcenceji  of  an 
Aalrotumwr,  Boston,  Houghton,  Mifflin,  1903,  pp.  67-^.  A  biographicel  dtetch  nuiy  be  found  in 
Natiemi  Cydopedia  ofAnmiem  Biography,  vol.  13, 1906. 

■  Fur  tlio  n'ltort  Ly  Caiifhy  .set.-  QlucLv,  n^um:-'  complttea,  Ire  sori*^,  toinp  Paris,  l*^So, 
p.  493  f.  (reprinted  from  Cotnptes  Rendm,  tome  11,  pp.  820  and  952).  There  are  biographies  of 
Mtnideux  by  Baibter  (IMl)  and  Jaooby  (1846). 
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In  more  recent  times  the  Italian  calciilator  Jacques  Inaudi  (born  1867),  who  has 
frequently  ediibited  in  the  United  States,  was  investigated  in  1892  by  a  French 
Institute  commission  composed  of  Darboux,  Poincar^,  Tisserand  and  Charcot.* 
Pericles  Diamaiuii  (horn  ISOS),  a  Greek,  was  tested  by  the  same  commission  in 
1893.  The  famous  Geruiau  mathematician  Carl  Friedrieh  Gauss  (i777-18oo)  tells 
118  that  at  the  age  of  three  he  conreeted  calculatioiis  in  connection  with  his  father's 
payroll.  But  the  most  wonderful  arithmetical  prodigy  of  all  time  was  ^uiharias 
Dase  (1824-1801)  who  was  born  in  Hamburg.^  He  is  known  to  have  multiplied 
two  lOO-figure  nuniljers  in  8|  hours  and  to  have  extracted  the  square  root  of  a 
100-figure  number  in  52  minutes.  His  non-meutal  computations  included  tlie 
determination  of  the  value  of  ir  to  200  decimal  places,  a  labor  of  scarcely  two 
monthsf  the  computation  of  a  7-place  table  of  natural  logarithms  of  numbers;* 
and  factor  tables  (performed  at  the  instigation  of  Gauss)  for  the  seventh  and 
eisrhth  million  (the  latter  not  quite  complete)  and  parts  of  the  ninth  and  tenth 
million.* 

Many  facts  concerning  these  and  other  prodigies,  together  with  a  discussion 
of  psychological  questions  involved,  and  full  bibliographies,  nuiy  be  found  in  the 
following  works:  E.  W.  Scripture,  "  Arithmetical  Prodigies,''  Ameriean  JoumcA 
of  Psychology,  Worcester,  1891,  Yo].  4,  pp.  1-59;  F.  D.  Mitchell,  "Mathe- 
matical Prodigies,"  American  Journal  of  P.njchology,  1907,  Vol.  IS,  pp.  61-143 
(includes  corrections  of  some  of  ijcripture's  slips);  A.  Binet,  Faycholugk  des 
gnmd»  eahukOmr*  H  joueur^  d*Seheeit  Paris,  Hachette,  1894,  8  +  364  pp.  (por^ 
traits  of  In  i  u  li  and  Diamandi);  G.  E.  Muller,  Zur  Analyse  der  GeddchtniMatig- 
keit  und  dcs  yorsfellungftvrTlaiifs,  1.  und  3.  Telle,  lyeipzig,  Barth,  1911-13  {Zeit- 
schrift  Jiir  Ftychohgis  und  Fhysiolvgk  dcr  Sinnenorgatu-,  o.  und  8.  Er^'anzuiigs- 
bande) — especially  1.  Teil,  pp.  177-237;  VV.  G.  Smith,  "iNotes  on  the  Special 
Devdopment  of  Calculating  Ability,"  pp.  60^  of  Modem  Itutnmmits  and 
Methods  qf  CfdeulaHon.  A  Handbook  of  the  Napier  Tercentenary  ExhUniion. 
Edited  by  E.  M.  Horsburgh,  London,  Bell  [1914];  and  P.  J.  Mobius,"  Ueber  die 
Ardage  zur  Mathematik,  mit  51  Bildnisaen.  Leipzig,  Barth,  19(X) — "  Ueber  die 
Recbeokiinstler,"  pp.  66-76. 

'  The  report  by  Dart>oux  together  with  a  bioglBpIliul  akstdl  GhnTOOt  Wtt  pubUtlied  itt 
Complea  Rendut,  1892,  vol.  114,  pp.  1329-1338. 

'  11ier«  18  a  biognpliioal  dcetdi  of  DMe  in  AUgemeina  Dadaeht  Btaffrapkie,  Band  4,  Ldpiig, 
1876.   His  name  is  wrnctinics  apelled  DsJise. 

*  CrtUc'i  JouTu^,  1S44,  Band  27,  p.  198.  With  the  value  of  s-  on  thia  page  u  printed  uu 
extract  from  an  interesting  letter  written  by  S.  Stradsnicky  of  VieiinM. 

*Z.  DaM,  Tafd  der  nattbriidum  LontaiUmen,  Vieuna,  18d0  (reprinted  from  Annalt  oi  tho 
Vknaa  OlMervatorjr  for  1851).  Cf.  J.  W.  L.  Gfauaher^s  article  on  "TtkUe,  MathemaUeal"  in  the 
deventh  edition  of  the  Eni-i/ck>;xr<lia  Britannica. 

•  The  tables  for  the  seventh  oiillion  were  printed  at  Hamburg  in  1862  and  the  tables  for  the 
eighth  and  ninth  millions,  completcvl  by  II.  Rosenberg,  were  published  at  the  same  place  in  1863 
and  1865  respectively.  The  tenth  miUion  by  Dase  aiod  AoMiiberg  has  not  been  published  but 
The  Carnegie  InstHutkm  of  WaBhington  nmied  in  1000  a  Fadar  TabHefer  lAe  firet  7W  JAZKmm  hf 
D.  N.  Lehmer.  The  introduction  to  this  table  lists  only  7  errors  in  DiM^s  seventh  millkxi  table 
(1862)  but  over  130  ia  the  volume  in  which  Rosenberg  collaborated. 

*Adoetor;  grwadeon  cf  the  wdl-known  aetronotner  and  mathematieiaa. 
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In  H.  A.  Bbuce,  "  Lightning  Calculators,  a  study  in  the  psychology  of  harness- 
ing  the  subconscious,"  McClure's  Magazine,  1912,  Vol.  39,  pp.  5Sry-596,  there  arc 
portraits  of  W.  J.  Sidis,  G,  Bidder,  H.  T.  Saflfoni,  Gausis,  Griffith  (an  Indiana 
calculator)  and  luaudi.  Another  brief  sketch  is  G.  A.  Miller,  "Mathematical 
Frodigtes/'  Sdmce,  new  series.  Vol.  26,  pp.  628-30, 1907  (also  ScienHfie  American 
Supi^emad,  Vol  65,  p.  51, 1908). 

4.  I^olemy's  Theokem  and  Formula  op  Trkjonometby. 

Ptolemy  of  Alexandria,  celebrated  matheniati<  inn,  astronomer  and  geog- 
rapher,  was  a  native  of  Egypt  and  flourished  about  the  middle  of  the  second  cen- 
tury of  the  Christian  era.^  His  great  treatise  on  astronomy  is  usually  known 
as  the  Almageri — a  name  derived  from  an  Arabic  form  of  its  title.  The  work 
b  divided  into  thirteen  books.^  In  discussing  matters  pertaining  to  plane  and 
spherical  trigonometry  in  the  first  book  Ptolemy  introduces  as  a  lemma  what  is 
now  known  as  I'tolemy's  Theorem:  "The  rectangle  contained  by  the  diagonals 
of  any  quadrilateral  inscribed  in  a  circle  is  equal  to  the  sum  of  the  rectangles  con- 
tained by  the  pairs  of  opposxtt  rides"  (Heiberg's  edition,  volume  1,  pages  36-7). 
An  English  translation  of  Ptolemy's  proof  of  his  theorem  is  given  in  T.  L.  Heath, 
The  Tkirleen  Books  qf  EutMt  EkmenUt,  Vol.  2,  Cambridge  University  Fireas, 
1908,  pages  225  G. 

From  this  theorem  Ptolemy  readily  derived  the  equivalent  of  the  formula: 


Of  French  and  Knglish  discussions  of  similar  applications  of  tlie  theorem  the 
following  may  be  note<l:  L.  N.  M.  CarNOT,  (a)  Ih-  In  correlaiinn  dcs  figures  de 
geometric,  Paris,  1801,  pp.  83f.,  95f.;  (6)  (Jcotnttrie  de  yo»dtuH,  Paris,  1SU3,  pp. 
151fir.;  W.  A.  WHrrwoBTH,  JftUAemotibol  Gastdte,  London,  1904,  Vol.  3,  pp.  0-7; 
J.  Juhel-Renoy,  Bulletin  dea  sciences  mxithfmatiqitcs  et  phyfiques  eUmeniaires, 
Paris,  1908.  Vol.  13,  ji.  113;  A.  G.  Buroe.ss,  "Ptolemy's  Theorem  and  Certain 
Trigonometrical  Formulte,"  ^fnthemn^^cal  Notes,  Ediul)ur^'li,  i;)10,  No.  4,  pp. 
42-3;  and  A.  Babbitt,  School  Science  aud  Maihemaiics,  1917,  Vol.  17,  p.  784. 

Among  the  many  proofs  of  Ptolemy's  Theorem  reference  may  be  givw  to 
two  others:  (a)  by  invasion  in  F.  G.  M.,  Exercieet  de  giomitrie,  5e  €d.,  Paris, 
Gigord,  1912,  pp.  104-5;  (b)  by  means  of  the  anhanoonic  relation 


>  Of.  the  article  on  Claudius  Ptolemy  io  Encydopoidia  BriUmmcOt  eleventh  edition, 

■Tlie  best  text  hu  been  edited  by  J.  L.  Heiberg:  Spnbatit  Matfimatiea,  2  vols.,  Leipsig, 

Teubn^T,  lSOS-1903.  The  catalogue  of  stars  rontninrrl  in  tlic  f^t  vcnth  and  eighth  hool;s  was 
published  by  the  Carnegie  Xostitutiion  of  W'asliington  in  1915.  For  a  commentar}-  on  tlie  Almagest 
8ee  Ddambre,  Hi^ain  da  Vatlmimit  aii«Mnii«,  tome  ^  Paria,  1817,  pp.  67-410  and  36-44. 


sin(a±/9)Briuaioo8/3^coaasin^ 


and 


EiBACD)  +  E(BCAD)  =  1. 
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where  i4,  B,C,Dtae  the  v<»tices  of  the  insGribed  quadrilatoral,  and  E  any  other 

point  on  the  circle  (J.  Juhel-R^NOT,  Nouvelles  annalM  de  maihivmiiquea,  1906, 
Vol.  Go,  p.  12;  cf.  J.  L.  CooLiDGE,  A  Treotiae  on  the  Cirde  and  on  the  Sphere, 
Oxford,  Chircnaon  Press,  1916,  p.  315). 

By  taking  account  of  the  directions  of  line  segments,  Moebius  arrived  at  the 
generalisation  of  Ptolemy's  Theorem: 

ABCD  +  ACDB  +  ADBC  =  0, 

where  A,  B,  C,  D  may  he  arranged  In  any  way  whatever  on  the  circle.'  The 
discovery  that  this  relation  i''  true  when  the  points  are  collinear  is  usually 
attributed  to  Euier,  but  the  result  was  known  to  a  tenth-century  Arab,  El-Sabi 
(BtbHatheea  MaihemaUeat  3.  Reihe,  Vd.  8, 1907-8,  p.  24). 

Carnot  generalized  Ptolemy's  Theorem  to  apply  to  the  case  of  an  inscribed 
polygon  (Giometrie  de  position,  p.  273).  For  John  Casey's  generalization  (ISCC)) 
see  his  Sequel  to  Euclid,  London,  Longmans,  1900,  pp.  103-4,  and  J.  L.  CooUDGE, 
A  Treatise  on  the  Circle,  etc.,  p.  38. 

Amplification  of  some  of  the  ideas  presented  in  sources  indicated  above  may 
be  found  in:  J.  L.  Cooudgo:,  A  Treatue  on  the  Cirefe,  etc.,  p.  138;  X.  Antomabi, 
"Relation  entre  Its  distances  mutuelles:  1*  de  quatre  points  situes  sur  un  m§me 
cercle;  2**  de  cii  q  y>oints  situes  snr  nnc  meme  sphere,"  Nouielks  annales  de 
mathBmatirpies,  l,ss2,  tome  41,  pp.  4G2-t)4;  A.  Krah^,  "Sur  les  relations  de 
Ptol6mee  et  de  Feuerbach,"  Mathesis,  1898,  tome  18,  pp.  83-84;  W.  F.  -Meyer, 
*'tjber  den  Ftolemfiiadien  Sats,"  AtoIm  der  Mathemaiik  vnd  Physik,  1903,  3. 
Reihe,  Band  7,  pp.  1-15;  M.  SrurvABBT,  "Cona^wmoes  diverses  d'une  formule 
d'alpebre;  leurs  interpretations  g6om6triques,"  VEnseignemeni  mathimaUque, 
19()(),  totnc  <S.  ])p.  282-290;  and  Merbifield,  Pneeedinge  qf  the  London  Mckhe- 
matical  Society,  1881,  Vol.  12,  p.  214. 

5.  Pafer  Folding. 

In  1803  an  Indian,  T.  Sundara  Row,  published  a  little  volume  of  120  page^ 

setting  forth,  very  ingeniously,  many  exercises  in  paper  folding  which  constitute 
an  interesting  chapter  in  mathematical  recreations.  There  are  constructions  for: 
(a)  the  rcgrular  pentagon,  hexagon,  octagon,  nonagon,  decagon,  dodecagon,  and 
pentedecagou;  {b)  points  on  the  conic  sections  and  on  such  curves  as  the  cissoid, 
the  conchoid  of  Nioomedes,  the  witch  of  Agnesi,  the  cubical  parabola,  the  lem- 
niscate,  and  the  cycloid.  Many  theorems  of  Eudidean  and  projective  geometry 
are  also  discusstd. 

Apparently  without  knowledge  of  .Sundara  l\ow's  work  H.  Wiener  gave  also 
in  1893  an  account  of  the  construction  of  tlie  regular  convex  polyhediJi  hy  pai)er 

'A.  F.  Moebius,  "Die  Theorie  der  Kreisverwandtechaft,  etc,"  ISoo;  (it&anuiicllh  Wtrix, 
Bill  I  1,  T.cipsig,  1885,  pp.  2S0,  307. 

*  GeomOrietA  Exerdtei  in  Faptr  FiiUing.  By  T.  Sundara  Row  .  .  .  Madras,  Addiaon  and 
Co.  A  new  edition  with  sfight  modifications  of  the  proofs  and  the  addition  of  a  "eon^erabk 

number  of  half-tone  n  proiluctions  nf  ai'tual  pliofographs  instead  of  tlic  lin(-<iru\vir]ps  of  the 
ohgioal"  was  brought  out  by  W.  W.  Beinau  and  D.  E.  Smith  in  1901  tChicago,  Upen  Court). 
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f<ddiog.*  When  it  is  recalled  that  for  over  a  century  the  simple  metliod  of  con- 
structing siu'li  polyhedra  has  been  given  in  text-books,  it  appears  that  Wiener's 
additional  coiitril)ution  consisted  almost  wholly  in  construrtinir.  by  paper  foldinp, 
equilateral  triangles,  squares,  and  pentagons — a  very  suiaii  portion  of  Sundara 
Row's  disciuaaon.  This  fact  is  not  made  dear  in  Klein's  remark  on  page  42  of 
the  English  edition  of  his  Famiotu  Probtem  in  Eiementary  Geometry,  Boston, 
Ginn,  1897. 

Finally,  reference  may  be  given  to  a  note  by  Fitz  Patrick  on  "  La  p6om§trie 
par  le  piiage  et  d^coupage  du  papier"  in  W.  W.  R.  Ball,  HecrecUiom  nwtkS' 
matiqueg  et  ^roblhnes  de»  imps  anckns  et  modemes,  troisi^me  partie,  Paris,  Her- 
mann, 1909,  pp.  341-360;  to  Mmenger  qf  Matkematiet,  1905,  Vol.  34,  ppw  142-3; 
and  to  VEdueixtion  MaihSmatique. 


NOTES  AND  NEWS. 
Editbd  by  D.  a.  RomtocK,  IncBiins  Univvnity,  Btoomiiigton,  bdnna. 

Dr.  J.  B.  Rosi^.NBACu  has  been  appointed  instructor  in  mathematics  at  the 
University  of  New  Mexico. 

Dr.  GoLDiE  P.  HoBTON  has  been  appointed  instructor  in  mathematics  at  the 

University  of  Texjui. 

Dr.  G.  II.  Light,  of  the  rnivcrsity  of  Colorado,  has  been  promoted  to  an 

assistant  professorship  of  mathematics. 

Dr.  £.  W.  i'oNZKU,  assi^itant  professor  of  applied  mathematics  at  Lelaud 
Stanford  University,  died  on  December  20,  1917,  as  a  result  of  an  accidental 
giinahot  wound. 

Mr.  J.  J.  Tansola,  until  recently  an  instructor  in  mathematics  at  the.  U.  S. 
Naval  Academy,  b  now  a  private  with  the  305th  Machine  Gun  Battalion,  Com- 
pany C,  at  Camp  Upton,  Long  Island. 

Mr.  FBSnBiacK  Wood,  instructor  in  mathematics  at  the  Univernty  of  Wis- 
consin and  a  charter  member  of  the  Association,  a  now  a  lieutenant  with  the 
32Sth  Field  Artillery  at  Camp  Custer,  Michigan. 

Dr.  J.  E.  Davis,  instructor  in  mathematics  at  Pennsylvania  State  College, 
is  enrolled  in  the  313th  Infantry  at  Camp  Meade,  Md. 

The  University  of  California  has  heen,  since  INIay  21,  1!)I7,  eorKluetinp:  a 
school  of  military  aeronautics,  in  which  about  five  hundred  cadets  are  being 
trained  in  an  eight  weeks'  course  in  flying.  Professor  B.  ^L  Woods,  of  the  de- 
partment of  mathematics,  a  charter  member  of  the  Association,  b  directing  the 
instruction  in  this  schooL 

*■  Kialidog  maOmnaHtdtK'  vad  malhematiaek^ff&Ocatitthtr  MoMU,  Appanit  und  InUmmmU. 
KaditiBK.  HflfMOiiBSBbeu  von  W.  Dyclu  Mandsen,  Wotf,  1803,  pp.  fiSHM. 
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Professor  A.  O.  Lexhcbneb,  of  the  University  of  California,  bas  been  delegated 
to  administer  instruction  in  the  navigation  scboob  conducted  by  the  U.  S.  Ship- 
ping Boaid  on  the  Pacific  coast. 

On  account  of  conditions  due  to  the  war,  it  has  been  decided  by  Harvard 
University  that  no  appointments  be  made  to  the  Benjamin  Petree  instructorships 

in  mathematics  during  the  present  year. 

Professor  J.  N.  Van  der  Vriks,  of  tlte  T^niversity  of  Kansas  atid  a  member 
of  the  Cotmci!  of  the  Association,  has  been  chosen  as  a  member  of  the  field  divlsi(jii 
of  the  U.  S.  Chamber  of  Commerce.  He  has  been  given  a  year's  leave  of  abseuce 
in  order  to  carry  out  certain  work  in  connection  with  the  organisation  of  war 
service  committees,  which  are  to  take  the  place  of  the  old  national  d^ense  council 
committees  and  thus  to  furnish  a  point  of  direct  contact  between  specific  indu^ 
tries  and  the  government. 

Professor  TTatitiis  Hancock,  of  the  University  of  Cincinnati,  was  elected 
treasurer  of  tlie  American  Association  of  University  Professors  at  its  Chicago 

meeting  during  the  liolidays. 

At  the  Pittsburgh  meeting  of  the  American  Association  for  the  Advancement 
of  Science,  iUsistant  Professor  G.  D.  BiiiKiiOFF,  of  Harvard  University,  was 
elected  vice-president  of  Section  A  (IV&thematics  and  Astronomy);  Professor 
F.  R,  MouLTON,  of  the  University  of  Chicago,  was  reelected  secretary  of  the 
Section. 

The  initial  number  of  Vol.  XL,  of  the  Ameriean  Journal  of  Maikevmtics, 
appeared  in  January  %\ith  six  mathematical  contributions  as  follows:  "Flat- 
sphere  geometry,"  by  J.  Eislakd;  "Irrational  involutions  on  algebraic  curves," 
by  J.  V.  De  1*obte;  "The  set  of  eight  self-associated  points  in  space,"  by 
J.  R.  MuassufAN;  ''Associate  minimal  surfaces,"  by  J.  K.  WBiTTBiioitx;  "On 
integral  invariants,"  by  F.  W.  Reed;  "Fundamental  regions  ior  certun  finite 
groups  in  St,"  by  H.  F.  PwcB. 

The  Science  Reporte  of  the  TAhoku  Imperial  Univnsity,  November  1917, 
contains  an  intoesting  mathematical  discussion  by  K.  Tehaza  wa  on  the  "Oscilla- 
tions of  the  deep-sea  surface  caused  by  a  local  disturl)ance."  The  presout  paper 
is  a  continuation  of  tlje  writer's  former  discussion  of  the  problem,  Proc.  Hoy.  Soc., 
London,  1915,  and  is  intended  to  complete  the  discussion  of  the  problem  of  central 
osdUations  with  the  initial  conditions:  (1)  when  an  initial  displacement  of  the 
free  anrface  is^ven,  witliout  init  i  il  It  ri '  ;  (2)  when  an  initial  impulse  is  applied 
on  the  stirface,  without  initial  surface  disjihicemcnt.  The  Siime  issue  of  Science 
Reports  also  contains  a  paper  by  T.  XuBOTA  on  "  An  application  of  binary  quad- 
ratic forms  to  geometry," 

The  concluding  ruuniu  r  of  \ 01  12,  Tohoku  Mathematical  Journal,  edited  hy 
T.  IIayasui,  Sendai,  Japan^  rect;ntly  appeared  containing  the  following  papers: 
"On  the  theory  of  representation  of  suifaces,"  by  K.  Ogxiba;  "A  theorem  on 
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limits/'  by  S.  NASUia;  "On  genraslised  ToepKts  theorans  on  limits  and  their 
appUcatioDs,"  by  T.  Kojma.  This  twelfth  volume  of  the  Journal  contains  334 
pages,  consisting,  for  the  most  part,  of  oripnal  papers  written  in  the  English 
language. 

A  continuation  of  the  discussion  of  "Mathematics  in  secondary  schools," 
following  the  investip;ation  conducted  by  a  committee  of  the  Chicago  Mathe- 
matics Club,  appears  in  School  and  Society,  January  12,  1918,  by  Professor  C.  N. 
Moore,  of  the  University  of  Cindnnati.  This  paper  is  devoted  chiefly  to  a 
criticism  of  Professor  Snedden's  discussion  of  the  same  subject,  in  School  and 
Society,  I>ecember  1,  1917.  "Mathematics  as  a  test  of  mental  efficiency,"  by 
Profcssc^r  II.  E.  Mohttz  of  t!ie  University  of  Washiogton,  appears  in  the  January 
12  issue  of  School  and  Society. 

"A  glimpse  at  early  colonial  algebra"  is  the  subject  of  a  most  interesting 
historical  paper  by  Professor  D.  E.  Smitu,  of  Teacliers  College,  Columbia  Uni- 
versity, in  School  and  Sodeiy,  January  5, 1 U18.  Professor  Smith  writes  concerning 
the  early  manuscript  ct^ies  on  mathematics  found  in  the  ootlections  of  colonial 
libraries,  and  in  particular  he  ^ves  a  description  of  a  manuscript  copy  on  algebra 
written  by  Svmuel  Langhox  under  the  direction  of  Isaac  Greenwood,  HolUs 
Professor  of  Mathematics  at  Harvard  l"ni\ersity,  1727-1738.  At  the  time  of 
writing  the  manuscript  on  algebra,  Lanodon  was  fifteen  years  old;  he  later 
became  president  of  Harvard  University,  serving  during  the  ibnerican  Revolution. 

On  February  3,  1918,  Dr.  Ellery  W.  Davis,  dean  of  the  college  of  literature, 
science  and  arts  of  the  University  of  Nebraska  and  professor  of  mathematics, 
died  of  pneumonia  after  a  brief  illness.  Dr.  Davis  was  a  charter  member  of  the 
MatJiematieal  Association  of  America.  He  was  present  at  the  recent  Chicago 
meeting  of  tiie  association  and  predded  at  one  of  the  sessions. 
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^  t  0^ 
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2-1  =  and  I'l  -  T(t)  O.  SUD- 

Bt        dt  9x  dx 

stityting  these  into. the  original  equation, 
we  find  that  the  Y^riables,  I  and  x^  can  be 
separated  by  divi-ding  throOgh  oy  f  e  where- 

d*T  ad^^  ^  ^. 

Upon  we  have      j  ♦t  =  m  j""2*&-      Since  the 

d  t  ci  x 
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the  solutions 
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whence  9  =  K iK aSi n [ nx+p J  sinlmnt+Pg) 

which  ne  may  then  reduce  to  a  more  useful 
form  : 

«'=  Z        An   sin[n(ximt) +6n  J  . 
n=o 
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uv-f V  du,   to  a  case  where  u=l/x  ana  dv-dx. 


we  get 


/?f  =  1,  /dx  -  fx-  [-1/x*) 

X  X 

1      *  fdx/x      whence  0=  1  .' 

=  -i—   arctan    [/     s    x]  . 
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RABBI  BEN  EZRA  AND  THE  mNDU^-ABABIC  PROBLEM. 

By  DAVID  £UG£N£  SMITH  and  JEKDTHIAL  GINSBUBO. 
When  Biomuog  put  in  the  mouth  of  Rabbi  ben  Esra  the  words 

"The  Future  I  may  face  now  I  iiave  proved  the  Past," 

he  wrote  bettrr  thnn  Tip  lr;f  w,  for  no  scliolar  of  the  twelfth  century  had  proved 
the  Past  more  thorougiily  tiian  he,  and  few  could  face  tlie  Future  with  greater 
contidenoe.^  Born,  very  likely  at  Toledo,  between  1093  and  1096,^  he  became 
known  as  one  of  the  most  learned  men  of  hia  time,  and  wm  the  author  of  nu- 
merous books,  a  traveled  scholar,  a  poet,  and  a  man  of  great  influttiiie.  He  died 
in  1167,  probably  either  in  Rouen  or  in  Rome. 

Of  the  many  lines  of  research  pursued  by  Rabbi  ben  Ezra,  one  of  the  most 
interesting  to  students  of  the  history  of  mathematics  is  that  relating  to  the 
introduction  of  Biadn  aatronomy  and  computation  into  the  Arabian  dvilintion. 
Of  that  remarkable  activi^  of  the  seventh  century  which  resulted  in  the  amal- 
gamation of  numerous  semi-nomadic  tribes  into  one  mighty  empne  we  have 
abundant  knowledge;  of  the  opening  of  the  golden  age  of  Mohammedan  civiliza- 
tion and  of  its  development  under  the  caliphs  of  Bagdad  in  the  eighth  and  ninth 
centuries  we  have  well-autlienticated  records;  of  the  influx  of  the  Greek  civiliza- 
tion through  the  translation  of  the  dassics  tA  AJegouidria  and  Atiiens  we  have  the 
witness  of  a  large  number  of  manuscripts  in  the  great  collections  of  Europe  and 

'  In  the  text  of  this  article,  the  name  iiabbi  ben  Ezra  will  be  used  because  it  ia  familiar  to 
EogUah  readers.  Properly,  the  name  should  be  written  Abraham  ibn  £sia,  although  it  often 
mpptmia  in  the  I«tin  timnaUtiooB  as  Abraham  Jodsua.  In  the  notes  we  shaH  use  the  form  Ibn 
Eira. 

*  For  a  discusBion  of  the  matter,  see  Steinschneider, "  Abraham  Ibn  Esra  "  in  the  Abhandlungen 
MT  MWdkia  tfr    alftsmaftt^  m, LeM.  1880. 
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America;  but  of  the  details  of  the  introduction  of  the  Hindu  mathematics  into 
the  region  of  Mesopotamia  we  are  still  in  need  of  further  information.  To  be 
sore,  we  hftve  Bome  noent  light  upon  the  subject  through  the  wiitiogt  of  Severas 
Sebokbt,  a  idigiom  echolar  of  the  aevNiih  oentiuy,'  but  the  pfoblna  is  still  far 
from  solution. 

Among  the  early  sources  that  tlirow  some  light  upon  the  situation,  and  which 
are  as  yet  unknown  to  most  European  and  American  scholars,  is  Rabbi  ben 
Ezra's  account  of  the  origin  of  Arab  science,  given  in  the  introduction  to  his 
translstion  into  Hebrew  of  a  book  writtra  by  Muhanuned  ibn  Ahmed  dplMHUil 
(973-1048)*  on  the  astronomical  tables  of  M  liammed  ibn  Mflsfi  al  Khowarizmi.* 
Although  written  in  Arabic,  this  work  of  el-Binlni  is  known  only  through  two 
Hebrew  manuscripts  of  ben  Ezra's  translation,  one  in  the  Bodleian  Library*  and 
the  other,  with  the  introduction  by  Kabbi  ben  Ezra,  in  the  library  at  Parma.' 
The  Hebrew  title  of  the  treatise  is  Ta'am^  LAdbdth  at  ChowArezml,  and  a  portion 
comprising  the  introduction  and  the  opening  paragraphs  of  the  book  itsdf  was 
publislied  by  Steinsf^ittder  in  1870,*  with  a  German  translation  of  the  major 
part  of  the  text. 

Inasmuch  as  only  a  part  of  this  important  work  has  appeared  in  any  modern 
language,  and  that  in  German,  it  has  s^med  desirable  to  translate  all  of  the 
fragment  from  the  Hebrew  text,  this  being  the  part  that  relates  to  the  introduction 
of  Hindu  niiitliematics  among  the  Arabs.   In  so  doing,  we  shall  make  use  of 

Steinschneider's  German  translation  only  for  purposes  of  comparison  in  the  notes.' 

As  to  the  historical  acctiracy  of  Hahhi  hen  Ezra's  statements  in  the  intro- 
duction to  his  translation,  it  has  been  said  that  it  is  doubtful  if  he  ever  \  isited 

'  See  J.  Cinsburg  in  the  Bulklin  qf  the  Atnerican  Malhematioal  Sodeiif,  Vol.  23,  page  366; 
L.  C.  KMXriaeki  ia  Setenee  tar  June  12, 1M2;  E.  R,  Ttaraer  in  J^ofniiop  8ei.  MonMy  tat  Deoember, 
1912 

'  Except  in  the  ause  of  imnieij  which  have  fairly  wcU-rec(^(ni2ed  English  forms,  like  lU  isiiowar* 
iimi,  the  transliteration  followed  i*  that  of  Sutler's  U«i  In  tb*  XWoncHuivm  «Mr  OMcMdkM  dlar 
Math,,  Bd.  XI,  Leipzit;.  1900. 

It  waa  fonnerly  supposed  that  this  author  waa  one  d-MutanS  of  whom  nothing  further  it 

known.  Suter,  however,  corrt'ctod  the  erroneous  imitrettfion  liy  .•showing  (BihUolhtcii  Math  inalxca 
(d),  IV  Bd.,  1903,  p.  126)  that  el-BtrOnl  and  el-MutanA  are  the  same.  Steinschueider  (On- 
mUsHttiwdtt  LtUratxvmitxtng,  IMS,  p.  480)  eqifa^  tin  mirtake  aa  due  to  aomo  oopyist  having 
combined  the  }>rth  nnci  y<yl  and  tJm  the  mik  and  «an  in  tba  Mme  «l>BMiit  {JTTfAvCit  thai 
obtaining  el-Mutan&  Ojno^. 

*  The  Mohunmed  hen  Muaa,  whose  algebra,  tnuudated  into  English  by  Rosen,  was  pub- 
liBhc<l  in  Ah  jjiven  in  Sutor'g  list  the  name  is  Muhftmmr-d  ibn  MfisA  il  Chnw Arcznil  (or 
ChwAreznil;,  AbCk'  AlHiiillAh.  Boe  also  Sutor's  introdut  tion  to  the  new  edition  of  iil  Khowarismi'e 
tables  (Copenhagen,  1914). 

«  Mich.  400;  No.  2006  in  Ncubaucr's  li.st  of  Htbr^w  MSS.  in  the  Boiilfijin  I.ibran*'. 

*  Rossi  212.  The  transcription  of  this  manuscript  ueeU  by  iitciaschncidcr  is  now  in  the 
library  of  the  Jewish  Theolc^cal  Senainaiy  of  America,  New  York. 

« "2iir  Gcadiiohie  dtf  UabeiaatMHigaB  ana  dem  ina  Anbiaohe^"  in  the  Ztittekrifi 

ier  dfauteAM  MorvtidOnditehm  Qtt^tdkaft,  Bd.  XXIV,  p.  325. 

'Use  is  iJso  made  of  iLi  notes  by  Steinachncidcr  and  of  the  m.iterial  piven  by  Suter,  I.  c, 
and  by  Wlisten/eld  in  hi.s  Gtschichte  der  arabitchm  Aertte,  Giittiugen,  1S40.  A  number  of  helpful 
suggestions  have  also  been  made  hSP  Pwfwor  Alowider  Man  of  the  Jeiriiih  ftwologkal  SeniiMty 
of  America,  N«w;Yatk  City. 
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India,*  but  this  would  not  be  at  all  necessary.  He  was  as  careful  a  writer  as 
any  of  his  time,  a  scientist  of  bigii  repute,  a  student  of  the  history  of  sciences, 
and  a  man  less  given  to  tiw  MeespUam  of  nm  tiadHion  than  va»  iuiia]]y  the 
eaae.  It  u  to  be  ezpeetod  fnm  hJa  icputatkm  that  he  would  have  eonauhed  the 
best  Arabic  sources  avaOahlej  although  we  have  At  pfeaent  only  slight  knowledge 
of  what  those  soi)rc<'<^  were,  and  although  no  manuscripts  thus  far  translated 
throw  any  light  upon  the  problem. 

The  following  is  a  translation  of  tiie  introduction  written  by  Rabbi  ben  Ezra: 
"In  the  name  of  the  Most  Holy  and  Revwed,  in  whose  help  I  tnut»  spake 
Abraham  ibn  Ezxa  the  Spaniard.   In  ancient  times  there  was  no  wisdom  and 
no  [true]  religion  among  the  sons  of  Ishmael,  the  tent  dwellers,  until  the  [author 
of  the]  Kora*  came  and  gave  to  them  from  his  heart  a  new  religion. 

"After  him  there  appeared  many  sages  among  them,  who  wrote  many  books 
on  their  laws;  but  at  last  there  appeared  a  great  king  in  Ishmael,  called  e's 
Saffah,'  who  heard  that  there  were  many  sciences  in  India.  And  he  gave  ordcfs 
to  search  for  a  scholar  who  should  know  the  language  of  India  and  that  of  Arabia, 
so  as  to  translate  for  him  one  of  their  books  of  wisdom,  although  he  feared  that  a 
calamity  might  befall  him,^  since  profane  sciences  [were  then  permitted]  in 
Ishmael  in  the  book  of  the  Koran  alone,  and  whatever  of  the  sciences  they 
reorived  {by  tradition]  was  (bdieved  to  be]  therein.  [He  had  heard  that]  in 
India  there  was  a  book,  very  important  in  the  councils  of  the  kingdom,  that  was 
arranged  in  the  form  of  stories  put  in  the  mouths  of  dumb  creatures,  the  large 
number  of  pictures  rendering  the  book  very  valuable  in  the  eyes  of  the  reader. 
And  the  name  of  the  book  was  Kalilah  we-Dimnah,'  wliich  means  the  Lion  and 
the  Bull,  because  the  first  gate^  of  the  book  refers  to  them.'  And  the  above 
named  king  fasted  forty  days,  hoping  to  see  the  angel  of  dreams  who  should 

*  Steinflchneider  adduces  a  proof  that  Ihn  Ezra  did  not  irvdt  India.  See  Zritiekr{fi  4tr 
deutaekm  Mon^nlOnduehtn  QudMwfit  Bd.  XX,  p.  430. 

'Forfcorm. 

'In  the  De  Rossi  codex  this  name  appears  as  Altsaphak;  but  evidently  the  Abbawide  el- 
Saffab  is  meant,  and  this  fixw  the  time  m  the  middle  or  second  h&M  of  the  eighth  century.  A 
•toailar  story  is  told  of  Nualiirvan  the  Just,  who  reigned  in  Persia  in  the  sixth  centtiry. 

worir,  tliat  the  Kbnm  was  not  all  nifficietit.      the  HebrBir  a  few  murds  ai«  onuttsd  but  tiui 

seemB  to  be  the  sense  of  the  passage. 

*  Called  by  the  Hindus  the  Kurtuk  Dumnik. 

*  That  is,  the  first  chapter. 

Although  the  first  chapter  (in  some  editions  the  second)  of  the  Kalilah  we-Dimnah  deals 
with  the  bull  and  the  lion,  the  name  of  the  book  is  derived  from  the  names  of  two  jackals,  Karattak* 
and  Damanaka,  wliioh  play  an  important  part  in  the  stories  of  the  subsequent  chapters.  See 
Theodor  Benfey's  introduction  to  G.  Bickel's  edition  of  the  8yriac  Kalilag  und  Damnag  (Leijuig, 
1876,  page  11);  WoUaston's  En^^ish  translation  under  the  title  Lightt  Canopua  (London,  1904); 
J.  Dcrenbourn,  "KaltlAh  et  Dimnfih"  in  the  BiljHolhkque  de  I'icoU  des  hdutet  Htuhn  fParis,  1881). 
The  first  edition  appeared  in  Juhanncu  do  Capua'.s  Directorium  humanae  vUae,  "El  vocatur  lib^ 
KeUle  et  dimne,"  Strassburg,  c.  1488-1493. 

In  thfS  Tdmud,  menlioiii  is  made  of  Ben  Ilglah  and  Ben  LaAoah,  and  the  relation  of  these 
tothoIUHlaliwe-INniudiwaBiAownbyWolf,  intto  Seealw 
Steioschneider,  in  Jewiih  Literature,  London,  1857  (p.  279,  note  i;  Heiger,  in  the  Jud. 
Ztittekrift,  VII  (1869),  1S9,  seta  fcnth  his  belief  that  i3en  'Hglah  aud  B«q  Laaoah  are  the  names 
ef  two  JewUi  anthciB. 
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allow  him  to  translate  the  book  into  Arabic.  Then  he  had  a  dream  in  harmony 
with  his  tboui^ts.^  He  theivupon  sent  for  a  Jew  who  lived  in  his  tune  and 
who  knew  the  two  languages,  and  he  gave  him  command  to  translate  the  book» 
since  he  feared  that  if  an  Arab  should  translate  it  he  nii|^  die.'  And  when  he 
saw  how  wonderful  the  hook  was,  and  so  it  really  is,  he  was  overcome  by  a  desire 
to  know  more.  Then  he  gave  great  wealth  to  the  Jew  so  that  he  might  journey 
to  the  city  of  Arin'  on  the  equator,  under  the  signs  of  the  itam  and  the  Scales, 
where  the  day  tluoughout  the  year  b  equal  to  the  night,  tthinldng  ' }  Perhaps 
he  will  succeed  to  bring  one  of  theur  wise  men  to  the  king  ['].  And  the  Jew 
went  [there]  and  indnlr::^^!  in  many  subterfuges,  after  which,  for  a  large  sum, 
one  of  the  wise  men  of  Arin  agreed  to  go  to  tlie  king,  and  the  Jew  swore  to  him 
that  he  would  not  detain  him  beyond  a  year  and  that  he  would  return  him  to 
hbhome.  Then  this  acholar,  whose  name  was  IlNKH,^  [was  taken  to  the  king] 
and  taught  the  Arabs  the  bas^  of  number,  that  is,  the  nine  numerals.* 

"From  the  mouth  of  the  learned  man,  through  the  Jew  [as]  an  Ishmaelite 
interpreter,  a  scholar  by  the  name  of  Jacob  ilui  Sharah*  translated  the  book  of 
the  tables  of  the  seven  plaueti  and  the  creation^  of  the  earth,'  the  degree  of  rise, 
the  establishing  of  the  houses,'  and  the  knowledge  of  the  upper  stars  and  the 
darkening  of  the  lights.**  No  explanation  of  these  matters  was  set  forth  in  the 
book,  only  operations  in  the  form  of  rules  to  be  accepted  on  faith."  The  average 
motion  of  the  planets  was  computed  according  to  Hindu  methodsi  their  cyde, 
called  ITazcrvan,  being  equal  to  432,000  years. ^- 

This  seems  to  have  been  looked  upon  tm  a  sanction  for  the  tnuwlation  of  profane  works,  for 
el  MAmfin  waited  until  he  saw  Aristotle  in  a  dream  befoie  ordering  tlw  tfandatton  of  the  Greek 

philosophers. 

*  That  is,  an  Ai&b  mipht  be  punisliLnJ  for  the  profanity  of  such  a  tronslatioo  wiale  a  Jew  might 
«wape. 

*  Atin  seems  to  have  boen  an  aetronomical  center  of  India,  like  Ujjain.  Indeed,  Rwinaiid 
thinks  the  two  places  mre  tlie  same.  Al  KhowariunTs  tables  were  eonstracted  on  the  basis  of 
this  meridiun.   See  Sutir's  edition  of  tlic  t.iblc-s,  1.  c. 

*  In  the  Hebrew  text  the  vowel  points  are  not  given.  The  name  may  be  Kanka  or  Kanaka; 
liar,  according  to  Megriti  (959),  Kudu  was  the  inventor  of  amicable  uumbcra. 

Hub  subject  is  deserving  of  a  more  extensive  report  than  is  possible  in  this  connection. 

*l!Tidently  the  decimal  system,  else  "bases  of  number"  wotdd  have  no  significance. 

'  Since  in  the  Spanisb  rabbiuic-al  si  ript  the  Il«;brew  letters  shin  and  Ihclh  arc  ea.'^ily  confused, 
as  also  the  letters  he  and  g<if,  a  scribe  who  was  not  familiar  with  the  name  mi^bt  ^ksily  have 
mittsn  Shanh  for  Tarik.  Hence  this  Jacob  ibn  Sharah  may  have  been  the  ssnie  as  the  Gunow 
aitronomrr  anc!  n5trol(>is'er  Ja'qt'lb  ibn  TArk|  mentioned  hy  d'BMknt  as  handnsbeeii  living  in  777* 

'  Literally,  "the  whole  work." 

'  \\  as  this  the  SAiym  Siddhiatn,  the  gnat  aatronomioal  woiIe  of  tlie  HiHii*,  wiittaa  in  tha 

fourth  century? 

*  Tliat  is,  in  the  sdieme  of  astrology.  The  pasaags  is  very  obeenre,  and  fwvenlwordii  omitted 

at  this  point  in  this  translation  sopm  to  have  referred  to  llie  ascension  and  declination  of  the 
planets.   Bteinschncider  was  al.'^o  unable  to  find  the  exact  meaning  of  the  passage. 
>"  Krlipses  of  the  aim  and  moon. 
The  Hindus  gave  no  proofs  of  their  prop<witions,  as  may  be  awn  by  examining  the  works 
of  Aryabhata,  Brahmagupta,  Maha  fr,  and  Bh:i.skara,  all  of  which  are  now  acceasiblc  in  txana- 
lation. 

"  In  the  S<bya  SiddhAnta  is  this  pasaage:  "To  deteroune  the  saura  years  contamed  in  this 
aggregate,  write  down  the  following  nambws,  4,  3,  2,  whidi  multiply  by  10,000;  the  product, 
4,320,000,  is  the  aracroKate  or  Mah.\j-uga.  .  .  .  Divide  Mm  aggregate  4^20,000  by  10 and  millti|4]r 
the  quotient  by  4  for  the  satya  yug."  See  Asiatic  Kesearchet,  1790,  U,  p*  230. 
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"After  [the  death  of]  Jacob  the  translator  there  arose  a  great  scholar  in 
Ishmael  who  knew  the  secrets  of  the  wisdom  of  counting  [and  uf]  chronology  and 
[who]  reduced  the  average  planetary  motion  to  the  em  of  Ezdeger,'  the  last  of 
the  Persiftn  kings,  for  the  Arabs  oonquered  the  kiiigd<nii  of  Posia  and  converted 
the  inhabitants  to  their  own  religion.  This  scholar  was  Mohammed  ibn  Mib4 
al  KhowSrezml  *  and  all  later  Arabic  scholars  do  their  multiplications,  divisions, 
and  extraction  of  roots  as  is  written  in  the  book  of  the  [Hindu]  scholar  which 
they  possess  in  translation.^  He*  prepared,  in  a  more  convenient  form  for 
students,  tables  which  -were  the  eqinl  of  the  work  of  KNKH,  but  he  gave  no 
explanation  of  his  statements.  After  him  there  arose  in  Ishtnael^  a  scholar 
called  cI-Fergilnf  *  who  set  forth  reasons  for  the  words  of  al  Khowarizrui.  After 
el-Ferpani"  another  great  scholar  translated  a  very  important  book  about  tiie 
stars,  written  by  Ptolemy,  king  of  Egypt,*  a  Greek  who  lived  a  thousand  years 
ago.'  This  book^*  is  perfect,  there  being  nothing  higher  in  the  science  of  the 
spheres,  their  secrets,  their  distances  from  the  earth,''  and  the  measure  of  the 
upper  stars  in  the  sphere  of  the  zodiac.  He  divide<l  them'*  into  si-x  clas.ses,  of 
which  the  first  (class)  was  called  the  first  glory.  He  established  the  number  of 
stars  in  eacli  class  and  enumerated  all  [the  stars]  in  the  forty-eight  constella- 
tions,^ namely,  the  oonatellatiMis  of  the  imtire  sphere  whidi  contains  1,0^  stars 
besides  the  dcnided  ones.'*  He  gave  reasons  for  all  corrections^*  and,  in  goietal. 

It  is  int«reatilig  to  note  that  the  uumbcr  4:^2,U()0  also  appears  in  the  Babykmiaa  chnniokiK]r« 
Aooofding  to  Berossus,  a  Babylonian  puiest  (2d0  B.  C),  the  antediluvian  kings  of  Babylon  reigned 
for  a  total  period  of  432,000  years.  See  W.  H.  Roecher,  Die  Z<M  40  im  Olmibm,  Bratusk  tmd 
SchiifUumderSemUt  n,  Ix-ipzi^,  1909,  p. 07;  H.  V.  HilpMcht,  Ma<h«llia<MBl  .  .  .  2Vlbleto/70lll  .  .  . 

Nippur,  Philadelphia,  190t>,  p.  21. 

>  This  begins  with  the  day  when  Jesdegiid  III  ascended  the  throne  of  the  SaMsaideB,  June  16, 

632,  of  the  Christian  caipiuiar  of  that  pcrioc!.  A!thoti;^h  the  Mohammedan  conquest  fsoon  im- 
poaed  the  calt'iKiar  of  Mam  on  most  of  I'eriiia,  liic  Jtzdegirdian  calendar  siirvivcd  among  Iha 
Persiiins  in  the  southern  provinces  and  in  western  India. 

'  Mohaaiined  the  son  of  Mows,  the  Khareimite,  who  flourished  in  Bagdad  eaily  in  the 
ninth  century  and  wlioaa  Algdr  v^al-Muqabata  g»v«  the  name  to  atgebra. 

*  It  probahly  this  work  which  al  KhowArtsmi  m:uh-  tlio  basis  of  the  treatise  on  computa- 
tion which,  ojs  is  well  known,  was  translated  into  Latin  in  the  twelfth  century  luuler  the  title 
LOter  Algorismi  (Book  of  al  KhowAriiint),  firom  irtdeh  we  have  the  word  aigeritm. 

*AlKbow&rizmt. 

*  Tn  the  original,  Israel,  probably  a  mJatake  of  the  Msribe. 

*  Ahmed  b.  Mtth.  b.  KeUr  el*FergM  <v  el>Feii|<bl  WM  one  of  the  afltronotnen  and  foOowera 
of  el-M&m(in. 

I  In  the  arigjnal.  ''after  Mm." 

•In  the  Middle  Age?,  and  even  later,  Claude  Ptolerny  fseiond  eetitury  A.  D.),  the  (jrejit 
astronomer,  was  conunoniy  mistaken  for  one  of  the  kings  who  reigned  under  the  name  of  Ptolemy. 

*  This  was  approximaieiy  eonect,  dnee  Ibn  Earn  Uved  in  the  twdfth  eentuiy,  wlule  Ptolenqr 
lived  in  the  second  oentwy. 

Almageat, 

B  Tlie  orif^inal  may  atoo  b«  traodaitad  as  motioin  idth  leqwet  to  the  earth. 

"The  stars. 

"  Literally,  "figures." 

Ptolemy's  tables,  edited  by  Peters  and  Knobel  (Washington,  1915),  give  4S  proupe  or  con- 
stellations and  1028  stars.  The  number  1,022  is  not  only  given  by  Ibn  Ezra  but  is  also  given  by 
cl-Fer^fl.nt  in  \u»  comjxniJiuiii  of  the  Almagest,  as  shown  in  a  Hebrew  MS.  of  thi?  iutter's  coin- 
pendium  now  in  the  Columbia  Univenity  Libraiy  (X  8d3,  T  522).  This  shows  that  the  number 
in  Ibn  Eara's  work  was  not  aa  etror  of  aome  acfUM.  Moreover,  in  the  MaaiUus  edition  (1912) 
of  the  Afanag^  the  munber  is  given  as  1,022. 


Digitized  by  Google 


104 


BABBI  BBN  ABD  THB  BDlBIT'iABABIC  FBOBUM. 


for  ever^-thing  found  in  the  tables  trausiated  by  Jacob  from  the  mouth  of  the 
Indian  scholar. 

"All  the  i»oofe  given  by  Pt(4emy  or  Ttlmi  in  his  great  book  Almagest  an 

perfect,  and  no  man  can  contradict  them,  for  these  are  proofs  from  the  scienoe  of 
magnitude  or  the  science  of  measurements,  which  is  colled  in  the  Greek  tongue 
Yeometria  and,  hy  the  holy  snf^rs  of  Israel,  Gematria.' 

"On  this  book-  commentaries  were  written  by  many  sages  in  Isbmael,  the  most 
disdngttished  emong  them,  in  mathematics  and  as^nomy,  being  the  sdiolar 
Muhammed  ibn  Mutani.'  He  (it  was  who]  aimpiled  for  one  of  his  family  a  very 
important  book  about  the  corrections*  of  the  planets  and  the  explanation  of  the 
contents  of  the  t^hlps  in  the  book  of  a!  Khowarizmi,  and  briefly  mentioned  the 
proofs  and  illustrations,  their  priucipies  being  taken  from  the  book  [called] 
Almagest.  In  certain  passages,  however,  bis  explanations  are  more  complete 
than  those  of  King  Ptolemy,  ajid  in  these  are  also  places  wh«re  he  sets  fortli 
mathematical  proofs  [whi  !i  were]  invented  by  himself.'  In  most  places  he 
agTWs  with  the  theories  of  el-FergSni  who  was  mentionwi  abovr.  For  the  sake 
of  clearness  his  book  is  arranged  in  the  form  of  questions  and  answers. 

"Said  Abraiiam  [ibn  i'zra]:  Except  in  a  few  places  there  is  no  difference 
between  the  nonuaP  of  the  planets  as  given  in  Ptdemy's  work  and  those  of  the 
Hmdu  scholar,  and  at  the  premier  time  I  shall  menti<m  how  this  difference  arises. 
I  have  written  a  book  on  the  mean  motion  of  the  planets,  and  on  the  head  and 
tair  of  the  iali^  as  observed  by  the  astrolabe,  because  the  positions  of  the  planets 

uStMnadmaider  traoatatfls  tht  Hutmm  void  tifouMm  as  "nomiB,"  but  ths  woid  also  means 
eoRiMtioM  or  iBtapolstiom,  and  this  to  much  more  In  harmony  wiUi  the  eontvct  at  this  point, 
although  in  '\yr>  lattT  t>enU'ncv!j  the  word  "norms"  scorns  more  appropriate. 

^Thia  l»  not  correct,  for  genmtria  was  entireiy  different  bcieoce,  in  no  way  related  to 
geometry.  It  is  probuble  that  the  error  is  that  of  some  copyist  of  Ibn  Ezra's  manuscript,  although 
the  latter  may  himself  have  been  at  fault.  Without  the  vowel  pointa  the  word  ran  V^c  read  either 
geometria  or  gcmatna.  Because  of  this  fact  the  pronunciation  ol  the  word  as  it  :ii  i  iara  in  the 
Talmud  wus  quite  urisettk>d  until  the  nineteenth  centun.'.  Ibn  Ezra  asserts  elsewhere  that  the 
Almagest  was  translated  into  the  Arabic  after  the  time  of  el-Ferg&nt,  and  at  any  rate  after  the 
time  of  nl  Khowarismi.  This  confirms  the  view,  expressed  by  Weber  (Hoxatra,  I,  321),  that  the 
Arabs  were  fiiniiliar  with  the  scienre  of  the  Ilindua  before  they  heramr  arquainted  with  the  works 
of  Ptoleniy.  (Sec  aijjo  Woepcke,  iSur  iintroduclion  de  1' AnUinUliqut  mduimc  en  ocddeni,  Rome, 
1 859,  p.  58,  and  Laasen,  Indieche  Alterth umskunde,  II,  1139.)  Reinaud  {Abrdfeda,  pp.  XLI-XLIII) 
aiatea  that  the  Almagest  waa  traitalatqd  oompletdy  into  Arabic  under  el-MAmOn,  hut  that  it  waa 
tnndated  into  Syriae  and  Hebrew  in  the  middle  of  the  eighth  eentuiy,  a  dodbtKil  itatemsat  as 
to  the  Hebrews  for  the  reason  that  they  were  not  generally  int(  re.ste<l  in  wuch  matters  at  that  tJttO. 
See  Sleuuichueiiler  iu  the  Zeitachrifl  der  DeiUtch.  Morgenl.  Gti^tilUch.,  XXIV,  page  337. 

'  The  Almagest. 

'  The  Muhammed  ibn  .\hme<I  eI-Btr{lln!  referred  to  in  the  note  Ott  page  100. 

*  ik-c  the  note  on  the  Ileljrcw  tikunim,  supra. 

*  Ijterally,  from  his  heart. 

*  See  the  note  on  the  word  iikumm,  Mupra.  We  have  taken  Steinschneider's  translation  here, 
dnoe  it  aeeme  to  make  better  lenee  than  "eomctions.'*  What  ii  apparently  meant  is  "taUea." 

*  In  the  Hindu  writings,  Ilahu  and  Ketii. 

*  The  talt  was  a  celestial  dragon  believed  by  early  writ^uit  to  be  the  cause  of  eclipses  and  of 
various  other  disturbances  in  the  heavens.  The  Chinese  attributed  eclipera  ot  the  moon  to  the 
fact  that  it  was  covered  by  the  head  or  the  tail  of  the  diagoo,  and  to  prareni  it  from  being doToaied 
they  tried  to  frighten  the  dragon  away  by  the  noise  of  egraibals  and  tambonrinsa. 

Hie  wnid  aldA,  nssd  Iqr  the  Babylooiaiis  to  mean  aoUpae,  la  eiideatiy  the  amuva  of  the 
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in  the  tables  of  al  Khowarimit  do  not  agree  witii  tiieir  observed  positions  by  9§- 

degrees.  It  is  my  opinion  that  the  idea  of  the  Hindu  scholars  as  to  mean  planetary 
motion  is  based  upon  the  representation  on  the  plane,  and  this  is  correct  according 
to  the  science  of  projection  but  not  according  to  the  science  of  astronomy.* 

"The  tables  in  Almagest  are  useless  for  the  reason  that  they  are  evidently 
corrupted.  Moreover,  they  are  not  in  accord  irith  the  paths  of  tiie  stars.*  The 
errors  are  not  due  to  Ptolemy,  however,  but  to  the  ancients  from  whom  he 
derived  [his  information],  and  this  I  shall  discuss  later  when  I  shall  have  com- 
pleted this  work.  The  norms  in  my  book  are  the  same  as  Ptolemy's  and  as  those 
used  by  all  Arabian  scholars.  [The  latter]  prepared  many  tables  and  were 
more  exact  m  thmr  work  than  Ptolemy,  and  I  shall  hereafter  «c|^n  the  reason. 
Only  the  norm  <rf  the  ran  is  notF  the  same  as  Ptolemy's,  bang  less  than  that  by 
29  minutes,  for  he  relied  upon  the  observations  of  ABRKS^  who  lived  208  years 
before  Ptolemy.'  He  could  not  have  relied  upon  tlie  testimony  of  Fitin  and 
Afitimon"  who  lived  about  1,000  years  before  him,'  for  they  could  not  have 
made  [as  good]  au  astrolabe  [as  the  one]  used  by  Ptolemy.  Hipparchus  had 
stated  that  the  position  of  the  sun  at  its  apogee^  was  in  his  time  at  5  degrees  of 
the  Twins,*  and  since  Ptolemy  fonnd  it  in  nearly  the  same  place  he  inferred 
that  the  position  of  apogee  of  the  sun,  unlike  the  positions  of  apogee  of  the  five 
planets,  does  not  change;  but  many  scholars  found  that  it  changes  as  well  as 

S:.Tiar  word  ataUa  tad  iba  fUbttm  laU,  both  of  lAidi  idgptify  dntpm  and  sre  wed  In  eonnoettoa 

with  wlipeea. 

This  idea  of  the  power  of  the  akdia  mi  ridiouled  by  8bwiib  Baboldiil  in  Ihs  ■eventh  oolitiiiy, 

aod  of  course  Ibn  Ezra  had  no  illusioiu  concerning  any  dragon. 

See  Morris  Jeustrow,  Rdigioua  Belief  in  Babylonia  and  Syria,  page  213;  M.  F.  Nau  in  the 
Journal  atnalique,  1910,  ser.  X,  Vol.  16,  pa(?e  219. 

>  literally,  "is  aocoiding  to  tiie  image  of  the  galgal,"  etc.  Galgal  means  a  circle,  and  the 
pumgs  pnbiibly  smum  that  the  Iffindus  tliidiBd  phnfltaty  motikm  fiom  the  r^wdentation  of 
the  heavena  r«  rirrnlar,  on  a  plane,  rather  than  from  a  releatial  sphere.  The  pa!?sagc  is  more 
obscure  tlian  any  other  in  the  book,  and  8teinschneider  Vt-m  aluo  unable  to  satisfy  hiuiself  m  to 
its  exact  inpaning. 

*  LitenUy,  "do  not  follow  the  my  of  the  images."  The  peowge  ii  obecare,  end  may  refer 
to  the  pathe  of  the  phnete  itt  the  oonstdlatioiia  or  to  the  lodiao. 

'lalbn  Ezra's  vvr  rk  Ik m  described. 

♦  That  is,  Hipparciius,  who  lived  about  140  B,  C.  Query:  is  there  auy  relation  of  Abrks  to 
the  Gnostic  term  abraxas? 

Peters  and  Knobel,  I.  e.,  page  7,  agree  with  Delambre  that  the  catalogue  of  atara  in  the 

Almagest  is  due  to  Hipparchus.   This  was  Ibn  Esra's  opinion. 

»  Tills  is  only  approximately  correct  ,  since  Ptolemy  lived  in  (he  second  century  A.  D.  Proh> 
ably  the  208  ia  a  scribe's  error  for  280,  since  Ptolemy  himself  speaks  of  Uippait^us  as  liaving 
fired  285  years  earlier  than  he. 

•That  is,  Meton  and  Euctemon,  who  flourished  in  the  fifth  rentun,'  B.  C.  Ptolemy  slates 
{AlmoQeM,  III,  1,  which  la  Vol.  I,  p.  141  in  the  translation  of  Manitius)  that  he  had  to  omit  all 
reference  to  the  observations  matle  by  the  school  of  Meton  and  Euctemon.  On  the  names  used 
Ibn  Esra,  see  Isak  Israel,  Jesod  01am,  IV,  7;  Mag.  jOr  die  Literalur  da  Avdandet,  1846« 
p.  378. 

In  the  fraisrment  of  Levi  ben  Abraham's  work  on  antrology  (God.  ReO^  18,  foL  noW 
Cod.  Oxf .  2028)  the  names  appear  as  Meton  and  Euctemon. 
»  Probably  600  years  would  be  nearer  the  truth 

•  Uteial^,  "Place  of  the  hi^^  point  of  the  nm." 

•  Be  fmnd  tt  to  be  6*  aiK  in  th*  yeif  140  B.  a 
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in  the  case  of  the  planets.  Its  position  now,  in  the  year  1160  of  the  era  ol  the 
undrcumcised,'  is  25  degrees  of  the  Twins. 

"And  these  are  the  learned  men  of  Ishmael  who  observed  the  point  of  apogee 
ol  the  sun,  not  all  of  whom  lived  in  the  same  generation: 

"The  first  was  the  Arabian  scholar*  .  .  .  and  JahjS  ibn  Abi  MansAr'  and  d 
Mens'adi*  and  Ibn  al  MokafTa-a,'  el  Kufi,'  Jacob  al  Kind!/  Thiibit  ibn  Qora,* 
al  Hakemi*  the  Hindu,  Theon  of  Alexandria/"  Ibrahim  ez-Zarkali'^  the  Spaniard, 
el-Bataiii,^  Ibn  Alostay,"  and  Ibn  el-Alam«^* 

"And  now  I  shall  begin  to  translate  the  book  of  die  IshmadI  scholar.*'' 

"Here  beginneth  the  book  of  Muhammcd  ibn  al  Arutani  ibn  Abdul  Karasi** 
ibn  All  Ishmael  explaining^^  the  tables  of  al  Khowarizmi.  You  remember  what 
you  saw  in  [the]  tables  of  the  planets,  [namely,]  mistakes  and  disagreements  and 
[evidences]  tiiat  their  authors  did  not  give  any  proof  for  what  they  told  us  to  do, 
but  they  IdFt  it^  to  us,  and  presented  them^*  as  a  matter  of  tradition  without  [any] 
discussion.  In  the  case  of  a  book  of  this  kind  the  readw  may  attribute  to  its 

*The  daf-e  of  the  work,  seven  years  Lffort-  Ibn  ICzra's  dcadi. 

*  The  nariK-  is  omitted  in  the  Hebrew  text. 

*  He  lived  in  the  time  of  the  caliph  el-Man9CU'.  See  the  Zeitschrifl  Jur  Mallmnatikf  XII,  81, 
wq.;  Suter's  list,  p«ge  S. 

*  Steinschnririrr  irlrntiflr5i  him  as  pn?»ihly  Merwcsi  or  cl  Merwadsi,  tlw  BftbM  d  HlAib  €^ 
Merwazt  of  Suter's  list.   lie  U%ed  m  Bagdad  in  the  time  of  el-MAmdn. 

»  Not  in  Sutw'e  Mat. 

*  Probably  an  error  for  el-SOfi,  that  is,  'Abdcrrahm&n  ibn  'Omar,  Abdt'l-HoBein,  el-8(jft,  who 
died  in  966.  His  work  on  the  fixed  stare  was  translated  into  French  in  1874.  '  Possibly,  however, 
Ibn  Esra  meaoB  Muhammed  ibn  ZijAd  ibo  d-A'tftfat  of  Kllfa,  who  wiote  OH  Mtmooiny  as  weU  «• 
lanpmgfi,  and  who  died  about  846. 

*  For  the  transbtkm  of  his  works  into  Hebrew,  see  ZeUMtkrift  der  Margnd.  (7esef2KA.,  XVIII, 
181>  181.    For  his  wurk  on  Hitula  aritlmictic,  see  Woepcke,  \fSm.  sur  la  propagation,  159. 

*  TAbit  ibn  Qorrit  ibn  Mc  rvvsiu,  Abul-Haean,  cl-HarrAnt  (820-901),  one  of  the  foremost  Arab 
astronomers. 

•Queried  by  Steinschneidcr.  There  wrre  several  Aralj  scholars  of  this  name,  but  doubtless 
the  caliph  Hakem  (996-1021)  is  meant,  after  wlioni  tlic  Ilakcm  Tables  composed  by  Ibn  Junis 
were  naniL'd.    Tlie  words  "the  Jliiidu"  are  manifestly  incorrect. 

■*  Of  comae  Thoon  was  not  one  of  the  "learned  men  of  Ishmael,"  so  that  Ibn  Ezra  uses  the 
torn  nrtber  looedy. 

"  Ibr&htm  el  Zarqu&la,  or  Zarq&If,  a  famous  Spanish  instrument  maker  of  the  eleventh  centUiy. 
See  Zeitachriftfar  Math.,  XII,  34,  36;  Steinschneidcr,  Etiuiet  sur  Zarkali,  lUane,  18S4. 

"  Muhammed  ibn  GAbir  ibn  Sin&n,  AM  Abdall&h,  el-Batttilt, a  famous  astronomer, Imown  in 
Europe  under  the  name  AUiatacnius.  He  died  in  920. 

"  The  name  Is  doubtful. 
Probably  the  astronomer  and  ai^trologcr  'AXt  ibn  el-Hosein,  AMkl  Qteim  el- Alawt,  known 
under  the  name  Ibn  el-A'iam  who  died  in  985. 

"  Beginning  at  this  point,  Stdnsdmeider  poblMied  only  the  Hebrew  test  of  tbis  fmgment 
from  Bodleian  MS.,  Mirhael  -IW,  without  translation  or  comment.  The  not  of  the  text  isatOl 
unpublished.   8ce  also  the  Zeilung  d.  Morgenl.  GcselUch.,  XXV,  p.  421. 

"  The  transBtemtion  is  do«tblfaI»  SteiMclmeider  gives  Al  Karus.  On  d-BlrAnl  see  tho  note 
on  pate  100. 

The  Codex  Midi.  835  be^ns:  "This  book  was  written  by  Ahmsd  .  .  .  slkerim  for  his 

brothtT  Mulianimed  ben  Ali  ben  lahmael"  etC. 
"  Literally,  "about  the  reasons  of." 
■*Tfaat  ii»  the  ptoriag  of  the  (qperatioas. 
»  That  is,  the  rales. 
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author  one  of  two  things:  either  he  does  not  himself  understand  the  explana- 
tions, having  merely  learned  the  facts  from  someone,  or  he  is  jealous  of  his  great 
wisdom  and  does  not  care  to  reveal  it.  We  liave  already  seen  that  scholars  of 
undottbted  urisdom  did  the  same,  as  in  the  case  of  Al  Khapash^  in  his  work  on 
grammar,  known  ns  Aloust,  the  result  !)eiiig  that  men  learned  in  the  st  ience  of 
grammar  rlrcided  that  his  book  was  suited  neither  to  n  teacher  nor  to  a  student. 
You  recall  that  you  have  found  the  same  thing  in  al-Khuwarizmi's  tables  and  you 
attributed  it  to  the  condensed  form*  of  the  work  or  to  the  sdfishness  of  the 
author.^  You  also  remember  that  you  found  the  work  attribyted  to  el-Fcrg&n! 
very  far  from  perfect  and  even  unsatisfactory  for  the  uses  to  which  you  might 
wish  to  put  it,  and  you  saw  that  he  exphiined  things  that  are  clear  and  are  easy 
of  comprehension  while  omitting  ail  that  was  difficult  and  complicated,  and  yoll 
asked  me  for  explanations  so  that  nothing  should  be  concealed  from  you.  There- 
fore I  explained  all  you  asked  for,  and  thia  will  help  your  understanding  and  will 
satisfy  any  mathematician  and  man  of  science  like  yoursdf,  and  may  God  be 
my  helper. 

"Referring  to  what  you  have  said  about  el-Fergfini,  [namely,]  that  you 
found  his  work  far  from  perfect, — I  have  read  it  and  have  also  found  it  so;  but 
I  have  found  in  el-Fergtol's  book  many  things  that  showed  him  to  be  a  wise 
man;*  and  the  thought  has  occurred  to  me  that  el-Ferg&nt  had  .  )i  ked  out  in 
his  mind  the  commentary  on  the  hook  and  the  proofs  [to  be  furnished],  l)ut 
death  overtook  him  and  he  was  unable  to  complete  it.  Now,  however,  someone 
has  transcribed  it  and  attributed  to  him  [as  complete]  what  still  lacks  the  explana- 
tions. It  is  also  possible  that  he  completed  his  work  before  he  died,  but  that 
part  of  it  was  lost,  or  that  the  book  feU  into  the  hands  of  some  ignorant  person 
who  ruined  its  perfection,  and  so  we  cannot  attribute  these  faults^  to  a  lack  of 
knowledge.*  It  is  true  that  these  things  will  not  be  understood,  however,  by  a 
man  who  is  ignorant  of  mathematics.^  I  have  already  written  a  book  on  selected 
topics  of  this  wmk  and  have  arranged  it  in  gateaF  in  the  form  of  questkms  and 
answers,  so  that  it  explains  more  fully  all  that  you  may  wish  to  know,  and  this  is 
easier  to  understand  and  more  convenient  to  study  and  remember,  aiid  I  trust 
in  the  Creator  that  T  may  succeed  in  satisfving  your  wi?h.  Question:  Why  did 
Muhammed  al  Khowari/.mi  say  that  to  compute  the  Arabian  month  [it  is  neces- 
sary] to  take  the  whole  number  of  the  Arabian  year, » write  it  in  two  ditlerfcut 
places,  multiply  one  [number]  by  354,  retaining  it;  then  multiplying  the  other 
by  13,  dividing  [the  product]  by  30,  and  then  adding  the  quotient  to  the  other 
result?" 

This  completes  the  translation  of  the  Hebrew  text  as  published  by  iStein- 

i  The  name  is  doubtful.  It  ta  {wobably  Akhfaah,  who  died  b^jiK>35. 

*  Literally,  sbortnen  or  brevity. 

*  That  ia,  his  jcaloiuy      others  tliould  share  his  wildoin. 

*  That  is,  that  he  was  right. 
» Literally,  "things." 

*  That  is,  on  the  part  of  el-FergAn!. 

*  That  is,  by  such  a  man  as  evidently  tianscribed  the  work. 
*/.    in  dwpten. 
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Schneider  from  the  Parma  codex^  and  it  covers  Ibn  Ezra's  introduction.  The 
text  of  el-Btrfinl  is  in  a  manuscript  in  the  Bodleian  Library,  and  has  never  been 
published. 

THE  THEORY  OF  SBlILAll  FIGURES. 
By  KOG£K  A.  JOUNSON,  Western  Keserve  Unhreraty. 

The  object  of  this  paper  is  to  place  in  a  new  and  ju  rluips  a  more  satisfactory 
light  the  elements  of  the  well-known  theory  of  two  and  of  three  directly  similar 
fit'ures  in  a  plane.  The  attempt  has  been  made  to  keep  in  the  forcprotind  the 
idea  of  determining  each  of  such  a  set  of  figures  by  a  base-line,  that  is,  by  one 
of  a  set  of  homologous  line-segments.  This  notion  darifies  the  conception,  and 
appreciably  simplifies  the  treatment;  further,  as  shown  below,  it  enables  us  to 
avoid  certain  false  proofs  which  are  to  be  found  in  the  usual  discussions  of  this 
subject.  The  use  of  directed  angles^  is  again  advantageous,  but  of  course  not 
essential. 

The  fundamental  operations  of  elementary  plane  geometry  are  four  in  number: 
(a)  Tratulaiim,  or  motion  of  a  figure  sueh  that  every  point  is  moved  the 

same  distance  in  the  same  direction, 

(h)  Rotation  about  u  fixed  j)()iiit, 

(r)  Reflection  with  regard  to  a  fixed  line,  which  is  the  same  in  effect  as  turning 
the  plane  over  on  this  line  as  axis, 

{d)  Expansion  with  regard  to  a  fixed  point,  whereby  the  distance  of  each 
point  of  the  figure  from  the  fixed  point  is  increased  or  decreased  in  a  constant 
ratio  (the  same  word  expansion  is  used  in  all  cases,  whether  the  figure  is  actually 
enlarged  or  diminished). 

If  any  figure  is  subjected  to  any  succession  of  these  operations,  the  resulting 
figure  is  similar  to  the  original  one;  conversely  it  is  easy  to  see  that  if  two  dmilar 
figures  lie  in  a  plane,  one  can  be  brought  to  coincide  witfa'tfae  other  by  a  cmubina^ 
tion,  for  instance,  of  a  translation,  a  rotation,  and  an  eicpanslon.  Our  first  object 
shall  be  to  simplify  this  combination. 

As  ii  first  leniiiia,  wo  may  note  tiiat  if  we  operate  on  one  of  two  directly  similar 
figures  ill  such  a  w  uy  that  two  of  its  points  come  to  coincide  with  the  corresponding 
points  of  the  other,  the  figures  coincide  throughout. 

Temporarily  we  shall  use  the  word  homology  to  designate  the  combination 
of  a  rotation  and  an  expansion  with  regard  fo  tlie  same  center. 

Theorem  1.  (Hrrn  fim  h'nr  srfjvvrif.v  M .\,  .U'A  ",  tlirre  exists  a  single  operar 
iion,  eitlier  a  iranslution  or  a  homology,  that  carries  MM  into  M'N'. 

Cote  i.  If  MN  and  M^N*  are  equal  and  parallel,  and  extend  in  the  same 
direction,  a  translaticm  that  carries  M  into  M'  will  carry  N  into  N\ 

Case  n.   If  MNN'M*  is  a  trapezoid,  and  MM*  meets  NN*  at  P,  an  expansion 

'  "  Directed  Angles  m  ElenwaiUtfy  Geometiy,"  R.  A.  Johnson,  thb  Moktblt,  March,  1017, 

p.  101  a. 
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with  regard  to  P,  followed  by  a  rotation  through  180°  when  P  h  between  the 
parallels  MN  and  J/'iV,  carries  M  and  N  into  M'  and  N'  respectively. 

Ciue  iii.  It  MN  and  M*N*  are  segments  of  tbe  same  straight  line  not  com- 
ing under  case  i,  we  may  tdce  a  segment  PQ^  so  that  M*N'QP  is  a  rectangle. 

Let  R  be  the  point  located  as  in  case  ii  for  MN  and  PQ,  and  let  C  be  the  foot 
of  the  perpendicular  from  H  to  the  line  MNM'X'.  Tlien  MN  is  carried  into  M'N' 
by  m  expansion  with  regard  to  C\  followed  if  necessary  by  a  rotation  of  180** 
about  C. 

Ctue  iv.  In  the  general  situation,  MN  and  M'N*  intersect  at  a  point  A. 

Let  ( ii  (  Its  MWA  and  NN'A  intersec  t  a  -eoond  time  at  (';  then  trianL'li  s  MNC 
nnrl  M'N'C  arc  directly  similar,  and  if  we  rotate  M'X'C  about  C  until  CM' 
falls  on  r  J/,  then  expand  until  W  falls  on  M,  wc  shall  have,  moved  iY'  to  the 
position  iV. 

In  particular,  one  or  two  of  the  given  points  may  fall  at  i4:  for  instance, 

let  A  and  M  coincide;  then  for  the  circle  MM' A  of  the  proof  just  given,  we  use 
the  circle  through  M  and  M'  which  touches  MN  at  M,  and  the  proof  holds  as 
before.  If  both  M  nnd  M'  are  at  At  or  if  the  circles  are  tangent  there,  then  the 
point  C  is  also  there. 

Theobsii  2.  //  too  dtra^y  tvmOar  figurtt  Ufiina  -plane, 

(a)  If  thejf  are  congruent,  toith  eorreeponding  eidee  paraUd  and  esetendittif  in  the 
same  direeHonf  a  translation  totU  carry  one  into  coincidence  with  the  other. 

(b)  In  everif  other  case,  there  exist  a  point  C,  called  ilw  rrnter  nf  similitude,  a 
number,  the  ralio  of  t<irnilifndc,  and  an  angle,  the  angle  of  simiiiiude;  if  one  fignre 
is  rotated  about  C  through  this  angle,  and  expanded  from  C  in  this  ratio,  it  is  thereby 
made  to  eoineide  ieUh  the  other  figure. 

Corollary.  The  center  of  simiHtude  is  self-homologous  in  the  two  figures, 
and  is  the  only  self-liornologoiis  point;  in  other  words,  if  we  can  determine  a 
self'homologous  point,  wc  thereby  find  the  center  of  similitude. 

We  notice  a  few  interesting  applications. 

Theobem  3.  If  one  vertex  qf  a  triangle  of  eoneUatt  form  ie  held  fast,  whUe  a 
eeeond  vertex  iraeee  any  figure  whatever,  the  third  vertex  traces  a  similar  figure. 

Theorem  4.  //  one  of  two  directly  similar  figures  is  held  motionless,  while 
the  other  rotates  about  a  fixed  -point,  the  renter  of  similiivde  traces  a  straight  line  or  a 
circle,  according  as  the  given  figures  are  equal  or  unequal. 

CoROLLABT.  Obviously  two  circles  may  be  regarded  as  sLpiilar  figures  in 
an  infinite  number  of  ways,  with  any  point  of  the  one  homologous  to  any  point 
of  the  other;  the  locus  of  the  centers  of  similitude  is  a  cirde,  the  locus  of  a  point 
whose  distances  from  the  centers  of  the  pivcn  circles  are  proportionnl  to  the 
radii  of  the  latter.    This  is  called  the  rirrjr  nf  ainiiliiiule  of  the  two  circles. 

TuEOKKM  o.  If  a  figure  is  muted  in  a  plane  without  change  qf  form  or  size, 
SO  (hat  two  of  its  points  renuUn  constantly  on  fixed  intersecting  lines  of  the  plane,  the 
locus  of  the  "  instantaneous  center  of  rotation  "tea  circle  whose  center  ie  the  tnftir- 
eection  of  the  fixed  lines. 

We  may  interpret  these  results  in  terms  of  maps  of  a  plane  region  superposed, 
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the  same  side  up,  on  a  table.  We  see  that  there  is,  except  in  one  special  case, 
one  point  whose  images  in  the  two  maps  ooindde;  tliis  may  be  oaDed  the  double 
point  of  the  two  maps.   In  practise  this  double  point  would  of  course  often  fall 

outside  the  Ix.iuiidaries  of  actual  maps.  Tf  one  map  is  held  fast,  while  the  other 
is  rotatcHl  about  a  pivot,  the  double  point  traces  a  eircle  or  a  straight  line,  accord- 
ing as  the  maps  are  on  diiierent  scales  or  the  same  scale.  Our  other  theorems 
^n'as  well  be  int^reted  in  this  way. 

We  consider  next  the  properties  of  three  maps  lying  on  a  table;  in  other  words, 
the  relations  among  three  directly  similar  figures  in  a  plane.  Each  two  of  tliem 
determine  a  double  point,  or  center  of  similitude.  We  will  designate  the  fiariires 
by  I,  II,  III;  then  the  center  of  similitude  of  II  and  III  shall  be  called  Ci,  that 
of  III  and  I,  C2,  and  that  of  I  and  II,  d.  Thus  Ci  is  self-homologous  in  II  and 
III;  and  so  on. 

It  is  immediately  evidrat  that  the  situation  admits  numerous  special  cases, 

for  even  in  the  simple  case  of  two  fifrures  (Theorem  1)  there  are  several  ca.ses 
to  consider.  We  shall  confine  ourselves  to  the  most  general  case ;  similar  methods 
may  be  applied  to  any  special  case,  yielding  similar  results.  For  instance,  we 
shaJl  «cdude  case  i  of  Theorem  1 ;  thus  we  shall  always  have  three  actual  centers 
of  similitude. 

I^et  us  then  consider  three  similar  iSgu res,  dcterniined  by  homologous  segments 
or  base-lines,  MiNi,  MiN^,  J/jA%;  let  these  lines  be  not  concurrent  nor  parallel, 
but  form  a  triangle  LxLiLi.  If  Ci,  Cj,  C»  are  the  centers  of  similitude,  triangles 
MtNiCi  and  M sNiCi  are  similar;  and  so  on.  We  know  that  Ci  is  the  intersection 
of  cirdes  LiMtMt  and  LiNnNti  and  so  on.  Now  the  circles  LiMzMz,  LiMiMu 
LtMiMi  intersect  at  a  point  M,  and  the  cirdes  LiNtNt,  InN^Nu  L^NiNt  at  a 
point  .V.' 

Theorem  0.    The  points  M  and  N  lie  on  the  circle  or  line  CiCjC'3. 
For 

—    LiCu  LtCv 

Similarly 

If  now  JUCz  and  Z^Cs  are  not  parallel,  but  meet  at  a  point  then  the  drde 
through  Cs,  if  and  N  passes  also  through  Ca,  and  therefore  through  Ci.  X  is 

also  on  this  (•irele. 

On  the  other  haixl,  if  L^C^  and  are  parallel,  tlic  above  eqnntions  show 
tliat  M  and  A'  lit-  on  the  line  CiC:^,  and  it  comes  at  once  that  d  is  on  the  same 
line,  and  LxCi  is  parallel  to  LjC's  and  L^Ui. 

CoROLLABT.  We  may  construct  a  system  wherein  the  centers  of  similitude 
are  eollineur,  or  a  system  wherein  they  lie  on  an  actual  circle. 

^  Loc  eit.,  p,  103. 
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For  if  the  triangle  L\LJj%  and  segments  M-:Ni  and  J/sA^  are  given,  Ci  can 
be  found.  We  may  put  C'j  an\'A\'here,  then  C'3,  Mi  and  ^Vi  can  be  located. 
According  as  we  make  CiLi  and  C%ln  parallel  or  intersecting,  CiCzd  will  be  a 
line  or  a  finite  circle. 

In  the  sequel  we  shall  confine  our  attention  to  the  case  that  Ci,  Ct,  Ci  lie  on  a 
circle  of  finite  radius;  tlie  reader  can  easily  deduce  the  correspondinc:  theorems 
when  they  are  collinear.  The  circle  CiC^Cz  is  called  the  circle  (•}'  siinHitiule  of 
the  three  figures,  and  ihe  txiaugle  C1C2C3  is  called  the  irianyle  of  similiiude. 

Theorem  7.  Tke  Um9  LiCu  Lfiti  Lfi*  ^  etmeurreni  ai  a  potnl  X  mike 
eirde  of  similitude.  That  it,  the  triangle  of  any  three  homologous  lines  w  in  prr- 
a-ppctlve  with  the  irianf/le  of  eimiUtude;  ihe  center  0/  perepet^ise  Uee  on  the  circle  of 
nmiUtudc} 

For  we  have  just  seen  that  ijCj  and  LzCa  meet  at  a  point  X  on  the  circle  of 
siinifitiide;  eadk  ci  tlwae  mast  also  nwet  LiCi  on  the  same  drde.  But  1^0$,  for 
instance,  meets  the  eirde  at  Cj  and  at  only  one  other  point;  in  general,  LiCi  and 

Lid  do  not  pass  through  C3;  hence  all  three  of  these  lines  are  concurrent  at  X. 

Theorem  8.  //  tke  lines  XL\,  XL>,  A'Zi  arc  divided  proportionally  ai  Li, 
Li,  Lzi  then  Li'Lt',  L3L1,  L1L2  are  parallel  r&fpectively  to  L^Li,  L3L1,  LiL^, 
and  are  homologous  lines  in  the  similar  figures.  In  particular,  linee  through  X  and 
paraUd  to  LJn*  L^Li,  LiLt  reepeeHxtt^  eofntiibxU  a  eet  qf  eoneurrent  homoiogout 
lines. 

Theorejt  9.  Cnnrrrsflij,  if  three  homologous  lime  ate  concurrent,  ihe  poini  of 
concurrence  lien  on  (he  circle  of  simiUlude. 

The  easiest  proof  is  made  by  returning  to  first  principles.  Let  MiNi,  MtNt, 
MzNt  be  homologous  segments  whose  lines  are  concurrent  at  Zt.  Let  an  inver* 
sion  with  regard  to  Z  as  center  carry  Mi,  Ni,  etc.,  into  Mi',  .V,',  etc.  We  now 
have  two  triangles  My'Mt'Mz,  NiN^Nz  in  perspective  at  Z;  therefore  the  inter- 
sections of  corresponding  sides  arc  collinear.  Let  Mi'M/  meet  N.'Ni  at  C\\ 
then  inverting  back  to  the  original  figure,  the  inverse  of  this  point  Ci  is  the 
intersection  of  cirdes  MzMaZ  and  N^NiZ,  or  in  other  words  the  center  of  simili- 
tude Ci.  But  if  C\f  C%*,  Ct*  lie  on  a  line,  then  Ci,  Cs,  C«  lie  on  a  cirde  through 
the  center  of  inversion  Z,  and  the  proof  is  complete. 

Theorem  10.  There  are  three  fured  poinf.<t  on  the  rirrJe  nf  xivrilitude;  any  set 
of  concurrent  iiomoLogaus  lines  pass  respectively  through  these  points.  They  are 
caUed  the  inmriahle  points  of  the  system. 

'  .^o  far  as  tiie  writer  can  ascertain,  this  well-known  theorem  has  never  been  proved.  The 
proofr,  a5  Kivrn  by  M( (  UJland  and  Lm  liLm,  for  infrtancc,  are  based  on  a  fal.se  theorem,  namely: 
"if  two  triangles  ore  AiAtAt  and  PQR;  U  the  icngtiu  of  the  perpendiculars  from  P  to  AtAt, 
A^Au  AiAt  ue  pi,  fh,  pij  and  10  on;  then  if  AiP,  Ail,  AtB  an  coneuRcot, 

and  conversely."  'I  ho  <  onverse,  Vrhioh  is  used  in  our  theorem,  is  faL'^e:  for  e.xample,  let  F  and  Q 
lie  on  the  bisector^ of  Uwinteiioir angles  at  and^'li  respectively,  while £ii  on  the  exterior  bisector 
of  At;  the  equation  b  ntufied  by  the  perpendiculars,  but  the  triimgleB  are  not  in  perspective. 
The  Bama  flaw  vitiates  the  euneni  proofe  of  aevoal  otlwr  standard  theorems  of  thia  type. 
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For  if  XFi  and  A'Pj  are  iiomologous  lines  of  II  and  III,  meeting  at  X  on 
the  circte  of  similitude,  and  cutting  that  circle  again  at  Tt  and  1%  respectively, 
dien  eadi  of  the  angles  ^  CiZP«,  ^  CtXPt  is  constant  and  th«efore  arcs  CiTt 
and  CiT^Bxe  constant,  and  JTj.  ^3  are  fixed  points. 

TiiF.oPvFM  11.  The  inrnrrnhfe  points  are  hcimohirifnis;  they  form  a  ifiBa^^U 
inverseiy  similar  io  that  funned  by  three  homohygniis  lines. 

For  (o)  triangles  Ci'l\Ti  and  Czl\l\  are  siniilar,  i^^)  ^  TiTjT-,  —  I'lXTtt 
etc.  Let  Csft  meet  Cs7,  at  H. 

Theorem  12.  The  point  Ci\  homohgom  inlioihe dtnible  point  Ci  qf  II and 
III,  lies  on  the  eirde  CiCiM, 

For 

2^  (\CxTx  =  4  C,(\  T,  =  4  ('■iToTi 

whence 

Theorem  13.  Both  Ci'  and  M  lie  on  CiTi. 
For 

and 

Our  results  may  lie  siiiumcd  tij)  as  follows: 

The  invariable  triangle  and  the  triangle  of  similitude  are  inscribc<l  in  tlie 
same  circle  and  are  in  perspective  at  a  point  if.  The  lines  CxTi,  C\Ti,  dl's, 
whidi  are  ocHicuiTent  at  Jtf,  meet  again  the  respective  cirdea  CjCaif,  C%C\Mt 
CxCtM  at  Ci\  Ct%  Ct'  respectively. 

Concerninf^  the  properties  of  triads  of  hoinolofroiis  points,  we  merely  State 
the  main  theorems;  proofs  by  means  of  directed  angles  arc  not  dilficult. 

Theorem  14.  //  Pi,  Pj,  Pa  are  homoiogous,  cirda  C'^CaPi,  C'sCiPi,  C  i(  ii  j 
an  eoncurrmt  at  a  point  X,  for  wHeh 

CoROLL.\RY.  If  homolof^ous  points  Px,  Pj,  Pj  move  so  that  4  PsPiPj 
remains  equal  to  a  friven  ancric  ex.  then  each  moves  on  a  circle;  in  particular.  Pi 
lies  on  that  circle  through  C'l  ami  C'j  for  wi deh 

^  CaPiCi  «  4  CtMCi  +  a. 

Theorem  15.  The  loei  of  eoUtnear  homdogoue  poinlte  are  reapedmly  the 
circles  CiC^M,  CaCiJif,  C\CtM;  and  the  line  throitgh  the  three  points  paeeee  aiao 

ihrovgh  M. 

Theorkm  in.  There  i.f  a  single  triad  of  homologous  points  which  are  tlie 
tertices  of  a  triangle  similar  in  a  given  sense  to  a  given  triangle. 
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The  oonstruction  is  effected  as  follows:  let  V^tVt  be  the  given  triangle. 
Let  Z  be  so  located  that 

with  similar  cxj)rcssion'?  for  ^dXCi  and  ^(\XCi.  There  is  just  one  such 
point  X,  Now  regard  circle  C'zXC^  H6  u  part  of  Fig.  1,  and  iind  the  homologous 
dn^  d  n,  then  P|,  one  of  the  required  triad  oi  points,  lies  cm  this  circle.  But 
Pi  lies  alao  on  drde  CsZCi,  and  therefore  it  is  uniquely  determined. 

Theorbu  17.  Similarly,  there  is  a  atngh  triad  of  coUinear  homologous  poitUs, 
whose  distaneea  ore  in  the  tame  ratios  as  the  diaiances  among  three  given  a)lUnear 

It  is  well  known  that  in  the  special  case  when  three  similar  figures  are  con* 
structed  on  the  sides  of  a  triangle  A1A7A9,  In  such  a  way  that  AtAit  AtAu  AiAt 

are  homologous  segments,  then 

((/)  the  trian|,'le  of  similltucle  is  the  srconrl  Brncnrd  trinnglci 
(6)  the  invariable  triangle  is  the  first  Broeard  triangle, 

(c)  the  circle  of  similitude  is  therefore  tiie  iirocard  circle, 

(d)  the  point  M  is  the  median  i>oiut, 

(e)  the  circles  MC^z»  etc.,  are  the  Neuberg  circles. 


NOTE  ON  A  CERTAIN  CLASS  OF  DETERMINANTS. 
By  W.  H.  M£TZI£R,  SynwuBe  TJniTerrity. 

In  this  journal  for  l\rny,  1915,  there  appeared  the  translation  (if  a  paper  by 
Professor  rascai  whicli  considered  a  class  of  determinant  which  have  the  property 
of  being  expres^ble  as  the  sum  of  two  squares,  and  it  is  the  main  object  of  this 
note  to  point  out  another  proof  of  this  fact. 

The  determinants  in  question  are  of  the  form: 


Oil  • 

■  ■ 

—  611  * 

flnl  • 

—  bnl  '• 

•  —  hnn 

611 

•  bin 

Oil  • 

Oi» 

6„i  • 

(Inl  • 

o«» 

which  is  the  determinant  of  the  set  of  linear  homogeneous  complex  equations  for 

the  In  quantities  pi,  •  •    p«,  ^i, 

(tfu  +  iifO(pi  +  qt'ii  4  h  (01.  +  6i,'t)(p»  +        =  0 

  (1) 

 (g-i  +  bni-i){pi  +  qi'i)  +  •  •  •  +  ((Inn  +  6„„-0(pn  +  qn-i)  =  0. 

>  Theorems  16  and  17  are  doubtlees  well  knows,  but  the  author  has  not  chanced  to  see  them 
explicitly  itstedi  But  lee  McClelland. 
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Tht  determinant  D  is  obviously  unaltered  in  valued  by  rearranging  the  last  n 
rows  and  the  last  ?i  columns  so  that  they  will  be  in  the  reverse  order,  and  then 

multiplying  the  elomcnts  of  the  first  77  rows  and  the  last  n  columns  by  i.  In 
this  form  it  is  seen  to  be  centro-syinmetric  with  all  the  6's  positive  and  ull  the  a's 
multipUed  by  i.  It  follows,  therefore,  that  it  is  the  product  of  two  factors 
jy  and  D",  say,  and  it  has  been  shown*  that  one  of  these  factors  is  the  sum  of 
two  sets  ol  terms  and  the  other  is  the  diffoenoe  of  the  same  two  sets. 
Thus 


and 


bin  +  ami 
6ii«  — 


or      1 6«  +  a„'t  I ; 


or      I  6r»  —  ar.-i  I . 


As  D'  and  D"  are  determinants  with  binomial  elements,  each  may  be  expanded 
into  a  sum  of  determinants  witli  monomial  elements  giving 

Representing  the  matrix  of  D  symbolically  by 

U)     (B)  I 

Professor  Pascal  remarks  that  "it  still  lenuuns  to  study  determinants  whose 
matrices  are  of  the  type 

{A)       {B)  (O 
{A)  (D) 
(-0   (-2))  iA)  " 


If  our  set  of  equations  were  of  the  form: 

(au  +  +  qi'i)  +  h  (ai.  +  +        ~  0» 

—  (aii  +  hit'i^i'pi  +  ?!•»)+  h      -f  +       =  0,  ^o) 


—  («!•+  +  ?r*)  —    ■  •  +  (fin  +  &ni)(Pn  +  g.'t)  =  0,  

»  Tl.c  si|za  ^vili  be  changed  if  n  is  odd. 

*  Mctzler,  On  Centro-S>mmetric  and  Skew-Centro-Symmetric  DctermioADtfl,  Meuenger  o§ 

AJaUiemaiici,  New  Series,  No.  515,  March,  1914. 
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where  the  diagonal  ooeffidents  are  aH  an  +  but,  the  detenainant  D  would  be 


D  = 


Oil 

-bn 

an 

—  bn  " 

•  Oln 

-bu 

bn 

an 

bit 

blm 

ai. 

— 

an 

—  5,1    • . 

•  Otn 

—  bin 

—  612 

—  012 

bn 

n-i  • 

—  ''/i„ 

—  flj. 

bi.  • 

•  •  On 

-611 

—  au 

—  b2n 

—  a%n  • 

•  •  bii 

ail 

or  eiq>rea8ed  symbolically 

Ij  (A)       (B)  (O 
Q^  H-  B)     (A)     iD)    ...  . 

,(-c)  i-D)  (A)  ... r 

^  j 

the  form  in  question. 

By  a  reairangement  of  rows  and  columns  it  is  readily  seen  that  D  nuty  be 
represented  symbolically  by 

I   (A')  W 
I  (-  B')    (A')  ,  • 

Tliis  is  wliat  should  ho  expected  since  the  D  for  equations  (2)  is  a  particular 
case  of  the  D  for  equations  (1). 

If  the  A,  B,  C,  .  *  ■  here  are  to  be  of  higher  order  than  the  second  it  will  be 
neoessary  to  take  equations  from  algebras  of  higher  ord«r,  sudi  as  quaternions 
for  the  fourth  order. 


THE  MARYLAND-VIRGINIA-DISTBICT  OP  COLUMBIA  SECTION. 

The  Maryland-Virginia^Distriet  of  Columbia  Sectbn  of  the  Mathianatical 

Association  of  America  held  its  fall  meeting  at  St.  John's  College,  Annapolis, 
'Sid.,  Saturday,  December  15, 1917.  Among  the  thirty-two  persons  in  attendance 
were  the  following  members  of  the  Association : 

O.  S.  Adams,  U.  S.  Coast  and  Geodetic  Survey,  Washington,  D.  C. 
J.  A.  Bullurd,  U.  S.  Naval  Academy,  Annapolis.  Md. 
Paul  Capron,  U.  S.  Naval  Academy,  Annapolis,  Md, 

G.  R.  Clem«it8,  U.  S.  Naval  Academy,  Annapolis,  Md. 
A.  B.  Coble,  Johns  Hopkins  University,  Baltimore,  Md. 
A.  Cohen,  Johns  Hopkins  University,  Baltimore,  Md. 
J.  B.  Eppes,  U.  S.  Naval  Academy,  Annapolis,  ^Id. 

J.  N.  Galloway,  U.  S.  Naval  Academy,  Annapolis,  Md. 

H.  C.  Gossaid,  U.  S.  Naval  Academy,  Annapolis,  Md. 
Angelo  Hall,  U.  S.  Naval  Academy,  Annapolis,  Md. 
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W.  M.  Hamilto!!,  Nautical  Almanac  Office,  Washington,  D.  C. 

W.  E.  Heal,  Washington,  D.  C. 

W.  W.  Johnson,  U.  S.  Naval  Academy,  Annapolis,  Md. 

A.  £.  Landry,  Catholic  Univetshy,  Washington,  D.  C. 

Florence  P.  Lewis,  Goucher  College,  Baltimore,  Md. 

H.  M.  Robert,  U.  S,  Naval  Academy,  Annapolis,  Md. 

II,  E,  Root,  \L  S.  Naval  Academy,  Annapolis,  Md. 

W.  F.  Shenton,  U.  S.  Naval  Academy,  Auuapolis,  Md. 

II.  I.  Thomsen,  Baltimore,  Md. 

H.  R.  Tolley,  Department  of  Agriculture,  Washiiii,'t()ri,  D.  C. 
.    C.  E.  Van  OrstratuI,  U.  S.  Gcolog:Ical  Survey,  Washington,  D.  C. 

The  president  of  the  section.  Professor  Aljrahiim  Cohen,  ocfMipied  the  chair 
at  both  morning  and  afternoon  session:>,  and  the  following  papers  were  presented: 

1.  "  Report  on  the  1917  smnmor  meeting  of  the  Araodatioii  at  Cleveland."  Dr. 

6.  R.  Clements,  U.  S.  Naval  Academy. 

2.  "A  method  lor  finding  a  particular  integral  for  certain  linear  differential 

equations."    Phofessoh  A.  B.  Coble,  Johns  Hopkins  University. 
"Report  ou  tiie  construction  of  certain  raatiiematical  tables."    Mr.  C.  E. 
Van  Obstr,vnd,  U.  S.  Geological  Siurvey. 

4.  Geometrical  stereograms."  Dr.  W.  F.  Shenton,  U.  S.  Naval  Academy. 

5.  "Lambert's  confotmal  conic  projection."   Mr.  0.  S.  Adams,  U.  S.  Coast  and 

Geodetic  Survey. 

6.  **  An  application  of  Grassniaim's  Ausdehnungslehre  to  the  theory  of  invariants." 

Mb.  W.  E.  Heal,  Washington,  D.  C. 

7.  '"Pseudo-regular  polyhedra."  FRoncssoB  W.  W.  JooNSOK,  U.  S.  Naval 

Academy. 

A  luncheon  at  the  Hotel  Maryland,  arranged  for  those  Attending  these  ses* 
sions,  was  participated  in  by  twenty-two  persons. 

Ralpu  E.  Root, 

Secretary, 


BOOK  NOTICES. 
Sbno  communications  amot  books  to  W.  U.  Bcwbt,  Uaiveisity  of  Miaaesots. 

In  1915  John  Wiley  and  Sons  published  an  Analyite  Geometry  by  Professor 

H.  B.  Phillips  of  the  Massadkusetts  Institute  of  Technology  and  in  1916  a 
Differi'ufidl  Calcnlm  by  the  same  author.  These  have  been  reviewed  in  this 
Monthly  sec  ^'olnme  2.'{,  page  17  and  Volume  24,  pai^c  7S).  The  course  in 
matliematics  ha.s  now  been  extended  by  the  publishing  of  an  Integral  Calculus 
which  may  be  purchased  separately  or  bomid  with  the  Differential  Caktdue, 
It  contains  answers  to  problems,  a  short  table  of  integrals  and  a  table  of  natural 
logarithms. 

Every  mathematician  knows  that  many  a  problem  is  hard  or  easy  according 
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as  one  system  of  ooSrdinatea  is  used  or  another.  For  example  the  Desargues 
dieofem  about  perspective  triangles  is  hard  if  rectangular  Cartesian  codrdinates 
are  used  and  easy  by  means  of  trilinear  coordinates.  Students  of  mathematieal 
physics  will  be  interested  in  An  Introduction  to  the  U.se  of  Cencralized  Coordinates 
in  Mechanics  and  Physics,  by  Professor  W.  E.  Byerly  of  Harvard  University, 
published  by  Gtnn  and  Company  in  1916. 

The  geometry  of  kyperspace  is  not  usually  thought  of  as  a  part  of  applied 
mathematics,  but  Mr.  Claude  Bragdon,  an  architect,  has  made  use  of  his  knowl- 
<  dge  of  the  geometry  of  four  dimensions  in  the  makinp"  of  new  designs  for  archi- 
tectural purposes  in  a  book  entitled  Projectite  Ornament,  published  in  1915  by 
The  Manas  Erefls,  Rodiester,  N.  Y.  He  has  extended  this  work  in  an  arttde 
entitled  "Art  and  Geometry*'  in  the  AreMUdural  RmmOf  New  Series,  Volume  4, 
patres  29-32,  58-61  Mr.  Braedon  is  also  the  author  of  A  Primer  cf  Higher  Spaer, 
])tibllshed  !)y  Tlie  Mana.s  Press  in  1913,  and  Vour-dimcnsional  Viffns,  ptiblished 
l>y  Alfred  A.  Knopf,  Xt  w  York,  1916.  Ilis  interest  in  higher  space  is  largely 
mystical,  but  be  is  well  acquainted  with  the  standard  muthematicul  bookti  ou  the 
subject  and  he  has  made  some  practical  use  of  it. 

Tbos<»  who  were  at  the  annual  meeting  of  the  Association  in  Chicago  on 
December  27,  28  will  be  interested  in  knowing  that  Professor  Poevcr  of  Wash- 
ington University,  who  gave  an  address  on  Descriptive  Geometry,  is  going  to 
write  for  the  MoNraLY  a  review  of  a  new  book  on  descriptive  geometry  by  Ervin 
Kemson  and  Harry  C>tus  Bradley,  of  the  Massachusetts  Institute  of  Technology, 
which  has  just  been  published  by  The  Macmillan  Company  in  the  series  of  texts 
on  topics  in  engineering  edited  by  Earle  Raymond  Iledrick.  Another  new 
}u  f)k  in  this  same  series,  in  which  some  of  the  readers  of  t!ie  Monthly  may  be 
interested,  is  Electric  and  Magnetic  Measurements  by  P.'ofessor  Charles  Marquis 
£bnith  of  the  physics  department  of  Purdue  University. 

Perhaps  it  is  not  wdl  known  that  a  supplem^t  to  the  well-known  book  on 
The  Maihcinailcal  Theory  of  Investment  by  Professor  C.  E.  Skinner  was  prepared 
by  Dr.  G.  R.  Clements  and  published  under  the  title  Problems  in  the  Mathematical 
Theory  of  Investment  by  Ginn  and  Company  in  1916.  The  little  book  sells  for 
32  cents. 

In  1914  the  McGraw-HiQ  Book  Company  published  MathenuxHes  for  Agrv- 
euhurd  StudetOi  by  Henry  C.  Wolff.  Another  book  with  a  very  similar  title  has 
recently  come  from  the  press,  namely,  Maihematics  for  Colleffiate  Students  of 
Agriculture  and  General  Science,  by  A.  M.  Kenyon  and  W.  V.  Lovitt  of  Purdue 
University.  It  is  one  of  the  series  of  matheuiatieal  texts  edited  by  E.  R.  Hedrick 
and  published  by  Th»  Macmillui  Company.   It  sells  for  $2.00. 

Hi  1910  The  Century  Company  published  a  te]Et4)ook  on  Adwmeed  Algdnra 
and  Trifitmimtlrjf  by  W.  C.  Brenke,  which,  according  to  its  preface,  treated  both 
subjects  in  a  correlated  manner.  But  according  to  a  review  in  tlie  BuUefin  nf  the 
American  Mathematical  Scxui'ty,  Volume  1(5,  page  540,  the  drgrei-  of  correlation 
was  not  very  great.  So  the  recent  publication  of  two  separate  volumes  by  W.  C. 
Brenke  entitled  Advanced  Algebra  and  the  EtemerUe  of  Trigonometry  respectively 
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is  not  really  a  case  of  tmcorrelating  the  correlated.  The  AdranreA  Algchru 
contains  in  revised  form  and  with  some  additioiis  the  material  of  the  chapters  on 
algebra  in  the  original  Brenlce  book,  and  a  similar  statement  is  true  of  the  Trigo- 
fumetry.  The  books  may  be  had  separately  or  bound  together  in  one  volume. 

Correlation  has  been  talked  about  for  maoy  years  and  some  books  on  unified 
mathematics  have  been  published.  But  most  of  the  teaching  of  mathematics 
in  this  country  is  still  done  by  means  of  the  more  or  less  old-fashioned  text -books 
on  algebra,  trigonometry,  etc.,  as  separate  subjects.  The  latest  attempt  at  a 
correlation  of  college  algebra,  trigonometry  and  analyse  geometry  is  the  new 
Elementary  MaUiemalieed  Ane^eie  by  J.  W.  Young  and  F,  M.  Morgan  of  Dart^ 
mouth  CoU^.  Later  it  will  be  reviewed  at  length  in  the  Monthly. 


Send  all  couMu.viCATioNa  about  i>KOiii.KM8  to  U.  F.  Finkel,  Springfield,  Mo. 

2680.  Proposed  by  c.  c.  ten,  Tangshan,  North  China. 

The  diagoDoU  of  a  maximum  parallelogram  inscribed  in  an  ellipse  are  conjugate  diametera 
of  the  elliiMe.  {From  Joseph  Edwud's  Bknmkay  TrtaUt*  on  Differtntui  Coleuliii.] 

2ttl.  Pn|ioMdbrFniJrffUifnilN,CkillegeorUieCityorNewYoifc. 

GivoD  n  letters  of  one  kind  and  f»— 1  fettem  of  flaother  kind,  in  how  many  ways  can  they  be 
MrrwQged  so  ihtA,  Bunring  akmg  tho  swujement  from  oxw  end  to  the  other,  the  number  of  letten 
of  the  first  kind  pasMd  over  is  greater  than  the  number  of  the  sMOnd  kind  at  any  instaai? 

Proposed  by  E.  1»  aUBi>,  University  of  Kentucky. 

Givea  the  diagonal  and  die  angle  it  makei  with  a  Uaeotor  of  one  of  the  aagtee  of  a  pwaUelo- 
Kram.   Construct  the  par  illelr,n;mrn  so  that  the  leetaogle  having  sidee  equal  to  tboee  of  the 

parsUelogram  may  have  a  i:ivt  a  an  a. 

2683.   Proposed  by  J.  a.  uitt,  Student,  xMi^issippi  College. 

The  height  of  a  frustum  of  a  cone  is  h,  the  radii  of  the  lower  and  upper  drcular  h&ai^  are 
a  and  (,  leepeetivebr.  Deduce  a  formula  for  finding  the  eenter  of  gravity  of  the  f  nutum. 

2681.  FraiNwed  br  B.  f .  BBOWN,  KuttM  City,  Bfo. 

Find  the  locue  of  the  center  of  a  conic  paasing  thiou^  four  fixed  points. 

2685.  Propoeed  hf  JOSVH  B.  aKrxoLii0»  Lehigh  Uolvenltjr. 

A  particle  i3  describing  an  ellipse  of  eccentricity  VJ/S  as  a  central  orbit  about  a  focus  when 
the  attractinR  force  suddenly  becomes  repulsive  without  changing  its  magnitude  and  the  particle 
i)egin3  to  describe  an  equilateral  hyperbola;  find  where  the  change  occurred  ftOd  the  aa^e  that 

the  major  axis  of  the  new  orhif  m'i"c'-=;  ^rith  that  of  the  old  orbit. 

2r>Hf>.   Proposed  by  EDWi.v  a.  SMITH,  State  College,  Pa. 

Given  the  diilereuoe  equation 


where  a  is  a  positive  integer,  p  and  q  are  proper  fractions  such  that  p  +  q  -  I,  and  x  ia  small 
when  oomparad  with  up  and  aq,  Determme  r«,  if  u,  »  Jog  7«. 
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2887.   Proposed  by  N.  P.  PABTOYA,  Sojltra,  India. 

An  ellipse  intereects  a  parabola  in  A  and  B,  aad  the  tangents  at  A  and  B  to  the  parabola 
meet  «t  T.  The  center  C  of  the  elHpee  lies  vrithin  the  apace  enclosed  by  tlM  parabola  and  the 
tangents.  Draw  u  third  tangent  to  tbo  |MiaboU  suoh  that  C  iD«y  be  the  ce&tnoid  oC  the  triangle 

formed  by  the  three  I  an  gen  t^. 

2688.  Proposed  by  »ANK  atWDV.  University  of  CaliTornia. 

With  four  quantities,  a^,  at,  at,  04,  we  may,  nithout  ehanging  their  Older,  fOTtt  the  followinK 
cottplez  bsetione: 

Of  (H  01  «i 

Ot  at  <h  Ot  at 


Ot  fl*  Ot  -  Ol  At 


04  O4  14  Oi  A4 

But  these  have  not  nil  different  values;  tlie  first  and  fourth  .ire  equal. 

Determine  how  many  different  rationnl  functions  of  the  qu&nliiies  ax,  ot,  ■  •  •  Ot,  may  be 
obtained  in  thin  way,  and  whieh  ran  be  represented  hi  moie  than  ooe  my  afl  A  cflmpleK  fnetkni 

of  the  above  kind.      1  which  in  only  one  way. 

Bestatement  of  434  (Caladee).  IVepeeed  liy    w.  vmvtMUm,  Chen^liB,  IB. 
^  /(s)d«  when 

Tb»  fuetkn  ign  s  •     l,  0,  +1  aeonrding  as  » is  negative,  mio  «r  pontive.  The  ttnabem 
fonn  the  eerics 

i,  \,  li   i>   If   l<    i<    °  '  ' 

for  whieh  the  (general  formula  id  =  (2h  +  l)!2^,  wlierc  /,■  tl\c  j;reutest  intei<er  aueh  that 
2*-*  ZL  n  and  h  =  n  -  2»->. 

Note.  This  problem  i«  rq^irinted  because  of  a  misprint  in  the  original  statement  and  also 
beeetuw  of  •  lack  of  definiteneae  in  tlw  definitian  of  the  leriee  of  nluee  «»•  An  hiquiiy  has  alio 
been  received  in  regard  to  the  origin  of  the  notation  "fl|B  s"  TUs  nottttiott  eeeuw  tO  bo  due 
to  Kronecker;  cf.  Werke,  VoL  II,  p.  500. 


SOLUTIONS  OF  PROBLEMS. 

487  (Algebra).   Proposed  by  WOMJUM  BOOraip  Colunlm^  OUOw 

Show  in  two  ways  that  0.5623  is  not  a  root  of  (1  ->  m)^  •  2tr^,  e  being  the  Nafiieriu  base. 
Find  die  value  of  m,  and  teat  the  reault  in  two  waya. 

SoumoN  BT  E.  E.  WaiTfOBD,  New  York  City. 
Taking  logaritbma  of  both  sides,  we  have 

log  (1  —  m)  +  (m  +  1)  log  «  =  log  2,   or   log  (1  —  m)  «■  Ic^  2  —  1  —  m. 
Substituting  .5023  for  m, 

loK  .4377  =  .6931  -  1  -  .5623  =  9.1308  -  10. 

But  this  is  false  aiace  log  .4377  =  9.1733  —11).    Or,  from  (1  —  wOc""*'  «  2,  on  taking  m  — 
we  have  e'-**"  «  4.57.   But  this  ia  false,  einee  4..')7  =  e'  *'".   One  value  of  mla  .5^  approxi- 
mately; this  checks  by  both  the  above  methods.    We  may  also  have  m  «  —  1. 
JUao  solved  by  C.  E.  Flak&ga.v  and  EowARn  H.  Wosthikoton. 
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488  (Algebra).  Proposed  by  NORMAN  ANN  in  G,  ChiUiwack,  B.  C. 

ai     1  at 


where 


1      1/04  1 

Oi     1  a» 


-0, 

sin  {ke  +  a) 


and  9  and  a  htm  any  valuw  that  do  not  make  »  denominator  mto. 

SoLTTTioM  BY  A.  M.  Hasdino,  Univenity  of  Arkaoaaa. 
It  is  eaaily  dunrtt  tliat  the  foUowing  aqiiatiooi  hold  for  all  vahies  of  9: 


cot  0  -  2  cot  29  +  cot  39 


oot«ootd9-oot^2« 


_2gob29 

sin  49 -f  sin  20  ' 

2  cos  2«  cot  49 


that  is 


sin  49  +  sin  29  ' 

cot  9  cot  39  -  cot«  29  =»  cot  49(cot  9  -  2  cot  29  +  cot  39). 
Haw  Ok  may  be  wiittea  in  the  form 

a*  *  OM  or  +  no  a  cot 

Oi  —  2ai  +  0*  -  aina(Qot «  -  2  eot  2»  +  eotSf), 


Thence  we  have 
and 


OiO|  —  ct^  "  Bin  a  cm  a(rol  9—2  cot  29  +  cot  39)  -t-  sin^  a(cot  6  cot  39  —  cot'  29) 
=  sin  a((  ot  P  -  2  cot  29  +  cot  39)(cos  a  +  sin  a  cot  49) 
=  (ai  -  2ai  +  a,)a«. 


tbatv, 


a* 


+  2oi  —  IN  —  «»  •  0; 


1  l/a«  1  , 
loi     1  aal 


=  0. 


AIm  aolved  by  Pavi.  Gavbon,  OacAB  Adams,  and  Eowau  H.  WoarBiNOTON. 

489  (Algebra).   Proposed  by  9.  A*  OOSn.  Albia,  lam* 
Piove  or  (fiqurove  the  foUowiDg: 
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Solution  by  J.  L.  Rilf.t,  Stephenville,  Texas. 

Evaluatios  the  fint  determm&Qt,  we  have  iR{R  —  2ay'  —  2&u*)J*f  where 

=»  3f»  4.  flf/»  J-  hn^  +  nht^. 

The  second  detenainant,  when  e]q[>anded,  gives  a[—  2R(jcy  +  buv)\*',  the  third  gives 
6pB(»y  —  iw}]*;  the  fourth  givw  0;  moA  tb«  fifth  detmiiinant  gjhrce     Bff,  But 

-  2(i9«  -  26u*)]«  +a[-  2R{xy  +  6ui/)P  +  h[2R{(n'y  -         +  (- 

unless  {ar/}{})v})  =  0.    Hence  tlie  relation  stated  in  the  problem  docs  not  always  hold. 

520  (Geomelry}.   Proposed  hj  AJUBiBT  A.  VENNKTT,  UniTersity  of  Texas. 

On  a  ^vcn  tangent  to  a  cfafde  determine  a  pdnt  rodb  that,  if  a  eeeant  be  drawn  jomhig  thie 

point  to  the  extremity  uf  the  diameter  which  is  perpendicular  to  the  given  tanganti  tiieMftiMnt 
o(  this  secant  exterior  to  the  circle  will  be  equal  la  length  to  a  given  segment. 

SoLunoM  BY  A.  M.  Hasdikg,  University  of  Arkansas. 

Let  us  denote  the  radius  of  the  given  circle  by  r  and  the  length  of  the  given  eegmont  hy  '2d. 
I4t  AB  be  the  diameter  perpvkdicular  to  the  tangent  at  the  point  of  tangenciy  A.  Take  a  length 
iiC-d  along  the  tanfantfiamil.  JoinBC.  IkkeDonCBiothatCD -d.  WttheentcratB 
draw  ansDff  catting  tibedidto At  Jf.  Fkodtioe£fftoetttthet«nge&tatP.  llienPiithefequirad 
point* 

Roof: 

flboe  AB  b  petpendieolar  to  BP  it  folknm  that 

JB>  -  Bff  XiTP  -  BBifiB-k-BP). 

HeDioef 

4i*  -  (itf +  4r*  -  d)(>l»"+V*  -  d  +  BP). 
From  thiB  equation  we  find 

BP  =  2d. 

Note:  If  a  point  Q  be  taken  on  the  tangent  such  that  AQ  -  AP,  this  point  Q  will  also  satisfy 

the  conditions  of  the  problem. 

-Uso  solved  by  May  Pii alob,  H.  T.  AUDC,  HlllBna  N.  CAKUnON,  OWMB  S.  AsAHBi,  H.  C. 

Fekmstkr,  and  Pa 01.  Capron. 

521  (Geometry).    Proposed  by  R.  M.  matdews.  Riverside,  Cal. 

A  viifiable  circle,  with  center  on  the  line  I  and  passing  through  a  fixed  point  P,  cuts  a  fixed 
circle  in  A  and  B.   Provo  that  the  dkoid  AB  and  the  peipendietilar  to  I  through  P 

interaeot  in  a  fixed  point. 

Solution  bt  L.  E.  Meksemkamp,  Freeprart,  Illinois. 

It  ie  ewvenieot  to  emplojr  rectangular  eoerdlnates.  Let  2  be  taken  aa  the  axfa  of  x  and  the 

point  P  on  the  y-axi«;  then  the  prrpcndirular  to  I  through  P  is  the  atis  of  y.  Under  these  condi- 
tions, it  follows  from  elementary  analyiic  geoiiictiy  tlmt  the  equation  of  the  variable  circle  is 

(I  -  «>«  +  f,»  =  r», 

where  r  is  the  radius  of  the  vanable  circle.   The  equation  of  the  fixed  circle  may  be  taken  as 

(X  -  a)»  +  (y  -  &)»  -  <?. 
Subtracting  the  fiiet  equation  from  the  second,  we  get 

2(a  -  a)x  -  2b9  -    -     +  <i>  -  f*  -  «», 
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winch  is  the  equation  of  a  strai^t  line  throu^li  A  and  B.  To  find  the  point  in  which  this  line 
outs  the  axis  of  y,  set  z  equal  to  zero  and  solve  the  resulting  equation  for  y.  Since  H  -*  «^  is 
independent  of  the  position  of  the  variable  circle,  it  follows  that  the  intersection  of  the  chord  AB 
and  the  perpendicular  to  I  through  P  is  fixed. 

It  is  interesting  to  note  that  the  above  proof  still  holds  when  the  interaeciioiw  of  the  two  circlee 
•re  Imaginary  points. 

Also  solvod  by  If.  C.  rKKMarnit  O  :  -  t;  ?  Adams,  Hakoi-O  R.  SOBAVrUM,  A.  M.  HaWDiINO, 
Paul  Caprox,  Mahuakkt  F,  W  jilu  cj.v,  in  J  Iv' (iKK  A.  Jou-NSOiN. 

£22  (Geometry).  Proposed  by  gkukgi;  y.  soskow.  Newark,  N.  J. 

nvv«  that  the  sum  of  llie  sqnam  <tf  ti»  edps  of  a  teliabediw 
of  the  squans  of  the  lines  joining  the  middle  poiaUM  of  the  oppodte  edgss. 

SoLxmoN  BT  R.  M.  Matbews,  Riverside,  Califoniia. 

I.c-t  A  BCD  be  the  tetrahedron  with  the  mid-poittt  of  BDf  oppMdto  to  the  mid-point  of 
AC.  In  the  triangle  BYD,  we  have 

2A'P  =  BY*-\-DY*  -  2BX*, 

from  the  dteorem:  The  sum  of  the  squares  on  two  sides  of  a  triangle  is  equal  to  twice  the  square 

OD  half  tlif  third  mhi  jilus  1^^i(■L■  tlie  stjuare  on  the  iiiLHliiin  to  tlial  fiidf. 

By  the  same  theorem,  we  find  2tiY-  in  the  triangle  ABC  and  2DY^  in  the  trian(^  ADC* 


4XF»  =  AB*-\-  BC*  +  CZ)»  +  DA'  -AO-  BD^. 
Siniilaily  with  U,  the  middle  point  of  AB,  and  T',  of  DC: 

4CV*  =^  AC*  +  CB*  +  BD*  +  DA*  -  AB*  -  DC*i 

and  with  2',  the  middle  [Kiint  oi  AD,  and  ir,  of  />('; 

42'H  »  =  AC*  +  CD*  +DB*+  BA*  -  AD*  -  BC*. 
By  additioOf  wehftTo  * 

4(JrP  +  UV  +  Tm  ^AB»  +  BC»  +  CIJ^  +  AI3^  +AC'  +  BIP, 

Remark:  Consiilcring  any  one  of  the  three  equations  above  we  have  proved  the  theorem: 
Four  times  the  square  on  the  median  joining  two  opposite  edges  of  a  tetrahedron  is  equal  to 
the  sum  of  th«  squares  on  the  other  sdgBi  mhiiis  tiie  sum  oif  the  squaiw  on  tlM  sdgs*  ^ 
Also  solved  by  Horacb  Oumm,  Oocab  S.  Adams,  J.  1^  Bnay,  aad  H.  C.  CKmbaw. 


SIB  {Mechtnka).  Flsposed  by  i.  L.  Blur,  NorfbeMlsni  Stale  Nsnnal  Sdnol,  TsUo- 

^.Olda. 

Two  particles  A  and  B  are  together  in  a  smooth  circular  tube.  A  attracts  B  with  a  force 
whose  acceleration  is  u.'^  and  moves  along  tlie  tube  with  uniform  angular  velocity  2u',  B  being 

initiaUy  &t  rest]  prove  that  the  angle  r  subtended  by  AB  at  the  center  after  a  time  ( is  given  by 
the  equation 

logtan^+-?-irf. 

S'oTT  Tiox  ny  William  Hoovkk,  Columbus,  Ohio. 

Let  B'  be  the  initial  positions  of  A  and  B,  and  put  BB'     a,  and  AB  x. 
Resolving  forcss  tangsntisHy, 

^~^o»ABC,  (1) 

BC  beiriR  tln'  t;iii):ciit  through  B. 

Now  if  0  be  the  center  of  the  circle^ 

^AOB''^~\  ^ABC'^^'-, 

zcos  ABC  -  2r sin  MOB  cos  ABC  -  a- sto cos -rsio^^"* 

=  r  sin        —  0),  d  being  the  angle  BOB  and  s  =  r0. 
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SubetituUog  these  io  (1), 
or,  since  2ut  "  9  »  9, 

J*'  -  -  «« sin  V!.  (3) 
Multiplying  by  2idvfdl)  and  integratinf, 

^=.2-^coi,.  +  C.  (4) 


When  ^  =  0,  d^Jdt  -  0;  hence,  C  -  2<J,  and  (4)  is 
Thisgives 


COS 

intflgratiog  and  using  the  fact  that  p  "0  wbea  <    0,  ve  hav» 

logtatt^-^-«il.  (7) 

Abo  aolTed  by  G.  Paabwsu  and  J.  ti.  RatMoim. 

346  (Mechanics).   Proposed  by  WILLIAM  BOOTOl,  Colnmbna,  Ohio. 

Half  the  length  of  one  of  the  equal  parts  of  a  uniform  heavy  string  fMtiiig  in  eqidUbdnm  over 
a  smooth  liurizoutal  indefinitely  tlun  peg  b  eut  off;  detennine  the  tostantaaeoua  diaage  in  the 

pressure  on  the  peg. 

Solution  by  the  Proposer. 

Let  m  <■  the  mass  of  a  unit  of  length  of  the  string,  2a  »  the  whole  length  of  the  string,  and  so 
a,  0/2,  the  parts  at  the  instant  of  cutting,  '6a;2  ilie  length  in  motion  after  any  time  t  from  the 
beginning  of  motion,  z  =  the  longer  part  at  the  same  instant,  and  T  the  corresponding  tension 
in  the  string:  them  the  eqiiations  of  motion  ace,  mitidng  that  the 

I («»|)  - « ( + -   -  J*.  (1) 

~  I  m(!o  _  X)     (?a  -  *)  I  -  II  -  mla^+nm^j  -M9(|a-«}  -  T,  (3) 
Subtracting  (2)  from  (1),  we  have 

0-^(^-1)-  «> 

Multiplying  hy  2(d»Aft)  and  integrattng,  noticing  that  whm  s  *>  «,  (d^dl)  ^  0,  we  obtahi 

dl*     3a  (  V  2  )      4  i  • 

Substituting  ibe  values  of  ds^fdfi  and  dhe/dfi  in  (1),  and  putting  T  ^  Tt  when  «       we  6nd 

r«  =  imga. 

If  P  ^  t}ie  required  initial  pressure,  F  =  2Tt  "  Imga  —  Sulfa  —  ^'HmfO,  eo  that  the 
pressure  before  cutting  is  diminished  by  one  third. 
Abo  solved  by  Hosacb  Oobon. 

264  (Number  Theory).  Proposed  by  C.  F.  GUMMIB,  Kingston,  Canada. 

Find  a  general  focmula  for  three  ■quaniR  in  arithmetical  progression.  la  it  poeaihle  for  the 
eommon  diffeneneo  to  be  a  peifeet  iqaawT 
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SoLmoN  BT  Aktehas  Mabtin,  LL.D.,  Washington,  D.  C. 
Let  3^,  y^i^be  threo  square  numbers  in  arithmetical  progrodsion;  thien  we  must  have 

y»  -  z*  =  2*  -  y»,      or      x*  +  i*  =2t^.  (I) 
Assume  z     v     w,  x     »  —  w,  and  (1)  becomes  aficr  Uinding  by  2, 

+  u-*  =  y*.  (2) 
Take  now  v  "     —  q*,  w  =  2pq,  and  (2)  ia  oatisfied.   Retracing,  we  find 

Hcnoe,  tba  nqaand  aqoam  are 

Taking  p  =  2,  g  =  1,  the  numbers  are  1,  25,  49;  taking  p  =  3,  g  =  2,  the  numbers  aro  19,  169, 
289;  taking  p  -  4,  9  —  1,  the  numbers  are  49,  2S9,  529;  taking  p  -  4,  9  3,  ihc  uumbers  an- 
289,  625,  961 ;  and  so  on,  indefinitely. 

The  oonunoa  difference  of  three  equare  nuntberB  in  arithmetical  {trogreenon  can  not  be  a 
aqoara  number.  See  Bariow'e  "Tbeoiy  of  Numbeis,"  p.  257.  An  equiTalent  theoiem  is  alio 
^ven  in  Carmichaers  DioplmnHne  Analy^i^,  p.  14. 

There  can  not  be  /our  square  numbers  in  arithmetical  progression.  Barlow,  same  page. 
Therefore  there  can  not  be  fiiee,  nor  any  greater  niunber  than  three,  of  squares  in  arithmetical 
pvogiession. 

Also  solved  by  J.  L.  Rilet,  V.  M.  Sfctnar,  and  the  Pboposer. 

265  (Number  Theory).   Proposed  by  4.  w.  MtuOLso.v,  Louisiana  SUle  University. 

If  the  roots  ofi*— ox'  +  fcx  +  c-  Oare  rational,  prove  that  4(a  +  yi)  —  3(^  +  «)»  is  a 
perfect  equare,  y  and  »  being  aqy  two  roots  of  the  equaiioa. 

SoLVnON  BT  N,  P.  Pandya,  Sojitra,  IndU. 

SiDce  ;/  and  z  are  roots  of  the  given  equation,  x'  —  x(y  +  2)  +  is  ft  factor  of  the  leftrfaand 
tide  of  the  cquntion. 

Since  the  term  in  x*  is  wanting,  the  remaining  roots  are  given  by 

The  product  of  (1)  with  4*  —  »(y  +  s)  +  yt  ■  0  gives 

a  -  -^-yi+  (y+s)\ 

Hence, 

4(a  +  j»)--^  +  4(ir  +  *)» 

or 

4(0  +  ijf)  -  3(if +  *)•- (v +  »)»- ^  -  a  square, 
dnce  the  roots  of  (1)  are  ratioDal  and  its  diaciimbant  ie  therefore  a  square. 

267  (Number  Theory).  Pkopoeed  by  c.  o.  tts,  Tadgahsit,  North  Cfaliuu 

A  number  thcon-  fun-  tion  <>(«)  ia  defined  for  everj'  positive  integer  n,  and  for  every  saeli 
number  n  it  satisfies  the  relation  ^(di)  +  0(d«)  +  ^(d*)  +  "  <  +  ^(d,)  -  n,  where  di,  dt,  -  •  d, 
are  the  divison  of  it.  Fh>m  this  property  ^one  show  that 

,C»)..(t-l;)(._L)...(.-l). 

where  p  p  pi- • -pi  are  the  different  inimefactoiB  of  ft. 
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Solution  i.y  Olivk  C.  IIazlett,  Bryn  Mawr  Collepe. 

The  theorem  ia  clearly  true  for  all  primes.    Aecordingiy,  a^umo  the  tbTOrem  is  true  for  all 
t 

diviBora  0^    "  ^  P***  ^'lucli  are  less  than  n.   How  for  n  the  defining  equation  becomes 

♦(n)+4.+Pi-i(l-|;)B.-ii, 

where  A,  is  the  sum  of  the  *-f unctions  formed  for  the  divisors  of  pi**"*  pt''-  •  -p***  and  is  a 
similar  sum  formed  fur  all  (Iwtitu  i  factors  of  any  of  the  numbers  pt''~'  /'s'  •  •  •/'>.'*,  Th'-'  ^j"""'  /'*  * 
•  ••••    It  is  '^ifv  to  find  an  ciqireasion  for  A,,  but  it  is  sufficient  for  our  purposes  to  nuto 

that  i4»  is  a  polynomial  in  7>i,  •  •  •,  p*  of  degree  at  most  i  e;  —  1.    Tliertfore  /h''  (  1  —  —  ) 

1  \        Pi  / 

is  a  factor  of  Since  this  proof  is  perfectly  general,  it  hold-!  for  every  expression  of  the  form 

p«'<  ^1  —  ^  j  (*  =  li  •  •  •»  p)»  and  thus  jy^P*'*  (  ^  ""  ^)        factor  of  *(n).   Comparing  the 
ft 

wcffid«Dt6  of  Jl  pf*  our  formuJft  to  proved. 
Alao  mAnd  by  H.  C  FcBiBniR. 


QUESTIONS  AND  DISCUSSIONS.  • 
Sam  ALL  comcDincAnoMB  «o  U.  G.  Mitcbbll,  Uniratdty  of  Keau»,  Lewnnce. 

DISCUSSIONS. 

I.  Belahno  to  Findino  DsBiTATivsa  of  Tbigonomehucal  FuNcnoNS. 

By  T.      Hiu»BRANDT,  Univereity  of  Michigan. 

Tn  most  textbooks  on  the  elpmcntftrv  onlciihis  the  derivatives  of  the  trigo- 
nometric functions  are  based  on  the  derivative  of  the  sine  function,  which,  in 
turn,  b  derived  from  the  definition  of  derivative.  The  proofs  dealing  with  the 
value  of  this  derivative  seem  to  have  something  indirect  about  them.  All  goes 
well  until  the  point  b  reached  where  the  expression 

sin  (x  +  A^)  —  sin  a; 

hm  


Ax  '  U 


is  to  be  evaluated,  and  then  one  of  two  methods  is  used.  Either  sin  (t  +  -^t)  is 
expanded  by  the  formula  for  the  sine  of  the  sum  of  two  angles  and  the  formula 
for  1  —  cos  X  in  terms  of  half  angles  is  used,  or  the  formula  for  the  difference  of 
two  unes  is  used.  Both  of  these  lattw  formulse  have  long  since  escaped  the 
memory  of  the  average  sophomore  student — if  they  ever  had  lodging  there — ^and 
he  practically  accepts  this  part  of  the  derivation  on  faith. 

While  it  must  be  admitted  that  the  mo^t  natMr;il  licginnint,'  f(*r  a  chapter  on 
the  derivatives  of  trigonoiuetrical  functions  is  u  paragraph  devoted  to  finding 
the  derivative  of  the  sine,  this  advantage  is  more  than  counterbalanced  by  the 
simplicity  with  which  it  is  posnble  to  obtain  the  derivative  of  the  tangent  function 
diiectly  from  the  definition  of  derivative— a  fact  which  seems  almost  to  have 
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escaped  the  attention  of  writers  of  textbooks  on  calculus.  For  this  purpose 
it  is  possible  to  proceed  in  either  of  two  ways,  both  of  which  are  elefant  and 
altogeth^  natural  and  direct.  If  we  take  tan  «  «  sin  z/cos  x,  then 

.    ,    ,  A  X     ^         sb  (.r  +  Aj-)    sin  a; 

tan  (x  +  A«)  —  tan  x  =  ~ — > — rrx  

^         '  cos<a;  +  Ax)  cosaf 

_  sin  (x  +  Ax)  cos  x  —  cos  (x  -f  Ax)  sin  x 
cos  (x  -{-  Ax)  cos  X 

^  sin  A.r 

cos  (x  +  Ax)  cos  X 

* 

If  we  divide  now  hy  Ax  and  take  tlie  limit  as  Ax  approaches  zero,  then 
lim^o  (sin  a)/a  =  1  is  applicable  for  evaluating  the  derivative.  Or,  proceeding 
directlj',  we  have 

tan  (x  +  Ax)  —  tan x  »■  -^°f ^f"*^ —  tan x 
^         '  1  — tanartanAx 

_  (I  +  tan-  x)  tan  Ax 
""  1  —  tan  «  tan  Aar  * 

Then  by  usinp  the  fact  tliat  liin^.  ,,  (tana)/Qf  —  1,  we  again  get  at  once  the  value 
of  tiie  derivative  of  the  tangent.  Either  of  these  methods  yields  this  deriva- 
tive without  any  troublesome  trigonometrical  transformations. 

On  the  basis  of  the  derivative  of  the  tangent,  the  remaining  derivatives  are 
easily  obtained  in  the  order  seca;,  cosx,  and  sin  a;:  the  secant  by  taking  deriva- 
tives in  the  relation 

tan-  x  +  1  —  sec'  x, 

the  cositie  througli  tlie  fact  that  it  is  the  reciprocal  of  the  secant,  and  the  sine 
from  one  of  the  relations 

»n z    cos  (r/2  —  a;),      sinz  «  coax  tan  s. 

We  get,  then,  in  tiiis  way  the  derivatives  which  are  used  most,  and  we  employ 
only  trigonometrical  relations  which  are  familiar  to  the  average  sophomore 
student. 

II,  Relating  to  tue  Proof  that  a  Rigid  Body  Movinc;  auout  a  Fixed 
Point  Is  at  Each  Instant  Rotating  about  an  Axis 

THBOtrOH  THAT  PoiNT. 

By  £.  L.  Rebs,  University  of  Kentucky. 

The  following  proof  of  this  theorem  differs  from  other  proofs  by  vector 
methods  in  that  it  is  based  upon  an  interesting  geometric  interpretation  of  the 
equations  involved. 
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Let  0  be  the  fixed  point,  and  P  and  Q  any  two  points  of  the  body  distinct 
from  O  aiu!  lot  OP  —  p  and  OQ  =  q.  Fsln^  tlie  Glbbs  notation  we  have  as 
the  assumptions  of  rigidity  =»  constant,  =  const.,  p-q  =  const.,  or  differ- 
entiating witli  respect  to  t, 

P'p «  0,     q-q «  0,     p-q  +  p-q  -  0,  (1) 

vhere  p  and  ^  are  the  vdoctties  of  P  and  Q  respectivdy. 

Consider  the  equations  p  =  wXp  and       wXq.  Regarding  w  as  the 

running  coordinate,  each  of  these  equations  represents  a  line  parallel  to  the 
position  vector  and  perpenilicular  to  the  velocity  of  the  point.  If  p  X  ?  =  0, 
i,  e.,  if  0,  P,  and  Q  are  colUuear,  the  lines  coincide.  For,  substituting  y  —  kq 
in  p »  w  X  9  we  get  199  =  w X  {kq),  or  q  —  wX  q.  Hence  the  equations  are 
equivalent. 

The  condition  that  these  lines  shall  intersect  is  (p~*  X  p  —  q~^  X  q)  X  p-q 
—  0,  the  terms  in  the  parenthesis  being  the  perpendiculars  (vectors)  from  0  to 
the  lines.  Expanding  we  get  p-q  —  p'pp~^'q  +  p-q  —  p-<r^q-q  =  0  which  is 
satisfied  by  virtue  of  equations  (1).  Thus  every  pair  of  lines  associated  as  above 
vith  a  pair  of  points  of  the  body  will  intersect.  All  of  the  lines  vnH  thus  pass 
through  the  same  point  (since  not  all  are  coplanar)  forming  a  bundle  the  v&ttex. 
of  which  is  the  tip  of  the  vector  w  which  satisfies  all  of  the  equations.  Since  w 
is  the  same  for  all  points  at  a  given  instant,  we  have  thus  proved  that  the  body 
rotates  instantaneously  about  uxi  axis  through  0  with  the  angular  velocity  w. 

To  detennine  w  it  is  necessary  to  have  two  non-coincident  lines  given,  i.  e., 
we  must  have  the  velocities  of  two  points  (not  coUinear  with  0)  given  to  determine 
the  velocities  of  all  the  other  points.  Since  w  satisfies  p  »  X  pand  ^  =«  w  X  J 
it  follows  that  w  =  pX  qlp-q  —  ~  p  X  g^j-p. 

If  p  =  0  and  ^  4"  0  one  of  the  lines  lies  along  p  and  the  point  P  is  on  10, 
and  therefore  on  the  axis  of  rotation.  If  p  »  0  and  4  —  0  there  is  no  motion 
since  the  lines  intosect  at  the  onfpR  and  w  »  0. 

If  the  velodties  of  the  two  points  are  coplanar  with  the  vector  ^  f  those  pdntai, 
it  will  be  seen  easilv  that  the  vertex  of  the  bundle  will  be  a  point  on  the  normal  to 
the  plane  through  0,  and  that  the  lines  for  ail  points  of  this  plane  will  form  a 
pencil  in  a  parallel  plane.  Since  w  is  perpendicular  to  every  line  of  this  pencil, 
only  one  line  is  needed  for  its  determinaticm.  Thus  if  p  »  w  X  Pi  we  have 
ID  =  p~'  X  p.  ITeiicc  in  the  case  of  motion  of  a  rigid  body  (one  point  fixed)  in  a 
plane  the  \  (>Iocity  of  one  j)oint  will  determine  those  of  all  the  other  points. 

If  now  the  (ixed  point  be  given  u  Nclocity  we  see  that  the  velocities  of  all  of 
tlie  points  of  the  body  will  be  determined  in  space  by  the  velocities  of  three  non- 
collinear  points,  and  in  the  plane  by  the  velocities  of  two  non-coincident  points. 
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III.  RXI*ATINQ  TO  THE  GrAPH  OP  F  »  /(J)  FOB  COMPLEX  VaBIABLBS. 
By  £.  L.  Rbss,  Uoivmity  of  Ecntueky. 

The  foliowine  is  to  suggest  a  slight  modification  of  the  geometric  representa- 
tion of  Y  =  /(A'),  (A'  and  }'  both  complex)  given  by  Professor  Frumveller  in 
the  November,  1917,  number  of  the  Monthlt. 

Let  A'  =  a;  +  tj/and  y  ■»  tt  +  tv.  Letting  u  be  represented  by  perjiendiculars 
to  the  plane  of  X  we  get  a  ptirface  w  hicli  pictures  the  variation  of  tlie  rea]  jmrt  of 
}*.  On  this  surface  draw  the  contours  for  c  =  ri,  etc.,  tlie  consecutive  r's 
differing  by  a  constant.  These  contours  enable  us  to  visualize  the  variation  of 
t,  SO  that  we  have  pictured  the  variation  of  both  u  and  v  and,  thoefore,  of  y,  all 
on  one  surface. 

Let  the  surface  be  cut  by  planes  parallel  to  the  A'-pLmc,  the  planes  of  all  of 
the  consecutive  pairs  being  the  same  distance  apart.  Project  these  curves  of 
intersection  and  the  contours  on  the  A'-plane.  The  curves  into  which  these 
curves  project  will  be  die  images  of  the  grating  of  lines  paraM  to  the  u  and  v 
axes  in  the  F-plane.  We  thus  establish  a  simple  rdation  between  this  scheme  and 
the  usual  scheme  of  lepvesentation  of  functional  correspondence  in  complex 
variable  theorv. 

For  the  linear  function  the  surface  is  a  plane  and  tlie  cojitours  are  lines  in 
this  plane  perpendicular  to  its  xy-traoe.  If  the  coefficients  are  real  the  plane  is 
pantile]  to  the  y-tioaa. 

For  the  quadratic  function  the  surface  is  a  hyperbolic  paraboloid  and  the 
contours  arc  the  intersections  of  this  surface  and  hypcrliolic  cylinders. 

For  y  =  log  A'  the  locus  is  a  funnel-shaiicd  surface  generated  by  revolving 
tt  =  log  z  about  the  w-axis  and  the  contours  are  the  meridians  of  this  surface. 

The  projections  of  these  contours  and  the  intersections  of  the  surfaces  by  die 
parallel  planes  on  the  A'-pUne  give  the  familiar  curves  associated  with  these 
functions. 

BUREAU  OF  INFORMATION. 

James  Btrnie  Sbaw,  Cbairkan,  ITnivermty  <rf  Illiiuns,  Urbona. 

The  Bureau  of  Information  was  cstahlivhcti  to  furnish  information  to  any  one 
about  any  maihematical  subject  or  question.  So  far  as  possible  the  committee 
will  answer  questions  of  the  following  character: 

1.  Definitions  of  terms. 

2.  Brief  explanations  of  recent  developments  in  mathematics. 

;!  Inquiries  as  to  theorem^. 

4.  Inquiries  as  to  articles  upt<n  special  topics. 

o.  Bibliographical  references. 

6.  Historical  questions. 

7.  Inquiries  lor  book  reviews. 
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8.  Indication  of  libraries  whicb  will  lend  books. 

9.  Information  as  to  graduate  courses,  fellowships,  etc. 
10.  Inquiries  as  to  societies,  prizes,  etc. 

Whenever  an  inquiry  seems  to  be  of  sufficient  general  interest  to  warrant 
publication,  an  article  relative  to  it  will  appear  in  tiie  Momthlt. 

The  following  question  is  of  general  interest  and  the  reply  is  printed  below: 
"It  is  well-known  that  the  equilateral  triangle,  the  square  and  the  hexflgon, 

are  the  only  rcf^ular  fipirp?  that  will  perfectly  fill  n  plane  surface.    What  are  the 

closed  forms  (polyhedra)  that  will  completely  M  spaceif  " 

Replt  bt  Aknold  Euch,  University  of  Illinois. 

The  cellular  subdivtiuon  of  space  is  one  of  the  important  problems  of  analysis 

situs  and  has  been  the  siihject  of  a  great  numb^  of  investigations.  It  com- 
prises the  theory  of  crystalline  fonns  and  structure,  the  regular  division  of  the 
surface  of  a  sphere,  etc. 

In  this  connection  two  representative  treatises  may  be  mentioned:  Maihe- 
maHeal  eiyHaUoyraphy^  by  H.  Hilton  and  Vieleeke  tmd  Vidfiaehe.  Tkeorie  wtd 
Geiehiehlt^  by  Dr.  M.  Bruckn^,  where  certain  aspects  of  the  problems  in 
question  are  thoroughly  treated.  In  BrCickner's  book  also  numerous  historical 
and  other  references  may  be  found. 

In  the  plane  there  are  three  cases  of  regular  polygons  by  which  a  certain 
portion  of  the  plane  may  be  packed  uniformly,  namely,  the  triangle,  the  square, 
and  the  hengon.  Li  space  of  three  dimenaons  tha«  are  equal  cubes,  belonging 
to  the  class  of  regular  polyhedrons,  by  whidi  a  certain  portion  of  space  may  be 
uniformly  filled. 

If  we  do  not  limit  ourselves  to  regular  polyhedrons  then  there  are  innumerable 
possibilities  of  subdividing  a  certain  portion  of  space  by  a  set  of  equal  poIyhedron3 
of  semi-^eguIar  and  irregular  types.  A  few  characteristic  cases  shaill  be  given. 

In  the  first  place  space  may  be  subdivided  in  an  infinite  number  of  ways  by 
rhombohedrons  or  parallelepipedons,  whose  faces  are  paralleli^rams  which,  in 
sets  of  two,  are  equal. 

The  subdivision  itself  is  obtained  as  follows:  Take  three  distinct  concurrent, 
non-coplanar  axes  which  are  supposed  to  be  indefinitely  extended.  Denote  the 
axes  by  X,  Y,  Z,  and  the  origin  by  0.  From  0  measure  off  on  these  axes  (on  each 
axis  with  a  definite  unit-length)  equal  distances,  so  that  on  each  axis  the  scale  of 
real  integers  h  represented.  Through  the  division  points  on  the  X-axis  draw 
planes  parallel  to  the  FZ-plane;  thiough  those  of  the  T-axis  planes  parallel  to 
the  ZZ-plane;  through  those  of  the  Z-axis  planes  parallel  to  the  ZF-plane. 
These  three  s^  of  pdanes  divide  space  into  a  uniform  set  of  equal  parallelepipe- 
dons,  whose  vertices  form  a  space-lattice.  There  is  an  infinite  number  of  sub- 
divisions possible  where  the  faces  of  the  parallelcpipedon  are  equal  rhombs. 
In  tliis  particular  case  the  parallelepipedon  is  called  a  rhombohedroa.    Of  the 

>  The  ClMeiidon  ?n^.  Oxford,  1903. 
■  B.  Q.  TmbDer,  Leipzig. 
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class  of  rhombohedrons  one  is  of  particular  importance  as  will  appeal*  from  the 
coustruction  of  the  ihombus-dodecahedrou,  iigurc  1,  which  is  anotlier  example 
of  a  semi-regular  polyhedron  by  whose  repetition  a  ctftain  portion  of  space  may 
be  uniformly  packed. 


c 


Fig.  1. 


Draw  three  equal,  mutually  perpendicular  axes  .1.1',  BB',  CC,  intersecting 
at  0,  and  so  that  OA  =  OA',  OB  =  OB',  OC  =  OC.  Thus  AA'BB'CC  are 
tilt'  vertire?  of  an  octahedron.  Now  draw  the  perpendicular  bisecting  plane*  of 
tlie  segments  OA,  OA',  OB,  OB',  OC,  OC;  they  bound  a  cube  DEFGIUKL. 
Join  the  vertices  of  the  octahedron  to  those  of  the  cube,  as  indicated  in  the 
figure.  The  joins  thus  obtained  form  the  edges  of  the  rhombus-dodecahedron, 
whose  faces  are  equal  rhombs  with  angles  0  and  0,  for  which  tan  6,'2  =  \2,  or 
di'2  -  P  42'  -}-  ,  and  0  —  ISO  —  d.  The  planes  of  two  adinccnt  rliomV"-  include 
an  angle  of  120°.  The  rhombus-dodecahedron  can  t)e  ided  into  the  four  equal 
rhombohedrons  ADOiHBLC,  DCfOBGA  L',  ADOWCLB',  OiB'FLC'KA'. 

If  we  make  an  isometric  projection  of  the  figure,  i.  e.,  if  we  assume  in  the 
figure  OA,  OB,  OC  at  angular  intervals  of  120",  then  OD  which  lies  in  cue  of  the 
principal  diagonals  of  the  cube  will  merely  appear  as  a  point  0,  Figure  2.  Like- 
wise with  the  edges  AI,  UC,  BL,  (jA\  CF,  EB',  which  are  equal  and  parallel 
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to  DO.  The  whole  rhombus-dodecahedron  Rppenrs  as  a  reptilar  hexagon  with  its 
radial  lines,  as  represented  by  the  internal  hexagon  around  0  in  Figure  2.  With- 
out entering  into  further  details,  this  shows  that  the  rhombus-dodecaliedron  may 
be  slipped  into  the  apace  of  a  regular  hexagonal  prism.  We  can  now  add  six  other 
equal  rhombiie-dodecahedroDS  1,  %,  3, 4, 5, 6j  as  shown  in  the  figure,  whidi  fit  in 


Fto.  3. 


closely  around  0.  Other  doflecahe<lrnns  of  the  same  kind  may  be  fitted  in  hori- 
zontally and  vertically,  so  as  to  pack  uniformly  a  certain  portion  of  space,  which 
may  be  made  as  large  aa  we  please.  If  as  shown  in  Figure  2,  we  lit  in  rhombo- 
hedhons  a,  b,  c,  d,  0,/ of  the  kind  of  which  the  dodecahedron  is  composed,  a  reguhr 
hexagonal  prismaHc  tpace  may  be  packed  uniformly  by  rhombui-dodeeahedTana 
and  rkbmbohedrons,  or  by  rhombohedrons  of  the  special  form  alone. 

As  a  last  example  of  cellular  division  of  space  the  well-known  case  of  the 
honey-bees'  cell  may  be  mentioned.  Geometrically  the  cell  is  obtained  as 
follows:  Take  three  faces  of  a  cube  adjacent  at  one  of  its  vertioes.  Through  the 
nx  "open"  edges  of  the  three  laces  pass  planes  parallel  to  the  prindpal  diagonal 
of  the  cube  passing  through  the  common  vertex  of  the  three  faces.  These  six 
planes  together  with  the  three  square  faces  of  the  cube  enclose  essentially  the 
form  of  tlie  bees'  cell. 

Further  references  on  this  extensive  subject  may  be  found  in  the  treatises 
mentioned  above. 
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UNDERGRADUATE  MATHEMATICS  CLUBS 

Edited  bt  11.  C.  Archibald,  Browu  University,  Pro'idencc,  R,  I. 

CLUB  ACTIVITIES. 

Tbb  Mathematics  Club  of  the  Univerbitt  op  Maine,  Orono,  Me. 

Scientific  organisations  at  the  University  of  Maine  have  gradually  tended 
to  become  more  special  in  their  nature.   The  Maine  State  Coll^,  and  later 

University  of  Maine,  Scientific  Association  \vfis  probably  organized  in  the 
seventies  and  flourished  until  some  time  in  the  nineties.  In  a  sense  The  Mathe- 
matics and  I'hysics  Club  was  a  successor  to  this  organization  and  lasted  for  several 
years  before  disintegration  by  reason  of  the  fact  that  "many  of  the  men  formerly 
interested  in  it  were  engineers,  and  several  engineering  dubs  and  societies  were 
formed  wlilch  occupied  the  attention  of  such  men.  The  activities  of  this  club 
were  in  part  tran^^fcrrcd  for  a  time  to  \  oliiiit;iry  meetings  of  the  members  of  the 
mathematics  department  with  students  in  that  department,  and  of  tlie  physics 
faculty  mth  major  students  in  physics."  But  in  February,  1916,  it  was  fdt 
that  there  was  sufficient  interest  to  maintain  a  separate  organization  and  the  new 
dub  was  founded. 

Its  object  is  "to  promote  interest  in  the  study  of  mathematics"  and  its 
members  'consist  of  ail  persons  connected  with  the  departments  of  mathematics 
and  astronomy  and  of  any  other  persons  sufficiently  interested  in  mathematics 
to  make  aj^ication  for  a  membership  and  who  shall  be  elected  by  written 
ballot  by  a  majority  of  the  members  present  at  any  regular  meeting."  Average 
attendance  tliis  year  about  8  of  the  18  members. 

Officers,  1917~1S:  President,  Kdith  E.  De  Beck  18;  vice-president,  Samuel 
Guptill  '20;  secretary,  ^Mildred  Bisbee  '20.  The  program  committee  consists  of 
Professor  M.  O.  Tiripp,  chairman,  and  the  officers. 

The  following  meetings  have  been  held  in  1917-18: 

November  7:  Business,  induding  dection  of  officers  to  fill  vacandes  caused  by 

war  conditions. 

November  14:  "Duplication  of  the  Cube"  hy  Samuel  (Juptill  '20. 

December  5:  "Comparison  of  the  Different  Methods  Used  in  the  Duplication  of 
the  Cube"  by  Maynard  Jordan  and  Quentin  Stauffer,  instructors  in  mathe- 
matics. 

December  19:  "History  of  Trigonometry'*  by  Edith  Deering  '21. 

January  10;  "Mathcmntics  for  Encineering  Students"  by  rrofissnr  Tripp; 
"History  and  Tcaclung  of  Mathematics  in  the  United  States  '  by  Mildred 
Bisbee  '20. 

The  Matbeuatics  Club  of  Northwestern  University,  Evanston,  III. 

This  dub  was  organized  in  January,  1910,  with  a  member>]iip  of  30.  Mem- 
bership was  restricted  to:  (I)  Members  of  the  faculty,  and  graduate  students, 
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in  the  dopartinents  of  mathematics,  physics,  pn.i»ineering  and  astronomy;  (2) 
Seniors  whu  are  takin;,'  tiit'ir  major  work  in  mat  hematics;  (3)  Students  who  have 
creditably  completed  IS  semester  hours  of  work  in  the  departmeut  of  mathematics. 

At  a  Teoent  meeting;,  an  amendment  to  the  constitution  was  passed,  extending 
membership  to  Juniors  who  are  taking  one  or  more  couises  as  advanced  as  "C" 
in  the  department  of  mathematir?.  Representative  courses  of  **C'*  grade  are: 
higher  algebra,  sohd  analytic  fjcometry,  and  advanced  calculus. 

Last  year  the  Mathematics  Club  contained  about  40  active  members.  At 
present  (Felmiary  1)  the  active  membership  is  about  20;  bat  it  is  expected  that 
the  extenfflon  of  membership  privileges  to  Juniors  will  con^erably  increase  the 
number. 

Under  the  membership  requirements  the  officers  of  the  club  are  necessarily 
seniors  or  graduate  students.  Officers,  1917-18:  President,  Theodore  Doll  '17; 
vice-president,  Franklin  Mohr  '18;  secretary,  Mae  Campbell  '18;  treasurer, 
Helen  Maloney '18;  faculty  adviser.  Professor  Hobert  E.  Wilson.  The  program 
CfMomittee  is  composed  of  the  faculty  adviser,  preaidenty  vice-president,  and  two 
members  chosen  by  these  three.  The  oUbnex  two  m^bers  are:  Aoastasia 
Zachariou  '18  and  Elizabeth  Sheldon  '18. 

Meetings  of  the  club  are  now  held  once  in  three  weeks.  Last  year  they  were 
hdd  once  in  two  weeks.  The  lectures  are  about  evenly  divided  between  students 
and  faculty.  The  programs  for  1916  were  as  follows ; 

February  16:  "The  Construction  of  a  Conic,  given  five  Elements  two  of  which 

are  Imaginary"  by  Professor  Thomas  F.  Holfjate. 
March  1:  "What  is  Mathematics?"  by  Theo<iore  Doll  '17. 
March  16:  "  Computing  Machines"  by  Henry  A.  Babcock  Gr.,  Fellow  in  physics. 
March  29:  "The  History  of  t**  by  Minna  Schick  16. 
April  12:  "The  Method  of  Least  Squares"  by  Hu-vey  A.  Anderson  Gr. 
April  26:  "The  Algebra  of  Al-Khowarizmi "  by  Ruby  Lane  '16;  "The  Hindu 

.\rabic  Numerals"  by  Harriet  Knudsen  '16. 
May  10:  "Descartes's  Rule  of  Signs"  by  Professor  David  R.  Curtiss. 
May  24:  "The  Poincar€  World"  by  EUzabeth  Soderhohn  Gr. 
October  12:  "The  Determination  of  Stellar  Parallax"  by  Professor  Philip  Fox, 

director  of  Dearborn  Observat<»y. 
October  26:  "Poincarg's  Science  and  Hypothesis"  hy  Dorothy  Andrews  *17. 
November  9:  "Arithmetical  .Stunts"  by  Lcuiiard  Jaiics  '17. 
November  23:  '  Euler"  by  Mabel  Dinsmore  17;  "Laplace"  by  Laura  Iliii  17. 
December  7:  "Raifroad  Curves"  by  Professor  William  H.  Burger. 

The  following  programs  were  given  in  1917  and  in  the  early  part  of  1918: 

January  11:  "Morit/Zs  Memorabilia  ^^lathematica"  by  Dorothy  Waugh  17, 

Kuth  Austin  17  uiid  Robert  Smyth  Gr. 
January  25:  "Mathematical  Journals"  by  Professor  Curtiss. 
February  15:  "Galilio  "  by  Henry  Crew,  professor  of  physics. 
March  1:  "Paper  Folding"  by  Olga  Podlesak  '17. 
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March  15:  "(  irriilar  1  )ia;^rams  of  Stress  and  Straiu^  and  the  Ellipse  of  Elas- 
ticity" by  Hugh  l\  Bersie  17, 

March  29:  "Triangles  and  Squares''  by  Frank  E.  Wood,  instructor  in  mathe- 
matics. 

April  12:  "Newton  as  Astronomer"  by  Luella  Sayer  Gr.;  "Newton  the  Math^ 
matician"  by  Helen  Forbes  '17;  "Newton-The  Leibnitz  Controversy"  by 
Ella  Schneider  '17;  "Newton  the  Physicist"  by  William  H.  Grau,  assistant 
in  physics. 

AprU  26:  "History  of  lUgonometry"  by  Mary  K.  Voorhees  '17;  "Fourth 

Dimensional  Geometry"  by  FrinlcrickL.  Kerr,  Jr. 
May  10:  "Line  Coordinates"  by  Professor  Chester  H.  Yeaton. 
May  24:  "Some  Generalizations  of  RoUe's  Tlu'creni"  by  Minna  Schick,  Jr. 
November  15:  "The  real  Rootii  of  a  Cubic  i^quution  "  by  Professor  Wilson. 
December  5:  " The  Trigonometric  Solution  of  the  Cubic "  by  Anastasia  Zadiariou 

'18. 

January  10:  "The  Problem  of  Two  Bodies"  by  Franklin  M^.hr  'IS. 
January  24:  "The  ^fathematics  of  Field  Artillery"  by  Professor  K.  J.  Moulton. 
February  14:  "The  Use  of  Complex  Numbers  in  Electrical  Theory  "  by  William 
C.  Bauer,  professor  <ii  electrical  engineering. 

A  service  flag  tm  the  Mathematics  Club  would  contun  six  stars.  For  all 

the  information  given  above  concerniiif;  tlie  Clnb  the  editor  is  greatly  indebted 
to  President  Doll  who  expects  to  be  called  to  the  colors  before  June. 

The  Mathematics  Clitb  of  the  University  of  Oregon,  Eugene,  Oregon. 

This  club  was  organized  in  October,  1910,  "to  promote  a  broad  interest  in 
the  whole  fidd  of  mathematics,  especially  in  phases  of  it  that  are  iM>t  dealt  with 
in  the  ii^pilar  courses;  also  to  touch  upon  interesting  and  useful  applications, 
the  human  element  and  the  recreational."  All  students  in  the  department  of 
mathematics  and  allied  departments  are  eligible  for  membership.  There  are  30 
members;  average  atiendence  about  20. 

Officers,  1917-18:  President,  Olga  Soderstrom  '18;  vice-president,  Ruth 
Westfall  '18;  secretary,  Helen  Wells  '18;  treasurer,  Kenneth  Moores  '18.  The 
program  for  each  meeting  is  prepared  by  the  officers  assisted  by  the  instructors 
in  the  department. 

The  program  for  the  year  1916-17  follows: 

October  6:  "Early  Reminiscences  <^  the  University  of  Oregon"  by  Edward  H. 

McAlister,  professor  of  meclianics  and  astronomy;  "The  History  of  Johns 

Hopkins  University"  by  Roy  ^L  Winger,  i)rofessor  of  mathematics. 
November  1:   "The  Fallacies  of  Arithmetic"  by  Lucile  Watson  '17;  "The 

Construction,  Theory,  and  Purpose  of  the  Magic  Square"  by  Loren  Roberts 

'17. 

December  6:  " The  Construction  of  Polyj,'ons  by  the  Use  of  Ruler  and  Compasses" 
by  Kenneth  Moores  '18;  "The  Problem  of  Squaring  the  Circle"  by  Ruth  A. 
Westfall  "18. 
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March  7r  " Remiuisecnces  of  the  Universities  of  Wiswnsin,  Chicago,  and  Yale" 
by  Edgar  £.  De  Cou,  head  of  the  department  of  mathematics;  "Mathemat- 
leal  Recreations,  Fuzsles  and  Catdi-pfoblema"  by  Olga  Soderstrom  '18. 

May  23:  "l^e  li^tory  of  Conespondenoe  Schools  and  the  Progress  ol  our 
University  in  tliis  Regard"  by  Chester  Kronenberg.  instructor  in  matlie- 
matics;  " The  Application  of  Mathematics  to  Wave  Surfaces"  by  Frederick 
E.  Melzer  '17. 

The  programs  for  the  first  two  meetings  of  1917-18  are  as  follows:  < 
December  13:  "Hie  Problem  of  the  Duplication  of  the  Cube''  by  Elizabeth 

Carson  '18;  "  Mathematics  and  the  War"  by  Professor  De  Con. 
January  10;  "The  Problem  of  the  Trisect  ion  of  an  .\ngle"  by  Cornelia  Heess  'IS; 
"The  Newton-Leibnitz  Controversy  over  Calculus"  by  Edward  E.  Bentley 
'20. 

The  Matheuatical  amd  Astrokoiqcal  Club  of  Swasthmobb  College, 

Swarthmore,  Pa. 

This  dub  was  founded,  in  March,  1907,  in  order  "to  give  students  and  faculty 
an  opportunity  to  report  upon  subjects  not  usually  treated  in  the  classroom. 

It  affords  also  an  opportunity  to  bring  to  the  students  mathematics  from  those 
outside  the  college  two  or  more  addresses  \\  hich  are  given  each  year  before  the 
club;  but  the  chief  object  is  to  develop  in  students  the  responsibility  for  certain 
exercises."  Anyone  desiring  to  become  a  member  may  do  so.  There  are  42 
members  this  year  and  the  avenge  attradanoe  is  about  30.  No  regular  dub 
dues  are  levied,  but  each  year  an  assessment  is  made  tar  current  eqienses;  it 
new  exceeds  a  dollar  and  is  usually  less  than  half  that  amount. 

The  following  programs  were  given  in  the  early  i)art  of  1917-18: 

October  2:  "Properties  of  Sound"  by  Harvey  C.  Hayes,  professor  of  pliysics. 
October  16:  "  Popular  Phases  of  the  Fourth  Dimension  "  by  Ethdwyn  Bower  'IS. 
November  6:  "Deto'mtnation  of  Latitude  and  Longitude  by  Means  of  Celestial 

Ohjec  ts  "  by  John  Trimmer  '18 ;  "The  Use  of  the  Sextant"  by  Harry  Yardley 
'IS);  "The  Log  Rook  of  a  Ship"  by  Rwing  Carson  '18. 

November  20:  "Opportunities  open  to  Students  of  Mathematics"  by  John  A. 
jMiilcr,  iiead  of  the  department  of  mathematics  and  astronomy;  "Plain 
SaiUng,"  by  Frank  Fetter  '20;  "Mercator's  Frojectioa"  by  Robert  Blau  '18. 

December  4:  "Algol  and  its  U.sc  in  the  Determination  (*f  Light  Wave-Lengths" 
by  Dorothy  Johnson  '18;  "History  of  the  Parallax  Problem"  by  Caroline 
Smediey  Gr. ;  "Use  nf  the  Tfle:^cope  and  Galvanometer"  by  Hazel  Brown 
Gr.;  ** Researclies  of  Sproul  Observatory"  by  Professors  Miller,  John  H, 
Pitman  (nuithraiatics  and  astronomy),  and  Hayes. 

December  18:  "The  Depression  Range  Finder  and  its  Use  in  the  Present  War" 
by  John  Trimmer  '18. 
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Tni:  Mathematics  Club  of  Vasssar  College,  Poughkeepsie,  N.  Y. 

This  club  was  orc:anized,  in  January,  1910,  "to  bring  together  students 
interested  in  matheniaiics,  and  to  give  them  an  opportunity  to  present  papers 
themselves  and  to  hear  and  discuss  those  presented  by  tiieir  fellow  students.  All 
students  who  have  completed  two  semestral  courses  of  decttve'  mathematics, 
and  members  of  the  faculty  in  the  mathematics  departmetit  are  eligible  for 
active  mcinlxTsliip.  StiiHenfs  wlio  hfi vo  taken  or  arc  takin?^  one  course  in  elective 
iM!!tlK  m;itics,  and  members  of  the  faruhy  in  other  tiian  the  mathematics  depart- 
ment are  eligible  for  associate  membership,"  The  club  has  37  active  members 
practically  all  of  whom,  and  others,  are  present  at  each  of  the  monthly  meetings. 

Officers,  1917-18:  President,  Beatrice  Boyden  '18;  vice-president,  Rachel  G. 
Franklin  '19;  secretary-treasurer,  Louise  E.  C.  Stuerra  '19;  faculty  member  of 
executive  committee,  Professor  Elizabeth  B.  Cowley;  member  at  large  on 
executive  committee,  Ruth  De  Land  'IS. 

The  following  are  prop^rams  for  1917-18: 
October  30:  "The  Parallel  Curves  of  tlie  Cnits  "  by  Dr.  :\Iary  E.  Wells. 
November  13:  "The  Mathematics  of  Warfare"  by  J.  Malcolm  Bird,  associate 

editor  of  The  Scientific  Avierkan.- 
December  13:  "The  Slide  Rule"  by  Helen  Thompson  '18;  "Magic  Squares"  by 

Louise  E.  C.  Stuerm  '18. 
January:  "Planimeters"  by  Marjorie  WTjcatley  'IS;  this  paper  was  illustrated 

by  planimeters  made  by  the  speaker's  father,  who  is  an  engineer. 

TOPICS  POH  CLUB  PROGRAMS. 

6.  Women  as  Mathematicians  ano  Astsonomebs. 

The  first  woman  mathematician  regarding  whom  we  have  positive  knowledge 
is  the  celebrated  ITypatla,^  recognized  head  of  the  Xeoplatonic  sehixjl.  who  was 
barbarously  murdered  at  the  hands  of  an  Alexandrian  mob  in  the  early  part  of 
the  fifth  century.  She  was  the  daughter  of  Theon,  also  a  mathematician  and 
philosopher,  who  edited  Euclid's  ElevMnU.^  "Her  great  eloquence  and  rare 
modesty  and  beauty  combined  with  her  remarkable  intellectual  gifts  attracted 
to  her  class-room  a  large  number  of  pui)ils."  She  is  said  to  have  been  the  author 
of  commentaries  on  works  by  Diophantus,  Apollonius  of  Perga,  and  Ptolemy. 

Maria  Gaetana  Agnesi,  an  Italian  mathematician,  linguist  and  philosopher 
of  the  eighteenth  century  was  one  of  the  twenty-three  diildren  of  a  rich  and 

*  Vassjir  College  requires  a  yo:ir  of  nialhematics  for  freshmen. 

'  Mr.  Binl  s  l<  lun-  \v:is  open  to  all  members  of  tho  ( 'oll<  l,*:  atnl  wic  attended  by  about  500 
people,  including  }>racUcaUy  all  of  the  students  of  loathcauitics,  and  others,  in  The  Maihematic* 
Teacher,  September,  1017,  vol.  10,  pp.  36^61,  appeared  an  article  <m  "Tbe  Mathematiea  of  Wav' 
fare"  by  Mr.  P.vrd. 

'See  Encyd'jpTilia  Britannica,  eleventh  edition,  1910,  article  " Jlypatia "  with  bibliography. 
Kingsley's  romance  will  be  recalled. 

*  Cjf.  Heath,  The  Thirteen  Bmde*  <rf  Eudid't  ElemenU,  vol.  1,  imi.  Chapter  & 
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cultured  ycntleniaii  of  Milan  who  had  a  taste  for  science.  "When  only  nine 
years  old  she  had  such  command  of  Latin  as  to  be  able  to  publish  an  elaborate 
address  in  that  language,  maintaining  that  the  pursuit  of  liberal  studies  was  not 
improper  for  her  sex.  By  the  thirteenth  year  she  had  acquired  Greek,  Hebrew, 
French,  Spanish,  German  and  other  languages.  Two  years  later  her  father  began 
to  assemble  in  his  house  at  stated  intervals  a  circle  of  the  most  learned  men  in 
Bologna/  before  whom  she  read  and  maintained  a  series  of  theses  on  the  most 
abstruse  philosophical  questions"  (Encyclopadia  BrUanniea).  Her  lather  caused 
records  of  these  meetings  to  be  published  when  she  was  twenty  years  old.  Then 
followed  ten  years  of  arduous  labor,  entered  upon  for  the  benefit  of  one  (jf  her 
brothers  who  had  a  (aste  for  mathematics,  and  resulting  in  the  publication  of 
Lr  I iisiiivzioni  Analitiche  (two  quarto  volumes,  Milano,  174^^).  It  i<?  here  (Vol. 
\,  pp.  380-81)  tiiut  we  find  u  discussion  of  the  curve  commonly  known  now  as  the 
"witch  of  Agnesi."  ^French  and  English  translations  of  this  work  were  pub> 
lished  in  1775  and  1801*  respectively.  In  1750  she  was  appointed  professor  of 
higher  mathematics  and  natural  plnlosojiliy^  at  tlie  rni\  ('rsity  of  Bologna  but 
never  lectured.  For  the  rest  of  lier  long  life— she  lived  to  be  81  years  of  age^ 
she  was  occupied  in  charitable  work  and  rehgious  meditations.  A  younger  sister 
was  a  well-known  fManut  and  compose  of  three  operas. 

Among  French  representatives  of  women  as  mathematicians  Sophie  Germain 
(177&-1S31)  is  the  most  notable.  She  was  a  pupil  of  Lagrange  and  a  coworker 
with  Biot,  Lcgendre,  Poisson  and  Lagrange.  In  1816  the  Institute  of  France 
awarded  a  prize  for  her  memoir  on  the  mathematical  theory  of  the  vibrations  of 
dasdc  surfaces  and  its  comparison  with  experience.  This  and  other  memoirs  have 
been  reviewed  by  Todhunter.*  Her  fame  brought  her  into  oimtact  with  such 
men  as  Ampere,  Cauchy  and  Gauss.*  Terquem  has  written  an  interesting  bio- 

graplileal  sketch.'' 

Russia  produced  Sonja  Ko\ale\ski  (1850- 1891)  who  studied  mathematics 
for  two  years  at  the  university  of  Heidelberg  (under  H.  v.  Helroboltz,  Kirchhoff, 
K^gsberger  and  du  Bois-R^rmond)  and  then  proceeded  to  Berlin,  where  she 

*  MilftD?  Compare  note  4. 

*  See  F.  G.  Teixeika,  TraHi  des  coitrbes  spicialea  remarquaibUt  filanei  tl  ga/uAn,  Oolmbre^ 
1908-9,  Vol.  1,  pp.  108-115,  385-6;  Vol.  2,  pp.  405-6. 

*  The  review  of  this  edition  in  tlie  BdMrurgh  Retneti<  for  January,  1804,  is  Interesting. 

*  There  i.s  no  haais  in  fact  for  \hc  .Ktii'rments  of  the  Enci^rlojjn'h'a  Britannim  to  the  effect  that 
(1)  Agnesi's  father  was  professor  iii  ihu  University  of  Bologna  or  (2;  her  appuiDtmcnt  as  professor 
had  (inyihinK  to  <lo  with  hia  illness.  Cf.  the  best  biographj-,  L.  Anzoletti,  Maria  Gaetana  Agnem, 
Milano,  IWO,  pp.  273ff.  Tbere  is  a  sketch  in  The  CathoUe  Ctfclopedia,  New  York,  Appleton, 
Vol.  1, 1«07. 

*  History  of  the  Theory  of  Efnsfiri!)/  anr!  of  the  Strrnoth  of  Malf.rials,  Vol.  I,  Cambri'lcc, 

pp.  147-160;  see  also  Chasles,  Rrippori  mr  /<  >  jir «  r  v  (j't  la  giometrtc,  Paris,  1870,  pp.  ii5-36; 
and  H.  Stcput,  (Euoret  phiimophiquts  de  .s  ?  i  ,  un,  suivies  de  pens^4:a  el  de  IcltTes  irUditet 
et  prSeidSu  d'ma  4tMd»  wrtavuttta  (i^ttvm,  Paris,  t^uantin,  1879;  anotlier  editkm,  1896. 

*  Cf.  BoNOOMPAim,  LMera  imiita  di  CartHo  Fndrieo  Gaum  a  Safia  Germain,  Fiimse,  1871 ; 
rev;(\\(il  b>  C.  Hcniy  in  BtMttin  dt*  sewnoH  m<akimati^pu9  (Darboux),  Faris,  tome  14,  1879, 
pp.  401-40(1. 

^  Bulletin  de  bibliographie,  d'histoire  el  de  biogrofAit  malkiniaiiquet,  tome  6  (1800),  pp.  9-13 
(ATouiieflM  Afuudea  d€  malkimaligue$t  tome  19). 
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prevailed  upon  Weierstrass  to  give  her  private  lessons,  since  the  doors  of  the 
university  were  closed  to  women.  He  soon  found  that  she  had  "  the  gift  of  intui- 
tive genius  to  a  degree  he  had  seldom  found  among  men,  evta  bis  older  and  more 
developed  students."  At  the  end  of  three  years  she  presented  to  the  university 
of  Gottiiigen  three  theses  worked  out  under  the  direction  of  Weierstrass  through 
whose  strong  recommend mt ion  she  was  awarded  the  degree  of  doctor  of  philosophy 
without  examination,  and  m  absentia.  Not  long  after  this  (lb74)  she  returned  to 
Russia.  In  1883  she  was  appointed  lecturo'  in  mathematics  at  the  univenity  of 
Stodcholm,  and  in  1884  full  professor.  This  yiost  she  held  till  her  death.  Five 
of  her  memoirs  were  published  in  Acta  Matluunatica  and  the  mo  t  i:otah!e  is 
that  of  1SS9,  "Stir  le  problemc  de  la  rotation  d'uu  corps  iiolide  autour  d  un  point 
fixe,"  which,  in  1888,  won  the  prix  Bordin  (doubled  in  value  because  of  the  re- 
markable mmt  of  the  memoir)  of  the  Institute  of  Fianoe.  Sonja  Kovalevski 
"died  just  as  she  had  attained  the  height  oi  her  fame  and  had  won  recognition 
even  in  her  ovra  country  by  dection  to  membership  of  the  St.  Petersburg  Andemy 
of  Science." ' 

Of  scientists  in  Fn«»!and  a  few  notes  may  be  given  concerninj^  the  astronomer 
Caroline  llerschel,  who  was  born  at  Hanover,  in  17o0  and  started  her  career  in 
Enf^and,  with  her  brother  William,  as  teachor  of  music  in  Bath.  Wnea  her 
brother  accepted  the  office  of  astronomy  to  George  111,  she  became  his  constant 
assistant  in  his  observations  and  also  execute<l  laborious  ealcnhitions  which  were 
rnnnected  with  them.  She  discovered  comets  and  remarkable  nebula;;  and 
completed  the  reduction  to  January,  18U0,  of  2,500  nebula  discovered  by  her 
brother.  The  Royal  Astronomicd  Society  awarded  her  its  gold  medal  and 
elected  her  an  honorary  member.  She  died  at  the  age  of  96,  having  spent  about 
fifty  years  of  her  chief  scientific  activity  in  England.' 

Perhaps  the  best  single  work  containing  biographies  of  scores  of  women 
mathematicians  and  astronomers  is  the  second  edition  of  A.  llEBiiiRE,  Les 
femmes  dam  la  science,*  The  bibliographies  arc  full  and  valuable.  Among 
portraits,  it  contains  those  of  Agneal,  Sophie  Germain,  Caroline  Hersdiel,  Kova- 
levski, Agnes  Mary  Clarke,  the  English  author  of  various  works  on  the  history 
of  astronomy,  Marquise  du  ( -hatelet*  fijupil  of  Clairatit.  Manpertius  and  -lean 
Bernoulli,  and  tianslator  of  Newton's  iV<netp?Vr\  Martha  Mitchell,  the  astron- 

>  For  sketches  of  KoTidevski'«  life  reference  taay  be  g^vcu  to  A.  C.  LsTFiJEB,  Sonya  Kmx^£vaky, 
bioRrapby  and  Kttobkisimpliy,  tnndated  bto  Etaf^iah,  London  (1)  Waker  Soott,  1805,  (3)  T. 

Fisher  Ur..\in,  tS05;  to  the  artiHo  in  the  eleventh  edition  of  tfip  Encyclopadia  BrUannica,  1911; 
to  G.  MnTAu-LErrLER,  "Sophie  Kovalevaky,  notice  biographique,"  Actn  Malhemalica,  Vol.  16 
(portrait  frontispiece),  pp.  3S.V-392,  1S!)3;  and  to  K.  \\.  CaRTBB,  "Sophie  Kovalcvsky,"  Fort- 
nighUy  Heeim;  \o\.  03,  1B96,  pp.  7ti7-7S3.  For  other  references  see  BMiotkeca  Maibmatka,  8. 
IWhe,  Band  2,  1901,  p.  337. 

*  For  ilct.'iili-d  biographical  material  ser  Mrss.  John  Hrrschel's  Mimoir  ah'!  Carr:  .--poriih  ncc  of 
Caroline  lierm^iiel,  2d  edition,  London,  Murray,  1S7'.>;  Dictionary  of  Aaliojial  Biography,  Ix)ndoD, 
Vol.  20,  1891;  and  the  Introduction  to  Volume  I  of  The  .SWewiijfc  Papen  ^ Sir  WUHam  Henthdf 
London,  Koya!  Society  and  lioyal  Astronomical  Society,  1912. 

*  Paris,  Novy,  1897,  301  pp. 

*  For  other  portmi  H  '  <  T  urlylc's  Works,  ccntenar\'  etlition,  Now  York,  Soribncr,  1908, 
Vol.  14,  p.  191;  and  G.  C.  U  iluajabon,  UUtory  of  tortraU  Miniatur€$,  London,  Bell,  19U4,  Vol.  2, 
plate  87. 
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oxner  of  Vrssat,  Charlotte  A.  Soott,  the  inathematidan  at  Bryn  Mawr,  Christine 

Ladd-Franklin  of  New  York,  and  Dorothy  Klumpe,  a  native  of  San  Francisco, 
who  is  thr  nn|v  American  who  ever  leoeived  the  state  doctorate  in  mathematical 

sciences  in  France.* 

A  more  recent  work  by  J.  A,  Zahm  waa  published  under  the  pseudonym  11.  J, 
Moaana  witii  the  title  Woman  in  Stnenee  teUh  an  intnduelory  Chapter  on  Woman^s 
long  Stmiff^for  Things  of  the  Mind.*  AVhile  the  book  iwesents  material  d  value 

for  our  topic  it  contains  also  many  unreliable  statements. 

The  highly  interesting  article  i)y  Gino  Tx)na  on  "liPS  femmes  mathemati- 
ciennes"  '  does  not  enter  so  much  into  details  of  the  lives  of  the  diii'erent  women 
as  into  the'oonrideratton  of  the  value  of  thdr  contributions  to  science^  in  com- 
parison with  those  made  by  many  men.  On  the  basis  of  available  facts  he 
finds  himself  obliged  "  with  regret  to  make  reservations  in  regard  to  those  whom 
nature  s<»ems  to  have  called  to  other  tlt^stinies."  Much  the  same  conohision  is 
reached  by  the  doctor,  P.  J.  Mobius  (grandson  of  A.  J.  Moebius)  in  his  valuable 
Ueber  die  Anlage  zur  Mathematik} 

7.  The  Binary  Scale  of  Notation-,  a  Ut-ssian  Peasakt  ^fETnoD  OF  MuLTT- 

PUCATION,  Tire  Ga1I£  OF  NiM  AND  CaKDAN's  RiNGS. 

The  binary  system  is  !)uilt  upon  a  scale  of  2  instead  of  10,  thus  using  only  two 
figures,  1  and  0.   The  succession  of  integers  represented  iu  the  decimal  notation  by 

123466789  10 

would  appear  in  the  binary  system  as  follows: 

1    10    11    100    lOi    110    111    1000   1001  1010 

By  this  means  all  addition  is  reduced  to  counting,  all  multiplication  to  simple 
additions,  antl  division  to  simple  subtractions.  One  inconvenience  of  tlie 
binary  system  is  the  large  number  of  figures  wliich  may  be  required  for  a  relatively 
small  number.  Hie  binary  representation  requu^s  for  large  numbers  approxi* 
mately  10/3  of  the  number  of  figures  in  the  dedntal  representation.  I^gendre 
used  binary  numeration  for  calculating  higli  powers  and  gave  the  following 
note'  on  a  "very  short  method  for  expressing  a  somewhat  large  number  in  binary 
scale.  Let  the  number  l)e  11,183,445;  .  .  .  divide  by  64,  then  the  remainder  is 
21  and  Uie  quotient  174,741,  which,  divided  by  04,  gives  the  ruouiinder  21  and 

1  For  a  ^ne,  at  least,  Mim  Klumpc  was  a  Bwmbw  of  liw  ilalf  of  Ibe  Fmis  ObMrvatoiy* 

*  New  York,  Apple'  i.  1  ')13.  (  hapter  3,  pp.  136-166:  "WoDMU  hi  MatbunatifiB,'*  dHptat 
At  pp.  167-196:  "Women  m  AbUououiv.  ' 

•Acmw  ta/KfaSfi/tuit,  Paris,  Dumoidin,  1903,  4e  s^e,  tome  20,  pp.  386-392.  See  also  Gk 
Lo«A,  "Donne  matematiche,"  Memorin  h-Ua  il  28  dicembn,  IWl,  AM  «  mmorit  dttta  R,  A«lh 
demia  Virgiliana,  Mantova,  1903,  pp.  7o-9S. 

♦  In  Note  1  of  hid  Work  ("Si  la  I'ftnine  est  capable  dc  science,"  panes  2S7-3 19)  Rebif^rc  eon-sidcra 
this  question.  He  quotes  tboae  holding  opponng  views,  ouch  as  Moli^,  Prudliom,  Schopenhauer, 
and  Lalande,  Stuart  Mill,  Anatole  France. 

•  Leipzig,  Barth,  1900.  "BeitrS-Ke  zur  Kenntniss  dca  Mathematiachen  Talentes.  C-  Usbw 
die  mathematiachen  Weiber,"  pp.  77-86;  portraits  of  Germain,  Herachel  and  KovalevskL 

•A.H.LMii«DKa,SMmtolAApri«dtonomArw,FuiB,1798,p.320;  aB<ditioii,1806»li.3a9. 
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the  quotient  2730;  finally  2730  divided  by  64  gives  the  remainder  42  and  the 
quotient  42;  but  21  is  expreaaed  in  binary  nomben  by  10101  and  42  by  101010. 
Then  the  proposed  number  ie  expressed  by  101010 101010  010101 010101." 

Fractions,  decimals,  subtraction,  division,  etc.,  in  the  binary  system  have 
been  discu^spfl  by  E.  Collignon  *  Reference  may  be  given  also  to  artir-lef?  by  C. 
Berdellc,^  to  the  sketch  by  E.  Lucas  in  Ricriatuma  mathimaiique^,^  to  an  extract 
from  the  first  lesson  of  Laplace  at  the  £cofe  NormaU,  "le  ler  piuvidse  an  III" 
[1795),'  and  to  •  note  by  E.  Miot.* 

Leibnix  is  often  referred  to  as  the  founder  of  binary  arithmetic:  Vfhedier 
this  be  true  or  not  it  is  certain  that  the  subject  interested  hira  considerably  and 
that  publications'  influenced,  directly  or  indirectly,  the  production  of  a  series 
of  works  such  as  those  by  T.  F.  De  Lagny,^  J.  B.  Wiedeburg,'  F.  S.  Brunetti,* 
and  G.  F.  Brander.^°  As  early  as  1698  Leibniz  set  forth  the  foundations  of  his 
binary  arithmetie  in  a  letter  to  Sdralenburg  and  the  matter  oecoj^ed  attention 
for  twenty  years.  His  first  published  paper  on  the  subject  was  in  1703.  As  its 
title  indicates  I,pihniz  believed  that  this  arithmetic  solved  the  mystery  of  a 
Chinese  symbol  Je-Kim  (book  of  mutations)  attributed  to  Fo-hy,  the  most 
ancient  legii^Iator  in  China.  The  symbol  is  composed  of  64  iigures  each  formed  of 
tax  horizontal  lines  (some  whole,  others  broken  in  the  middle)one  above  the  other.** 
Intopteting  each  whole  line  as  coireqwnding  to  1  and  each  brolcNi  fine  to  0, 
Leibniz  translated  the  figures  as  corresponding  to  0,  1,  2,  •  •  • ,  63.  But  such  an 
interpretation  has  been  shown  to  be  worthless."  In  honor  of  Leibniz's  discoveries 
in  connection  with  binary  arithmetic  a  medal  was  struck  by  lludolph  August, 

'  "Note  BUT  I'arithm^tique  biiuure,"  Journal  de  maihi-maliquta  ilinienlairei  (De  Longcharaps), 
1897,  tome  21,  pp.  101-106,  128-131,  148-151,  171-174. 

*AMoeiatiim  franfoise  pmtr  Vavattcement  det  sciences:  (a)  "Ls  numeration  binaiie  et  I* 
mimtaitioB  oetovale,"  1887;  (b)  "Arithm^tique  de  la  Kamme,"  1897;  (c)  "Lea  curioeit^  dtt 
Calcul,"  1898.    Also  L' 1  nltrmfxUaire  des  math6malicicns,  1904,  tOme  ll*  Pip.  269^1« 

*2e  6ditioD,  Paiu,  GautJhiar-VilUra,  1891,  i^.  14^-160. 

*  L'JMuealim  moMMtSqtm,  7«  aaiiito,  1901,  pp.  S9-60. 

*  L'lrtiermidiaire  det  mathimaticiens,  1911,  tome  IS,  p.  190. 

*  (a)  "Explication  de  rarithmdtique  biuaire,  qui  se  sort  des  seals  caractdres  0  et  1 :  avoc  dca 
remarques  sur  son  utility  et  sur  ce  qu'elle  donnc  le  sens  des  anciennee  figures  Chinoiaes  de  Fohy," 
Mukrir*  de  I'acadimU  dee  sciences  d»  Fori»t  1703,  pp.  68-63;  Af^mowm,  pp.  85-89.  Alw,  Opera 
«nmfo,  Genen^  toI.  3,  1708.  pp.  800-8M.  (b)  "De  inTsntkme  sriUmwdm  Uoaritt  a  G.  G. 
Leibnitio.  EJxoerri  i  <  vitA  I/cibnitii  a  D.  Jancourt  scripta,"  Ojyera  omnia,  vol.  3,  pp.  346-348. 
(e)  "0.  G.  LeibniUi  epistulu.'  dus  ad  J.  C.  SchulcnburRium,  De  Aritluuetic&  Dyadici  .  .  .," 
Opera  omnia,  vol.  8»  pp,  94.9 -'S5i. 

'  L'arilhmitique  noMwUe,  llochefort,  1703.  (Hutton  states  that  De  Lagny  proposed  a  new 
system  of  logarithms,  on  the  plan  of  binary  arithmetic,  which  he  found  shorter  and  more  easy 
■ad  natural  than  the  common  oue.s.) 

*  rhssertatio  mathematica  de  praesiantia  arilhmetietB  binaria  pradedmaU  .  .  .,  Jenae,  1718. 

*  Arilhmelica  binomica  e  dtadkut  in  cvA  tefli  k  vpvodmi  sifanno  cottt  «ok  figun  Una,  e  Zero 
(Riaesaiona  «1  Gkmala  de'Lettwati  di  Bmb*  an  1746*  pags  884>.  Roma,  1746;  aiulher  «dHioo, 
1754. 

ArUhmeliea  binaria  sine  dyadica,  das  itt.  Die  Kunst  nur  mil  swey  Zahlen  in  oUtH iwiwwMWWlJiwi 
FMtn  tielm  und  UMd  m  nekntm,  Augsburg,  1700;  anoUier  edition,  1775. 

**  Cf.  P.  Cakob,  "Chinese  ndloeophy,"  Th§  MmUL,  CUeago,  1896,  vol.  0,  especially  pages 
101  ff. 

"  Annales  du  mu»6e  guimet,  tome  8  (1885)  and  23  (1893). 
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duke  of  Braunsf  hw cig.  A  copy  of  this  medal  forms  the  frontispiece  to  Wiede- 
burg's  diaaertatioQ  and  is  aiso  given  on  p.  1002  of  Collectanm  de  Breslau. 

Tlie  problem  of  o»leii]fttiiig  ir  in  the  Iwiary  system,  proposed  several  times  by 
Ldbniz  {Open  ommietf  tome  3,  pp.  621, 547 •  •  *)»  ^"i)^  solveid  by  Jacob  Bernoulli.^ 
For  log  T  in  binary  system  see  Joumd  d»  MaUiimatiqim  Mimtmimm  ^ouiget)* 
Paris,  tome  2,  1878,  p.  229. 

Peano  has  indicated  applications  of  the  binary  system  in  "La  numerazione 
binaria  applicata  alia  stenografia/'  AUi  della  R.  Accademia  deUe  Scieruas  di  Torino, 
180B;  (6)  FomMr§  de  MMmatiqtiet,  1901,  pp.  77, 164^  177. 

The  source  of  the  many  references  to  a  Russian  peasant  method  of  multiplica- 
tion ?!peTns  to  have  been  the  publication  in  1  snn  hy  G.  Dc  Lont:rli:imps  of  a  request 
from  a  Mr.  Flackowo  (of  Tokarewka  in  the  government  of  Tamboff,  Russia) 
for  an  explanation  of  the  method.  An  example  will  suffice  to  illustrate  both  the 
method  and  the  connection  with  the  binaiy  ^stem  of  nonumtion.  Suppose,, 
for  example,  the  problem  is  to  multiply  35  by  42.  Divide  one  of  the  numbers 
(say  35)  by  2,  giving  17  (remainder  neglected)  and  multiply  42  by  2j  oontinuing 
the  process  we  get  the  fallowing  series  of  corresponding  numbers: 

86      17         8        4         2  1 
42      84      168      336      672  1344. 

Add  the  numbers  of  the  second  row  coiresponding  to  odd  numbers  in  the  first 
row  and  we  obtain  the  required  product  1470.  In  Mathematical  OazeUe,  1917, 
Vol.  9,  p.  9,  G  H.  Bryan  has  a  note  on  "'Russian  Peasant'  Multiplication  in 
Roman  Numerals."  References  may  be  given  also  to:  J.  Bowen,  "The  Russian 
Pessant  Method  of  Multiplication,"  The  MathemaHee  Teacher,  1912,  Vol.  6, 
np.  4r8;  B.  CzossH,  "Ueber  ein  MultipUkationsverfohrai,"  Zeiteekr^  f&t  doe 
ReaUehdmsen,  Desember,  1916. 

The  application  of  the  binary  scale  of  notation  to  "Nim,  a  Game  with  a 
complete  Mathematical  Theory"  was  explained  by  C.  L.  Bouton'  in  Ayinah  of 
Maihematica,  1901,  2d  series.  Vol.  3,  pp.  35-39.  To  him  is  due  also  the  name 
which  was  chosen  in  preference  to  Fan-tan,  which  had  been  used,  because  it  is 
not  the  same  as  the  Chinese  game  of  that  name.  "The  game  is  played  by  two 
players.  TTpon  the  table  arc  placed  three  piles  of  objects  of  any  kind,  let  us  say 
counters.  The  number  in  each  pile  is  quite  arbitrary,  except  that  it  is  well  to 
agree  that  no  piles  shall  be  equal  at  the  beginning.  A  play  is  made  as  follows: 
The  player  sdects  one  of  the  piles,  and  tsom  It  as  many  counters  as  be 
ehooses;  one,  two,  .  .  .,  or  the  whole  pile.  The  only  essentia  things  about  a 
play  are  that  the  counters  shall  be  taken  from  a  single  pile,  and  that  at  least 
one  shall  be  taken.  The  players  play  alternately,  and  the  player  who  takes  up 
the  la^t  counter  or  counters  from  the  table  wins."  See  also  E.  H.  Moore,  "A 
Generalization  of  the  Game  called  Nim,"  AnnaU  qf  Mathematics,  1910,  2d  series, 
Voi  11,  pp.  93^. 

The  toy  usually  known  as  "CUnese  Rings"  '  seenm  to  have  been  first  de- 

>  Cf.  Lbibnk,  M<Uh.  Schriflm  (CMiiliaidt),  vol.  a,  p.  97. 
*  Is  FkwMsh:  bapMfMwMtTi 
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scribed  by  Cardan  on  page  294  of  his  De  Subtilitate,  Nuremberg,  1550.  It  is 
also  discussed  by  John  Wallis  in  the  Latin  edition  of  his  Al(/ihm,  1698  (Opera, 
Vol.  2,  pp.  472-478).  The  toy  "consists  of  a  number  of  rings  hung  upon  a  bar  in 
such  a  manner  that  the  ring  at  one  end  (say  A)  can  be  taken  off  or  put  on  the  hur 
at  pleasure;  but  any  other  rintr  can  be  taken  off  or  put  on  only  when  the  one  next 
to  it  towards  A  is  on,  and  ail  the  rest  towards  A  are  off  the  bar.  The  order  of 
the  lings  cannot  be  changed."  A  pretty  full  discission  of  the  nnmbeir  <rf  operap 
tbns  required  to  remove  the  rings  from  the  bar  (a  problrai  which  Cardan  and 
Wallis  failed  to  solve)  has  been  given  in  W.  W.  R.  Ball,  MathemaHcal  Recreations 
and  Essays,  5th  ed.,  London,  Macmillan,  1011,  pp.  2:50-234.  Practically  all  that 
is  in  Ball's  sketch,  and  consideralde  more,  is  given  in  E.  Lucas,  liecreatiom 
Mathermiiques,  Paris,  Gauthier-Villars,  tome  1,  2e  ed.,  1891,  pp.  161-186.  The 
discussion  of  the  number  of  operations  by  means  of  the  binary  scale  is  due  to 
^  Gros],  TiSorie  du  BaguMoiier,  par  un  derc  de  notaiie  lyonnais,  Lyon,  1872. 


NOTES  AND  NEWS. 

Professor  E.  W.  Bbown,  of  Yale  University,  was  elected  a  member  of  the 
Council  of  the  American  Philosophical  Society  at  the  January  meeting. 

The  Paris  Academy  of  Science  during  the  year  1917  awarded  seventy-seven 
prizes  for  especial  achievements  in  science,  eight  of  which  were  granted  to  mathe- 
maticians. 

The  Royal  Society  held  its  regular  mcetinj^  on  Deeember  0,  1017,  under  the 
presidency  of  Sir  J.  J.  Thompson.  The  only  mathematical  papers  presented 
were  "The  series  of  Iiegendre,"  by  W.  H.  YouNO,  and  "The  Zeros  of  Bessel 
functions/'  by  6.  N.  Watson.  The  London  Mathanatical  Society  held  its 
monthly  meeting  on  the  same  date,  with  vice-praident  H.  Hilton  presiding. 
The  following  papers  were  presented:  "A  new  method  of  describing  three-bar 
curves,"  by  R.  L.  TIiitisi.ky;  "Proof  of  tlie  primality  of  .V  =  (10"  -  l)/9." 
by  O.  lloppJi;  "New  Tauberiau  theorems,  "  by  IIakdy  and  LiiTLtwoOB;  "Tlie 
curves  which  lie  on  the  quartic  surface  in  space  of  four  dimensions,"  by  C.  V.  H. 
Rao;  "The  connection  between  Legendre  series  and  Fourier  series,"  and  "Series 
of  Bessel  functions,"  by  W.  H.  Young. 

The  third  volume  of  the  Proeeedingi  of  the  National  Academy  of  Sciences  of 
the  United  States  of  America  has  been  completed.   The  membership  of  the 

Acadenn-  now  numbers  one  hundred  fifty-eight,  distributed  somewhat  irregularly 
over  the  I  nitcd  States,  and  representing  the  fields  of  matliematical,  physical  and 
biological  sciences.  Twelve  meml>ers  of  the  Academy  are  now,  or  have  been, 
professors  of  mathematics.  The  table  of  contents  of  papers  inesented  shows 
thirteen  titles  bdonging  to  the  field  of  mathematics,  only  two  of  which  were 
credited  to  members  of  the  Academy.  Tlie  roster  also  shows  twenty-six 
foreign  associate  nieinhers  four  of  whom  are  noted  mathematidans,  two  belong- 
ing to  the  central,  and  two  to  the  allied  powers. 
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The  Departnieut  of  Superintendence  of  tlie  National  Educational  Association 
met  in  AtlaDtic  City  on  February  26-March  2, 1918.  The  program  was  rich  in 
variety  and  extent,  especially  in  req>ect  to  all  phases  of  activity  which  in  ai^ 
way  pertained  to  tlie  world  war.  Onf  fcrtfure  of  the  program  may  well  be 
commended  to  the  mathematical  fraternity,  namely,  the  two  sessions  devoted 
to  the  teaching  of  English  under  the  auspices  of  the  National  Council  of  Teachers 
of  English.  It  has  beoi  suggeated  that  onir  Aaaodation  eouid  do  good  service 
by  providing  speakers  for  the  program  of  educational  meetings  both  state  and 
national,  and  it  would  seem  that  thb  Department  of  Superintend^ce  offers  a 
most  favorable  opportunity  for  propaganda  of  this  kind. 

The  series  of  aitides  on  ''Valid  auna  and  purpose  for  the  sttu^  <rf  mathe* 
matica  in  secondary  adioob"  which  is  now  running  in  School  Seimce  and  Matko' 

mattes  is  commended  to  tlip  aftoiition  of  teachers  of  mathematics  of  all  f^mdes. 
These  article  are  the  outcome  of  ihe  work  of  n  committee  of  the  Matlicmatics 
Club  of  Chicago.  Reprints  of  the  whole  series  may  be  obtained  from  the  chair- 
man of  the  committee,  Mr*  Aubed  Davis,  of  the  Frands  W.  Parker  School, 
390  Webster  Avenue,  Chicago. 

Two  articles  bearing  on  the  attacks  upon  mathematics  are  printed  in  School 
Science  and  MathenuxHei  for  January  and  February,  1 918.  Hiey  are  by  Professor 
J.  W.  A.  Young,  of  the  University  of  Chicago,  and  relate  to  the  psychological 
investigations  in  the  disciplinary  value  of  studies.  The  first  article  gives  a  sum- 
mary of  the  work  which  has  been  done  1)y  psychologists  along:  this  line  with  a 
bibUography  and  definite  references;  the  second  gives  some  of  the  author's  own 
theory  on  the  subject,  especially  as  related  to  ma11i«naticB.  The  psychological 
disenttsion  of  the  value  of  studies  is  also  presented  in  an  interesting  address  by 
Professor  E.  C.  Moore  before  the  Association  of  Mathematics  Teachers  of  New 
Eoglaiid,  and  pubUahed  in  full  in  School  and  Sooie^,  October  27, 1017. 

Ten  men  connected  with  the  departmimt  of  mathematics  at  the  Univ^^ty 
of  Illinois  have  resigned  t*  « i  t  >r  the  service  of  the  government  rinoe  the  United 

States  entered  the  war.  The  following  five  resipnj^tions  have  not  been  noted 
in  the  Monthly;  Dr.  L.  M.  KEUi?,  instructor  in  mathematics,  has  entered  the 
Othcers'  Reserve  Training  Camp  at  Battle  Creek,  Michigan;  Dr.  J.  R.  Musselt 
KAK,  instructor  in  mathemntics,  has  begun  statistical  work  for  the  govemm^t 
at  Washington;  Assistant  H.  D.  Frary  has  been  appointed  director  of  the  wood- 
testing  plant  for  aeroplanes,  at  the  University  of  Wisconsin;  Assistant  W.  £. 
Edington  has  accepted  a  position  in  the  research  division  of  the  Signal  Service 
and  b  located  at  Leavenworth^  Kansas;  and  Assistant  A.  W.  Larben  has  resigned 
to  accept  an  instructorship  in  mathematics  at  the  University  of  Kansas.  Two 
of  these  vacancies  have  been  filled  by  the  appointment  of  Dr.  J.  B.  MgAteb,  of 
William  Jewell  Collegs,  as  instructor  in  mathematics,  and  the  appointment  of 
Mr.  L.  L  ST£nrLBT»  former  instructor  »t  the  University  of  Kansas*  as  assistant 
in  mathematics. 
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If  departmeiitB  of  nuthemiticv  of  our  eollegea  and  imiv«raiti«a,  offering 
flttmnier  counet  in  mathenuitics,  wOl  report  to  the  editor  of  Notes  and  News  an 

outline  of  these  courses  at  once,  we  shall  undertake  to  insert  the  announcements 
in  the  May  issue  of  the  Monthly.  The  outline  should  be  prepared  in  the  form 
used  in  the  Monthly  for  April,  1917.  Last  year  &  fairly  complete  synopsis  of 
summer  work  eSend  at  the  various  institutions  was  secured  by  sending  personal 
letters  to  each  institution;  no  8a«^  letters  will  be  sent  tliis  year,  but  it  is  hoped 
that  all  departments  offoring  summer  work  will  s«id  promptly  the  synopsu  for 
insertion  in  the  Monthlt. 

The  University  of  California  will  this  year  conduct  two  summer  sessions, 
June  24  to  August  3,  one  at  the  University  of  Berkeley,  the  other  in  Los  Angeles. 
The  department  of  mathematics  will  offer  at  Berkeley  courses  in  elementary 
mathematics,  advanc^  algebra,  calculus,  differeutiiil  equations,  theory  of  num- 
bers, theory  of  functioiis,  and  integral  equations,  ^le  instnictcns  wiH  be  Fkh 
feasor  D.  N.  Lbhusr,  Instructor  Bvrnbtbin  and  two  assistants,  and  Dr.  6.  C. 
EvANi^  of  Rice  Institute.  At  Los  Angeles  Pkofessor  C.  A.  Noblb,  and  Professor 
V.  Sntder,  of  Cornell  University,  will  offer  courses  in  dementary  algebra,  plane 
analytic  geometry,  calculus,  and  higher  geometry. 

The  April  meeting  of  the  Chicago  Section  of  the  American  Mathematical 
Society  will  be  held  at  the  University  of  Chicago  on  Friday  and  Saturday,  April 
12, 13.  Besides  the  usual  researoh  papers  on  both  days,  there  will  be  a  Sym- 
posium on  Summable  Series  on  Friday  afternoon.  IWessor  R.  D.  Gabmicbakl, 
of  the  University  of  Wxaxm,  will  piesent  a  paper  on  "G^ieral  aspects  ol  the 
theory  of  summable  series,"  and  Profe^^sor  C.  N.  MOOBE,  of  the  University  of 
Cincinnati,  will  treat  "  Applications  of  the  theory  of  summability  to  develop- 
ments in  orthogonal  functions." 

At  the  coming  summer  meeting  of  tlie  Association'  a  session  is  to  be  arranged 
for  papers  to  be  j)r<  ?*  iite  l  by  members.  The  Program  Committee  requests  that 
members  who  are  ready  to  discuss  questions  of  interest  in  connection  with  col- 
l^iate  imrtmction  of  raathanaties  send  abstraeteof  thehr  proposed  papers  to  the 
dwirman,  Fhrfessor  R.  C.  Abchibald,  Brown  University,  as  soon  as  possible, 
and  not  later  than  May  15.  Such  papers  dmuld,  in  general,  be  of  such  length 
as  may  be  delivered  in  fifteen  to  twenty  minutes.  It  is  hoped  there  will  be  a 
large  response  to  this  appeal,  in  the  interests  of  a  live  and  varied  program. 
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Two  Successful  Algebras 


Rktz  and  Crathonie's  College  Algebra 


By  H.  L.  RiBTZ,  Professor  of  Mathematical  Statistics,  and  A.  R.  CraThornk,  Associate 
in  Mathematics,  in  tlie  University  of  Illinois.  {American  Mathanatical  Series.)  xiii 
+261  pp.  8vo.  11.40. 

Sufplementaiy  Exereises  and  AvUgms.  45  pp.  8vo.  Fkper,  15  cents. 

C-  S.  ATCHISON,  Washinn^toft  and  Jt'fft'rson  Co!h')>;e : 

We  consider  it  absolutel>'  the  bt  st  college  algebra  on  the  market. 

WttLiAM  L.  Lachmbr,  Massachusetts  Agricuitural  College: 

We  like  Rieu  and  Cratlionie*s  test  and  know  tbat  tt  Stands  among  tiie  best  algelitas 

written  for  Freshman  classes. 

R.  M.  Bakton,  University  of  Minnesota: 

I  am  ifetting  my  costomary  pleasnre  from  the  College  Algebra  wfiich  Ina  beoi  a  ftivorits 

of  mine  amce  I  first  used  it  at  Dartmouth,  and  then  introduced  it  in  the  University  of  NevT 
Mexico,  then  in  Ivombard  College.    I  am  again  glad  to  have  a  part  in  its  adoption  here. 

LuciLU  Brown,  Western  College  for  Women,  Oxford,  Ohio: 

I  want  to  express  niy  admiration  for  the  manner  of  presentation.  This  is  one  of  the  most 
thorough-going,  logical,  systematic  treatments  of  algebra  that  I  fountl.  It  show.<»  deUniiely 
that  algebra  is  not  a  medley  of  disconnected  theorems.  I  commend  the  very  appearance  <» 
the  pajges,  as  that  helps  so  much  in  a  mathematical  treatise.  Above  all,  this  work  shows  how 
tiie  diaerent  sttbjects  are  interrelated,  and  it  emphasites  the  fnndamental  Ideas. 


By  R.  L.  Rmrs,  Professor,  and  A.  R.  Cratrornb,  Associate  in  tiie  Universitjr  of  Illi- 
nois, ;>nr!  v..  II.  Ta\%or,  Professor  in  the  Eastern  Illinois  State  Normal  vSchool. 
{American  Mathemaiical  Series.)  First  Course,  xiii+271  pp.  12mo.  fl.OO.  Second 
Gmng.  x+235  pp.  iZino.  75  cents.  Qtm^lde  in  one  yolnsie,  nasbridged,  $1.25. 

W.  A.  Ricbawds,  Gnad  VoeoHonat  High  Seho^^  Cedar  Re^ids^  lottm: 

We  have  used  the  Si  fianl  Algebra  since  Septemhrr,  and  \re  have  been  well  i)1e.ised  with 
the  presenliiliun  of  the  sut)ject.  The  thing  lliat  particularly  pleased  me  was  the  fact  that 
factoring — the  bugbear  to  i)upils  in  al i,'ebra— is  placed  after  nian\-  ]ir<ihleins  in  simple  equations. 
This  arrangement  shows  the  pupils  that  algebra  has  a  practical  application  before  they  start 
the  lictoring  and  they,  therefore,  leei  more  like  woifcing  and  gettuig  it 

F.  W.  Hutchinson,  Priruipal  of  the  High  School,  Doaer^  N,  H,: 

We  find  this  text  liiphly  satisfactorj-. 

Bbssib  DbYor.  High  School,  Hastings,  Mich.: 

We  have  been  vs&ng  both  tiie  first  and  second  courses.  I  haye  been  especially  pleased 

with  the  approach  to  the  subjects  in  the  first  course,  in  the  beglttniag  of  the  book.    The  pogCS 

arc  attractive  and  the  length  of  the  exercises  not  tiresome. 

E.  B.  List,  High  School,  Slreaior,  III.: 

T)ie  Second  Course,  used  f<jr  the  first  time  in  the  Streator  Towuship  High  Sduxd,  has 
proven  satisfactory  thus  far— four  weeks  trial. 


HENRY  HOLT  AND  COMPANY 


The  New  Era  Printing  Company 


la  prepared  to  execute  In  firat-olaaa  and 
•atisfaetory  manner  all  kinds  of  printing 
and  electrotyplng.  Particular  attention 
given  to  the  work  of  Schoola.  Collegea, 
UnlverBltlae.  and  Publie  Inatltutlona. 


Books,  Periodicals 

Technical  and  Scientific  Publications 


Monographs,  Theses,  Catalogues 
Announcements,  Reports,  etc. 
All  Kinds  of  Commercial  Work 


{Frlntera  of  tbo  BaUetln  a.nd  Traaamctloaa  of  th» 
American  Mathematical  Society,  etc.,  etc.) 

Publiahera  will  find  our  product  ranking 
with  the  best  In  workmanship  and  ma- 
terial, et  satisfactory  prices.  Our  Imprint 
may  be  found  on  a  number  of  high-clasa 
Technical  and  Solentlflo  Books  and  Peri- 
odicals. Correspondence  solicited.  Esti* 
mates  furnished. 


LANCASTER,  PA. 


The  New  Era  Printing  Company 


THE  MULTIPLEX  WRITING  MACHINE 
Special  Mathematical  Model 

Two  complete  sets  on  one  machine, — of  any  Science  or  LangruaffC,  or  many 
correspondence  face*.    All  printable  on  one  machine.    "  Many 
typewriters  in  one."    "Just  Turn  the  Knob." 

Sample  Problem 


C  /    2 

To  solve  —-5  =  /  .l  +  (Ah)    ---^  ,  put  m'  = 

z'^l  +  CAh)'  and  assume    <p  =  T(t)'£(x),"  so  that 

3t        dt  Bx  dx 

stitwtlng  these  into. the  original  equation, 
we  find  that  the  variables,  I  and  x^  can  be 
separated  by  divi'ding  through  oy  ft  where- 

upon  we  have      j  -fct  =  m  -;— 5+^.      Since  the 

dt  dx 

first  of,  these  two  eflual  members  cannot  vary 
when  t  changes. nor  tne  second  when  x  changes, 
both  must  remain  equal  to  some  constant,  say 


-|n*n*.,  ,The  two  resulting  equations  yield 
the  solutions 

I  -  Kj-  sin[nx*Pi],  t  -  Kj-  sin [mnt+PjJ 
whence  <p  =  KiKaSinCnx+Pi]  sintmnt+pg) 

which  we  may  then  reduce  to  a  more  useful 


orm 


<p  =  Z        An"  sin [n( ximt) +6;,  j 
n=o 


An  interesting  fallacy  results  from  applying 
the. method  of  integraiion  by  oarts^  Au^dv  = 
uv-/vdu,   to  a  case  where  u=l/x  ana  dv=dx: 
we  get 


=        /dx  -  /x-  [-1/x*] 

X  X 

=        1      +  fdx/x      whence  0=1  I.' 

'5+7x^  '  1+ Vjx'     5  'I+I/^bxI' 

=  arctan    [/  '/»    x]  . 
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DESCRIPTIVE  GEOMETRY  AND  ITS  MERITS  AS  A  COLLEGIATE 
AS  WELL  AS  AN  ENGINEERING  SUBJECT.* 

By  WILLIAM  H.  ROEVER. 

1.  The  Evolution  of  Descriptive  Geometry.  To  the  needs  of  the  architect 
on  the  one  hand  and  to  those  of  the  artist  on  the  oilicr,  can  be  attributed  the 
origin  and  much  of  the  development  of  that  branch  of  mathematics  which  is 
now  oalled  descriptive  geometfy.  With  the  development  of  the  build^s  art, 
there  must  also  Iiuve  developed  the  process  of  making  plans  and  elevations  of 
bm'ldinps.  In  fact,  the  Roman  architect  Vitriivitis  used  the  terms  "ichno- 
graphia"  and  " ortliographia "  for  plan  and  elevation,  respectively.  In  the 
attempts  to  solve  the  problems  encountered  in  the  construction  of  arches  and 
other  architectaral  forms,  the  art  of  stereotomy  (stone  and  wood  cutting)  was 
gradually  developed  in  the  Middle  Ages.  To  solve  these  problems  the  objects 
under  consideration  were  represented  liy  their  plans  and  elevations,  the  useful- 
ness of  which  was  thus  extended  from  that  of  mere  representation  to  that  also 
of  the  solution  of  stereometric  problems.  A  remarkable  step  was  taken  in  1738 
when  Fr6der  separated  tiie  geometric  constructions  of  this  art  from  their  technical 
applicationa  and  used  them  to  solve  problems  of  space.  But  it  was  Gaspard 
Monge  (1746-1818)  who,  by  enriching  and  systanatinng  this  new  constructive 
geometry  of  space,  elevated  it  to  the  dignity  of  a  pure  science  and  gave  to  it  the 
name  descriptive  geometry.  Monge  also  solved  with  it  the  ordinary  problems 
of  geodesy  and  topography. 

The  needs  of  the  artist,  as  has  already  been  implied,  were  responsible  for  the 
early  development  of  perspective.    Exhumed  muial  paintings  from  ancient 

>  An  address  delivered  at  the  third  annuul  meeting  of  the  MatlMlliatica]  AflSCKiatkm  of 
America,  Jbdd  at  the  UnivcfBity  oC  CSiicafo,  December  27-28, 1917. 
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Rome  revealed  a  knowledge  of  the  vanlsUing  poiul  ami  of  other  iiotious  concern- 
ing perspective.  Though  lost  in  the  Middle  Ages,  when  oblique  paralld  projec- 
tion took  its  place,  perspective  was  again  discovered  at  the  time  of  the  Renaissance 
simultaneously  in  Italy,  the  Netherlands,  and  Germany.  In  the  matheniatlcal 
sense  it  was  treated  in  the  seventeenth  and  eighteenth  centuries  by  men  like 
Desargues,  Taylor,  Zanotti,  and  Lambert.  In  the  nineteenth  century  its  con- 
siderations brought  forth  the  modern  projective  geometry  at  the  hands  of  Ponoe- 
kt,  M&bius,  Steiner,  von  Staudt,  and  others.' 

Projective  geometry  made  possible  a  deeper  inquiry  into  the  characteristics 
of  projection  than  did  the  descriptive  geometry  of  Monge,  and  hence  the  former 
science  soon  exerted  a  marked  influence  upon  the  latter.  Some  writers,  especially 
in  Germany,  interwove  projective  with  descriptive  geometry.  Besides  contribut- 
ing to  the  devdopment  of  descriptive  geometry  through  the  modem  projective 
geometry  which  it  created,  pwspective  may  also  be  regarded  as  responsible  for 
the  develcjpment  of  panillel  projection  and  axonometry.  It  might  even  be  said 
that  llie  oblique  parallel  projection  ot  the  Middle  Ages  was  a  pseudo-perspective 
used  because  of  the  lack  of  knowledge  of  true  perspective.  In  the  perspective 
coordinates  of  Desargues  may  already  be  gleaned  notions  of  modem  axonometry, 
while  Lambert  in  his  "Free  Perspective"  (1759)  oonsidn«d  parallel  projection  as 
a  limiting  or  special  case.  The  nineteenth  century  witnessed  many  further 
contributions  to  ohiiqne  projection  and  axonometry  at  the  hands  of  men  like 
Molhntrer,  Weisbach,  and  Pohlke.  To  perspective  also  may  be  attributed  the 
origin  uf  photograniraetry,  which  has  for  its  object  the  problem  inverse  to  that  of 
perspective,  that  is,  the  determination  of  the  plan  and  elevation  of  an  object 
from  perspectives  (/.  e.,  central  projections)  of  that  object.' 

Of  material  aid  in  the  representation  of  space  objects  by  drawings  in  a  plane 
are  the  representations  of  the  shjidows  which  they  cast  upon  themselves  and  upon 
other  objects,  as  well  as  the  shading,  i.  e.,  the  reproduction  of  the  intensity  of 
illumination,  or  "brightness,"  of  the  different  parts  of  the  surface  of  the  body 
representetl.  Thus  the  theories  of  shadows  and  illumination  became  a  branch 
of  descriptive  geometry.  For  this  ami  other  reasons  a  better  knowledj;e  of  the 
theory  of  surfaces  wjvs  necessary.  The  nineteenth  century  witnessed  in  France 
the  development  of  the  theory  of  surfaces  and  iheir  curvature,  the  theory  of 
shadows,  and,  at  the  hands  of  Monge  and  his  pupils,  the  theory  of  illumination. 
The  latter  theory  was  also  developed  in  Germany  and  Italy. 

'  A  type  of  perapecUve  for  a  special  purpote  is  tlie  steref^sruphic  projedJon,  wliicli  wm 
invrnf  <  •!  hy  Hipparchiis  about  140  H.  C.  for  repKBenting  a  spherical  surface  upoD  s  plane,  and  is 

used  to  uiako  cclei?tial  and  terrestrial  niapa. 

'  A  generalization  of  onliQuy  persjKx;tive  Ls  exhibited  in  idiat  is  culleti  relief  perspective, 
ill  which  the  haii  of  space  b'ini;  on  one  side  of  the  picture  plane  is  represented  in  the  ^ace  between 
the  picture  plane  and  a  plane  parallel  thereto.   It  is  a  remarkable  fact  that  in  1447  When  ordinary 

perspi'i'l iv"r  was  jii.st  iK'tiniiin^  to  be  underst^Kx!,  Mirrc  rs?io-,i!'i  lict-n  i)n>i!ui'<  <l  ^ufli  a  [xTfivt 

example  of  relief  sculpture  as  that  by  Lorenzo  Gliibtru  in  liie  dours  of  tin-  muin  poruil  of  the 
baptiatry  at  Florence.  T\m  work,  which  Michael  Angelo  declare<l  to  be  worthy  of  the  Gates  of 
Paradise,  appears  in  general  to  have  ln-en  constructed  in  accordance  with  the  luies  of  relief  pef^ 
spectivc,  which  were  nut  formulated  until  uixmy  yeura  later. 
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2.  The  Position  of  Descriptive  Geometry  within  the  Realm  of  Mathematics. 
Conomung  the  position  of  descriptive  geometry  within  the  realm*  of  mathe- 
matics, nothing  that  can  be  said  will  have  more  weight  than  the  views  of  Professor 

Ginf)  T.oriii  of  the  University  of  Griioii.'  Acwrding  to  this  eminent  geotnt^ter, 
matiieniiiticians  are  n(^t  agreed  as  to  tlie  position  of  descripti\e  geometry  within 
the  entire  douiuiii  of  amtbematical  disciplines.  Some  (auiung  which  lie  does 
not  count  himaetf)  incorporate  it,  following  Fiedler's  OEample,  with  prujective 
geomet  ry.  Others,  without  denying  its  inner  relation  with  the  theories  of  modern 
projective  geometry,  regard  it  as  amongst  the  applied  disciplines.  The  latter 
view  ran,  no  doubt,  he  approved  if  one  thinks  of  it  finly  as  a  nu  nns  to  the  proper 
construction  of  drawings  in  architecture,  technology,  crystidlography,  etc.  But 
one  is  strongly  iiK^ned  to  abandon  th»  view  whui  be  considers  that  the  con- 
ceptions on  whidi  descriptive  geometry  rests  and  the  methods  which  it  continually 
ApI^iM  ate,  on  the  whole,  only  sudi  as  are  taught  by  the  old  Euclidean 
geometry  and  the  modern  projective  geometry,  and  that  throughout  its  entire 
domain  the  procedure  i.s  so  very  exact  tliat  it  is  comparable  witii  analysis  and 
algebra.  In  fact,  descriptive  geometry  offers  the  most  beautiful  and  instructive 
examples  of  a  rigorous  and  complete  development  of  several  us^ul  methods  for 
the  unambiguous  representation  of  the  whole  of  space  upon  a  plane.  We 
regard,  therefore  inasmuch  as  we  include  in  applied  descriptive  geometry  the 
theory  of  illumination  and  shadows — the  science  with  which  we  will  now  occupy 
ourselves  as  a  province  of  the  great  realm  of  pure  mathematics,  tltough  a  region 
on  the  border  thereof  over  whidi  we  nuiy  be  transferred  into  the  field  of  applied 
mathematics. 

3.  The  Purposes  of  Descriptive  Geometry.  From  the  preceding  a(  lount  of 
the  evolution  of  descriptive  geometry  it  appears  that  the  principal  objects  which 
have  been  sought,  and  in  the  course  of  time  attained,  are: 

1.  The  representation  of  the  objects  of  space  by  nuoM  cf  figures  which  lie  in 

2.  The  solution  of  the  problems  of  spitce  by  means  of  constructions  ichich  can 
6e  executed  in  the  plane,  i.  e.,  the  transformation  into  planf  mnstructions  (like 
joining  two  points  by  a  line,  cutting  a  line  by  a  line,  and  drawing  a  circle  of  given 
center  and  radius)*  of  tlie  graphically  iinposifible  space  operations  (_likc  passing  a 
idane  through  a  point  and  a  line,  cutting  a  line  by  a  plane,  cutting  a  plane  by  a 
plane,  and  describing  a  sphere  of  given  center  and  radius).' 

The  criterion  of  what  shall  be  meant  by  a  good  plane  repiesratative  of  a 

>  Sec*  preface  to  Vol.  I,  Lom,  G.,  VonlMviHren  liter  DantMtnds  OeomefrM  (1907),  B.  G. 
Teubner,  Leipxis. 

*  These  plane  opemtiom  are  mmetimes  caUed  the  poetulatefl  of  construction. 

»  T\v-M-  ol)j('c'ts  may  be  cxtcndtxl  -jo  as  to  indurle:  (a)  The  rciirfscntation  of  a  surface  upon  a 
plane,  and  the  corresponding  transfornmtioii  k>1  (niK-rations  on  the  surface  to  those  of  the  plane. 
Hie  stanopBpUe  pvojeetkii  of  Hipparehus,  which  Ima  already  been  mentkmed,  ia  an  enunple  of 
■udh  a  representation.  However,  the  geneial  problem  of  this  type  properly  belonKs  to  inathe- 
mstieal  geogmphy;  (6)  The  reprcsentnttOH  <A  all,  or  part,  of  space  within  a  portion  thereof, 
and  tlie  corresponding  tranafonnation  of  opemixms.  As  an  eiample  of  this,  relief  penpective 
has  already  bc«u  meouoned. 
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space  object  has,  more  or  less  uu«)usciouslv',  been  taken  to  be  thut  the  plane 
r0pr0MnArfiM,  tohm  properly  piaeedf  *haU  pnduee  upon  the  reHtud  surface  of  the 
eye  the  same  image  as  that  produced  hy  object  itself}  That  it  is  possible  to 
satisfy  this  criterion,  at  least  appronmatdy,  results  from  the  following  physio- 
logical facts:* 

1.  All  of  the  rays  of  light  which  emanate  from  a  point  P  (Fig.  1)  and  pass 
through  the  pupil  into  the  eye  undergo  several  refractions  and  then  unite  again 
in  a  point  Pn  ot  the  retinal  surface  of  the  eye.  The  particular  ray  PPn  passes 

through  the  eye  practically  unbroken.   This  ray  may  be  taken  as  a  substitute 

for  the  slim  bundle  of  ravB  which  come  from  P  and  pass  through  the  pupil  into 
the  eye.  its  direction  is  that  in  which  the  eye  perceives  the  point  P  to  lie.  It  is 
called  the  stght-line  of  P. 

2.  The  sight-lines  from  the  various  points  P,Q,R,  •  •  •  of  a  body  Z  all  pass 
through  a  fixed  point  K  of  the  eye.  This  point  is  called  the  optical  renter  of  the 
eye  (see  Fig.  2).  Hence  these  sight-lines  belong  to  r  bundle  of  lines  of  which 
the  common  jwint  is  K.  The  retinal  image  2n,  which  is  composed  of  the  points 
Pn,  Qn,  lint  "'t  ^hus  sccD  to  be  the  geometrical  intersection  of  the  retinal 
surface  of  the  eye  with  those  lines  of  this  bundle  which  come  from  the  points  of  2. 

From  these  two  facts  there  resnlto  the  fundamental  geometrical  relation  which 
evfry  drawing  2'  of  a  space-object  S  must  satisfy  in  order  that  it  should  produce 
upon  the  retinal  surface  of  the  eye  the  same  image  hs  that  produced  by  the  object 
itself.  From  fact  1  it  follows  that  any  light-emitting  point  P'  which  lies  on  the 
sight^ine  of  P  has  the  same  retinal  image  as  P,  In  order  therefore  to  set  up  a 
phrne  picture  Z*  wlaA  shall  produce  the  same  retinal  image  as  that  which  is 
produced  by  Z,  it  b  sufficient  to  replace  the  points  P*  *  *  of  2  by  the  points  F •  *  • 


FiQ.  1.  Fia.  2.  Fic.  3. 


in  whidi  the  sight-lines  of  the  points  P*  *  •  pierce  the  ^cture  plane  (see  Fig.  3). 
Since  by  fisct  2  ail  of  the  sightrlines  which  come  from  the  points  of  the  space 
object  2  belong  to  a  bundle  of  lines  of  common  point  K  (optical  center  of  the  eye), 

I  Ib  relief  perspective  the  criterion  of  good  repreaeoiatiiOill  b  that  a  BtraigH  fine  cf  the  apaoe 
to  be  lepweenicd  ahall  ga  over  into  a  straight  line  of  the  ropuMenting  epace. 

*  Tie  remaindOT  of  thia  paragraph,  including  statemenfe  1  and  2,  ha«  been  taken,  with  some 
luodiQcatioivs.  from  A.  ScIuMTiHicH,  Einfuhrmg  fa  die  Hm^plgmU$  der  Zndmmtuhui  DenkUvnee^ 
methoden  (1906),  B.  U.  Teubner,  Leipxig. 
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it  follows  the  icpnaeotative  2'  in  the  picture  plane  is  simply  the  inteneetioii 
of  this  plane  with  those  lines  of  the  bundle  K  which  come  from  the  points  of  2. 

In  other  words,  a  jiiane  representative  (t.  c,  o  picture)  of  a  space  object  which  mil, 
when  properly  placed,  produce  the  same  retinal  image  at  the  objed  ifsfff  produces, 
must  he  a  central  projection  qf  that  object.^  Even  when  sucli  a  picture  is  not 
properly  placed  with  leqieet  to  the  eye,  or  when  audi  a  picture  is  zepkoed  by 
one  whidi  is  obtained  by  parallel  instead  of  by  conveqiing  rays  (whether  these 
nys  be  perpendicular  or  oblique  to  the  picture  plane),  the  eye,  because  of  its 
power  of  accommodation,  recognizes  therein  the  object  represented.  Thus  we 
are  led  to  the  conclusion  that  a  central  or  parallel  {orthographic  or  oblique)  projec' 
turn  of  a  space  object  is  a  good  plane  representative  of  thcU  object.  These  types  of 
projection  form  the  basb  of  nearly  all  of  the  methods  of  representation  which 
ace  used  in  descriptive  geometry. 

In  order  to  attain  the  second  object  of  descriptive  geometry,  i.  e.,  to  solve  by 
constructions  in  a  plane  the  geometric  problems  of  space,  it  is  essential  that  there 
shall  exist  an  unambiguous  correspondence  between  the  elements  oi  space  (points, 
lines,  planes,  etc.)  and  the  plane  repreaoitatives  of  these  elements.  By  this  it  is 
meant  that  it  must  not  only  be  possible  to  pass  without  ambiguity  from  a  space 
element  to  its  plane  representative,  but  that  it  must  also  be  possible  to  pas.s  back 
again  without  ambiguity  from  the  plane  representative  to  the  space  element. 
It  is  evident  (see  Figs.  4,  5,  6)  that  a  single  projection  does  not  satisfy  these 


r 

P 

Fm.  4«  Via,  ff.  Vw.  6. 


requirements.  For,  while  to  each  point  P  of  space  there  corresponds  but  one 
point  P'  of  the  picture  plane  a,  it  is  not  possible  to  pass  back  again  without 
ambiguity  from  P'  to  P,  because  any  point  whatever  of  the  projecting  ray  of 
P  could  be  taken  as  corresponding  to  P'.  In  fact,  the  very  criterion  whidi  has 

been  given  for  the  good  plane  representation  of  space  objects  involves  the  am- 
biguity that  a  general  point  P'  (Fig.  3)  of  the  plane  representative  may  be  the 
picture  of  any  point  whatever  of  it.s  sight-line  KP',  Now,  in  so  far  as  tlie  solu- 
tion of  space  problems  is  concerned,  a  method  of  representation  which  iias  the 
property  of  wumbiguowt  comspondenee  will  suffice,  evra  if  it  does  not  satisfy  the 
criterion  of  good  representation  which  has  hrrn  given.  On  the  other  hand  we  have 
abeady  seen  that  the  different  types  of  projectbn  satisfy  the  criterion  of  good 

'  By  a  central  projeciion,  from  a  point  C,  of  tho  pointa  P  of  spare  upon  a  plane  a,  is  meant 
those  points  F'  in  which  the  lines  CP  pierce  this  plane  a  (see  Fig.  4).  If  the  projecting  linea  instead 
cf  eBMHHtting  from  a  point  C  are  panlU  to  a  straight  line  r,  the  projection  ia  said  to  be  paraBtH 
iMleaid  of  '■ontrr.l.  If  the  line  r  vrrt  perpendicular  to  a,  the  parallel  projection  is  called  obliqm 
(ne  Fig.  o);  wlule  if  r  is  perpendicuUr  to  a,  the  projection  ia  c&Ued  orthographic  (see  I'^ig.  tij. 
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inpresentation.  But  more  than  one  projection  is  needed  in  a  method  of  repre- 
sentation which  shall  have  the  property  of  unambiguous  correspondence.*  That 
which  is  used  in  addition  to  one  projection  may  be  another  jnojection  or  it  may 
be  something  else. 

4.  Tkb  Mtdiods  of  Dewi^ve  Oeometiy  Exemplified.  In  the  Mongtm 
Mt^hod  tf  Dovibh  Orikogropllie  Pnjedum  a  point  P  is  projected  orthogiaphieally 
Vpask  eadi  of  two  perpendicular  planes.   These  planes,  which  are  generally 

supposed  to  be  horizontal  and  vertical  and  are  therefore  called  respectively  the 
horizontal  plane  iri  and  the  vertical  plane  irj,  intersect  in  a  straight  hne  which  is 
called  the  ground  lirie  g  (see  Fig.  7).  The  orthographic  projections  of  P  upon 
wg  and  «k  are  donoted  by  'P  and  P**  reapectivdy.  In  <»der  to  ayoid  the  incon- 


FiG.  7.  Fia.  8.  Fia.  9. 


venience  of  two  planes,  the  plane  ti  is  rotated  around  the  ground  line  into  co- 
incidence with  T2,  so  that  'P  then  assumes  in  ti  the  position  P'.  The  plane  itj, 
with  which  the  revolved  position  of  Vi  now  coincides,  is  called  the  drawing  plane 
(see  "Fig.  8).  Thus  we  see  that  to  the  point  P  of  space  there  conespond  in  the 
drawing  plane  the  two  points  P'  and  P"  which  lie  on  the  same  perpendicular  to 
the  groiind  line,  and,  conversely,  to  such  a  pair  of  points  in  the  drawing  plane  there 
corresponds  but  one  point  in  space.  Hence  this  method  of  representation  pos- 
sesses the  property  of  unambiguous  correspondence.  Similarly,  to  a  line  p  of 
space  there  corresponds  a  pair  of  lines  p'  and  p"  in  the  drawing  plane,  and,  con^ 
versely,  to  any  pair  ci  lines  in  the  drawing  plane  there  oorrespcmds  (in  general) 
but  one  line  in  space.  Instead  of  being  determined  by  its  projections  p'  and  p", 
aline  p  may  also  be  given  by  its  traces  Pi  and  P2,  that  is,  by  the  points  in  which 
it  pierces  xj  and  irj,  respectively.  A  plane  of  space  is  represented  by  its  traces 
and  hence  we  can  say  that  to  a  plane  m  of  space  there  corresponds  in  the  drawing 
plane  a  pur  of  lines  mi  and  m»  which  intersect  on  the  ground  lin^  and,  eon- 
versely,  to  such  a  pair  of  lines  of  the  drawing  ]dane  there  corresponds  but  one 
plane  of  space.' 

From  what  has  been  said  it  is  evident  that  (1)  the  condition  that  a  point  be 
on  a  line  is  that  the  projections  of  the  point  lie  on  the  corresponding  projections 
of  the  line;  (2)  the  ccmdition  that  a  line  lie  in  a  plane  is  that  the  traces  of  the 

I  One  li  hne  raminded  of  the  f  set  that  UiM)eu]ar -idaioo 

dimensional  space. 

•  While  'P  and  P"  are  the  projectiona  of  the  point  P,  the  pair  of  points  (P',  P")  is  the  rcpre- 
■entative  of  P  in  the  drawing  plane.  However,  it  ia  cu8tomar>'  to  speak  of  P',  P"  :vs  the  projec- 
tions of  P.  Similar  remariot  apply  to  the  prajeoiion  of  a  line  and  to  the  tiaoes  of  a  line  and  of  a 
plane. 


Digitized  by  Gopgle 


DBBCBIPTIVB  GEOMXTBT. 


151 


line  lie  in  the  corresponding  traces  of  the  plane.  It  can  also  easily  be  shown  that 
(3)  the  condition  that  a  line  and  a  plane  be  perpendicular  to  each  other  is  that 
the  projections  of  the  line  be  perpendicular  to  the  corresponding  tnoea  of  the 
plane. 

The  last  condition  makes  poBBible  the  solution  of  pvpendicularity  problems. 
To  solve  the  metrical  problems  ii^p  is  made  of  a  process  called  rehatting.  This 
consists  in  revolving  a  plane  iigure  around  tiie  horizontal  or  vertical  trace  of  its 
plane  until  it  coincides  with  the  picture  plane.  In  Fig.  9  are  given  the  solutions 
by  the  Mongeui  metiiod  of  eadi  of  the  ffaree  problems: 

Prodm  J.  To  find  the  line  of  inteneetion  x  m  (c',  «")  of  the  two  pUmes 
It  a  [mi,  mt],  v  =  [nj,  n^]. 

Problem  II.  To  find  the  Une  y  s  (t/,  y")  which  passes  through  the  point 
A  sm  {A',  A")  and  is  perpendicular  to  the  plane  m  =  [mi,  mi\. 

Probkm  III.  To  find  the  length  of  that  portion  <rf  the  line  p  =  (p',  p") 
whidi  is  contained  between  its  traces  Pi  and  P2. 

The  solution  of  Problem  I  depends  upon  condition  2  and  the  fact  that  line  x 
lies  in  both  of  the  given  planes.  The  solution  of  Problem  II  depends  upon  condi- 
tions 1  and  3.  To  solve  Problem  III  the  right  triangle  PjPa'  iF  (Fig.  7)  is 
revolved  around  p'  into  coincidence  with  ti.  Hence  in  Kg.  9  the  segment 
Pt'(Pt)  is  drawn  through  Pt'  perpendicular  to  p'  and  equal  to  Ps'Pt.  Thus  we 
have  solved  by  constructions  in  a  plane  three  problems  of  space.  Of  these,  I 
is  a  problem  of  geometry  of  position,  II  is  a  pwpendiculari^  jnoblem,  and  III 
is  a  metrical  problem.^ 

1  The  piroblflmB  of  apnoe  which  involve  the  point,  line,  and  jdaoe  have  bees  divided  into  three 
groups  (see  Loria,  Forlcnoven,  etc.,  already  cited):  (A)  PMbbnui  of  Geometry  of  Fbotioit, 

(B)  Perpendicularity  Problems,  (C)  Metrical  Problems.  In  each  of  theee  groups  thrrc  w  ap 
indefinitely  great  number  of  problems,  but  they  umy  all  bo  tsoived  when  a  few  problems,  called 
the  fundamental  problems  of  the  group,  can  be  solved. 

The  fundamental  problems  of  group  A  maj  be  takea  to  be: 
I.  To  find  thiB  line  oonoeoting  two  pointa.     IL  TofindtheEiMofhitMiMttooof  twophMi. 
IIL  To  find  the  plane  Vbtaa^  a  poinb  sad    IV.  To  find  the  point  eonunon  to  a  pihne  and 

aline.  aline. 
In  I  one  of  tiie  points  may  lie  at  infinity,  and  inlU^ther  the  point  or  the  hue  may  lie  at  iiihuity 
For  these  special  positions  the  problems  become  respectively:  la.  Through  a  point  pass  aline 
paxxllel  to  another  line;  Ilia.  Through  a  line  pass  a  plane  parallel  to  another  line;  1116.  Throogh 
a  point  pafus  a  plane  parallel  to  another  plane.  Tiie  problem:  "Through  a  point  A  to  pass  a  line* 
X  inV&rm^ing  the  lines  b  and  c"  may  be  solved  in  either  of  the  following  ways:  (1)  Find  the  inter- 
MStion  X  of  the  plue  of  A  and  b  by  the  plane  of  A  and  e.  (2)  Find  the  point  X  where  b  pierces 
the  plane  of  A  and  c,  and  then  x  is  the  line  connecting  .1  and  X.  Similarly  every  problem  of 
geometry  of  position  can  be  solved  b^'  a  few  applications  uf  one  or  more  uf  the  fuudamtsutal 
problems. 

The  fundamental  problems  of  group  B  may  be  taken  to  be: 
I.  I^ugh  a  point  paai  a  line  perpendicular  to  a  phne. 

IT.   Through  a  point  pass  a  plane  ix>rpendicular  to  a  line. 
III.   Through  a  point  pass  a  line  perpendicular  to  and  touching  a  Une. 
r\'.   Through  a  Une  pea  a  plane  perpendicular  to  a  plane, 
v.  Find  the  common  perpendicular  to  two  noorinteneoting  linei. 

The  fundamental  problems  of  group  C  may  be  taken  to  be: 
I.   To  determine  the  length  of  the  segment  connecting  two  points. 
II.  To  determine  the  magnitude  of  the  angle  formed  by  two  lines. 
UL  Todetflraynethemagnitttdecf  theanitefonnedfajtwoi^aaM 
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This  brief  account  of  the  Mongean  method  is  sufficient  to  show  its  value  as 
a  meona  of  solving  graphically  (with  the  instniments  of  the  geometer)  the 
problems  of  space.   As  to  its  value  in  the  production  of  pictures,  let  it  fitsi  be 

observed  th;\t  most  of  the  objects  of  arcliitrrture  and  technology  rontriln,  among 
their  boinidin^'  surfaces,  planes  which  are  mutually  perpendicular  and  which 
intersect  in  edges  of  the  object.  It  is  ou  these  planes,  or  on  planes  parallel  to 
these,  tluit  the  objects  are  generally  projected  (orthographically)  in  order  to 
obtain  their  Mongean  representatives  (i.  e.,  their  pictures).  Thus  certain  planes 
(namely  those  perpendicular  to  both  of  the  planes  of  projection)  are  shown 
merely  by  lines,  and  therefore  the  Mongean  pictures  of  such  objects  fail  to  convey 
a  satisfactory  notion  of  the  space  forms  of  such  objects.  This  point  is  well  illus- 
trated by  Figs.  10  and  11,  irhkk  are  the  plan  and  elevation,  respectively,  and 
together  form  the  Mongean  rqwesentative  of  a  bracket^lMped  object  On  the 
other  hand,  Fig.  12  is  a  projectien  (dso  orthographic)  of  the  same  object  on  a 
plane  which  is  not  parallel  to  one  of  the  mutually  perpendicular  planes  of  the 
object   Evidently  Fig.  12  conveys  to  the  mind  a  much  better  notion  of  the 


space  form  of  the  object  which  it  represents  than  do  Figs.  10  and  II,  from  which, 
however,  the  dimenrions  of  the  object  may  easily  be  taken.  It  is  thus  evident 
why  an  architect  will  give  the  plans  and  elevaticHis  of  a  building  to  his  contractor 
whereas  he  will  show  to  his  client  a  picture  of  the  type  of  Fig.  12. 

Notwithstanding  the  fact  that  Fig,  12  is  not  a  true  perspective  (i.  e.,  a  central 
projection)  it  produces  a  retinal  image  which  docs  not  differ  much  from  that 
produced  by  the  object  itsdf.  Sudi  pictures,  aa  wdl  aa  true  perspectives  and 
obUque  prajections,  can  be  constructed  from  their  plans  and  devations  by  wdl- 
known  processes  of  the  Mongean  method.  However,  a  quicker  and  more  satis- 
facton,'^  method  for  their  production  is  contained  in  the  so-called  Axonometric 
Method,  about  which  something  will  now  be  said.  Inasmuch  as  the  axonometric 
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method  furnishes  but  a  single  picture,  one  naturally  asks  whether  this  method — 
which  is  capable  of  producing  such  good  pictures — can  also  be  used  to  solve 
graphically  the  problems  of  qiaoe.  The  answer  to  this  question  is  that  this 
method      so  be  used.  In  order  to  see  this  let  us  think  ei  the  various  points  of 

an  object  to  be  representerl  f^s  referred  to  a  system  of  three  mutually  j>pr[wndicular 
axes  Ox,  Oy,  Oz  (which,  if  the  body  is  of  the  type  already  mentioned,  may  be 
three  of  its  edges).  Let  a  general  point  be  denoted  by  P,  its  projections  (ortho- 
graphic) on  the  planes  yOz,  zOx,  xOy  by  P',  P",  P'",  respectively,  and  its  projee- 
tio&B  (ofthogra^c)  on  the  axes  Oz,  Oy,  Oz  by  P,,  Py,  P„  respectively.  Tlien 
these  seven  points,  together  with  the  origin  0,  determine  the  so-called  projecting 
parallelopiped  PP"PtP'"P'P,OPy  of  the  point  P.  In  prcijer  fing  the  object  by 
a  system  of  parallel  rays  on  a  general  plane  ir  (plane  of  the  paper),  the  axes  pro- 
ject into  the  lines  0*x*,  0*y*,  0*z*,  respectively,  and  the  points  P,  P',  P",  P"\ 
P.,  P»  P.  project  into  the  points  P*,  P'*,  P"*,  P'"*,  PA  P,*,  P.*.  respectively, 
so  that  the  lines  P*P'*,  P"*P.*,  P"'*P,*  are  parallel  to  0*z*,  P*P"*,  P"'*P.*, 
P'*P.*  are  paraUel  to  0*y*,  and  P*P"'*,  P"*P*,  P'*P*  are  parallel  to  OV 
(see  Fig.  13).    It  is  evident  that  from  any  one  of  the  six  pairs  of  {>oini:s 

(1)  (P*,P'*),  (P*,  P"*),  (P*,  P'"*),  {P"*,P"'*),  (P'"*,  P'*),  (P'*,P"*) 
the  complete  projection  P*P"*P,*P"'*P'*P^*0*P^*  of  the  projecting  paiaMo- 


Fig.  13.  Flo.  14.  Fig.  15. 

piped  of  the  point  P  can  be  obtained.  Let  us  suppose  now  that  the  segments 
0*A*,  0*B*,  0*C*  (Fig.  l'^)  are  the  projections  on  the  picture  plane  of  unit 
segments  OA,  OB,  OC  of  tiie  axes  Ox,  Oy,  Oz,  respectively.  Then  if  the 
coordinates  x,  y,  z,  of  a  point  P  with  respect  to  the  axes  Ox,  Oy,  Oz,  are  known, 
the  projection  P*  of  this  point  upon  the  picture  plane  can  earily  be  found  by 
taking  0»P,»  -  X'O^A*,  PJ'F**'*  =  y  O'B*,  P'"«P«  -  a.O*C».  However,  the 
pontibn  of  P*  alone  would  not  be  sufHcicnt  for  the  reversal  of  this  process.  But 
if  any  one  of  the  six  pain  of  points  (1)  w^  given,  the  train  of  segments 
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0*Pg*P"'*P*  would  be  determiaed  and  hence  the  coordinates  of  P  could  be 
read  off  from  Fig.  13.  Thus  we  see  that  in  the  aannvmietric  method,  as  in  the 
Mongean,  it  taices  two  points  in  the  picture  plane  to  represent  unambiguously 

a  point  in  space.  Similarly,  it  takes  two  lines  p*,  p'"*  (or  any  of  five  other  pairs) 
of  the  picture  phine  to  represent  imambiguously  a  line  p  of  space,  while  it  takes 
two  lines  of  the  picture  plane  mi*,  which  intersect  on  one  of  the  axonometric 
axes  0*a:*,  0*y*i  to  represrat  unambiguously  a  plane  m  of  space  (see  Fig. 
14).  Of  particular  interest  are  the  traces  i\,  it,  U  of  the  picture  plane  whidi  form 
the  axonometric  triangle  TgT^T,.  The  sides  of  this  triangle  meet  the  correspond- 
ing traces  Wi*,  ^2*,  m^*  of  a  e^neral  plane  fi  in  the  points  L,  M,  N  of  a  straight 
line  m,  which  is  called  the  axoiioiiu-tric  trace  of  the  plane  /x.  If,  in  particular,  the 
paralld  projection  is  orthographic,  the  sides  of  the  axonometric  triangle  are 
perpendicular  respectively  to  the  axonometric  axes  (see  Fig.  14).  Stat«nenta 
(1),  (2),  (3)  given  under  the  Mongean  Method  are  true  here  also  if  we  under- 
stand by  projections,  the  projediont  on  the  ■picture  plane  and  by  traces,  the  traces 
in  ike  picture  plane}    With  this  information  we  are  in  a  position  to  solve  the 

Problem,  To  find  the  line  x  sb  (z*,  x'"*)  which  shall  pass  through  the  point 
P  ■  (P*,  P"'*)  and  be  perpendicular  to  the  plane  /k  ■ 

Si  luti  II  for  orthographic  axonometry  (see  Fig.  15):  Draw  the  uxonometric 
triangle  TxTyT,  with  sides  perpendicular  to  0*x*,  0*y*.  0*-*.  Then  the  axono- 
metric trace  of  the  plane  fi  is  the  line  m  ;  the  perpendicular  t(j  vi  tlirou^l'  P*  isx*. 
Next  represent  a  plane  v  a  [ni*,  nt*]  which  shall  pass  through  and  be  per- 
pendicular to  the  phme  xOy.  Then  %*  cobiddes  with  tn^*  while  ni*  is  parallel 
to  0*z*.  The  axonometric  trace  of  thb  plane  is  the  line  n.  Hence  since  s"' 
lies  in  the  plane  xOy,  it  follows  that  x'"*  is  perpendicular  to  n,  and  it  passes 
through  P'"*  because  x  must  pass  through  P.  The  required  line  x  has  thus  been 
found  since  its  representatives  in  the  picture  x*,  x'"*  have  been  found. 

The  solution  of  this  problem  suggests,  what  is  true,  namely,  that  by  the 
axonometric  method,  as  wdl  as  by  the  Mongean,  all  the  problems  of  space  can 
be  solved,  whether  these  be  problems  geometry  of  position,  peip^uficularity 
problems  or  metrical  problems. 

It  was  stated  above  that  if  the  lengths  of  the  three  segments  0*.!*,  ()*B*, 
0*C*,  Fig.  13  (or  what  is  just  as  good,  numbers  proportional  to  their  lengths), 
were  known,  the  coordinates  of  any  point  P  whidi  was  represented  in  the  picture 
plane,  by  any  one  of  the  six  pairs  of  points  (1),  could  be  read  off*  It  is  evident 
that  if  the  three  axes  (h,  O9,  Oz  are  equally  inclined  to  the  picture  plane  and 
the  prnjecting  rays  are  perpendicular  to  this  plane,  the  three  segments  0*A*, 
0*U*,  0*C*  will  be  equal  in  length.  In  this  case  the  angles  t  =  7(.y*0*z*, 
17  =  ^  z*0*x*,  f  =  ^  x*0*y*  will  each  be  equal  to  120^^  and  then  the  projection 
is  called  Isometric.  If,  however,  the  projection  still  being  orthographic,  the  three 
mutually  perpen<Keular  axes  Ox,  Oy,  Oz  are  not  equally  indined  to  the  {Mcture 
plane,  there  will  exist  between  the  lengths  of  the  segments  a  relation  which 

^  Statement  3,  thiu  niudilied,  ia  true  ou\y  fur  orlhu^raphio  MnWOIMCiy,  i.  4;,  fOf  ttM  MM 

when  Uw  projecting  rays  are  perpendicular  to  the  picture  plane. 
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depends  upon  the  angles  ^,  ri,  ^  (which  may  be  chosen  subject  merely  to  the 
condition  that  they  shall  be  obtuse).  The  comtrtiction  ahown  in  Kg,  16  «naU«s 
one  to  ehoose  the  angles   ii,  t  «h1  the  segments  0*A*,  0*B*,  0*C*  in  their  proper 

relations.  In  this  eonstruction  A  and  F  arc  circles  of  common  center  0*,  while 
0*iA)  and  0*(B)  are  petpendicular  radii  lying  below  the  horizontal  line  which 
passes  through  0*  Through  the  points  where  0*(/l)  cuts  A  and  T,  horizontal 
and  vertical  lines  are  drawn,  respectively,  meeting  in  A*.  In  a  similar  manner 
B*  is  determined.  A  vertlcAl  tangent  i  is  drawn  to  A  meeting  r  in  (C)  above 
O*,  and  then  through  (C)  a  hoiiiontsl  line  is  drawn  cutting  the  vertical  line 
through  0*  in  C*  Tlie  three  segments  0*A*,  0*£*,  0*(7*  thus  found  are  of 
proper  lengths  and  directions. 

If  the  projection  is  oblique  instead  of  orthographic,  the  relation  between  the 
angles  ij,  f  and  the  segments  0*A*,  0*B*,  0*C*  depends  not  only  upon  the 
imdinations  of  the  axes  to  the  picture  plane,  but  also  upon  the  dire<^n  of  tiie 
protecting  rays.  But  no  maUar  how  om  ma^  cAoow  1k»  on^bt  ^  9,  {*  and  ike 
lengths  I,  m,  n  qf  (AsM  f^frmmfr,  lAs  ihroe  Uroded  oegmenU  (i.  e.,  vectors)  0*A*f 
0*B*,  0*C*  of  the  picture  plane  may  always  he  regarded  the  parallel  oblique 
projection  of  three  mutually  perpendicular  concurrent  space  rectors  of  common 
Urmih,   This  is  a  statement  oi  rolUke's  Theorem,  which  was  discovered  in  1853. 


Long  before  the  mathematical  facts  concerning  parallel  projections  were 
known,  however,  it  was  used— often  as  a  substitute  for  perspective,  the  rules 
of  which  were  either  not  known  or  too  complicated  for  the  draughtsman.  Forms 
of  it  were  used  in  the  Middle  Ages  before  perspective  was  understood.  The 
particular  tj'pe  of  parallel  projection  is  determined  by  the  direction  of  the  pro- 
jecting rays  and  the  inclination  of  the  picture  plane  to  the  mutually  perpendicular 
axes  Ox,  Oy,  (hi.  In  the  choice  of  the  particular  assumption,  one  is  guided  by 
practical  considerations.  The  two  particular  assumptions  which  are  comnumly 
made  are  the  following:  First,  the  picture  plane  is  parallel  to  the  plane  of  two  of 
the  axes;  second,  the  picture  plane  passes  through  the  vertical  axis,  but  is  inclined 
to  the  other  two.  It  is  here  assumed  that  the  projecting  rays  are  inclined  to 
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the  picture  phne;  the  case  where  they  ate  perpendicular,  having  ahready  been 

considered  to  some  extent.  The  first  type  is  essentially  that  used  in  the  sdence 
of  fortifications,  and  b  called  cavalier  perspective  (also  military  or  bird  per- 
spective). The  second  type,  and  also  more  general  types,  are  much  used  in  the 
representation  of  crystals.  Of  the  two  types,  the  second  is  preferable  because  it 
coincidea  approziinately  wHh  the  middle  part  of  perspective  at  a  great  dbtance, 
wheteaa  in  cavalier  perqiective  there  is  a  conatderafale  distortion.  Cavalier 
perspective  Is  also  used  in  mathematical  text-books  to  represent  space  relations. 
Thus  Figs.  4,  5,  G  and  7  of  this  paper  are  such  representations.  In  Fig.  17  the 
first  octant  of  a  sphere  is  so  represented.  In  the  same  figure  is  given  a  solution 
of  the 

PttMem.  The  projection  P*  of  a  point  P  of  the  sphere  h  g^ven;  required 
the  coordinates  of  P. 

Solution:  A  projecting  ray  through  the  point  B  (where  the  positive  t/-axis 
pierces  the  sphere)  is  projected  orthoprnpliically  upon  the  picture  plane  into  the 
line  0*y*.  Thb  plane  which  passes  through  this  projecting  ray  BB*  and  is 
peri)eiidiciilar  to  the  picture  |4ane  cute  from  tlM  first  oetant  of  the  sphcfe  a 
quadrant  of  a  great  drde.  By  revolving  this  plane  around  its  trace  y*0*L  into 
tiie  picture  plane  the  quadrant  assumes  the  position  LA*(B)  and  the  ray  BB* 
assumes  the  position  {B)B*.  The  angle  d  =  ifO*B*iB)  is  the  inclination  of  the 
projecting  rays  to  the  picture  plane.  Through  P  a  plane  parallel  to  the  plane 
just  revolved  is  passed.  This  cuts  from  the  sphere  a  quadrant  of  a  small  circle, 
whidi  on  being  turned  into  the  incture  idane  (as  was  the  large  quadrant)  assumes 
the  position  D{P){E).  From  this  the  revolved  position  (P)  of  P  can  be  found 
by  drawing  P*(P)  parallel  to  B*iB).  Then  the  coordinate  y  is  the  perpendicular 
F{P)  from  (P^  to  P*D,  z  is  the  perpendicular  FG  from  F  to  0*x*,  and  t  is  eqaul 
to  0*G.    Thf  aieeiiiig  of  DF  and  ()*(B)  on  the  ellipse  is  accidental. 

In  Fig.  IS  a  hyperbolic  paraboloid  is  repr^ented  in  cavalier  perspective. 

It  has  ahready  been  stated  that  parallel  projection  (both  orthographic  and 
oblique)  was  used  as  a  substitute  for  perspective.  It  furnishes  pictures  whidi, 
while  not  producing  (as  does  perspective)  retinal  images  identical  with  those  of 
the  object,  are  nevertheless  representations  which  convey  to  the  mind  adequate 
notions  of  the  objects  pictured.  It  has  the  advantage  over  perspective  that  its 
pictures  may  be  "seated  off"  and  thus  used  as  working  drawings,  just  as  the 
Mcngean  representatives.  It  also  tmsaabes  a  means  of  solvuotg  graphically  the 
problems  of  space. 

Now,  just  as  parallel  projection  was  modified,  or  rather  augmented,  so  as 
to  make  of  it  a  method  which  can  be  used  for  the  graphical  solution  of  space 
problems,  so  central  projection,  or  perspective,  can  also  be  thus  modified.  In 
tius  method,  which  is  called  that  of  Free  Penpedket  a  line  of  space  is  rqtresented 
by  two  points  in  the  lueture  plane,  namdly*  by  its  trace  and  its  vanishing  point, 
a  plane  of  space  is  represented  by  its  trace  and  its  vanishing  line,  and  a  point 
is  represented  by  its  projection  and  the  representative  of  a  line  or  a  plane 
on  which  it  lies.    Thus  there  exists  an  unambiguous  correspondence  between 
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space  and  the  plane,  makiiig  possible  the  solution  of  space  problems  by  this 

method.^ 

To  solve  iMobl^s  ooncerntng  fortifications,  miUtarj  enginecis  use  a  mediod 

which  is  employed  in  representing  tJiO  natural  surface  of  the  ground  in  topo 
graphical  and  hydrographical  maps.  It  is  called  the  Method  of  Contour  JAn^s. 
In  this  method  a  point  is  represented  by  its  orthographic  projection  on  a  datum 
plane  and  the  number  which  represents  its  distance  from  this  plane,  a  line  is 
represented  by  its  projection  and  a  scale  on  this  projection  (the  points  of  the 
scale  being  the  points  into  which  are  projected  the  intersections  of  the  line  by 
equally  spaced  planes  parallel  to  the  datum  plane),  and  a  plane  is  represented 
by  one  of  its  lines  of  greatest  slope.  Thus  is  made  possible  the  solution  of  space 
problems  by  this  method. 

It  is  hoped  that  the  preceding  account  of  the  several  methods  of  descriptive 
geometry  will  baTe  given  the  reader  a  notion  of  the  nature  of  the  subject.  Many 
things  have  not  beai  mentioned,  but  those  interested  are  te/tentA  to  the  boolm 
already  mentioned. 

5.  Didactic  Considerations.  Having:  discussed  the  objects  and  nature  of 
descriptive  geometry,  let  us  now  consider  what  place  it  should  occupy  in  the 
educational  curricula.  Developed  from  tedmical  needs,  this  sdenoe  was,  and 
essentially  still  is,  peculiar  to  the  tedbnical  schools.  It  was  taught  and  developed 
there  almost  exclusively.  Germany  and  Austria  followed  France  (where  Monge 
pubUshed  his  lectures  simultaneously  with  the  opemng  of  the  Ecole  Polytechnique 
in  Paris  in  1795)  into  the  field  early  in  the  nineteenth  century  after  the  founding 
of  their  technical  schoob.  Italy  did  not  follow  until  later,  and,  beyond  the  work 
by  Brook  Taylor  on  perspective,  England  took  no  part  in  the  devdopmoit  of 
the  subject.  In  Italy  the  most  noteworthy  work  was  done  not  in  a  technical 
school,  but  in  the  University  of  Padua  by  a  professor  of  sdenoe,  namely,  by 
Bellavitis  about  1851. 

In  thi3  country  also  the  teaching  of  descriptive  geometry  is  confined  almost 
exclusively  to  the  tedinical  sdioob.  But  the  amount  of  time  whidi  is  here 
devoted  to  the  subject  is  so  limited  and  the  course  so  restricted  in  its  scope,  th&t 
the  average  student  at  the  completion  of  his  course  knows  hardly  more  than  the 
elements  of  the  Mongean  method  and  very  little,  if  anything,  about  other 
parts  of  the  subject.  Furthermore,  many  teachers  have  only  a  very  limited 
knowledge  of  the  subject.  There  seems  to  be  no  high  requirement  for  a  teadier 
of  descriptive  geomeby  as  there  is,  for  instance,  for  teachers  of  g^ieral  mathe- 
matics. This  being  the  case  thm  b  absolutely  no  hope  of  disseminating  a 
profound  and  extensive  knowledge  of  this  subject. 

There  is  a  tendency  in  our  technical  schools  to  diminish,  rather  than  to 
increase,  the  amount  of  time  devoted  to  descriptive  geometry.  Therefore,  if 
the  subject  is  worth  keeping  attve-^  say  mtiiing  of  a  hope  for  doing  researdi 

<  Thoea  interested  in  the  methods  of  free  peispective  and  contour  lines  &re  advised  to  read 
I/:>ria'8  VorUaungm  Hber  DarsleUerule  Geonietrie,  from  which  much  of  wbat  hai  b— Q  Mid  in  this 
paper  about  the  Mooflean  and  azonometric  methods  has  been  taken. 
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work  in  it,  for  which  there  are  still  possibilities — it  seems  to  me  that  it  is  the 
duty  of  our  collegiate  departments  to  offer  courses  in  the  subject  and  to  make 
the  aeope  of  ihese  ooimes  rather  cxtmdve.  Another  possibility  misht  be  to 

raise  the  grade  of  our  technical  schools  to  that  of  llie  European  technical  schools, 
and  then  possibly  the  professors  of  descriptive  geometry  might  take  the  intf^re^t 
in  the  subject  which  exists  abroad.  The  latter  alternative,  i.  e.,  raising  the 
standard  of  our  technical  schools,  seems  unlikely.  To  the  former  the  colleges 
mi^t  say:  "Why  teach  a  tedmical  subject  in  a  eoll^?"  In  reply  to  this,  I 
would  refer  to  the  remarks  of  Professor  Lovia  already  given,  namely,  that  descrip- 
tive geometry  lies  within  the  realm  of  pure  mathematics  but  on  the  border  there- 
of, so  that  it  is  an  easy  step  to  the  applied.  But  there  are  other  justifications 
for  its  introduction  into  a  college  curriculum.  Gauss  recommended  it  as  "a 
nutrimeat-giving  element  to  animate  the  real  geometric  ^irit"  *  and  Christian 
Wiener  eays,  '*It  possesses  the  (»pacity  above  all  to  develop  the  power  of  space 
visualization  and  thus  to  lay  the  foundation  for  the  study  of  higher  geometry."* 
I  have  found  that  students  who  st\idy  anahi:ic  peometry  nfter,  or  simul- 
taneously with,  descriptive  geometry  find  the  former  subject  more  interesting 
and  less  difficult  than  those  who  have  not  studied  the  latter  subject.  In  the 
study  of  projective  geometry  also,  a  knowledge  of  descriptive  geometry  would 
be  of  great  help  in  making  the  drawings  of  the  space  relations  which  must  neoes* 
sarily  be  made  in  that  subject.  On  the  oth^r  hand,  some  knowledge  of  pro- 
jective geometry  is  essential  in  the  hiLHitr  branches  of  descriptive  geometry. 
According  to  Professor  Loria  these  two  subjects  should  be  taught  independently, 
as  has  been  done  at  the  Umvenuty  of  Genoa.  I  consider  a  course  in  descriptive 
geometry  in  the  ooU^  quite  as  important  as  one  in  analytic  geometry  and  pro- 
jective geometry. 

Another  reason  for  the  introduction  of  descriptive  geometry  into  the  colleges 
b  the  almost  complete  ignorance  concerning  the  subject  which  exists  among 
mathematicians.  This  lack  is  generally  accompanied  by  an  inability  to  visualine 
q»oe  fcfms.  Th»  inability  is  a  great  handicap  not  only  in  some  branches  of 

geometry,  but  also  in  mechanics  and  physics,  where  very  frequently  a  mental 

image  of  a  situation  is  of  ns  mnch  value  as  rpfined  analysis.  Moreover,  a  general 
course  in  matin  irKitics  without  graphical  solutions  of  plane  and  space  problems 
with  tiie  instruments  of  the  geometer  is  almost  as  great  an  incongruity  as  general 
courses  in  phydcs  and  chontstry  without  laboratory  work. 

Descriptive  geometi  \  Is  now  required  for  an  honors  degree  at  the  University 
of  Cambridge,  England.^  riiere  are  many  advocates  of  its  introduction  into  the 
universities  of  Continental  Europe*  and  some  universities  actually  do  give  courses 

>  Encyklcpddie  der  McUhemalischen  WUtentdtttfitn,  III  AB  0^  |M|»  MO.  Tlui  artide  by  E. 
P^)pgriU  waa  <x>ii6ulted  in  writing  this  paper. 

■  Ckr.  Wiener,  Uhrbuch  der  DarsulUndm  OmmUrit,  Vot.  I,  p.  61.  Fnm  thii  work  mn 
ttkco  most  of  the  historical  notes  of  this  paper. 

•  Bmith,  D.  E.  Report  of  Sub-Comtaiaaioa  A  of  the  Intematkmal  CotnmiasioD  OD  the 
Teaching  of  MatlMimitics;  iBtuitkn  end  eqwrimnit  in  imthematind  tMMiliing  in  Meoodaiy 
■ehools. 
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in  it.  Some  might  hold  that  its  introduction  into  a  university  could  not  be 
justified  unl^  it  offered  problems  worthy  of  a  Doctor's  thesis.  I  believe  that 
it  does  offer  such  problems,  and  as  one  sochi  mention  tlie  theory  of  iUumination. 
But  even  if  descriptive  geometry  did  not  offer  such  problems,  its.i&trodnetiDn 
into  the  college,  and  into  the  univosity,  is  justifiable  because  of  the  many  reasons 
already  piven, 

It  is  a  fact  that  the  authors  of  our  textbooks  on  mathematics  are  deplorably 
ignorant  oonoeming  the  making  of  drawings  to  represent  space  objects.  Klein 
evidently  had  tins  in  mind  when  he  said,  ''Is  it  not  as  worthy  an  object  of  mathe- 
matics  tn  he  able  to  draw  correctly  as  to  he  ahlc  correctly  to  calculate?"  It 
seems  only  reasonable  to  demand  that  the  drawings  in  mathematical  textbooks 
should  be  made  by  some  one  who  understands  the  underlying  principles,  and  it 
would  be  very  deidrable  for  the  author  himsdf  to  be  able  to  malce  his  drawings. 

As  to  the  qualifications  of  a  teacher  of  descriptive  geometry,  it  would  seem 
that  he  should  have  besides  an  extensive  knowledge  of  the  subject,  covering  the 
various  branches  above  outlined,  a  knowledge  also  of  plane  and  solid  analytic 
geometry  and  projective  geometry,  besides  the  abihty  to  make  good  drawings 
in  ink  as  wdl  as  in  pencil.  The  time  is  at  hand  when  it  is  desimble  to  require  of 
proqiective  teadieis  the  completion  of  such  a  course.  A  person,  with  such 
qualifications  coidd  be  attached  to  either  a  department  of  mathematics  or  a 
department  of  drawing.  If  to  the  former,  he  would  certainly  be  required  to 
know  more  mathematics  than  the  minimum  just  laid  down,  and  if  to  the  latter, 
he  would  probably  be  required  to  be  proficient  in  other  branches  of  drawing. 

While  this  adxbefls  was  bdng  prepared  for  publication,  death  dumed  that  one 
person  who  by  many  was  regarded  as  the  best  teacher  of  descriptive  geometry 
which  this  country'  ever  had.  I  had  the  good  fortune  to  bo  liis  pupil,  and  it 
was  he  who  inspired  me  with  that  love  for  the  subject  whicli  it  is  my  earnest 
desire  to  transmit  to  others.  I  refer  to  the  late  Dr.  £.  A.  Engler,  at  one  time 
professor  of  mallwmtiGS  at  Wadiington  Umversity* 


GEOMETRY  FOR  JUNIORS  AND  SENIORS.^ 
9r  E.  B.  HTOUFFJfflt,  Unherdty  of  KiuMi. 

An  examination  of  the  list  of  papers  printed  to  the  American  Mathematical 
Society  during  the  last  five  years  show^s  that  on  the  average  not  more  than  one 
paper  in  six  is  couched  essentially  with  geometry.  If  the  papers  presented  to 
the  Sodety  are  assumed  to  picture  approximately  the  research  activity  of  America, 
it  may  well  be  asked  whether  geometry  is  receiving  the  attention  which  it  deserves. 
Is  a  ratio  of  one  to  five  or  six  a  healthy  sign  for  mathematics  as  a  whole  in  tlus 
country? 

It  is  true,  there  is  no  fundamental  distinction  between  geometry  and  analysis — 
^  Head  at  the  second  summer  meeting  of  the  ABSOciation,  Cleveland,  Ohio,  September  7, 1917. 


Digitized  by  Gopgle 


160 


OliOlfBIBT  FOB  JVmOBB  AND  SBNIORfi. 


the  laws  which  govern  the  process  of  reasoning  m  the  two  are  the  same.  Yet 
frequently  a  ttmowm  which  requires  a  long  and  careful  argument  for  its  proof 
by  the  methods  of  analysis  is  intiiitively  evident  when  viewed  geometrically. 

To  see  proposition  thus  standing  out  by  itself,  stripped  of  its  attendant  proofs, 
is  very  much  of  an  aid  in  grasping  its  full  significance.  Try,  for  instance,  to 
explain  to  a  class  of  sophomores  the  fundamental  theorem  of  the  integral  calculus 
without  showing  that  tiie  integral  may  be  represented  as  tl»  area  unda  a  curve. 
Yet  the  proof  is  purdiy  analjrtioaL 

The  development  of  many  a  branch  of  mathematics  may  be  aided  by  the 
development  of  geometry  along  some  particular  line.  It  cannot  be  denied,  for 
instance,  that  the  geometry  of  space  of  more  than  three  dimensions  has  been  a 
distinct  asset  to  analysis  where  more  than  three  variables  are  involved.  The 
terms  **  points,"  "  cunres/'  "  surfaces/'  etc.,  the  notion  of  other  dements  than 
points  as  generating  diements  of  geometrical  figures,  the  propositions  analogous 
to  those  in  ordinary  space,  these  may  well  suggest  analj'tical  theorems,  other- 
wise unexpected,  and  may  also  greatly  simplify  their  statement  and  proof. 
Tiius,  the  problem  of  the  equipartition  of  energy  in  a  gas  seems  far  removed  from 
geometry,  yet  the  notion  of  a  sphere  of  n  dimensions  is  used  in  the  proof  some 
of  the  results  already  obtained  towards  its  solution. 

If,  tlierefore,  geometry  has  not  kept  pace  in  the  scientific  advance  of  America, 
it  is  pertinent  to  ask  the  cause  and  the  cure;  if  it  has  maintiiined  its  proper 
position,  it  is  still  desirable  to  seek  methods  of  insuring  that,  in  the  future,  it 
does  not  letard  the  scientific  world  but  rather  leads  the  way. 

The  tendency  to  give  geometry  a  aecondary  i^ace  is  evident  in  many  Ameri- 
can institutions,  both  in  the  graduate  and  in  the  imdergraduate  courses.  A  man 
who  received  his  master's  degree  in  mathematics  a  year  ago  at  one  of  our  most 
important  graduate  institutions  had  had  no  geometry  in  advance  of  the  ordinary 
plane  and  solid  analytic  geometry.  Moreover,  neither  the  student  nor  the 
institutitm  is  so  very  exceptional.  As  for  the  undergraduate  studrat  majoring 
in  mathematics,  he  is  required  to  take  the  traditional  (course  in  plane  analytie 
geometry,  and  may  be  advised  to  take  a  brief  course  in  solid  analytic  geometry, 
but  there  the  list  of  courses  in  geometry  open  to  him  very  frequently  ends.  He 
has  no  chance  to  gain  the  inspiration  and  delight  which  accompany  a  knowledge 
of  the  theorenui  bearing  the  names  of  Desargues,  Pascal,  Brmachon,  no  appof^ 
tunity  to  recognize  the  geometry  already  studied  as  a  special  case  of  sometUng 
far  more  general  and  more  beautiful. 

There  can  be  no  question  but  that  many  additional  keen-minded  students 
might  become  interested  in  mathematics  if  geometry  were  presented  to  them 
more  attractively  in  their  undergraduate  courses.  Sir  G.  H.  Darwin,  in  the 
opening  address  of  the  Fifth  International  Congress,  expressed  the  belief  that 
analysis  and  getmietry  offer  different  attractions  to  mathematical  minds  and 
then  added,  "  I  suspect  tliat  the  mathematician  will  drift  naturally  to  one  branch 
or  another  of  our  science  according  to  the  texture  of  his  mind  and  the  nature  of 
the  mechanism  by  which  he  works." 
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A  fundamental  cause  then  of  our  slow  growth  geometrically  is  our  under- 
graduate course  of  study.  The  remedy,  naturally,  lies  iu  the  introduction  of 
additional  geometry  of  the  proper  kind,  in  suitable  amount  and  in  the  best  way. 
The  qtiesticMifl  before  us  are:  WaA  is  the  j^wjpet  kind  of  geometry?  WuA  is  a 
suitable  amount?  What  is  the  best  way  of  presentitig  it? 

We  assume  the  prerequisites  of  thp  ordinary  freshman  and  sophomore  mathe- 
matics: algebra,  trigonometry,  plan,  analytic  geometry,  differential  and  integral 
calculus.  The  student  may  have  had  additional  courses — for  example,  one  ia 
synthetic  geometry,  in  his  fa'eahman  year.  If  so,  it  is  his  food  fortune,  but 
such  a  course  should  not  replace  one  taken  after  the  student's  mind  has  been 
developed  and  broadened  by  the  analytic  geometry  and  the  calculus. 

There  are  two  particular  classes  of  students  for  whom  the  course  should  be 
planned:  first,  those  who  expect  to  teach  mathematics  in  the  secondary  schools; 
and  second,  those  who  expect  to  continue  their  study  of  mAthematies  in  a  graduate 
adiooi.  ThesNi  may  be  other  students  in  the  course^for  instance,  those  who 
take  the  course  for  its  so^adled  cultural  value — but  thdr  number  will  probably 
be  too  small  to  require  special  attention.  Besides,  a  course  fulfilling  the  needs 
of  the  first  two  groups  will  undoubtedly  be  satisfactory  to  the  stray  student. 

By  no  means  all  American  institutions  offer  a  course  in  geometry  for  juniors 
and  seniors,  but  where  there  is  such  a  course  it  is  as  a  rule  largely  projective 
geometry.  It  mig^t  well  be  asked,  however,  whether  there  is  not  some  other 
branch  of  geometry  which  would  fit  the  needs  of  the  class  of  students  mentioned 
above  better  than  the  projective.  In  this  paper  attention  will  be  called  to  some 
general  principles  which  are  believed  to  be  fundamental  in  the  selection  and 
arrangement  of  the  material  for  the  course,  regardless  of  whether  it  is  projective 
geometry  or  not.  If  some  other  branch  satisfies  these  requirements  best,  it 
diould  be  given.  However,  in  the  discussion  of  these  principles  almost  exclusive 
us<^  }i;iH  been  made  of  the  notions  of  projective  geometry  because,  in  the  author's 
behef,  no  other  brauch  of  geometry  can  so  well  fulfill  the  conditions. 

I.  The  course  should  couple  together  the  earlier  courses  in  geometry,  and  sliould 
ako  form  a  eotaueling  Uidt  between  them  and  future  eowreee  ^  eueh  are  toftm. 

There  has  been  too  much  of  a  tendency  to  separate  mathematics,  especially 
for  thf  lipgiiiner,  into  watertight  compartments,  each  compartment  containing 
the  material  for  one  course.  The  student  frequently  regards  it  as  more  important 
that  be  recognize  the  course  in  which  a  particular  theorem  has  been  presented 
than  that  he  undostand  tl^  theorem  itself  and  its  rdation  to  other  results. 
Most  of  us,  I  presume,  have  met  the  stud»it  who,  when  asked  to  solve  a  quadratic 
or  simplify  a  complex  fraction  in  trigonometry,  explains  that  that  is  algebra  and 
expresses  surprise  that  such  qtiestions  should  be  asked  in  a  trigonometry  class. 
That  the  unfortunate  effects  of  this  method  of  presenting  the  elementary  courses 
have  been  recognized  is  evidenced  by  the  number  of  texts  which  have  recently 
appeared  combining  in  various  ways  die  algebra,  trigonometry,  analytic  geometry 
and  caleufais.  This  question  was  even  conndered  worthy  of  formal  discussitm 
lit  the  summer  meeting  of  the  Association  a  year  ago. 
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It  is  equally  important  that  the  studeot  recognize  that  the  traditional  divi- 
mma  of  geometry  are  lor  the  purpose  of  emphasuing  some  unique  method  of 
attack  <nr  some  particular  kind  of  results.  The  high  school  wcark  in  geometry  is 

entirely  synthetic  and  is  largely  a  course  in  memory  work  and  logical  reasoning; 

the  early  collefre  courses,  on  the  other  band,  are  as  a  rule  concerned  with  teaching 
the  "  analytic  nu'lhodl,"  that  is,  with  showing  the  combined  use  of  cwrdinates 
and  algebra,  it  m  true  that  the  student  recognizes  some  of  the  terms,  like  point, 
Une,  circle,  as  common*  and  evm  a  few  identical  theorems  may  be  proved  in 
both  sets  of  courses;  but  the  methods  employed  seem  to  have  nothing  in  common. 

This  evil  is  especially  serious  for  one  who  goes  out  to  teach  mathematics  in 
the  higli  school  without  further  training  in  geometry.  He  may  have  understood 
fully  his  college  course  in  analytic  geometry  but  he  can  only  teach  his  Euclid  in 
the  way  he  &st  learned  it,  with  no  inq)irati<»i  for  himsdf  and  little  for  his  stu- 
dents. Ekin  calls  this  jtmip  from  the  synthetic  geometry  of  the  high  school  to 
the  analytic  geometry  and  back  again  a  "  double  discontinuity  '*  and  adds  that 
the  real  purpose  of  a  university  course  for  the  teacher  of  mathematics  is  "  that 
you  may  be  able  in  a  large  measure  to  draw  inspiration  for  your  teaching  from 
the  great  body  of  knowledge  that  has  been  presented  to  you.'* 

11.  Tie  ctnme  thould  be  both  eytUheHe  and  ane^fHe,  teiih  Ota  empheme  on  the 
eynthetic. 

After  Poncelet  and  his  followers,  in  the  early  part  of  the  nineteenth  century, 
had  shown  the  possibilities  of  synthetic  work  in  projective  trpometry,  the  wave 
of  enthusiasm  for  it  threatened  for  a  time  to  drive  tlie  analytic  school  out  of 
existence.  Although  the  brilliaat  work  of  von  Stoudt  in  fredng  synthetic 
geometry  from  analytic  and  metric  relations  was  a  triumph  for  the  synthetic 
school,  the  later  work  of  Pliicker  and  Cayley  showed  that  each  method  had  its 
distinct  advantages  and  that  it  was  a  decided  loss  to  cultivate  one  at  the  expense 
of  the  other. 

The  entire  elinunatbn  d  the  analytic  work  from  ^fbst  course  in  projective 
geometry  is  eapedally  unfortunate  for  the  stndmt  who  has  just  finished  a  course 
in  analytic  geometry.  For,  it  is  only  by  the  IntKiduotion  of  some  analytic  work 

that  the  two  courses  can  be  connected  in  a  vital  way.  This  fact  is  well  erpressed 
by  Segre  in  a  strong  appeal  for  combined  analytic  and  sjTithetic  metiiods  in 
geometry:  "  The  method  of  coordinates  serves  to  pass  from  one  to  the  other 
and  unites  than  intimately,  or  rather  so  wdds  tiiem  together  that  we  may  say 
that  every  advance  in  the  one  means  an  advance  in  the  other."^ 

It  is  not  desirable  to  introdnce  n  hirge  proportion  of  analytic  work,  as  the 
student  is  already  much  bettt  r  trained  in  its  methods  than  in  synthetic  methods. 
Results  which  can  be  obtained  equally  well  or  better  by  the  synthetic  method 
should  be  presented  in  that  way.  However,  even  a  relatively  small  amount  of 
analytic  work  in  the  projective  geometry  will  strengthen  and  enlarge  both 
the  dementaxy  analytic  geometry  and  the  projective  geometry.  For  instance, 

»  Scgrc,  Rwisladi  Matematka,  Vol.  I  (1S91),  pp.  42-6G;  translation  by  J.  W.  Young,  ButkHm 
cf  the  AmerirM  Matimnatical  Society^  Series  II,  Vol.  1,  pp.  442-468. 
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the  student  who  has  had  only  the  usual  course  in  analytic  geometry  feels  no 
freedom  in  the  use  of  coSrdliiiate  vyalbms.  The  idea  that  other  quantities  than 
distances — for  example,  the  ratio  of  distances  or  the  value  of  an  angle — may  be 

used  as  coordinates,  the  notion  that  lines  find  planes  can  he  defprmined  by 
coordinates  in  place  of  equations,  the  concept  of  homogeneous  coordinates  and 
the  reiiultant  elimination  of  the  infinitely  distant  point  as  a  special  case,  all 
tiieae  aie  new  viewpoints  wbidi  broaden  previous  concepts  ranarkably. 

On  ^e  other  hand,  the  projective  geometry  gains  decidedly  from  the  ele- 
mentary analytic  geometry.  The  latter  assumes  implicitly  that  there  is  a  one- 
to-one  correspondence  between  the  points  on  a  line  and  the  numbers  of  the 
real  number  system.  The  real  basis  for  the  assumption  is  admittedly  too  difficult 
lor  indudbn  in  an  undergraduate  course^  but  die  same  may  be  said  of  tlie  altema^ 
tive  assumption,  the  postulate  of  oontinutty  in  some  form  or  other.  The  intr»> 
duction  of  analytic  methods  into  the  projective  geometry  makes  possible  die 
explicit  assumption  of  an  abscissa  system  of  eoordinates  for  the  points  of  a  range, 
an  assumption  already  familiar  to  the  student  and  in  fact  quite  natural  and 
easy  of  comprehension.  From  this  assumption  follows  directly  the  projective 
eoflrdinate  system  and  the  proof  of  the  fundamental  theorem  of  projective 
geometry. 

Again,  in  the  introduction  of  iniaginaries  into  peometry,  analysis  comes  to 
the  rescue.  If  statements  are  to  he  made  as  gnu  ral  as  possible — and  that  is 
one  of  the  principal  features  of  this  course — imaginary  elements  must  be  con^ 
sidered.  Von  Staudt's  use  of  tnvolutbns  without  double  points  for  defining 
imaginary  points  on  a  line,  while  a  fine  piece  of  mathematical  work,  is  too  diffi- 
cult for  such  a  course  as  we  are  outlining.  By  the  use  of  algebra  the  whole 
subject  of  imaginaries  is  carried  back  to  a  field  with  which  the  student  is  already 
somewhat  familiar.  The  necessity  of  treating  imaginaries  in  geometry  by  means 
of  algebtaiesl  quantities  is  well  expxessed  by  Russell  in  his  Fmnickons  of  Ge- 
omdry,  where  he  says:  "  All  die  fruitful  uses  of  imaginaries  in  geometry  are 
those  which  begin  and  end  with  real  quantities,  and  use  imaginaries  only  for  the 
interniedijite  ^teps.  Xow  in  all  such  cases,  we  have  a  real  spatial  interpretation 
at  the  beginning  and  end  of  our  argument,  where  alone  the  spatial  interpretation 
is  important;  in  the  intermediate  links,  we  are  dealing  in  a  purely  algebraical 
mannw  with  purely  algebraical  quantities  and  may  perfonn  any  opmtions 
which  are  algebraically  permis^ble." 

The  possibility  of  giving  an  analyiii  al  statement  to  the  projective  trans- 
formation is  another  gain  from  the  introduction  of  analytic  methods.  The 
equation  of  the  transformation  not  only  makes  the  whole  transformation  appear 
.  much  mmre  real  but  affotds  a  ac^d  peg  on  whidi  to  hang  its  double  points.  Mo^ 
over,  the  slight  acquaintance  here  with  the  linear  tnmsformation  will  main  the 
friendship  ripen  much  more  rapidly  when  it  is  met  in  some  other  course  in  ge* 
ometry,  in  function  theory,  or  elsewhere. 

The  prospective  graduate  student  in  mathematics  will  take  tli^s  course  as  a 
preparation  for  the  more  intensive  graduate  courses.  He  should  therefore 
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bave  tnuning  in  both  analytic  and  synthetic  methods.  "Ottiea  it  vtll  be  found 
convenient  to  situate  between  the  synthetic  method  whidi  appears  more  pene- 
trating, more  enlightening,  and  the  analj'tic  which  is  in  many  cases  more  powerful, 
more  general,  or  more  rigorous;  and  it  will  frequently  liappen  tliat  the  same 
subject  will  not  be  quite  clear  from  all  points  of  view  unless  treated  by  both 
methods.  .  .  .  The  most  important  thing  is  that  the  geometer  should  not  be  Ae 
slave  of  a  single  method  and  that  he  should  put  himsdf  in  a  position  whoe  he 
can  make  use  of  any  instrument  to  obtain  an  important  result."* 

III.  The  course  ahffidd  begin  wiih  undtffined  terms  and  unproved  propoeitiontt 
specifically  stated, 

"  Foundations  "  is  too  large  a  word  lor  what  should  be  included,  but  there 
must  always  be  some  undefined  terms  and  some  unproved  propositions.  These 
should  be  as  simple  as  possible.  The  course  might  begin  with  about  the  kind  of 
nukterial  Enriquea  uses  in  the  first  three  sections  of  his  projertivp  geometry. 
The  point,  hne,  and  plane  are  assumed  without  definition,  the  nine  fundamental 
forms  are  then  defined,  and  eight  or  ten  propositions  from  elementary  geometry, 
80  dmple  as  to  appear  Intuitively  correct,  are  introduced  without  proof.  Also 
the  assumptions  are  made  whidi  aie  necessary  for  the  elimination  of  the  special 
case5  of  infinite  elements. 

The  question  of  foimdations  is  extremely  important  for  the  prospective 
teacher  of  Euclidean  geometry,  not  so  much  because  he  will  present  that  question 
to  1^  studwti  as  because  his  own  dear  ideas  will  enable  him  to  judge  what  to 
emphasize  and  what  to  omit*  It  is  dther  an  unusually  brilliant  or  an  exceedini^ 
careless  teacher  who  has  never  been  troubled  with  logical  difficulties  in  the  treat- 
ment of  certain  topics  in  algebra  and  geometry.  The  emphasis  given  tr*  Ificrical 
considerations  in  the  report  of  the  National  Committee  of  Fifteen  on  Geometry 
Syllabus  is  sufficient  evidence  of  the  importance  of  this  subject  in  elementary 
geometry;  but  it  must  be  difficult  for  the  teadier  to  grasp  the  significance  of  this 
report  if  the  idea  of  making  necessary  assumptions  and  dedudng  results  there- 
from has  not  been  presented  to  him  in  some  form  or  other  in  college  courses. 

IV.  The  courxp  should  shotr  thr  generalizing  methods  arid  principles  which  have 
been  so  characierijitic  of  niodern  work  in  geometry. 

This  should  undoubtedly  be  the  diief  aim  of  the  course.  The  unfolding  to 
the  interested  student  of  ^  geometrical  ccmcepts  developed  during  the  early 
part  of  the  nineteenth  century  will  cause  him  to  experience  in  his  own  mind 
much  the  same  transformation  as  that  through  which  the  mathematical  world 
passed  during  those  years.  In  fact,  there  is  a  noticeable  parallelism  between  the 
develc^ment  of  mathematics  through  the  centuries  and  its  development  in  the 
mind  of  the  student  und»  the  modon  curriculum.  Th««  is  in  both  first  arith- 
metic, then  algebra  and  Eudidean  geometry,  followed  in  order  by  Cartesian 
geometry  and  the  calctilus. 

Historically  the  next  great  advance  opened  \\\)  the  field  of  the  so-called 
modern  geometry.    The  developments  of  the  eighteenth  century  hud  been 

'  Segre,  luc.  cit. 
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almost  entirely  analytic.  The  newly  discovered  calculus  aud  its  unlimited  appli> 
cations,  with  the  aaabtanoe  of  the  analytic  geometiy,  had  crowded  out  of  oon- 

sideration  any  other  forms  of  geometry.  But  by  the  end  of  the  eighteenth 
century  this  field  of  research  was  bepinniiig  to  appear  exhausted  and  there  was  a 
revival  of  inter»*«t  in  the  almost  forgotten  work  of  Dcs  irgues  and  Pascal.  The 
French  mathematician  Monge  really  reopened  the  subject  of  projective  geometry 
by  the  publieation  in  1800  of  his  Descriptm  Geometry.  Besides  discovering  many 
jxroperties  of  curves  and  surfaces  useful  for  daasification  purposes,  he  first  si^ 
gested  the  use  of  imaginaries  in  pure  geometry.  His  work  introduces  into 
geometry,  as  Hankel  says,  "  the  hitherto  unknown  idea  of  geometric  generality 
and  geometric  elegance." 

In  1S22  there  appeared  a  treatise  by  Poncelet,  a  pupil  of  Monge,  in  which  is 
introduced  for  the  first  time  the  valuable  concept  of  figures  in  homology.  Hefe 
are  discussed  also  such  notions  as  the  line  at  infinity,  the  circular  points  at 
infinity,  imaginaries,  and  projection  and  section.  Pliicker  and  !^teiner  soon 
followed  with  treatises,  that  of  Steiner  being  especially  worthy  of  notice  because 
in  it  projective  pencils  are  first  made  use  of  in  the  generation  of  conies.  "  In 
the  ten  years  wM<di  embrace  the  publication  of  these  immortal  works  of  Poncdet, 
Plti(^er  and  Steina,  geometry  has  made  more  real  progress  than  in  the  two 
thousand  years  which  had  elapsed  since  tlie  time  of  Apollonius.  The  ideas 
which  had  been  slowly  taking  shape  since  the  time  of  Descartes  suddenly  crystal- 
lized and  almost  overwhelmed  geometry  with  an  abundance  of  new  ideas  and 
principles."* 

If  the  mathematical  wcnld  was  so  inspired  by  the  ridmess  and  beauty  of  the 
projective  geometry  after  a  period  devoted  exclusively  to  analytic  geometryjuid 
the  calculus,  is  it  not  to  be  expected  that  there  will  be  a  favorable  reaction  in  the 
mind  of  the  college  student  when,  after  the  two  years  spent  on  the  usual  fresh- 
man and  sophomore  courses,  he  sees  the  generality  of  the  projective  methods? 
Duality  wiO  aiqpeal  to  him  not  merdy  as  a  great  lab(nH»idi%  device,  but  also  as  a 
new  and  unexpected  correlation  of  widely  separated  theorems.  Nothing  of  the 
kind  has  appeared  to  him  in  previous  courses.  T  ikrwise  the  process  of  projectinn 
and  section  is  both  easy  to  understand  and  fascinating  in  its  possibilities.  Again, 
the  elimination  of  the  consideration  of  the  infinitely  distant  element  as  a  special 
case-^the  honor  of  the  average  stud^it — brings  undiluted  delight.  'IHie  invari- 
ance  of  the  anharmonic  ratio  under  projective  transformations,  the  possibility 
of  generating  figures  by  means  of  other  elements  than  points,  the  notion  of 
coordip.fites  attached  to  lines  aud  planes,  the  construction  of  conies  by  means 
of  two  projective  pencils,  these  and  many  other  such  general  notions  cannot 
lul  to  astonish  and  enthuse  a  stud«it  who  has  any  intoevt  at  all  in  geometry. 

V.  Jf dHe  peomsfry  sAouU  ^  tRftio«{ue^ 
he  put  on  the  fact  thai  it  is  Tnetric. 

The  introduction  of  metrical  considerations  brings  the  whole  subject  back 

*  Pieipont,  "EUstory  of  Mathematics  in  the  Nineteenth  Centiuyi"  BuikUn  «f  the  Ameriean 
Mathmaiieal  Society,  Series  II,  Vol.  11,  pp.  136-159. 
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to  actual  experience.  Hie  poasiintities  of  the  appHcations  of  projective  geometry 
to  pbyaical  pioUema  and  tlM  presentation  of  metric  geometry  as  a  special  case 

of  a  more  general  geometry  are  immediate  results.  Moreover,  in  no  other  way 
can  the  important  part  the  infinitely  distant  point  plays  be  so  easily  emphasized. 

There  might  be  mentioned  several  other  general  principles  which  should  be 
conridered  in  the  sdection  and  arrangement  of  the  course.  For  instance,  the 
material  should  be  arranged  as  far  as  possible  in  the  order  in  whidi  the  atudimt 
■would  of  himself  seek  information;  there  should  be  an  abundance  of  construction 
problems;  the  problems  of  the  course  should  not  only  afford  drill  in  the  theory 
but  should  also  oiler  chance  for  originality  without  being  so  difficult  as  to  produce 
discouragement. 

To  iMve  these  somewhat  safer  generaUtieSy  what  should  be  the  content  and 

arrangement  of  topi  s  in   rder  to  fulfil)  best  the  requirements  mentioned?  A 

verj'  liri(  f  rmilnir  cf  a  plan  for  a  course  is  here  suggested. 

Alt(  r  tin  iin  lrjuied  elements  and  unproved  propositions  from  elementary 
geometry  have  been  introduced  and  the  method  of  eliminating  the  consideration 
of  the  ideal  demrats  as  special  cases  has  been  explained,  the  principle  of  duality 
may  be  explained  and  illustrated.  We  are  then  ready  for  a  discussion  of  projec- 
tion and  section,  and  of  perspectivity,  and  for  the  definition  of  a  projectivity  as 
a  sequence  of  perspectivities.  Desargiics's  theorem  on  triangles  should  l>e 
prov€>d  as  an  illustration  of  the  possibilities  of  the  use  of  projectivities. 

We  are  now  ready  for  the  introduction  of  codrdinate  systems  for  one^imen- 
sional  fonns.  Emphasis  diould  be  put  on  the  fact  that  we  seek  a  system  satis- 
factory for  projective  geometry,  that  is,  such  a  ^tem  that  the  co5rdinate  of  an 
element  need  not  be  changed  when  the  form  is  subjected  to  a  projective  trans- 
formation. The  abscissa  system,  introduced  by  means  of  the  assumption  already 
mentioned,  and  the  simple  ratio  system,  which  follows  immediately,  both  fail  to 
satisfy  the  requirements  of  projective  geometry.  The  double>Tatio  coSrdinate 
follows  most  naturally  and  is  found  to  be  invariant  under  a  projectivity.  As 
already  mentioned,  it  is  now  ea^  to  prove  the  fundamental  theorem  of  projective 
geomctr}'.  * 

The  projective  transformation  may  next  be  shown  to  be  equivalent  to  the 
linear  transfoimation.  The  double  points  of  a  projectivity  appear  at  once. 
Some  metric  geometry  may  be  introduced  and  also  a  number  of  interesting  con- 
struction problems.   If  time  permits  a  discussion  of  geometric  addition  and 

multiplication  will  be  found  illuminating. 

Harmonic  sets  with  some  metric  properties  should  now  be  introduced.  Invo- 
lutions may  follow,  being  defined  most  directly  perhaps  as  projectivities  of  period 
two.  The  analytic  representation  of  an  involution  makes  intelligent  a  discusirion 
of  its  double  elements,  even  though  they  arc  conjugate  imaginaries. 

We  are  now  ready  for  the  (llscussion  of  conies.  The  field  of  selection  here  is 
s(j  lari:e  and  varied  that  the  time  at  the  disposal  of  the  class  must  determine 
what  is  given,  but  certainly  tlicrc  should  be  included  the  famous  theorems  of 
Pascal,  Bxianchon  and  Desargues,  projectivities  on  a  conic,  the  theory  of  poles 
and  potars,  and  some  metrical  pnqperties  of  conies. 
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CoaaacM  might  be  either  preceded  or  followed  by  a  discussion  of  two-dimensioiud 
projective  co&dinatee.  l^e  duality  betwetfi  points  and  lines,  both  as  to  coGrdi- 

nates  and  equations,  the  use  of  the  abridged  notation,  the  eqnession  of  the 
double  ratio  of  four  elements  in  terms  of  their  parjimi  t  r?,  the  equations  of  conies, 
are  all  worthy  of  particular  notice.  Any  unw  remainiug  might  well  be  given  to 
further  discussion  of  projectivities  between  two-dimensional  forms. 

The  eotme  as  outlined  will  probaUy  consume  the  time  of  a  tbno-hour  eouise 
*  throughout  the  year.  If  only  half  that  amount  of  time  can  be  givoi  to  the  course, 
as  is  unfortunately  true  in  many  institutions,  it  will  he  necessary  to  omit  the  work 
on  two-dimensional  coordinate  systems  and  to  make  brief  the  treatment  of  some 
of  the  other  subjects  mentioned.  In  any  case,  however,  the  course  is  such  that 
ihe  prospective  teadier  inl!  bave  new  inspiiatkm  as  wdl  as  mudi  new  material, 
and  that  the  future  graduate  student  will  have  an  increased  inteiest  in  geomctxy 
and  a  firstrdass  foundation  for  its  further  study. 

BOOK  REVIEWS  AND  NOTES. 
fisMD  AUi  cmoftniiCAffloin  10  W.  H.  Bussar,  Univmilj  of  MimwMitat 

BOOK  REVIEWS. 

An  Intniudion  to  SUxtii^eal  MtlSnoit.  By  Horace  Sbgbibt,  Fb.D.,  Assodato 
Professor  of  Economics  and  Statistics,  Northwestern  University.  The 

Macmillan  Company,  New  York,  1917.    xxi  +  4S2  pages.  $2.00. 

We  arc  tohl  in  the  preface  tu  this  book  that  "the  treatment  is  non-mathe- 
matical for  several  reasons,  chief  of  which  are  that  the  mathematical  phases  of 
the  subject  are  treated  in  other  places  and  that  theie  seems  to  be  an  oigent 
need  for  a  fundamental  discusnon  of  the  non-mathematical  but  not  leas  vital 
processes  in  statistical  investigation  and  analysis.'' 

With  a  non-mathematical  treatment,  we  may  well  question  the  propriety  of 
reviewing  the  book  in  a  mathematical  journal,  but  the  methods  involve  certain 
mathematical  concepts  such  as  average  deviation,  standard  deviation,  correlation 
coefficiait,  and  probable  enw. 

It  may  well  be  said  that  it  seems  to  the  reviewer  that  the  illustrations  drawn 
from  economics  and  business  are  a  verj'  useful  and  interesting  part  of  the  book. 
There  is  given  a  valuable  discussion  of  the  collection  of  statistical  data  with 
special  reference  to  the  dangers  of  interpreting  results  from  figures  collected  with- 
out a  tboorou^  knowledge  of  tiie  conditions  and  limitations  under  vHiich  the 
figures  are  produced.  The  main  sources  of  eoonomie  and  business  statistics  are 
also  well  discussed. 

In  the  chapters  on  "Tabular  Presentation,"  "Diagrammatic  Presentation," 
and  "Graphic  Presentation,"  the  author  indicates  how  the  choice  of  different 
devices  depends  largely  on  Ibe  purpose  of  the  presentation. 

In  the  chapter  on  ''Avoages  as  Types/'  the  uses  and  abuses  of  diGFeient 
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averages  are  discussed.  The  two  chapters  on  "Index  Numbers"  show  very  well 
not  only  some  of  the  purposes  to  which  audi  numbers  may  be  put  but  the  serious 
•oonaeqtmiees  of  the  Ioom  and  indbcrimiiiate  me  of  indices. 

The  part  of  the  book  that  uses  mathematical  concepts  is  wdl  illustrated  by 
concrete  applications,  but  the  reviewer  offers  the  following  criticisms: 

On  p.  387  we  find  the  statement:  "If,  however,  signs  are  disregarded,  the 
aggregate  deviations  are  larger  when  taken  from  the  arithmetic  mean  than 
.when  taken  from  any  other  avoage,  for  the  reason  that  this  average  is  affected  * 
both  by  the  sise  of  items  and  the  frequencies."  This  statement  is  incorrect, 
as  can  be  shown  easily  by  giving  a  well-selected  illustration  in  which  the  mode  is 
near  the  end  of  the  distribution.  That  is  to  say,  we  can  easily  give  an  illustra- 
tion in  which  the  average  deviation  from  the  mode  is  greater  than  from  the 
arithmetic  mean. 

On  p.  388  there  is  the  statement  that  "mathematicd  consistosor  seenks  to 
demand  that  the  median  be  used.  On  the  other  hand,  the  average  deviation 
requires  that  the  total  be  averaged,  that  is,  divided  by  the  number  of  items, 
and  logical  consistency  seems  to  demand  that  they  be  computed  from  the  mean." 
It  is  not  clear  to  the  reviewer  what  this  statement  means,  as  it  is  not  indicated 
what  distinction  exists  between  mathematical  consistency  and  logical  con^ 
aistency. 

On  p.  453  there  occurs  the  statement :  "  If  r  =  0,  no  correlation  exists,  changes 
in  the  two  phenomena  being  indifferent."  Tliis  statement  does  not  seem  to  be 
correct-  To  be  sure,  when  two  vanuics  are  independent,  we  have  r  =  0,  but  the 
conviarse  is  not  neceaaarily  true.  The  statemoit  quoted  seems  to  imply  that  the 
converse  is  true. 

As  sliown  by  illustrations  in  this  book,  the  use  of  the  correlation  coefficient 
and  the  attendant  theory  may  help  very  much  to  throw  light  on  the  tendency 
of  two  sets  of  economic  phenomena  to  change  together,  but  such  applications 
should  be  made  with  a  dear  imdentanding  of  the  Unutatbns  imposed  in  the 
mathematical  development  of  the  theory. 

H.  L.  BiEis. 

UmvKaaiTT  or  Ilunois. 

•ElUpHe  InUgndi.  By  Habbb  Hakcock.  John  Wiley  and  Sons,  New  York, 
1917.   104  pages.  $1.25. 

Professor  Hancock's  book  is  the  eighteenth  in  the  series  of  "Mathematical 
Monographs"  edited  by  Mansfield  Merriman  and  Robert  S.  Woodward.  It 
furnishes  a  useful  guide  to  students  who  have  completed  an  elementary  course 
in  the  cahwhis  and  wish  to  extend  their  study  to  a  consideration  of  types  of 
integrals  not  treated  in  a  first  course.  As  is  to  be  expected  in  so  short  a  discussion^ 
Professor  Hancock's  book  treats  only  the  formal  aspects  of  the  subject  and 
chiefly  the  intf^t^rHls  of  the  first  and  second  kinds  with  the  standard  transforma- 
tions into  the  normal  forms.  The  discussion  of  elliptic  functions  and  their 
transformations  is  brief  but  well  balanced,  the  interest  being  centered  where  it 


Digitized  by  Google 


BOOK  BJtVmWB  JUSD  MOTBB. 


■houM  be,  upon  tha  doabljr  periodic  nature  of  the  functions.  A  great  many 
examples  and  problems  are  given.  The  five-place  tables  at  the  end  of  the  boolc 
and  the  many  reduction  and  other  formulas  of  integrals  in  the  text  give  in  com» 
pact  foxm  the  material  moat  often  needed  for  reference. 

RA.THOND  W.  BbINK. 

Td  JJwmamm  cm  MaaamiL, 

NOTES  ON  NEW  BOOKS. 
"Isaac  Barrow  wns  the  first  inventor  of  the  infinitesimal  calculus;  Newton 
got  the  Tiiiiiu  idea  of  it  from  Barrow  by  personal  communication;  and  T^ihniz 
also  was  in  some  measure  indebted  to  Barrow's  work,  obtaining  contirmatioa 
of  h»  own  orif^nal  ideas,  and  suggestioiifl  for  their  further  devefopmrat,  from 
the  copy  of  Barrow's  book  that  he  purchast  d  in  1673."  This  is  a  quotation  from 
the  preface  to  "The  geometrical  lectures  of  Isaac  Barrow,  translated  with  notes 
and  proofs  and  a  discussion  on  the  advance  made  therein  on  the  work  of  his 
predecessors  in  the  infinitesimal  calculus"  by  J.  M.  Child,  B.A.  (Cantab.),  B-Sc. 
(Lond.)  TlielMMifcisNo.3ofthe''OpenCourtSeviesofClassicB4^Sdenoeand 
Ihiioeophy.*'  It  is  published  by  the  Open  Court  Publishing  Omipanyi  Chicago 
and  London. 

A  revised  edition  of  "Plane  geometry  vAth  problems  and  applications"  by 
H.  £.  Slaught  and  N.  J.  Lennes  has  just  been  published  by  AUyn  and  Bacon, 
Boston  and  Chicago.  Practical  applications  to  everyday  life  are  a  feature  of  the 
bode.  H«re  are  two  sample  ones:  (1)  "In  lucking  a  goal  after  a  touchdown  in 
the  game  of  football,  the  ball  is  brought  back  into  the  field  at  right  angles  to  the 
line  marking  the  end  of  the  field.  The  distance  between  the  goal  posts  being 
pven,  and  also  the  point  ai  which  the  touchdown  is  made,  find  by  a  geometrical 
construction  how  far  back  into  the  field  the  ball  must  be  brought  in  order  that 
tiie  goal  posts  may  subtend  the  greatest  posable  angle."  (2)  ''A  car  whed  is 
l»ioken,  and  it  is  required  to  determine  its  diameter  by  construction  whw  only  a 
fragment  of  it  is  given."  At  the  very  beginning  of  the  book  there  are  two 
pages  of  "reasons  why  geometry  should  be  studied  by  those  who  wish  to  obtain 
a  generous  culture,  a  broad  outlook  and  a  mental  development  characterized 
by  logical  thinking  and  dear  ezprcasion."  These  two  pages  and  the  book  itsdf 
are  a  good  aiawcr  to  those  who  are  questioning  the  value  of  geometry  as  a^subject 
of  study  in  the  high  school. 

The  number  of  trigonometry  te.xt hooks  on  the  market  is  still  increasing, 
P.  Blakiston's  Son  and  Co.  of  Philadeiphia  have  recently  published  "Plane 
trigonometry  with  tables"  by  Eugene  Henry  Barker,  head  of  the  department  of 
matiiematics  of  the  Pdyte(Anic  High  Scliool  of  Los  Angeles,  Caltfof^ 

The  society  in  England  which  corresponds  to  the  "Mathematical  Associatioli' 
of  America"  is.  called  the  "Mathematical  Association."  It  publishes  the  Mathe- 
matical Gazette.  One  of  its  past  presidents.  Professor  A.  N.  Whitehead,  has 
recently  published  in  one  volume  eight  addresses  which  he  has  given  in  recent 
yean  on  educal&>na],  matbenMrtfad  and  sd^itific  topics.  They  ought  to  be  of 
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especial  interest  to  readers  of  the  Monthly  because  three  of  them  are  presidential 
addresses  to  the  "Mathemstieal  Aasodatioii."  The  title  of  the  book  is  "The 
organization  of  thought."  It  is  publubed  by  Williams  and  Norgate,  London. 

The  D.  Van  Nostrand  Company  has  recently  published  a  book  on  "Recrea- 
tions in  mathematics,"  by  H.  E.  Licks.  It  has  cliaptcrs  on  aritlimetic,  algebra, 
geometry,  trigonometry,  analytic  geometry,  calculus,  astronomy  and  the  calendar, 
mechanics  and  physics,  and  an  appendix.  It  ts  not  so  extensive  as  the  well- 
fcnown  "Mathematical  recreations  and  essays"  by  W.  W.  B.  Ball«  but  it  contains 
considerable  material  not  to  be  found  in  that  standard  irork.  The  eij^t  pages 
devoted  to  the  cell  of  the  hon^  bee  will  be  new  to  many  readers. 


PROBLEMS  FOR  SOLUTION. 
Bam  AUi  cmoanncAnoMB  about  isobuiib  to  E.  F.  Famti,  Bpfingfiddf  Mo. 

2689.  Proposed  by  K.  V.  MUKTinawilt,  CaaatMsb,  Maw. 

Show  that  the  mMimnm  value  of 

„  _        MnaocwCj  +») 
'    «M    +    da  0» +  + 

iiin  >  (eoof  "  ^)/{«os  $  +  p),  where  p  =•  Vrin*    —  ab*^ 

This  problem  was  suggested  to  the  proposer  by  a  profaswr  of  oMI  onginearing>  and  has 
important  i^>plicatioQ8  in  the  theory  of  conjugate  stiesses. 
ilTste.— It  loar  faoitttate  the  woik  to  lot  C  •>  2k  4- ^  + 

MBSl  Fkopoiidbf  KT.nnmiioioiiiOiaibriditkMMi. 

Find  t]M  niawf  r"iiin  vw^w  ^rf 

sio  X  cos  (x  -f  y) 
sun,  IVpf  wod  by  now  A.  wiaow;  HaaaMae  Uahwlty. 

Show  by  purdy  geometric  methods,  without  the  use  of  the  calculus,  that  il n'  <  ivdope  of  all 
idrdea  whose  oenten  an  on  a  fixed  circle  and  which  touch  a  fiaad  diamwtw  of  that  circle  k  a  two* 
■ndMd  ej^doid.  (Cf.  Cakulot  problem,  423.) 

2892.  Proposed  by  «.  L.  Kiur,  StephmTille,  Teias. 
A  oobo  ia  out  at  niMkn  bgr  a  plaiMk  iHnt  ii  the  dumo 

ant.  Fk«iooo<byw.p.Haaunr,FarllBad»ONgBa. 

A  cow  is  tethered  with  a  rope,  length  {,  to  a  peg  oa  tfw  opposite  side  of  a  waU,  balght  h,  Cba 
pagbfliniatadiBtanoeafioiiitiieiraU.  find  the  area  Of«r  wliislk  the  «ow  ean  gnia. 

2C94.   Proposed  by     P.  PANDTA,  Sojilra,  India. 

Find  the  locus  of  the  centroid  of  a  triangle,  whose  vertex  lies  on  a  given  parabola,  whose  base 
of  ihon  leagth  ia  a  a^paant  of  a  gta  atni^  liM  of  tudia^ 
anjbaia  knows. 

2695.  PropoeedbrlBAinBlilirtlMfoniiy  of  California. 

A  poutive  number,  idiiehibrocQmiuaioe  fro  irittwiitoae  a  tec^^ 

oontiniMd  fraction, 

1  1 
oi    —  — 
-  0,  -  ai  -  ' 
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the  following  pTOcem: 

o  =  Oii)  —  n,      b  =  o»ri  —  ft,      f  1  —  ajTi  —  u,  etc. 

Here  ai,  at,  •  •  •  are  praitive  integers,  and,  if  we  auppoee  a,  b  to  have  been  taken  pooitive, 
b  >  n  >  n  >  •  •  ■  >  u.  Show  that  if  alb  be  but  slightly  larger  than  a  positive  integer  or  lero, 
the  numeraton  (as  likewise  the  denominaton)  of  the  successive  conveigiHitB  will  f«r  a  time  be  in 
nithmetieal  proffresnoo.  Mid  deAennine  bow  kmg  this  phenomenon  wlU  ooatinae. 


i    u  a  unn,  HcMB  LiiMk : 

An  air  pipe  IB  indwi  in  diameter  passes  diagonally  ihiough  a  room  from  one  lower  comer 
to  the  opposite  upper  eomar  leKvins  tiiroui^  eU^ptjnai  npennin  in  the  floor  and  oeiUng,  ao  tbnt 
the  ellipMS  an  tangent  to  two  bonndaiiaa  of  io«r  aad  to  ut  two  opposito  bovndMiw  of  dw 
oaOiDgi  lltiinwamiBlO»13«8,ltodtiiowtnaiBing€ubieea|ioaityolthB 


liqr  M.  a.  vaiai*  Talo  UalTcnitjr. 

Show  how  to  ladim  the  UMuad  membcn  of  tho  following  identitiaB  to  their  napeetivo 

light  members: 

ain*  (>  +  ly)  -  dn  <i»  +  Hr)  iin    -  te)  -  iia^  lb 
aia  C»  +  y)  iln    + 1»)  -  dn  X  dn    +  fir)  -  am  iy  ain  ft 
a]ii«aiiiOe*|>iy}-iin(s-|y)Ai(c+y}  -idnlyainf. 


rtafoeed  bj  WAIMII  HIATB,  Tliroop  CoDege  of  Technotegr,  1 

An  urn  contains  A**  balls  numbered  from  1  to  lY.  Of  these  n  are  drawn  out  and  are  arranged 
linearly  according  to  the  numbers  on  each.  A  certain  ball  is  observed  to  be  tiM  ktii  in  this  line. 
Whai  is  the  most  probable  numbor  wittten  on  thia  ball? 


SOLUTIONS  OF  PROBLEMS. 

490  (Alfebra).   Proposed  by  hrnby  heaton,  Atlantic,  Iowa. 

Show  thatsinS"  «  +  ViO  -  VT-      +  i( VsT^  -  VlF+T©, 

SoLimw  BT  S.  E.  Rasob,  The  Ohio  Stete  Univanty. 

Since  3*  -  12"  -  9%  12°  -  30»  -  18»,  and,  for  9  =  18%  2««90*-8#.  thoaineanatiM 

cosine  of  9",  12',  18°,  and  thus  sin  3°  may  be  found  as  follows: 
WtlMTe 

8i&20  -2sin9ooa0  -  ein  (90°  -  36)  =>  cos3&  -  4008^9  -3oae9, 

4  sin'    -1-  2  8in  61  =  1, 

and 

%         sin  18'  =  i(>l5  -  1),   COB  18'  •=  \  VlO  +  2  Vs. 
Alao  from  the  idoiitlties,  sin  JA  ±  cos  JA  -  ±.  i&^ainA  ibr  A  -  18',  we  have 

Abo, 

dais*  -dn<ay-iy)  -ainayfloal8'-oo>ayainIg*ti(lho  +  a-^-^  +  ^), 
ooa  18*  -  i{llSo  +  0^  +  ^  - 1). 


ain  9*  -  dn  (t2*  -  «0  •  da     ooa  9"  -  «oa  12*  an  9* 


_  ^  V10  +  2V5-- Vi6  +  V3^  ^  V3  +  V5  +  V5  - 
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-  V30  +  I2V6  -  V30  -  l2>/6) 


-  A(>So  +  V16  -     -     +  Ad  -  '^)( ^10  +  4>'5  +  VlO  -  4V5). 

By  amplifying  the  iiijinilnii  in  the  iait  pttientheds  and  than  ""^ly^**^  under  the  ndicsl  cignf 
m  have,  after  a  dmph  leduction, 

Bin 3°  -  A(>50  +  VlO  -  V6  -  "nS)  +  J(V5  +  Vs  -  Vl5  +3-^). 

Also  solved  by  L.  £.  Mensenkamp,  J.  L.  Rilet,  Hobace  Olson,  H.  S.  Uhleb, 
H.  C  FBuunKB,  Flobehcs  Rax,  R.  M.  Maihbwb,  H.  L.  Aoabd,  Ghaebt 
A.  Avur,  FkANJC  Irwin,  C.  E.  GiXHEira,  A.  M.  Habdinq,  and  the  Fbopoob. 

4nUhibn).  Ita|0MibrJ.w.i.Aiur,1Mfmllj«rN«rlkCMM. 

SoItib  the  eqiwtioMtv  -    —    eiul  sP  +  i^*^  —  ]^for«  mkI  y. 


Sdviag  —  V*  forz  in  terms  of  y  we  have  x  "  i(l  +        and  z     |(1  —  'V5}y. 

Tliew  Taluee  niMtftutod  la  ^  +  ^~^^^^  after  rfnplifioatioii,       -  iVS)  -  0  a) 

ET^d  T^-'rj/  +  }  VS)  =0  (2).  From  (1),  y  -  0,  0,  |  VB  and  from  (2)  y  =  0,  0,  -  }  Vs.  Hence,  the 
correspoodiog  values  of  «  are  0,  0,  (5  +  V5)/4  and  0,  0,  (5  —  From  (1)  or  (2)  it  ia  seen 

that  two  branches  of  the  curve  represented  by  the  leoond  equation  pan  through  the  origin. 
It  is  readily  detenniMd  ttaat  tbees  bcanclM^  ate  imaghiaiy  and,  benee,  the  oiigin  ia  »  oooingate 

point. 

Also  solved  by  S.  E.  Rasor,  i .  H.  Hoixstin,  Elgin  E.  Gboseclose,  H.  N. 
Cablbtok,  A.  M.  Habdimg,  J.  h.  Rilbt,  Foltcabp  HANnsir,  E.  B.  Esoon, 
G.  Y.  wSosNow,  J.  Q.  McNatt,  0.  S.  Adamb,  Hobacs  Oibon,  T.  C.  Amkk, 
L.  £.  LuMNj-f  AUUMB  Sfbbbt  and  the  Pbofosbb. 

433  (Caknhu).  Flwpoaedbf  iMino^SHiii«HBBMT,UMwril7«rrtaiwylful^ 
Solve  the  differential  tqaaikn. 


Solution  by  J.  W.  Baldwin,  Ann  Arbor,  Michigan. 


(1) 


But  for  uty  operation  /(D) 


Let 


/(D). ZJ»-^;  e-^. 


Then 
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Subatituting  irom  the  origiiuU  equation  and  (3)  into  (2),  we  have 
From  this  we  haTe 

bgy- -1/*- flogs +]afC, 

n.  SOLITTIOR  BY  TBS  FbOPOSSB. 

Aooording  to  Profetsor  KcOaiid  (TVaiw.  Royal  Society  «f  MdMmfk,  Tdi.  XIV  and  XVI) 
th«  tocnl  diffcnmtial  opontor  inagr  be  dafinad  aa  foUowa: 


^  r(-n) 


for  all  values  of  n  and  m>   We  have  r(n  +  1)  —  Ar(n). 
Lafenaaaaomey  « jl«+^i«^  +  il^  +  iltfrl  + 

and 

Hence, 

t^^^i  -  A%  aod  iii  -     il«  -  —  tViLli. 
For,  dnoe  r^)r(l  —  p)  ■  «^iD]Mr  whaoi  p  i»  ft  feaalioik  iMa  tliaii  «im^  tban  7(1)  •  ifir. 

^ Jwii  iwmnTiiL 

i^^At  -  il.  -  -i-AAft  Will  -  -ai* 
*i«r(|)-|r(|)-»iff;al» 

i^^ii. -il,  -  -2il„oril,  -  --^ilt-t^A.. 

ItaaDy,  y  -       -  iVJar*  -  2x-» +<iCa!H  +  . . .). 

N<i4$j—'TUmjinltkm,  which  is  veiy  aimOar  toonaaotvad  fay  AofaawKdlaiid,  aubmhted 
iftwaa^MNqlbtthatHmight  prov«€f  Int^^  TlMpio> 

wouLl  bo  fd&d  to  see  some  dwcussion  of  the  aubject  of  general  diffprr ntiation. 
I  he  above  aolutioo  may  be  conBidcrcd  as  a  reply  to  the  following  question: 

360  rCalcQlas.)  Propoaed  by  fXMfrm  MMOWUm,  Braoldir*,  Naw  Yatk. 

What  iateipretation  must  be  given  to 

dx*  dx*\  dx*  /  ox 

43S  (Caknloa).  fwpoaed  bj  v.  r.  riMKXU  Drury  CoUege. 

Show  that 


2^ 


by  a  transformation,  rather  than  by  the  ii?ua1  method  of  diffeientiatillglillderlliBifCttOf 
tion,  aa,  lor  enampie,  in  Bycfiy  's  imegral  CaiaUtu,  page  106-107. 


Digitized  by  Google 


174  BOLUTIONB  nUMBXAHB. 

Solution  by  Otto  J.  Ramlee,  Catholio  University  of  America. 
We  have  Uie  known  definite  integral 

Now  let  z  •>  (x  -  a/s).  Then 
and  the  intacnl  beootMa 

or 

In  the  aeoond  integral,  let  z  o/'y.  Then  dx  "  —  aly'dy,  and  the  aeoood  integral  beoomei 
Hence, 


Whene*^ 

Jo  jh^* 


Solved  similarly  by  0.  S.  Aoamb. 


(MMhniM).  Ik«fOiedbf  O.V.MUtiu,N0irToricCMf. 

A  roll  of  cloth  of  very  small  uniform  thlckne?.-!  a  Ia  mil*-.!  up  trjh'Jy  in  tlie  form  of  a  rirrukr 
cyiiruier  of  diameter  d  and  is  laid  horisontally  across  a  perfectly  rough  incline  so  that  ita  axis 
il  parallel  to  the  intenection  of  the  plane  with  the  horiaontal.  It  ie  then  allowed  to  unroll  (with- 
out slipping)  down  the  plane.  N^ecting  the  motion  of  ita  center  of  gravity  in  the  dineotioik 
perpendicular  to  the  plane,  ahow  that  it  will  unroll  entirely  in  the  time 

whan  4  ii  tlw  IndiDaiiioo  of  tlie  phae  to  the  hotbooA^ 

Solution  by  Paul  Capbon,  U.  S.  Naval  Academy. 

Afterl  aeeonda,  let  the  radius  of  the  cylinder  be  r;  lei «  be  the  distMue  its  center  of  gravity 
haa  moved  paraBd  to  the  plane;  0,  the  angle  through  whieh  it  haa  turned;  IT  my  -  2pgi*  tti 
weight  ;  aij  1  I<  t  the  reaction  against  it  a(  ita  point  of  apph  ;itioii  with  the  plane  be  compoeed  of 
R  Ibe.  perpendicular  to  the  plane  and  S  Iba.  upward  along  the  plane.  The  moment  of  inertia  it 
then/o^.  a&eeaiiVMxaniaill, naaoBM 

Uaing  the  dot  and  double  dot  to  Indicate  first  and  second  dcrivntivee  with  ^eepe^^  tn  the 
time,  we  have  the  equationa  for  motion  of  the  center  of  gravity  along  and  perpendicular  to  the 

^{mi)  ~  W  mn  ^  -  S,      ^{mf) B  -  W  ow  ^,      and  g(/»)-r5. 
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The  aeoond  of  theoe  is  to  be  Defected.  Eliminating  S  from  tlM  fint  and  iMt,  m  hav» 

During  the  nn  tioa,  r  varies  from  df2  to  0,  s  fr  m  0  to  »t2/a,  and  •  from  0  to  w^iith 
(I)  The  proposed  remit  can  be  obtained  as  follows:  Assume 

Then  UV 


These  assumptions  seem  unwarranted,  ho  ,s  ever. 
(II)  If  we  let  I  -  2r/d  -  1  -  {af/rd),  we  Imve 


Thus  U&II 

[C]  3xx  +  lOi'  +  lOA;  -  0,      where      /;  -  ^ain^/6«^. 

l£a^  ^y,  daiy  +  20(y  +  k)dx  "  0.    Whence,  by  integration, 

+  *)  -  Const.  -  A, 


*     1  ii 


»  <  0  tiuoaijjhoafc  tiw  nolioa;  and  ( yurim  turn  0  to  7  m  s  wiet  bom  1  to  0.  Houm^ 


Sinoe 


rG).V;,    ^  r(M).gr(i), 


-  26-  ^ag  ^^  r(1.16j  "  0.19oJ/iG^ ►  (umt8 
(III)  Reverting  to  the  original  equations,  we  And 

V    h*  dv  dtt  ^ 
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PL 


Wh«n 

jr*»"  -  6,      J  =  xo  =  .76433,      i»  «  5^;  =  2^-0  sin  */T(i»,      f*  -  ^  sia^/Sr, 
^  -  2tp  B'm  <t>/a,      s*  =  iptf  sin  4,Xi'/2a  =  .29210Tf?^  sin  4,/a. 
Tnm  this  point  on,  the  discusakm  in  (II)  calls  for  a  negative  value  of  S.  Agfun, 

nom  Id  tad  [DL 


•ndif 

In  general, 


n     I  J.     r         .     2a  sin  ^1 


It  >  0  as  long  as  tan  ^  <  ^~ 


2a    1  + 


As  a  is  very  amaU,  there  is  no  point  in  considering  the  oonditun£  >  0  as  a  further  restrietion. 
As  soon  M  j8  bMomw  Mio 


the  cylinder  beRlns  to  rotate  so  rapidly  that  the  uncoiled  cloth  is  no  Ion^<  r  1  down  and  the 
cylinder  ceases  to  reeemble  even  remotely  a  rigid  body.  It  would  seem,  therefore,  that  without 
additional  data,  the  problem  is  not  to  be  solved. 

IV.  It  may  be  a  reasonable  assumption  that  after  To  sees.,  S  continues  to  be  zero,  the  roll 
looaeoing  just  enough  to  effect  this  coudition,  and  that  the  cloth  is  still  laid  down  fiat,  so  that 
*dm^-2pai$.   U  •  «lw/air»  V < tlw eyUteidw  ia te^ and w its  ip^^ 
p«  ou.  ft.] 

U  tUi  li  tlie  eaae,  m  «  Ipfixf  —  <2/«>)^,  and  tlM  ftnt  of  the  oqvMtion  of  motion  ii 
jjCmi)  -  (^hpM  -  ^/>o«j«  -^poi*  =  ffsin^^ipdW  -^posj, 
or  (•  -       —  trilB     4-  ^  -  0.  Letting  «*  »  c,  (e  -  «d^.</4a), 

In  lU,  when  7«»  ■ 

Taking  these  final  conditions  of  the  phase  of  the  motion  according  to  III  as  the  initial  oonditiooe 
lor  the  pneent  diaoaRioii,  we  have 


•  -••-j(,8in«[(.-c)+  i,t\^t]' 


The  (lintance  to  be  tnmned  ie  iwfi/4a)  —  ((«d*/4a)  ~  e)  >  e.  Qenoe^  the  duntion  of  tUf 

second  phase  is 
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r.     LL  £  J'"'^"'  .  'h£fj^  where      «  -  -  i'^. 

1tefti]ltlm»or«lMiiwCionii  tbiiiS'  >  T§  +  Ti;  or 


Ik  !■  more  eonmnknt  to  mite  flie  fint  of  these  integrals  at 


Uling  the  v:\liie  fund  in  (II). 
By  the  Biooini&l  Theorem, 


where  now 


^1  7 


ZSr  -  A  (.81904  +  .010244  +  i»0797  +  .OOOOflO  +  iKKKKW)  -  j07458, 

XT  -  ^  +  .0126  4-  .001465  +  .000222  +  .000036  +  .000007  +  .000001  -  .26A28 

.^zr- 0,08866, 

T  -  ,  ^     (0.1950  -  0.03685  +  0.03866)  -  ^3^^  (unite  feet  and  neoonda). 
Va  sin  ^  ya  sin  ^ 


It  nay  be  noted  that  ainoe  tibn  -  —  2f>ad»  and  m  >  2^,  2*tdr  —  odt,  eo  that 
and  wIno  «  »    al  the  end  of  the  mothm, 


4  w 

Hie  roll  of  cloth,  intact  would  roll  raP/ia  feet  down  the  piane  in 

Zwd»  0.2713d 


V: 


40a  sin  ^     Va  sin  ^ 


seoa. 


n.  Soumoxi  BT  WnuAK  Hoovm,  Columbin,  0. 

Let  d      2h  (1),  r  =  the  racliuH  of  the  roll  after  any  time  t  from  the  begiuuing  of  motion, 

the  width  of  the  strip  being  taken  aa  the  unit,  x  >  the  diatAncw  the  roll  has  moved  down  the 
plan^  and  ^,    the  denaity  and  tadiuB  of  otation  about  the  aaia.  Thea  w«  have  plainly 


This  la  aa  Inetance  in  which  we  must  employ  the  general  definition  of  ■»5"M>«^ftl  and  eon* 

r  the  maas,  as  well  as  the  velocity,  of  the  moving  body  as  variablea. 

Let  F    the  friction;  thea  resolving  along  the  inclined  plane,  for  the  linear  motlioo  we  have 
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■od     the  angular  motion,  taUtag  inomento  about  ^ 
emeqiaiidiiig  to  9,  «nd  n 

as-rt...   (4).      g(^.«f«.W) -rP.  '(O 

WalwTe !;>  -  f«/3  (6)* rad ftom  (4),  i^xfr  (7).  Sabidttttiiit  (B) and  (7) in  (5) ami dunnntiBg 
P  bam  the  naalidncaquaptiion  and      derdoping  tha  dnifatlfn  and  TCdndm^ 

Kow,  from  (2),  i  »  -  (2«r/a)r  (9),  s  -  -  {2w/a)if*  +  n")  (10),  and  aubatitutias  theae  in  (8) 
and  ananclngy 

Putting  f»  -  y  (12),  (11)  i6  thrown  into  the  form  (dyjdr)  +  Py  ^  Q  (13),  in  which  P  -  20/3r  (14), 
aadQ  -  -  (2av ain  v/3«r)  (16), fha intcipal  (18)  being 

SnbatituUng  (1^  snd  (16)  in  (16)  and  paifonning  the  opemtfawa  indloatad, 

^^ayaino^,  ^^,^_2ggrojg^^,  ^^^^ 

3*-  20  3ir  ' 

But  whMk  r  a>    If  «  0,  and,  Ikane^  C  «*  agi^'*  sin  «>/(30a-),  and  (17)  baoonaa 
ghring  for  the  lequized  time 

The  last  factor  may  be  put  luto  the  form, 

the  aenee  appearing  to  converge  suitably  for  the  degree  of  approximation  for  (  in  (19)  by  tilt 
eonditiona  of  the  problem,  the  reaolt  ttuiui^  differing  ftom  that  atated  in  the  pcoUem. 


147  (MMiaDtea).  Ptapaaed  bf  K    noovr,  Knaaa  GHsr,  Ifia. 

A  cord  ABCT)  Is  .suspendMl  from  points  A  and  D  which  are  20  feet  apart  in  lii  irir.i  iiital  distance. 
Z>  is  4  feet  lower  tliau  A.  At  B  and  C  arc  BOBpeuded  weights  100  and  200  lbs.  AB  «  8  feet, 
JSC  -  10  feet,  CD  »  12  feet.  Find  angU^s  a,  0,  y  made  by  AB,  BC,  CDt  napaotlTaty,  trith  the 
horiwuitaL  Abn  find  tba  tanaiona  7i,  Tt,     in      BC,  CD. 

Solution  by  William  IIooveh,  Columbus,  Ohio. 
For  the  equilibrium  of     ~  1(X),  reaolving  varticaliy  and  Imciaontally, 

jTiaina  —  Ptain^  -wi  -  100^ 
riooaoc  -  Ttfloa^; 

aimilarly  for  vn  -  200, 

I'lanY  +  Ziam/t^Wfe*  300, 
Itcoay  ■  7tCoa#. 
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The  nnw  of  the  boiiMBtd  and  vcrtieal  imj«^^ 

8«oea  +  10«oiA  +  13«asT  ~3Q^ 

Then  dx  eqpirflaiiB  fumUi  the  flMOielliMl  60^^ 
Hie  Fbovoseb  fumished  «  oomplete  adution. 

MB  (Merhwrfw).  rNfoaedbr  A)Urairt..liiuai»  An  AilMr,llicUfu. 

If  eqinibteral  triangles  be  constructed  on  the  sides  of  any  triangle,  their  entcn  are  the  rertices 
«f  ft  aeir  e^pulftt«i«l  Uimille.  Siiow  tbeft  the^oentor  of  gmvity  of  (his  neir  eqpiQetenl 


oiinddei  intfitiiBeBitar  of  giwHy  of  Qw  original  tikn^ 

Solution  by  Emma  M.  Gibson,  Springfield,  Mo. 

Let  ABC  ha  the  given  triangle  and  let  the  coordinates  of  the  vertices  A,  B,  C  referred  to  the 
rectangular  axes  ox  and  oy  be  (e,  o),  (o,  b),  (o,  o),  respectively.  The  equation  of  the  line  through 
(a,  o)  and  (o^  fr)  ie 

a) 

Ihe  Km  bom  Z>,  the  third  YOtex  off  the  ectuOatenl  triaai^  on  fiC,  thrau^  (a/8, 8/D  and  pw> 
pendieqlarto 

The  line  ttrau^  C  inaUng  aa  angte  of  00^  with  (1)  b 

6V3  —  o 

Soh-irt;  r  luatiooa  (2) aixl  (3), Um vaJtMSoC theooQcdiMtesof  I>an(oiiiid  tobo  [(a  + 

(6^-a^Sj/2J. 

Kmilarly  the  coordinates  of  F  and  B  an  fMmd  to  be  [(fi+c)/2,  il8(e  — a)/8t  and 

((e  —  hs^}i2,  (b  -  c%5)/21,  respwtively. 

Kow  the  centers      G,  I  of  the  three  equilateral  txiangles  are 

/Za  +  b-^    ab  +  a^\        /a  +  c    -^(c  -  a)  \        /3c  -&>3    36  -  cV3  \ 

respectively,  since  x  -  i(xi  +  2i  +  S^|  y  ~  \(yi  +  +  i/i).  These  points  are  the  vertices 
of  the  new  triangle  and  by  the  fonmth  for  the  leng:th  of  *  line  Iwlween  tfwo  points,  (he  thiee 
sides  are  proved  equal.   Hence,  the  new  triangle  is  cquilsteni]. 

The  cofirdinates  of  the  c«nter  of  gravity  of  the  origin ;il  ti4ail|^  aiO  f  Kft  *{-  "  |k 
The  ooOrdinates  of  the  center  of  gravity  of  the  new  triangle  are 

iriddi  an  the  aame  aa  those  oibtained  for  the  ori^nal  triaafl^ 
Also  solved  by  HoBikCB  Ouow  end  Roseb  Jobhbon. 

MB  (Kenbcr  Theory).  hafoaedbrnummwnitlTnlvwIlrorCalflitBiB. 

Show  that  in  any  arithn^ical  propc^ion,  whose  first  term  oi  and  conunon  difference  d 
an  poaitin  integiBny  any  lequked  number  of  ooosecutiTe  terme  may  be  found,  no  one  of  wiiiioh 
is  a  fvhns  munber. 
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Solution  bt  B.  F.  Yammet,  College  of  Wooster,  Ohio. 

Suppose  that  tliA  tlieorein  ia  not  true,  and  that  n  is  the  greatest  number  of  consecutive  terms 

in  the  progrcstdou  no  one  of  which  ia  j)riTU('. 

CoQsider  any  n  +  1  consecutive  terms  of  the  progression, 

wli  -  ai  +  kd,  A,~ai  +  ik  +  l)d,  /I,  =  ai  -f-     +  2)d,  -  ci  +  (k  +  n)d. 

Set  M  ~  AiAxAi  '  An^.   Then  wiU        =         +  1),  Ai' - -<ii(4f  +  1)  +  d, 
An+i  -  Ai(M  +  1)  +  fxi  be  n  +  1  ooasBcrutiiTe  taraw  of  thii  prmrawhn,  no  ohm  of  tiiikih  b  « 
isime.  For  consider  any  one  of  them,  as 

ArW  =  .4i(Ar  +  1)  +  rrf  -  (ai  +  kd){.\f  +  1)  +  rcf  =  (a,  +  iW  +  rd)(3f  +  1)  -  r</,ir, 

whicbisevidenUyi>oipriine,sinceAf  is  &  multiple  of  at  -k-kd-^rd.  We  are  thus  led  to  a  contr»- 
diotioa  BsttoediBdaitiilaf  llMtlMonmiiiaitboir^^ 

.  Abo  ad^  by  H.  N.  Cablvion,  Euiah  SwuTi  Hobacb  Oukut  and  Louis 

CUBK. 

MCNanlMrThMry).  FhoiisobJ  by  iBuma  mamni,  WmMi>ob,  D.  CL 

Find  three  rectangular  parallelepipedons  whose  edges  MM  mtional  irilob  nuinbon!,  and  wlMoa 
•olid  disaon»la  ai«  oqM*  andxatioiiil  whole  namben. 

1.  Solution  bt  the  Brofoobb. 

Let  V,  X  and  V  deiMrito  Am  leailiis  of  tiw  odfBSp  Mid  «  ttioioM  diafooal,  of  w 
xoqiuired  soUda;  thsn  we  mint  ]i»t» 

Pols -iqpbf  *■  w  +  nr;  fben 

(»  +  nrf  « ti^  +  (i»j>)»  +  (Hf)*  "  «■  +  2nrto  +  irt*, 
iriiieh  kLtm,  «ft«r  dividing  by  n, 

■  -■^y-^.      and      .-"»•+/  +  ->. 

Now  tako  A  ~  2r  and  we  get  the  integral  values 

z  =      +     +  r',    ui  =      -f  -J*  —  r',    T  =  2/>r,    y  =  2gr, 

for  one  of  the  solids.  The  other  two  solids  are  obtaiued  by  intercbanging  the  values  of  Pi    r  in 
theeaqMOSstoni  lioiri^  9,  and  y. 
Hence 

<P»  +«•  +  »•)»-  (p»  +  «•  -       +  (2pr)»  +  (29r)» 

+  r»  -       +  (2p9)«  +  (^)»  -  (ji  +  i«  -pJJ*  +  (2j^  +  CSpr)'. 
Take  p  •  4,  g  >■  2,  r  =  1 ;  then  the  solids  are 

21, 19,  8,  4;  21,  16,  13,  4;  21,  Id,  11,  8  (diagonals  21). 
Take  l>"4tfl"3,  r-2;  then  they  are 

29,  21, 16,  12;  29,  24,  12,  11;  29,  24,  16,  3  (diagonals  29). 
The  values  of  p,  q,  r  may  be  chosen  at  jjlcasure. 

IX.  SoLunoK  BT  C.  F.  Gdmmbb,  Queen's  Univenit^r,  Kiiigston. 
WeJMvetofiiidtlineaoliitjoiiaof  the  Piophaiitnie  equaUon, 

having  the  value  of  r  in  common. 
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Rom  the  tbimy  of  the  foin:!^  +  v*t  the  gen«f«I«oliition  of  (1)  is  ^ven  by 

r  +  f r-«-m(^+*}» 

X    ai(ae  +  tcO*  If  <■  m(ai  —  be), 

iHwre  at  most  onft  cf  the  holbtgsn  9,V,c,di»  wuo,  ttid  dtiwr  mcttf  +  V+^+fl»  mtn, 
li  f oUoTO  that 

r- im(a«+6»  +  <^  +  d*),      «  -  Jm(a«  +  J^-«^-*). 

By  parmutatian  «t  ath,c,dm  obtun  abc  nltttioiis  Cgaiietally  dbtinet)  with  r  in  """""W" 
from  which  three  may  be  selected  with  no  other  value  in  common. 

ThuSf  if  m     2|  a  *  5,  b  =  3,  c  =  I ,    =  2,  we  get  for  x,  y,  z  the  sets  of  values 

22,  14,  29;  31,   2,  19;  26,  26,  13; 

26,  2,  29;  22,  26,  19;  31,  U,  13; 

of  irUdi  IIm  fifBt  or  iMt  thrM  am  «irtiitdb^ 

Evidently,  by  taking  for  r  a  value  havinj;  various  divisors  exprcssi v!  in  the  form 
a*  +  b*  +  c*  +  (P,  we  can  obtain  any  deadied  number  of  rectangular  parallelepipeds  with  integral 
BidH  and  a  ooauBon  itttecnl  diaiOBaL 

Abo  solved  by  Exhah  Swm.  B.  F.  Yaknst,  H.  C.  Fbbmsikb  and  J.  L.  Rilby* 


QUESTIONS  AND  DISCUSSIONS. 
Bind  lu  otnannacAfiONB  vo  U.  G.  Kmmaun  Unirowly  of  EiinMt  Lawranoe. 

DISCUSSIONS. 

1.  RBLmNQ  TO  Tfl2  DSBIVATIOIf  OF  THE  DiSTANCB  FoBMULA,. 
By  H.  T.  BuBonw,  Univanily  of  WiseoMiii. 

The  derivation  of  the  distance  formida  independent  of  Hesse's  "nonnal 
form"  as  presented  by  Mr.  Mathews  on  pa?:f  ITH  of  the  December  ^roNTHLT 
appeals  to  me  as  an  excellent  idea.  Hesse's  form  iii  this  connection  may  well  be 
relegated  to  Professor  Miller's  collection  of  "  Obsoletes."  * 

Since  the  form  y  >■  nto;  +  6  indudes  all  lines  not  parallel  to  the  F-axis  and  is 
the  only  one  ever  needed  in  ordinary  straigfat'liiie  problems,  I  suggest  the  derivsp 
tion  below  as  a  possible  alternative. 

Given  a  point  P  =  {xy  ffi)  and  a  line  |f  «  mx  +  to  find  the  distance  d  from 
the  point  to  the  line. 

Write  the  equation  of  the  pavallel  through  P  in  the  form  ym  mx  +  b'.  When 
a  drawing  is  made,  it  is  obvious  that,  numericaUy, 

Vl  +  m* 

where  a  —  axctan  m. 

If  one  must  be  conventional,  we  have 

,_b'-(±b)  _yx-rtuei-(±  b) 

d=VH-»»"      sb-^l  +  ift* 

to  take  care  of  the  sign  of  d. 

>  C/.  pp.  453-456  in  the  Deeember,  1917,  Mootblt" 
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Fio.  1. 


n.  Relaxing  to  the  Demonstration  of  a  Geometrical  Theorem. 

By  WmuAM  £.  Emal,  Waahinctoa,  D.  C. 

Frof.  H.  E.  SlAQght  has  informed  me  that  lilEr.  W.  J.  Gieenstreet  of  London 
has  called  his  attention  to  the  fact  that  the  geometrical  tiieorem  0f  the  Irisectors 

of  two  angles  of  a  triangle  are  equal,  the  triangle  is  isosceles) 
demon5trated  in  the  Monthly  for  September,  1917,  page  344, 
IB  not  necessarily  true  if  the  bisectors  of  the  exterior  angles 
be  tahm  Into  account,  and  has  suggested  that  it  would  be  of 
interest  to  leaders  of  the  Montblt  to  discuss  the  question 
fuUy. 

I  will  divide  tiie  discussion  into  four  parts. 
C<ue  I.   When  the  bisectors  of  the  interior  base  angles  are 
equal  to  eadi  other.  This  is  the  case  already  discussed  in  the 
MOMTBLT  aud  it  b  shown  that  the  triangle  is  isosceles. 

Ca$e  II.    When  the  bisectors  of  the  external  base  angles 
are  equal  to  each  other.    In  Fig.  1  let,  for  brevity,  AE  ~  a, 
AE'  =  tt',  EB  =  6,  E'B  =  b',  AD  =  c,  AD'  =  c',  DC  =  d,  D'C 
-  d',  EC^f,  E'C^f,  DB^g,  D'B^g',  BC«  A. 
We  have 

ABXBC^  AD'  X  D'C  -  D'B^, 
ACXBC^  E'BX  E'A  -  JB'C. 
If  E'C  =  D'B  =  f'  =  g'  we  have 

ia'  -  b')k  =  c'd'  =  /'•,      (c'  -  d')h  =  a'b'  -  /'*, 
(o'  -  V)k  -  c'd'  -  ((K  -  d^h  -  aV. 

Also 

AB  :  BC  =  D'A  :  D'C,      AC  :  BC  =  L'A  :  E'B, 
(a'  -b'):h  =  o':  d',      (c'  -  d')  i  h  =^  a' 
i^h  -  (a'  - 
nfh  -  (c'  -  dOV. 

Substituting  the  values  of  a'h,  c'k  above  and  dropping  h'd'  from  both  sides, 

W  -  6'*  -  c'd'  -  a'd'  -  d'A  -  a'V,     b\a'  +  «'  ~  A)  -  d'(a'  +  «'  -  A), 

Hence  V  «  d',  since  (a'  +  cO  >     +    +  (c  +  d)]  >  A. 
From  this  we  have  by  (1)  and  (2) 


(1) 

(2) 


c'-y 


or     a'*  -  o't*  -     -  AV,    (o'  +  c')Co'  -  e') «  b\a'  -  c'); 


e    a'-  6" 

hence  we  have  a'  —  c'  and  h'  =  a'  4-  c'. 


Digitized  by  Google 


Qtmnom  and  Dncmsioini 


183 


The  last  supposition  is  absurd  and  hence  we  have  again  the  triangle  isosceles. 
Coie  III.  Suppose 

BD  -  CE',    ACXBC^AB'X  BE*  -  CE^,    ASxBC"  ADXCD  +  BIP, 

{c  +  d)h  ^  a'b'  -  S'\  (3) 
(a'-6')A-«i  +  /'*.  (4) 

Also 

ABiBC^AD:  CD,      AC.BC^  E'AiE'B, 

ch  -  (o'  -  b')d,  (5) 
a'&«(tf  +  <l)ft^,  (6) 
(c  +  d)»  +  (a'  -  50 =  a V  -I-  od. 
Introducing  tiie  values  of  a'h  and  c/i  into  (3)  and  (4)  and  reducing,  we  have 

Vic  -  A  -  a')  -  d(«  -  A  -  aO.  .  (7) 

Hence 

if  c+(o'+*): 

BDCE'  is  a  parallelogram  and  the  vertex  A  of  the  triangle  ABC  is  at  inhnity. 
If  c  —  o'  +  A  we  have  from  (7)  the  relation 

^  =  c  -  A  -     ^  0 

and  we  cannot  infer  h'  =  (2. 

If  the  triangle  ^BC  is  isosceles  we  have,  dividing  (5)  by  (d)» 

— r-j  =  Ti=l;     or  a':y«"e:a. 
«  +  d  a'd 

The  triao^es  ABD,  AE'C  are  similar-  and  BD  is  parallel  to 
E'C  and  they  caoiiot  be  equal.  Therefore  the  triangle  ABC  is 

not  isosceles. 

Cote  IV.  Suppose  BD  =  JSZ>'. 

Tins  case  can  be  very  easily  disposed  of  by  noting  that,  since  BD  and  BD^ 
(Fig.  2)  are  at  right  angles  to  each  other  the  triangle  DBD'  must  be  one  half  the 
square  on  BD  with  DD'  as  diagonal.  Ebctend  the  diagonal  in  the  direction  D'D. 
Let  any  two  lines  from  the  point  B,  making  equal  angles  with  BD,  meet  D'D 
in  the  points  C  and  ^-1.  The  triangle  ABC  evidently  satisfies  the  conditions  of 
tiie  theorem  and  is  not  generally  isosceles. 

III.  Relating  to  the  Law  of  Cosines  fob  a  PoLTOOif. 
By  F.  M.  Morgan,  Dartmouth  College,  Haaumt,  K.  H. 

The  proof  of  the  law  of  cosines  for  a  plane  triangle,  as  generally  given  in  the 
texts  on  trigonometry,  does  not  lend  itself  readily  to  a  generalisation  that  will 


Vta.  2. 
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apply  to  a  polygon  either  plane  or  skew.  If,  however,  we  make  use  of  the 
theorems  on  projectbn  in  proi^  the  law  for  a  i^ane  triangle,  we  can  leadily 
extend  our  proof  to  apply  to  the  above  oonBguration.  Moreover,  from  the 
equations  used  in  provin<r  ihh  general  law,  an  identical  relation  among  the 

angles  of  the  polygon  can  be  deduced. 

Let  us  first  derive  the  law  of  cosines  for  a  plane  triangle  using  the  theory  of 
projection.  If  we  doiote  the  aides  of  the  triangle  by  the  letters  oi,  0%,  at,  respet^ 
tivdy,  we  have 

at -(h  cos  (otoi)  +  ot  cos  (aioi), 

oi  »  <H  COS  (%ai)  +  01 008  (otOt),  (1) 

Ik  a  (h  oos  iagtO  +  flk  COS 

Let  us  now  multiply  these  equations  hy  Ou  ^  fh,  ~  (h»  respectively,  and  add, 
remembering  that  cos  (afij)  —  cos  (ajai).  We  then  obtain 

ai'  =  04*  +  oa'  —  2asaa  cos  ^.uaaj) 

which  is  the  well-known  law  of  cosines. 

Xf  we  eliminate  ai,  Os,  a*  from  equations  (1)  we  obtain 


—  1  cos  (ojOj)  cos  (aiOt) 

cos  (oifl^)  —  1  COS  (ojai) 

cos  (fliOj)  cos  (ojOa)  —  1 

which  when  simplified  gives 


=  0,  (2) 


cos'  (ai<^  +  cos^  ((HOi)  +  COS*  (otOi)  +  2  cos  ((hoi)  cos  {oifltd  cos        ^  1 

as  an  identical  rdation  between  the  angles  of  the  triai^^' 

Let  us  now  consider  a  general  polygon  whose  sides  we  will  d«iote  by  Oi,  Oi,  •  • 
ttm  respectively.  Then 

Oi  -  Oi  cos  (oicii)  +  ail  cos  (oioi)  H  h  a»  cos  (oto.), 

at  =  fli  cos  (ojoO  +  Ot  cos  (ojOi)  +  •  •  +  a»  cos  (a2a»)» 

a„  =  ai  cos  (fl^fli)  +  Oi  cos  (n„ao)  +  .  • .  4-  a„_i  cos  (flnO^i). 


(3) 


If  v'c  multiply  these  equations,  by  oi,  — ot,  —  ot,  — o*  respectively 
and  add  we  obtain 

fli*  =  fli*  +  V  +  •  •  •  +  a«2  —  2I(baa  cos  (<i«a»)  +  o^fli  cos  ((^104)  +  •  •  • 

+  a».ia»  COS  (a»4a»)L 

which  we  will  call  the  law  of  cosines  for  a  polygon.  Moreover  it  should  be  noted 
that  the  proof  is  perfectly  general,  t.     it  applies  to  a  polygon  that  is  mther 

concave  or  convex,  plane  or  skew. 
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If  we  eliminate  the  a's  from  equations  (3)  we  obtain 

—  1  cos  (aiOh}    COS  (Oidc)    •  "    oos  (thflm) 
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cos  (OiOj)     —  1 


COS  (OiOn) 


COS  (OjOn) 
-1 


«0 


(4) 


as  an  identical  relation  between  the  cosines  of  the  angles.  For  a  quadrilateral 
(4)  becomes,  if  we  denote  cos  (a^a/)  by  it,  j), 

1  -        +  [a2)(34)  -  (18)(24)  -  (14)(23)1»  -  2(12)[(18)(28)  +  (14)(24)J 

-  2(34)l(13)C14)  +  (23)(24)J  =  0. 


UNDERGRADUATE  MATHEMATICS  CXUBS. 

£ditiu>  Br  R.  C.  Archibald,  Brown  Uuiveraity,  Provideuce,  R.  I. 
CLUB  ACTIVITIES. 

The  Mathematics  Club,  University  of  Colorado^  Boulder,  Colo. 

This  dub  was  arganixed  in  October,  1915,  "to  stimulate  interest  in  mathe- 
matics among  those  who  have  had  calculus."  The  total  membership  this  year 
is  41  and  the  average  attendance  about  30.    Professor  George  H.  Light  acts  as 

chairman  of  the  meetings  and  the  following  program  for  1917-18  was  arranged 
by  him  "  with  the  assistance  of  club  members/'  and  issued  in  printed  form. 

November  20:  "Non-EueGiUui  Ge^netry"  by  Leroy  A.  MacColI  '19; 

December  4:  "Discovery  of  T>ogarithms"  by  Tx>ona  E.  Vincent  '19; 

December  IS:  ''Squaring  the  Hyperbola"  by  Ada  G.  Hall  '18;  "Probability  in 

Arithmetic"  by  Henry  A.  Howell  '18; 
January  15:  " Cdnditioii  ihflt/(c,  jf, »)  can  be  lactofed"  by  Agnea  M.  Wright  '20; 
February  5:  "Applications  lor  Vectors"  by  Claribdl  EradaU^  instructor  in 

mathematics; 

February  19:  "iVth  Dimensions"  by  T,auren  C.  Hand  '19; 
March  5:  "Relativity  in  Astronomy   by  Edgar  W.  Woliard  '20; 
Maich  19:  "American  Mathematicians"  by  Dorothy  Bair  '20,  and  Alfreda 
Alenius  '21 ; 

April  2:  "Proofs  of  Pythagoras's  Theorem"  by  Lila  Nelson  '20;  "Geometric 

Proof  that  sin  3A  =  3  sin  A  -  4  sin'  A  "  hy  Oliver  De  Motte  Sp.; 
April  16:  "Certain  Deiinite  integrals"  by  Mildred  McMillen  '19; 
May  7:  "Curve Tracing"  by  Anthony  J.  KiUgore  '20; 
May  31:  "Famous  Fkoblems  in  Mathematics"  by  Giuaie  Weilman  '21. 
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The  Mathematics  Club,  Harvard  University,  Cambridge,  Mass. 

At  least  as  far  back  as  1898  there  flourished  at  Harvard  an  organization  known 
AsThe  Math»natical  Conferenoe,  in  which  all  students  pursuing  advanced  studies 
in  mftthematics  were  invited  to  take  part.  TheoonfeKiice  wss^'intoidedforthe 

presentation  and  discussion  of  work  done  in  courses  of  reading  and  research, 
of  articles  in  the  mfithematical  journals  and  of  other  suitable  matter,  and  for  the 
meeting  of  instructors  and  students."  The  meetings  were  held  twice  a  month. 
In  1902  it  was  announced  that  "the  direction  of  the  Conference  is  in  the  hands 
of  a  oommittee  ctf  graduate  and  undognKluate  students,  acting  with  the  advice 
and  assistance  ni  the  Division  of  Mathematics."  In  the  following  year  the 
number  of  meeti nc:?  was  reduced  to  one  a  month  and  it  was  officially  published 
that  "pains  will  be  taken  to  provide  for  the  discussion  of  a  fair  proportion  of 
subjects  within  the  capacity  uf  members  of  the  younger  uudergruduate  clasps. 
An  important  object  wmed  at  is  the  bee  and  general  interchange  of  views  be> 
tween  students  and  instructors.  .  .  .  Studrats  of  Radcliffe  CoOege  are  cordially 
asked  to  be  present  and  to  contribute  to  the  discussions." 

In  the  autumn  of  1904  the  Mathematical  Conference  resolved  itself  into  The 
^Mathematical  Club,  of  which  the  first  officers  were:  President,  William  H.  Roever; 
secretary  and  treasunr,  Ralph  B.  Stone.  These  officers  together  with  Dr. 
Julian  L.  Coolidge*  instructor  in  mathemalics,  constituted  the  ocecutive  com- 
mittee. The  guiding  principles  now  are  as  when  NOlgaoiMd  thirteen  years  ago. 
"Meetings  are  hAd  once  a  fortnight,  in  the  evenings,  and  simple  refreshments 
are  served  after  the  more  formal  part  of  the  meetings.  Any  student  who  has 
taken  or  is  taking  a  course  in  mathematics  not  regularly  open  to  freshmen  is 
eligible  for  monbership  in  the  dub;  and  a  spedal  effort  b  made  to  have  a  good 
proportion  of  papers  vhich  shall  be  of  interest  to  students  taking  OOUTSes  of 
intermf  diate  grade.  A  small  membership  fee  is  charged^  to  defray  expenses. 
Radchtfe  students  are  not  eli^ble  for  membership." 

Tlie  officers  for  1917-18  are:  President,  Ralph  Keffer  Gr.  (resigned  at  mid- 
years to  enter  war  service),  succeeded  by  John  P.  Ballanttne  'IS;  secretary  and 
treasurer,  Joseph  L.  Walsh  Gr.  (resigned  at  mid-years  to  enter  war  service), 
succeeded  by  D.  S.  Morse  Gr.  These  officers,  together  with  the  faculty  adviser, 
Dr.  Gabriel  M.  Green,  constitute  the  executive  committee. 

The  following  programs  were  given  in  1917-18: 

October  17:  "History  of  Elementary  Trif^nometry"  by  Professor  Maxime 

B6cher; 

November  7:  "Curve  Smoothing"  by  Lester  R.  Ford,  instructor  in  actuarial 
mathematics; 

November  21 :  "Solution  of  linear  algebraic  Equations  in  infinitdy  many  Vari- 
ables" by  Joseph  L.  Walsh  Gr.; 
December  5:  "On  the  Consistency  and  Equivalence  of  regular  Transforma- 

1  The  "small"  fee  is  Uuee  doUan^aa  amount  la  nom  at  that  duuged  at  any  of  40  other 

similar  dube  in  America. 
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tions"  by  Louis  L.  Silverman,  instructor  in  mathematics  at  Corndl  Univer* 
■ity; 

December  19:  "Rigid  Motions  in  Space"  by  Professor  Dunham  Jackson; 
January  9:  "Some  Methods  of  Interpohttion"  by  John  P.  Ballantine  '18; 
February  20:  "Finite  Mathematics"  by  Henry  M.  Sheffer,  instructor  in  phiio»* 

ophy. 

The  Mathebutigb  Clvb  or  Hunter  College,  New  York  City. 

This  club  of  young  women  was  organized  in  1910  "as  the  result  of  a  desire 
on  the  part  of  both  the  teaching  and  student  bodies  to  investigate  matters 
connected  with  mathematics,  to  study  the  phases  of  mathematical  development 
which  are  crowded  out  of  classroom  work,  and  to  keep  the  students  in  touch  with 
the  best  tfaouf^ts  of  the  times.  It  aims  to  be  s  source  of  piditable  pleasuie." 
Motto:  Honor  habet  onus. 

All  students  "matriculated  in  the  math^atics  department"  are  eligible  for 
membership,  which  now  totals  SO. 

Officers  1917-18:  President,  Rose  Sigal  '18;  vice-president,  Dorothea  Boves 
'19;  secretary,  Anita  Rosrathal  '19;  treasurer,  lifiriam  Werner,  instroctcw  in 
mathematics.  Program  committee:  Professor  I>ouisa  M.  Webster,^  Rose  Sigal 
'IS,  Kathryn  McSorley  '19,  Mildred  C.  Zwinge  '20,  Jessie  Krosovitch  '21. 

The  programs  for  1917  were  as  follows: 

January  12:  " The  Slide  Rule"  by  Adelheit  Steeneck  Gr. ;  "Origin  of  Geometrical 
Terms — a  Sketch"  written  by  Rose  Sigal  '18  and  presented  by  14  membeis 
of  the  club; 

February  19:  Reception  to  Freshmen; 

Maich  9:  ''Mathematics  of  Physics"  by  Rosetta  Chess  '16;  "Facts  about 

Figures"  by  Jessie  Krosovit«di  '21; 
April  13:  "Resources  of  Research"  by  Henrj'k  Arctowski,  chief  of  the  science 

division,  New  York  Public  Library;  "The  Horn  Book"  by  Grace  H.  Davis 

'20  (Iliustrative  photographs  taken  from  Andrew  Tuer's  History  of  the 

Horn  Book); 

May  1 1 :  Guests  of  the  Clasncal  Club ;  " Tliree  M's,  Mysterious,  Mystic,  Magic" 
by  Emory  B.  Lease,  professor  of  Latin  in  the  College  of  the  City  of  New 
York;  election  of  officers. 

September  14:  Reception  to  Freshmen; 

October  19:  "History  of  Trigonometry"  by  13  Reahmen; 

November  9:  Repcvt,  by  the  dub  representative,  of  the  meeting  of  the  New 
York  Division  of  the  Association  of  Mathonatics  Teachers  of  the  Middle 
States  and  Maryland;  "The  Mathematician  at  the  Breakfast  Table— A 
paper  on  mathematical  Fallacies"  by  Mildred  C.  Zwinge  '20; 

December  13:  "Personal  Equation  solved  by  judicial  Process  or  Labor  Problem 

*  MisB  Webster's  article  on  "Mathematics  Qube"  in  Ths  Mathematic*  Teacher  lot  June, 
1917  (Vul.  9,  pf».  308-20^,  cmtaina  infannatkn  not  givn  in  Oww  notM  wwiaamim  the  dob  ol 
BuutaColkfA. 
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solved"  written  by  Kathryn  McSorley  '19  and  presented  by  the  Junior 
CIms  memben.  (The  sketch  was  based  on  "A,  B  and  C"  in  S.  Leaoock's 
lAttrmy  La/pHt.) 

In  1918  theie  was  no  meeting  during  Januaiy.  At  the  one  in  Fdi>niary, 
twelve  members  diowed  the  relation  between  mathematics  and  eostuming; 
ei|^t  geometrieally  oonstnicted  gowns  were  on  »hibition. 

Matbbiuiical  Club  op  RocKron)  College,  Roekford»  IlL 

So  fur  at  the  tiSakat  knows  this  is  the  youngest  irf  the  undergraduate  mathe- 
maties  dubs,  sinoe  it  was  organized  only  last  October.  It  has  24  members. 

Officers  1917-18:  President,  Estle  Russell  '18;   vice-preaident|  Dorothy 

Mandeville  '20;  secretary-treasurer,  Aline  Bartholomew  '20, 
The  following  programs  have  been  given: 

November  7:  Opening  address  on  the  purpose  of  the  eliib  by  the  pi*esident; 
November  21 :  "  The  History  of  Limits"  by  Marie  S.  Allen,  instructor  in  mathe- 
matics; 

December  21:  A  soda!  meeting  with  readings  from  FlaUand,  A  Bonumee  €f  Man^ 

Dmennont  with  lUugtratiom  by  the  Author,  A  Square;^ 
Tchrimry  6:  "Fourth  Dimension"  by  P^fessor  Bessie  I.  MiUor,  head  of  the 

department  of  mathematics. 

Tbm  JmnoB  lylATHBVATiCAL  Cltib,  University  of  'Wisconsin,  Madison,  YHb, 

As  long  ago  as  1883  a  Mathonatics  Club  was  t^anised  at  the  University  of 
Wisconsin  for  instructors,  graduates,  and  seniors  making  mathematics  their 
major.  Its  object  was  to  follow  important  recent  de\  elopmeiits  in  mathematics. 
In  March,  1912,  the  Junior  Mathematical  Club  was  founded  and  its  meetings 
opened  to  all  interested  in  mathematics.  Most  of  the  members,  which  now 
number  25,  are  Juniors  and  Seniors  majoring  in  mathematics.  The  membership 
of  tlie  older  organization,  now  called  the  "Senior  Madiematical  Qub,"  is  limited 
to  members  of  tlie  faculty  and  to  gradintr  ^tiidrnts. 

OlEcers  11)17-18:  President,  Florence  Krieger  'IS;  vice-president,  Hilda 
Kieckhefer  '19;  secretary-treasurer,  Kathryn  Geiger  '18.  Program  committee: 
Barbara  Pearsall  '19  (duiirman),  Frances  MdECay  '18,  Raymond  Suchy  '19. 

Normally,  meetings  are  held  twice  each  month  and  are  limited  in  length  to 
one  hour.  The  average  attendance  is  about  IS.  In  order  that  members  may 
become  better  acquainted  with  each  other  and  with  members  of  the  faculty 
during  the  ye&r,  there  are  a  few  social  events  such  as  picnics  and  hikes. 

The  foHowing  programs  have  been  given  in  1917-18;  

*  That  is,  A*  -  Abbott  Abbour  Edwin  AbfMtt  Abbott  wm  hm  in  London  in  1838 

was  still  living  there  when  the  material  for  Who'ii  Who,  1918  vaia  being  collected.  Educated  at 
Si.  John's  College,  Cambridge,  be  graduated  m  senior  in  the  ciaasical  tripos.  He  ia  the  author  of 
over  40  works,  many  ot  which  an  ^UlllM  of  sermons  or  deal  with  the  Gospels.  Nearly  a  score  of 
boolcs  including  A  Shakatpeanan  Orammar  (1870)  and  How  to  WriU  CUariu  (1872)  appeaned 
bef(n«  the  first,  and  best,  edition  of  Fbllimd  (in  smaU  4to)  was  puUiBhed  at  Loodoa  m  ISSA. 
lUi  li  ths  imljr  matbenatioal  woric  irtiich  Ifr.  AUwtt  has  aoknowlKlBBd  aa  hk. 
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November  7:  Minutes;  business;  "General  Survey  of  the  History  of  Mathe- 
matics: (o)  Greek,  (()  Ambie,  (e)  Renaiasaiice  wid  Mottem"  by  Professor 

Amold  Dmden;  "  k9t^iwn»Aam^  W8«  TJfo  mml  HU  WrtA"  hy  AlWf  TfAMiiifcii 

'18; 

November  19:  Minutes;  business;  "Eudoxus  and  his  Method  of  Exhaustions 
which  compares  to  our  Method  of  Limits"  by  Professor  Linnaus  W.  Dowling; 
"Euclid,  his  life.  Anecdotes,  «id  a  Genml  Deacriptioii  ti  his  Works" 
by  Barbara  Pearsall  '19; 

December  5:  Minutes;  business;  "Pappus  and  his  modem  Elements  as  we  find 
them  in  Greek"  by  Raymond  Suchy  '19;  "Ptolemy  and  Greek  Trigonom- 
etry" by  Anne  Clark  '18;  "What  we  forgot  to  mention  concerning  Mathe- 
matics of  the  Greeks"  by  TMfysKxt  Edward  B.  Vsn  Vleck;  discusaion; 

January  23:  Minutes;  business;  "What  is  a  stnught  LineT"-~two-niinute 
discussioiu  (induding  various  definitions  of  a  stnlght  Jine)  by  eveiy  one 
pfesent. 

TOPICS  FOR  CLUB  PBOGRAMS. 

Perusal  of  tliefeeent  very  remsrluble  bode  by  IVArcy  Wentworth  Tluniqison, 
On  GnwA  and  Form,*  has  suggested  to  the  editor  that  his  next  sdectbn  of 

topics  be  made  from  those  wbidh  come  up  in  the  study  of  certain  ficdds  of  botany 
and  biology.  The  logarithmic  spiral  which  bulks  large  in  such  discussion  (pages 
493-586  in  Thompson's  book)  was  chosen  as  one  topic.  While  the  others, 
Golden  Section,  and  A  Fibonacci  Series,  are  less  known  to  the  average  mathe- 
matidan,  there  b  much  of  interest,  liistorical  and  otherwise,  connected  with  their 
consideratbn. 

8.  The  Logarithmic  Spiral.' 

The  first  discussion  of  this  spiral,  in  a  letter  written  by  Descartes  to  Mersenne 
in  163S,  was  based  upon  the  consideration  of  a  curve  cutting  radii  vectores, 
fi  (drawn  from  a  certain  fixed  point,  0),  under  a  constant  angle,  <f>,  Descartes 
made  the  very  remarkable  discovery  that  if  B  and  C  are  two  pomts  on  the  eurve 

its  length  from  Oto  B  is  to  the  radius  vector  OB  as  the  length  of  the  curve  from 
0  to  C  is  to  OC  f  whence  s  =  ap,*  where  a  is  the  length  measured  Hlong  the  orirve 
from  the  pole  to  the  point  (p,  6),  and  a  =  sec  ^.^  This  leads  to  the  polar  equa- 

i  Cambridge:  at  the  Univernty  Preas,  1917.   10  +  793  pp. 

*  HiBtorical  sketches  and  some  of  the  properties  of  the  curve  arc  given  in  F.  Gomes  Tcixeira, 
Traili  <ki  courbc^  spidales  remarquabUa,  tome  2,  Colmbre,  Imprinierie  de  runiversit^,  1909| 
pp. 7&-^, 3d&-3d9, etc.;  mQ.lM^SpekdUalgdirait^ 

S.  Auflage,  Leipzig,  Tenbnsr,  1911,  pp.  60  ff.;  in  MaOmMOiKkn  WMirftttolk  .  .  .  ametMneo 
von  G.  8.  KlQgcl  .  .  .  fortgesetrt  von  C.  B.  Mollweide,  Leipzig,  Band  4i,  1823,  pp.  429-440. 

*Ommet  de  Descartes,  tome  2,  publides  par  C  Adam  et  P.  Tanneiy.  Paris,  Cerf,  1898, 
p.  360.  Cf.  I.  Barrow,  L^eUonea  Gwmetrieae^  LOBdinl,  1670^  ]».  134;  Of  EolgUtk  edition  bj  J.  M. 
Child,  London,  Open  Court,  1916,  fp.  130-9. 

<Th»faititoiiew|ii»tioa^g  »  JCfepwMateakgMiitfiiDiftaiABlidMBm  •>  —  1,  adothalda 
wfaenm  -  l,»didawli«nii»  —  O^lJieinTolnteof  a«iiro]awb*D«»  "  -» |andaetwiihtHn>idieB 

•  That  is,  the  leoflh  of  tfis  an  measured  from  the  pole  is  eqiul  to  the  length  of  the  tangent 
dnmn  at  tho  «stiiinit]r  of  the  are  and  terminated  by  the  line  diawa  petpendieular  to  the  ledtue 
VMtar  at  the  pobb 
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tion  (1)  p  —  ke"^*,  where  A  is  a  constant  and  c  —  cot  ^.  The  pole  0  is  an  asymp- 
totic point.  Hie  pole  and  any  two  pcnnts  on  the  qiiral  determine  the  curve; 
lor,  the  bisector  of  the  angle  made  by  the  radii  vectores  of  the  points  IS  a  mean  pro- 
portional betwpfii  tlip  radii.  If  c  =  1  the  ratio  of  two  radii  vectores  corresponds 
to  a  number,  and  the  angle  between  them  to  its  logaritlim;  whence  the  name  of 
the  curve. 

The  logarithmic  spiral  has  been  called  also  the  proportional  spiral^  (E.  Halley, 
1606)  but  more  commonly,  because  of  the  property  obsttved  by  Descartes,  the 

equiangular  spiral  (Whitworth,  1862).  Johann  Bernoulli  employed  the  term 
loxodrome  which  is  now  rcM-'rwd  for  the  spherical  curve  which  cuts  all  meridians 
under  a  constant  angle.  To  iidmund  Halley  is  usually  ascribed  the  discovery 
that  the  loxodrome  Is  llie  stcfeographic  projection  of  a  logarithmie  qpiraL* 

Torricdli  studied  the  logarithmic  spiral  about  the  same  time  that  Descsites 
did.  He  gave  a  definition  which  may  be  imm^liately  translated  into  equation 
(1),  Hnd  from  it  he  obtained  expressions  for  areas  and  lengths  of  arcs.  These 
results  were  rediscovered  by  John  Wallis'  and  published  iu  1059. 

During  1691-93  Jacob  Bernoulli  gave  the  following  results  among  others: 
(a)  Logarithmic  qnrab  defined  by  equations  (1)  for  different  values  of  I;  are 
equal  and  have  the  same  asymptotic  point;  (6)  the  evolute  of  a  logarithmic 
spiral  is  another  equal  logarithmic  spiral  having  the  same  asymptotic  point;* 
(c)  the  pedal  of  a  logarithmic  spiral  with  respect  to  its  pole  is  an  equal  logarithmic 
spiral;*  {d)  tlie  caustics  by  reHeetiou  and  refraction  of  a  logarithmic  spiral  for 
rays  emanating  from  tiie  pole  as  a  luminous  point  are  equal  logarithmic  siwrals. 

The  discovery  of  such  "  perpetual  renascence  "  of  the  spiral  delighted  Bernoulli. 
"Wanned  with  the  enthusiasm  of  genius  he  desired,  in  imitation  of  Aidiimedes, 

'  Thr  lengths  of  segments  cut  off  fram  a  ladhw  vMtor  betwean  mnoBtmn  vlioris  ot  ths 

spiral  fur  Hi  a  geometric  progreasioD. 

'  PhUoaophical  TransaeHont,  1606;  but  see  two  letters  of  Collins,  one  undated  sad  the  other 
dated  Sept.  30, 1675,  in  Contapmdenct  oj  SdMtific  Mm  the  SMtntetnth  Centmy  .  .  .  VoL  1, 
Oxford,  University  Prees,  1841,  pp.  144,  218-19. 

Cf.  F.  G.  M.,  Ejureiee*  de  giomtirie  descriptive,  4e  (A..,  Paris,  Mame,  1909,  pp.  824-6.  Ch  ;u  1  eg 
showed  {Aj)«riu  hitlorique,  etc.,  .  .  .  2e  6d.,  Paris,  1875,  p.  299)  that  if  the  logarithmic  curve 
generates  a  surface  by  revolving  about  its  tt|«iptot«,  and  If  thb  aqrmptote  is  the  axis  of  a  hali- 
coidal  surface,  the  two  surfaces  cut  in  a  sicew  curve  whose  oirtbofonal  projection  on  a  i^MkO  pn^ 
pendicular  to  the  asymptote  is  a  logarithmic  spiral.  See  also  H.  Molina,  MimoireB  de  Vaeadimt9 
det  sciences  insaipliom  et  bellcs-UUres  de  Toulonj^e,  tome  7  (s* m  2",  1  -  p.  293  f.;  tome  S,  1S86, 
pp.  426.  That  the  logarithmic  spiral  is  a  projection  of  a  cortaiu  "elliptic  logarithmic  spiral" 
was  difliini  in  W.  R.  Hamilton,  EUmmi*  QuaUmiona,  London,  1866,  pp.  382-3.  For  otbsr 
quaternion  discussion  of  the  '"gp*"*™'"  tiijiBl  aea  H.  W.  L. Hima,  Th»(hriiim$^  QtUkmUMU, 
London,  1894,  pp.  171-3. 

*  Cf.  Turquan,  "  Demonstrations  £16mentaires  de  plusieurs  propridtte  de  la  flplml  logarHh- 
miqaa,"  NotmUM  Amtalm  d*  Math4malit>i^  toma  5, 1846,  pp.  89-97. 

♦Ttoeentarolciirvatiiw  at  a  point  OP  a  logarithmic  ipiriJ  to  the  aat^^ 
notmal  of  the  point. 

*  The  nth  iKtsitive  pedal  of  the  spiral  p  -  kc^'  with  respect  to  the  pole  it 


(J.  Edwards,  BUlkM^  TmUm  on  A*  Dt^mtUM  Cateifhw,  8d  edition,  London,  Manmilfcia, 
1880,  p.  167.) 
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to  hm  the  logarithmic  spixal  engraved  on  his  tomb,  and  directed,  id  aUuston  to 
the  sublime  tenet  of  the  resarrection  of  the  body,  this  emphatie  inscription  be 
eflBxed— Eadem  mutata  resurgo."  * 

The  logarithmic  spiral  appears  in  two  propositions  of  Newton's  Principia 
(1687).'  From  the  first  there  develops  that  if  the  force  of  gravity  had  been 
inversely  as  the  cube,  instead  of  the  square,  of  the  distance,  the  planets  would 
hftve  an  shot  o£F  from  the  sun  in ''diffusive  logarithmic  spirals."*  In  the  second 
proposition  Newton  showed  that  the  logarithmic  spiral  would  also  be  described 
by  a  particle  attrfieted  to  the  pole  by  a  force  proportional  to  the  square  of  the 
density  of  the  medium  in  which  it  moves,  while  this  density  is  nt  each  point 
inversely  proportional  to  its  distance  from  the  fixed  center.  This  latter  proposi- 
tion was  generalized  by  Jacob  BemoullL 

Cremona's  discussion  of  the  logarithmic  spiral,  and  how  it  may  serve,  when 
drawn,  for  the  solution  of  problems  involving  extraction  of  roots*  (higher  than 
the  second)  should  not  be  forpott*  n.  Then,  too,  there  is  the  little  known  but 
notable  paper,  published  by  James  Clerk  Maxwell  when  only  18  years  of  age,* 
which  contains  several  properties  of  lo^withmic  spirals.  Some  quotations  foUow: 

Page  524  [10]:  "The  involute  €i  the  curve  traced  by  the  pole  of  a  logarithsuc 
spiral  which  rolls  upon  any  curve  is  the  curve  traced  by  the  pole  of  the  same 
logarithmic  spiral  when  rolled  on  the  involute  of  the  primary  curve." 

Page  529  1161:  "The  method  of  finding  the  curve  which  must  be  rolled  on  a 
circle  to  trace  a  given  curve  is  mentioned  here  because  it  generally  leads  to  a 
double  result,  for  the  normal  to  the  traced  curve  cuts  the  cirde  in  two  points, 
either  of  which  may  be  a  point  in  the  rolled  curve. 

"  Thus,  if  the  traced  curve  be  the  involute  of  a  circle  concentric  with  the  given 

'  Cf.  Ada  crudUorum,  1692,  p.  212. 

•  Book  I,  proposition  9,  and  book  II,  proposition  15. 

•  The  hodograph  of  an  rquiangular  spiral  ia  an  equiangular  spiral  (W.  Walton,  CoUeciion  of 
PrMtmt  in  lUtutration  tb»  PrindfUt  TkmtreUoal  Mtekametf  3d  «d.,  Cambridge,  1876,  p. 
998).  In  a  A^rteroB  dbetromagngtio  dtaeryatMPgin  J.  C.  MMnrdlli  TriaUm  4m  KtdneUf  mi 

Magnetitm  (Vol.  2,  Oxford,  Clarendon  Press,  1873,  pp.  338-8)  the  disctission  calls  for  the  investiga- 
tion of  the  motion  of  a  body  subject  to  an  attraction  varying  as  the  distance  and  to  a  resaietance 
varying  as  the  velocity.  This  leads  to  the  reproduction  of  Tail's  application  {Proc.  Royal  Society 
(^Edinbv^  VoL  6, 1809,  p.  221  f.)  of  tiw  piinciple  ot  tha  hodograph  to  invartiaate  thk  kiiid  of 
motion  hy  meane  at  tho  tOgsnthinie  wpSnl, 

"If  a  particle  be  deacribing  a  logarithmic  spiral  under  the  action  of  a  force  to  (he  polo,  and 
simultaneously  the  law  of  force  be  altered  to  the  inverse  biquadrate  and  the  velocity  to  Vj  X 
its  previous  value,  the  particle  will  proceed  to  describe  a  cardioide."  Purkis's  Meatengtr  of 
Moiketnrdir^ ,  Vol.  2,  1864.  Fnr  other  reaulta  of  this  typf,  invoh-ing  the  spiral,  see  Newton's 
Princijna.  Urat  book,  Sections  l-III,  with  notes  and  iliaatraiioiia  by  1'.  Frost,  London,  18S0,  p.  203. 

*  L.  Cremona,  Orapkieal  Statics.  Translated  by  T.  H.  Bearc,  Oxford,  Clarendon  Frcsa, 
1890,  pp.  69-64.  Italian  adiiion,  Torino,  1874,  pp.  39-42.  Th6  sylonita  k«arithmio  eurva 
(d^ib^inirfdlli)  aoM  by  Knffal  k  EmtCo.,  NawTotk,  faraidiMtiiamaanafor  aaamatdy 
and  rapidly  drawing  the  ctirve.  Hie  curvature  ^aduaOy  changing  it  is  po<;uIiarIy  adapted  for 
fitting  to  my  part  of  a  given  curve.  It  assists  in  the  rapid  determination  of  the  center  of  curvature 
of  a  given  pari  of  the  curve,  and,  hence,  in  drawing  evolutea  Kad  equidistant  curves. 

*  "On  tbaTbaoiy  of  RoUing  Curves,"  TranaaeUonaiff  tiMjbntal  Society  iff  Bditiinrg^ 

part  V,  184»,  pp.  |7Aa  StkrUifie  Paper$  qf  J.  C,  JfaanNB,  aditod  by  W.  D.  Nivw,  VoL  1, 

Cambridge,  1890^  pp.  4r89.|  I«ria»  Qoinea  TNMji%  Mid  WMdtnar  laan  to  b»  «qe^ 
of  thia  paper. 
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drde,  the  rolled  curve  is  one  of  two  timOar  lojpuithimc  spirals."  (Often  attiib* 
uted  to  Haton  de  la  Goupillt^.) 

Page  532  [19]:  "If  any  curve  he  rolled  on  itself,  and  the  operation  repeated 
an  infinite  number  of  times,  the  resulting  curve  is  the  logarithmic  spiral."  The 
curve  which  being  "  rolled  on  itself  traces  itself  is  the  logarithmic  spiral." 

Page  535  [23]:  '*  yfhen  a  logarithmic  spiral  rolls  on  a  straight  line  the  pole 
traoee  a  straight  line  which  cuts  tibe  first  line  at  the  same  an^e  as  the  spiral 
cuts  the  radius  vector."   (Often  attributed  to  Catalan.) 

Among  many  other  results  the  following  may  be  noted:  If  a  logarithmic 
spiral  roll  on  a  straight  line  the  locus  of  the  center  of  curvature  of  the  point  of 
contact  is  another  straight  line  (A.  Mannheim,  1859) — The  involutes  of  a  logarith- 
mic spiral  are  equal  spirals^^-Tlie  inverse  of  a  logmithmic  spiral  with  respect  to 
its  pole  is  an  equal  spiral  with  the  same  pole— Coplanar  logarithmic  s])ira]s  and 
their  orthogonal  trajectories,  which  are  again  coplunar  logarithmic  j  ir;!ls,  come 
up  (1)  in  the  discussion  of  loxodromic  substitutions^  and  (2)  in  conformal  reprc- 
seiitutions.'*  As  a  coiisequeuee  of  a  general  theory  relative  to  linear  trans- 
formations F.  Klein  and  S.  Lie  ohUuned  the  following  result:*  The  logarithmic 
si»ral  is  its  own  polar  reciprocal  with  respect  to  eadi  of  the  equilateral  hyperbolas 
with  center  at  the  pole  and  tangent  to  the  spiral. 

Tlie  most  practical  form  of  a  ship's  anchor  was  discussed  in  1796  by  F.  H. 
Chapman^  vice-admiral  in  the  Swedish  Marine.^  He  found  that  the  best  form 
for  eadi  the  barbed  aims  wmdd  be  an  arc  (rf  a  logarithmic  spiral  cutting  tiie 
shank  of  the  andior  at  an  angle  of  67^  3(K. 

The  first  definite  suggestion  connecting  the  logarithmic  spiral  with  organic 
spiral:*  seems  to  have  been  made  by  Sir  John  Leslie  in  his  Geometrical  Anahjifis 
and  Geometry  of  Curve  Lines.^  After  proving  that  the  involutes  of  a  logarithmic 
spiral  are  logarithmic  spirals  he  remarks:  "  The  figure  thus  produced  by  a  succes- 
rion  of  coaksoent  arcs  described  from  a  series  of  interior  centers  exactly  resembles 
tiie  general  form  and  the  elegant  septa  of  the  Nautilus.'* '  The  aptness  of  this 
remark  has  \mm  long  since  established.  One  of  the  earliest  mathematical 
discussions  of  organic  locrarithmic  spirals  was  by  Canon  Moseley,  "On  the  Geo- 
metrical Forms  of  Turbinated  and  Discoid  Shells"^— a  paper  of  80  years  ago 

'  F.  Klein-R.  Fhcke,  Voriesungen  dta  2'hecrie  der  eUipimJien  Moduljutictiomn,  Band  I, 
Ltipzig,  Tcubner,  1890,  p.  168. 

*  G.  HolzmQller,  Einfukmng  in  die  Theorie  der  Uogonakn  VerwtndUehaflen  md  dor  coirfomen 
AhMAtng,  Leipsig,  Teubner,  1882,  pp.  65,  238-341. 

»  Malhcmalische  Annalen,  Hand  i,  1S71,  p.  77.  Cf.  Encyklopddie  der  malhemaiifchcn  Wi'^n- 
achajlen,  Band  lili,  Leipzig,  1903,  pp.  210,  212;  alflo  Clcbscli-Lindemann,  Vorlc.'>un<jen  aher 
Otonutrie,  Band  I,  Loipsig,  Teubacr,  1876,  p.  99o. 

*  "Om  rfitta  Formen  pa  Skeppe-Ankrar,"  Svensk.  Veientk.  Aeadem.  nya  Handl.,  1796,  Vol.  17, 
pp.  1-24.  Abridged  and  IranBlated  in  Annalen  der  Phytik  (Gilbert),  Band  6,  Halle,  1800:  "Von 
der  richtigen  Forui  der  SchiiTBankflr,"  ifk  81-Oft. 

•  Ed^obuigh,  1821,  p.  438. 

•  Fbr  iiielnnt  of  tfie  lunilflui  pompDbia  sm  pp.  49i,  6S1,  682  of  Thompson^  book  and  also 

T.  A.  Cook,  The  Curvet  of  L\fe,  London,  ConBtable,  1914,  pp.  57,  4.57.  This  latter  work  contains 
many  beautilul  illiutrationa  and  logarithmio  sgmd  forma  are  specially  diacuaaed  on  pages  tjO-63, 
41>-<8t;  another  work  by  tba  laiiM  antlMrt  i^fMk  JVotaiv  ihuI  AH,  I^oodoa,  Mumgr,  1908. 
hMSOOM  |Ood  ilhiirtratiftiMi  i 

*i>MbiM]iMea{  TnmsaeHamtf  the  Bot^  Sodety^  Londott,        VoL  138,  pp.  861-870. 
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which  is  one  of  the  classics  of  natural  history.  In  "turbinate"  shells  we  are  no 
longer  dealing  with  a  plane  ^Hral  aa  in  the  nautilus  but  with  a  gauche  spiral  on  a 
light  drcular  cone  cuttmg  the  generators  at  a  constant  angle  and  such  tiiat 

along  a  generator  the  line-segments  between  successive  whorls  form  a  ^ometric 
progression.'  I\ir  mathematical  and  other  details  of  Moseley's  wo/k  as  well  as 
of  that  of  many  others,  on  univalve  and  bivalve  shells,  Thompson's  book,  with  its 
many  exact  references  to  the  literature  of  the  subject,  i^ould  be  consulted. 
One  notable  work  which  Thompson  appears  to  have  ovislooked  is  Baton  da  hi 
Goupilliere,  "Surfaces  Nautiloides.'" 

In  the  field  of  leaf  arrangement  or  phyllotaxis  disctission  of  the  theories  of 
A.  H.  Church^  and  Cook  evolved  from  observations  of  arrangements  in  logarithmic 
Spirals  of  florets  of  sunflowers,  pine  eonea^  and  other  growtiia^  should  be  read  in 
connection  with  Thompson's  criticisms.  The  fine  sunflower  photograph  by  H. 
Brocard*  ought  to  be  compared  with  those  by  ChurcL 


NOTES  AND  NEWS. 

Emiip  bt  D.  a.  BonaocK,  Indkaa  VutnuXty,  BloomiagloB,  TaiSham. 

Aasbtant  Professor  H.  M.  Showman,  of  Colorado  School  of  Mines,  has  been 
promoted  to  a  prof esaordiip  of  medianics  and  engineering. 

Assistant  Firofeasor  S.  T.  Sandsbs  has  htea  made  head  of  the  department  of 
mathematics  at  Louisiana  State  University,  and  ]>r.  I.  C.  Nicbols  has  berai 
appointed  associate  professor  of  mathematics. 

Assistant  Professor  L.  P,  Siceloff,  of  the  department  of  mathematics  of 
Columbia  University,  has  entered  the  Y.  M.  C.  A.  service,  and  will  shortly 

embark  for  France. 

Professor  J.  L.  Coolidge,  of  Harvard  University,  has  received  a  commission 
as  major  in  the  Ordnance  Department  of  the  National  Army  and  is  in  active 
service.  Dr.  L.  R.  Fobd,  instructor  in  actuarial  mathematics,  has  also  entered 
the  military  service. 

'  Aa  early  aa  1701  Guido  Grandi  showed  that  the  orthot^oaal  projection  of  this  spiral  on  a  plane 
perpendicular  to  the  axi^  of  the  cone  is  a  logaritj )  r  spiral.  The  gauche  spiral  htis  been  studied 
by  Th.  Olivier  (who  called  it  the  conical  logarithznic  spiral),  Dfaloppemmls  de  giomttrie  descripttM, 
1343,  pp.  S6-76;  1^  P.  Serret,  Thiorie  runioeUe  glomitrique  et  micaniqM  (Us  ligrtea  i  double  ooitrbuitt 
1800,  p.  101 ;  etc.   A  number  of  results  are  collected  by  Gomes  Teixiera,  L  e.,  pp.  396-400. 

For  other  surfaces  involving  the  logarithmic  spirals  reference  should  be  given  to  the  very 
interesting  pa^cs  232  i  l  i  of  G.  HolzmQiler,  Elemenle  der  Sifreometrie,  Drittv  Tol,  Laipii^ 
Gfischen,  1902,  on  logarithmic  spiral  tubular  surfaces  and  their  inverses. 

■TUs  ooeapiM  dmost  the  whofo  of  4h»  thiid  Yolinae  of  Atmau  wdmltfifiot  <b  aeadtmia 
fdyttehniea  do  Porto,  Coltubra,  190S.  Cf.  L'InianiMkun  dbt  matUmofieimf,  IMO,  tonM  7, 
p.  40;  tome  8,  pp.  167,  314;  tome  17,  p.  166. 

'A.  H.  Chuveb,  On  Ite  fiafarftai  ii  PhgllUKeU  to  UtOmtiut  Lam,  London,  WiOiaais  and 
Ncqtste^  1901. 

« In  l/lnininidiiaft«  4m  ffiOtUBMlieim*,  1909,  ^ 
BMilan,VbMr,  1908,  cppamle  9*90' 
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Mr.  R.  A.  Haebis,  for  twenty-eight  years  mathematician  to  the  Coast  and 
Geodetic  Surv^,  died  on  January  17, 1918,  tt  the  age  of  fifty-four  yean. 

The  Rev.  A.  T.  6.  Apple,  for  the  past  eleven  years  professor  of  matfaemattea 
and  astronomy  in  Franklin  and  Manhall  OiUkg^  died  on  February  5,  at  the 
age  of  ilf ty«eight  yean. 

Dr.  Christian;  Horkung,  for  many  years  professor  of  mathematics  at  Heidel- 
berg University,  Tiffin,  Ohio,  and  a  charter  member  of  the  Association,  died  on 
January  31,  1918,  aged  seventy-three  years.  Following  Prof^sor  Hornung'a 
death,  Mr.  H.  L.  Olson  was  appointed  infltruetor  in  matiiouatiGS. 

During  the  absence  of  Dnector  R.  H,  Chittbmden,  of  the  Sheffield  Scientific 
School,  who  has  gone  to  Europe  on  an  important  Govonunait  Commission, 
IVofessor  P.  F.  SiOfH,  of  the  department  of  mathmatics,  will  be  acting  director. 

The  Colorado  CaU^^  Ptihlicaiions,  issued  in  Novemba,  1917,  contains  a 

valuable  historical  paper  on  "Newton's  solution  of  numerical  equations  by 
means  of  slide  rules,"  by  Professor  F.  Cajori,  former  [ircsident  of  the  Association. 

University  of  Illinois.  Summer  Session,  June  18  to  August  9. — By  Pro- 
fessor Sisam:  Differential  geometry,  Solid  analytic  geometry. — By  Professor 
Sbaw:  Vector  methods,  Differential  equations. — ^By  Dr.  Keupmbr:  Advanced 
algebra.  The  usual  demoxtary  courses  are  also  off»ed. 

Indiana  University.  Summer  Session,  June  18  to  August  9.— By  Professor 

Davisson:  Non-Euclidean  geometry,  Mathematical  theory  of  investment.— By 
Professor  Rothrock:  Advanced  integral  calculus.  Analytical  and  spherical 
trigonometry. — ^By  Professor  IIanna:  Differential  equations,  Calculus.  The 
usual  dementary  courses  in  college  algebra,  trigonometry  and  analytic  geometiy 
will  aho  be  offered. 

At  the  Summer  Session  of  the  University  of  Colorado  work  in  mathematics 

will  be  offered  by  Professor  G.  H.  Light,  Professor  B.  F.  Finkel,  of  Drury  College, 
and  Professor  A.  CoriKX,  of  Johns  Hopkins  University.  Courses  are  oifered  in 
the  elementary  mathematics,  teachers'  course,  calculus,  differential  equations, 
least  squares,  Fourier  series,  projective  geometry,  differential  geometry,  Galois' 
theory  of  equations,  and  definite  integrals. 

Univsksitt  op  WiBCOSSiN.  Summer  Session.— By  Professor  E.  B.  Van 
VuBCX:  Linear  substitutions,  Siu-vey  of  elementary  mathonatics,  and  Analytical 

geometry. — By  Professor  E.  B,  SKix>rER:  Theory  of  surfaces  and  twisted  curves 
(3  hrs.),  'Vhv  teaching  of  secondary  niatheinatics  (5  hrs.).  and  Algebra. —By 
Professor  H.  \V.  March:  Theory  of  probabilities  lira.},  Mechanics  (5  hrs.). 
Calculus  (5  hrsO.'-'By  Dr.  T.  M.  &upson:  Equations  of  third  and  higher  degrees 
(3  hrs.).  Integral  calculus  (12  hrs.)«— By  Mr.  MoOBB:  Differentia  equations 
(5  hrs.),  Trigonometry,  and  Solid  geometey. 

The  University  of  Chicago.  Smnmer  Quarter,  June  17-August  31,  1918. 
— By  Prgfessor  E.H.Moore:  Differential  equations  in  genera!  analysis  ffirst 
half),  four  hours,  College  algebra  (first  half),  five  hours. — By  Professor  G.  A. 
Buss:  Calculus  of  variations,  four  hours,  Higher  plane  curves,  four  hcMirs.— 
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By  F^f^sor  L.  £.  Dickson:  Solution  of  numerical  equations  (first  half),  four 
hour?,  Dptrrminnnt"^  find  symmetric  functions  (second  half),  four  hours,  Alf::e- 
braic  invaiinnts,  four  hours. — By  Professor  H.  E.  Sl\UGHT:  Definite  integrals, 
four  hours,  Integral  calculus,  four  hours. — By  Professor  A.  C.  Lunn:  Units  and 
dmienaioiis,  four  hours,  ElecCromagnetie  theory,  lour  hours.^By  Frofesaor 
J.  W.  A.  Young:  Topics  in  geometry,  four  houi8»  Plane  analytic  geometry, 
five  hours. — By  Professor  R.  G.  D.  Rich.a.kdson'  (Brown  University") :  Theory  of 
functions  of  a  complex  vnriable,  four  hours,  Differential  calculus,  five  hours. — ■ 
By  Professor  W.  H.  Roe\t:ii  (Washington  University,  St.  Louis):  Descriptive 
aumebry,  five  howa,  Pluie  trigonometry,  five  hourt.— By  Fpahmex  6.  W. 
Mtemi:  The  teaehing  of  secondary  mathematics.  School  of  Education,  five 
hours. 

At  the  meeting  of  the  North  Carolina  Association  of  Teachers  of  Secondary 
Mathematics,  held  at  Greensboro,  February  1  and  2,  addresses  were  made  by 
Professor  D.  E.  Smith,  of  Columbia  University,  on  "The  origin  of  mathematics,'' 
on  ''Deficiencies  in  present  preparatory  mathematics,"  and  a  round-table  dis- 
cnssion  on  "A  prq[>er  appfoadi  to  dementaiy  mathematics/'  Papers  were  abo 
presented  by  Miss  Faknib  S.  Mhchell,  of  the  Raleigh  Wijtk  Sdiool,  by  Miaa 
ViBOrNiA  Raobdale,  of  Normal  College,  by  Miss  Ella  Bradlet,  of  the  Gastonia 
High  School,  and  by  Mr.  J.  W.  Lasley,  of  the  University  of  North  Carolina. 

The  annual  Register  of  the  Officers  and  Members  of  the  American  Mathe- 
matical Society  appeared  in  January,  showing  the  total  membership  of  the 
Society  to  be  735,  exacdy  the  membenhip  on  January  1 , 1917.  During  the  year 
1917,  there  were  29  persons  admitted  to  memboship,  and  also  29  withdrawals. 

Twenty-five  members  of  the  Society  are  reported  as  being  in  some  form  of 
government  service  connected  with  the  war.  The  membership  extends  to  every 
state  of  the  Union  except  Delaware,  Louisiana  and  South  Carolina.  There  are 
57  foreign  memhmt  of  whom  46  reade  in  the  British  Empire. 

PnrfesBor  C.  N.  Moore,  University  of  Cincinnati,  bos  been  appointed  a 
member  of  the  National  Committee  on  Matikematical  Requirements  in  place  of 
Professor  0.  Ywbuw,  who  has  resigned  on  aooount  of  his  duties  in  connection 

with  government  ser\'ice. 

The  Mathematics  Club  of  Chicago  is  a  body  of  men  who  are  teachers  in  the 
higli  schools  of  Chicago  and  nui^'bhoring  towns,  including  also  some  teachers 
from  Lewis  Institute,  Armour  Institute,  and  the  University  of  Chicago.  They 
meet  on  the  second  Friday  evening  of  each  month  for  dinner  at  the  Gty  Qub 
and  spend  the  evmtng  in  discussions  led  by  some  chosen  speaker.  The  Club  has 
recently  been  addressed  by  Professors  F.  T.  Wilczyxski  and  II.  E.  Slatjoiit. 
The  April  meeting  will  be  addressed  by  i'rincipal  W.  B.  Owen,  of  the  Chicago 
Normal  College,  who  is  chairman  of  the  committee  of  the  National  Education 
Association  that  is  ohaiged  with  xeidewing  the  reports  oi  the  various  depart* 
mental  committees  working  under  the  Commmrion  on  the  Reorganisation  of 
the  Kgh  Sdiool  Curriculum. 
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NOTES  AND  MBVB. 


The  d^pMrtmoQits  af  Chemistry,  Ffayncs  and  llfotheinaticB  of  the  Univeraitgr 
of  Chicago  are  uotting  through  thdr  tepfesentatives  to  give  soma  qiecial  courses 

in  preparation  for  war  service.  Professor  A.  C.  Lunn  is  the  representative  of 
the  department  of  mathematics  in  this  work.  Professor  F.  R.  Moulton  will 
also  give  during  the  Spring  Quarter  a  special  course  of  this  kind.  Professor 
Moiiltoni&qpeiiding  a  part  of  the  Winter  Quarter  in  advisoiy  ser^^  SiU, 
Texas. 

The  Mathematical  Association  of  Great  Britun  held  its  annual  meeting  at  the 

Xx>ndon  Day  Training  College  on  January  9  and  10, 1918.  Papers  were  presented 
by  Dr.  W.  P.  MiLNE,  on  "Graphical  treatment  of  power  series";  by  Mr,  G. 
Goodwill,  on  "Suggestions  for  presenting  mathematics  in  closer  touch  with 
reality  " ;  and  the  presidential  addiess  by  Professor  F*  T*  Nunn,  on  "  Mathematics 
and  individuality'"  The  meetmg  was  dosed  by  a  g«ieral  discussion  on  the  posif 
tion  of  mathematics  in  the  proposed  new  course  of  study  for  seocModary  schools. 
The  Mathenuaieal  Gazette,  edited  by  Professor  W.  G.  Greenstreet,  is  the 
oflBcial  organ  of  the  Association;  it  appears  six  times  a  year  from  the  publishing 
house  of  G.  Bell  &c  Sons,  London.  A  number  of  valuable  reports  have  been 
issued  by  the  Aasodation  during  the  past  ten  yean;  these  are  «ramenited  below, 
with  the  price  of  each  as  announced  by  the  publishers :  ( 1 )  Reports  on  the  teachmg 
of  elementary  mathematics  (geometry,  arithmetic  and  algebra,  mechanics,  ad- 
vanced school  mathematics,  entrance  scholarship  mathematics,  mathematics  in 
preparatory  schools)  (Gd.  net);  (2)  Report  on  the  teaching  of  elementary 
algebra  and  numericnl  trigonometry  (3d.  net) ;  (3)  Report  on  the  tradiing  6t 
mathematics  in  preparatory  schools  (3d.  net);  (4)  Report  on  the  correlation 
of  mathematical  and  science  teaching  (6d.  net);  (5)  A  general  mathematical 
syllabus  for  non-specialists  in  the  pubUc  schools  (2d.  net);  and  (6)  Elementary 
mathematics  in  girls'  schools  (Is.  net). 

The  Council  of  the  Mathematical  Association  of  America  lias  elected  the  fol^ 
lowing  to  membership,  on  applications  duly  certified: 

To  individwd  memberahip. 
Rev.  Peter  Archer,  S. J.   Director,  Georgetown  Coll.  Obsenr.  and  Prof,  of  Math.» 

Georgetown  Univ.,  Washinj^on,  D.  C. 

Sir  George  Greenhill,  I^I.A.  Formerly  Prof,  of  Math.,  Artillery  Coll.,  Wool- 
wich, Eng.    1  Staple  Inn,  London,  W.  C,  Eng. 

Y.  L.  Ibia,  Ph.D.  (B«rUn).  Director,  Science  Dept,  (Jovemment  Univ.,  Peking^ 

China. 

Carroll  Johnson  Ramace,  Ph.D.  (Grove  City  Coll.)-    Lawyer,  Saluda,  S.  C. 
Clarence  Cornelius  Van  i\uys,  A.M.  (Columbia),  E.M.  (S.D.  School  of  Mines), 

Ftof.  of  Physics,  Col.  Sdiool  of  Bfines,  Grolden,  Col. 
Gilbert  F.  Winslow,  Jr.,  B.S.  in  Min.  Engg.  (Ore.  Agrle.  C<dl.).  Computer^ 

Coast  and  Geodetic  Survey,  Washington,  D.  C. 

To  inatiiutional  memberthip, 
Georgetown  Univ.,  Washington,  D.  C. 
Knox  Coll.,  Galesburg,  111. 

Deniaon  Univ.,  Granville,  Ohio.  W.  D.  Caibms,  Seey.'TnaB, 
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3  *®         ^^vaB^^P  • 

To  solve  -Ti  "  /.l*(Ah)*  —-5  ,  put  a"  « 

/^l+CAh)*  and  assume    9  =  T(t)-^(x),'  so  that 


tityting  these  into. the  original  equation, 
e  ling  that  tpe ,  v^iri  abl es,  t  and  x.  can  be 
eparated  by  dividing  through  oy  t*  c,  where- 


sti 
we 
s 


dS  od'e 


Upon  we  have  -—5  ♦1  «  m  -r— 5*€.      Since  the 

dt  dx 

first  of,  these  two  eaual  members  cannot  vary 
when  t  changes. nor  tne  second  when  x  changes, 
boin  must  remain  equal  to  some  constant,  say 


2  2 


The  two  resulting  equations  yield 


the  solutions 

^  s  Ka*  sintnx-^pi],  ^  »  Ka*  sin[fflDt+^t] 
whence  <p  -  KiKsSinCnx-^^i]  sin[iBnt+ps] 

?hich  we  nay  then  reduce  to  a  more  useful 
orm  : 

9*2       An  sin[n(x+mt) +6^  J . 
n»o 

An  interesting  fallacy  results  from  applying 
the. method  of  irt:   ralion  oy  narts.   TuMv  = 
uv-/ V  du,    to  a  case  where  u=l/x  ana  dv=dx: 
we  get 

=       /dx  -  /x-  l-l/x^l 

X  X 

«       1      +  /dx/x      whence  0=1  II 
f  clx  y.f     dx  1  // 5  dx 

s  — —  arctan 
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ORIGIN  OF  THE  NAME  "MATHEMATICAL  INDUCTION." 
By  FLORIAN  CAJOBI,  Colondo  Galley 

The  process  of  reasoning  called  "mathematical  induction"  has  had  several 
independent  origins.  It  has  been  traced  back  to  the  Swiss  Jakob  (James) 
Bernoulli,'  the  Frenchinen  B.  Pascal  and  P.  Fermat>*  and  the  Italian  F. 
Maurolycus.*  The  process  of  Format  differs  somewhat  from  the  ordinary 
mathematical  induction;  in  it  there  is  a  descending  order  of  progression,  leaping 
irregularly  over  perhaps  several  integers  from  n  to  n  —  tii,  n  —  ni  -~  ih,  etc. 
Such  a  process  was  used  stiU  earlier  by  J.  Campanus  in  his  proof  of  the  irration- 
ality of  the  goldw  section,  which  he  published  in  his  edition  of  EueUdt  1260.  By 
reading  a  little  bit  between  the  lines  one  can  find  traces  of  mathematical  induction 
still  earlier,  in  the  writings  of  the  Hindus  and  the  Greeks,  ns,  for  instance,  in  the 
cyclic  method"  of  Bhaskara,  and  in  Euclid's  proofs  that  the  number  of  primes 
is  infinite. 

'Jocobi  Bernoulli,  BasUeensu,  Opera,  Tumus  I,  Genevse,  MDCCXLIV|  p.  282,  reprinted 
fiam  Ada  emdUonim,  Lips.,  1686,  p.  360.   See  also  Jakob  Bernoulli's  An  eonjeekmdi,  1713, 

p.  96;  or  a  Gemnan  trunslation  by  Hfiu.ssncr  in  O.shral'I's  Klasnker,  No.  107,  p.  96. 

*(Euvres  compU'ldf  dc  BUim-  I'ascal,  \'ul.  3,  Tjiris,  1S66,  p,  248.  See  ulao  M.  Cantor,  Vorle- 
ntngen  uher  Gt^rhuhu  der  Maihematik,  2  Aufl.,  1(»(K),  ])p.  7 19,  7.M),  7.j7;  H.  G.  Zcuthcn,  GeadddUe 
der  Hathemotik  im  XVI.  und  XVII.  Jahrkundert,  deutach  von  li.  Meyer,  Leipsig,  1903,  pp.  168, 
172;  W.  H.  BuflHr»  in  Am.  Math.  Mokthlt,  Vol.  24, 1917,  pp.  203-215. 

'Charles  8.  Peirce  in  the  Century  Dictionary,  Art.  "Induction,"  and  in  tlif  ^T^mii;t,  Vol.  2, 
1S92,  pp.  539,  .MS;  ai'C  al-^j  F.  Qijori  in  liidUim  Am.  Math.  Soc.,  Vol.  Ij,  11)09,  pi).  •107,  408. 
Peirce  called  inathr  niatii  .il  induction  the  "FermaTiiui  inferenrc." 

*  G.  Vacca,  BulUUn  Am.  Maih.  Soc.,  Vol.  16, 1909,  pp.  70-73;  M.  Cantor  in  ZeUtchr./.  Math. 
%.  Natunriu.  Untemela,  Vol.  33, 1902,  p.  536;  W.  H.  Busacy,  Aii.  Math.  Monthly,  Vol.  '2i,  pp. 
200-203. 

•  £lenumU,  Bk.  9,  l*rop.  20. 
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But  DO  one,  to  my  knowledge,  has  before  this  time  traced  historically  the 
origin  of  tlie  name  "mathematical  induction."  Why  should  a  process  of  argU' 
mentation  in  its  essence  so  foreign  to  the  "induction"  known  to  natural  science 
be  called  "  matlu  matical  induction"?  Maurolycus,  I'ascal  and  Fermsit  gave 
nu  special  names  to  their  logical  processes,  it  is  our  purpose  in  tliis  article  to 
show  that  one  of  the  several  origins  of  the  proeest  lay  in  the  process  of  "  induction  " 
froiii  i  I  it(<d  facts,  and  that  historically  the  name  "mathematical  induction" 
took  its  orjfrin  in  the  name  "induction"  of  natural  science. 

The  earliest  inaihematicians  who  appear  in  the  history  of  the  name  of  the 
processes  in  question  were  John  Wallis  and  Jakob  Bernoulli.  Wallis,  in  his 
ArUkmelwa  h^mhrum  (Oxford,  1656),  page  15,  Proposition  XIX,  proceeds  to 
find  "per  modum  inductionis"  the  ratio  of  the  sum  of  the  squares  0,  1,  4,  9,  •  •  • 

to  the  product  n^n  +  1)  •  He  writes  down  by  inspection  six  relations,  of  which 
the  first  three  are  as  follows: 

1  +  1  =  2"  (3  3"^G' 

0  +  1  +  j^=  5  _  1  ,  JL 
4  +  4  -1-  4  =  12  ~  3     12 ' 

0+14-4  +  9=  14     7_1  1 
9+9+9  +  9- 36""  18  3"'"l8* 

He  observes  that  in  all  six  cases  the  ratio  is  greater  than  I,  but  the  excess  decreases 

steadily  as  the  respective  number  of  squares  increases;  for  the  six  cases  which 
he  writes  down  the  excesses  are  respectively  }■,  V       sV-  takes 

the  law  of  decrease,  that  is  shown  in  the  tirst  six  cases  tu  iiold  when  n  exceeds 
six  and  increases  without  Umit;  the  excess  is  se^  to  approach  the  limit  sero. 
This  process,  and  phrases  like  "fiat  investigatio  per  modum  inductionis,"  are 
repeated  in  the  stiKly  of  ratios  like  the  above  involving  the  sums  of  the  first, 
se'  onf]  and  third  powers  of  numbers.  The  statement  is  added  that  the  method 
applies  equally  well  to  higher  powers.  He  speaks,  p.  33,  of  "rationes  inductione 
repertas"  and  freely  relies  upon  incomplete  "induction"  in  the  manner  followed 
in  natural  science. 

WalHs's  Incomplete  "induction"  brought  both  praise  and  blame.  Twenty- 
nine  years  later  lie  says  in  his  Treatise  of  Algebra,  London,  1()S5,  ChapttT  78 
(page  2i>i>):  "Those  Propositions  in  my  Arithmetick  of  Infinites,  are  (some  of 
them)  demonsiruted  by  way  of  Induction:  wliich  is  plain,  obvious,  and  easy; 
and  where  things  proceed  in  a  dear  regular  order  (as  here  they  do),  very  satis- 
factory." On  page  310  Wallis  comments  on  Bullialdus,  the  author  of  Adaritk' 
meticam  wfinitonim:  "lie  must  either  waive  all  such  Progressions  (as  not  of 
use,  or  at  least,  as  not  demonstrated) ;  or  eke  must  be  content  to  clo'f.e  his  Induc- 
tion (as  I  do)  ...  he  doth  allow  the  Doctrine,  as  sound  and  gotnl  (and  much 
applauds  it)  and  the  Demonstration  (by  Induction)  as  sufficient,  (by  admitting 
it  himself).  Only  he  thinks  I  have  not  done  my  invention  so  much  honour  as 
it  doth  deserve," 
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Wallis  states  (page  306)  that  Fermat  biiinies  my  demunstratiun  by  Induc- 
tion, and  pretends  to  amend  It.  .  .  .  I  look  upon  Induction  as  a  very  good  method 
of  Investigation;  as  that  which  doth  very  often  lead  us  to  the  easy  discovery  of 

a  General  Rule." 

Another  criticism  came  from  Jakob  Bprrioulli,^  who  takes  one  of  Wallis's 
probiems  and  proceeds  to  show  how  the  procedure  can  be  improved  by  introducing 
the  argummt  from  n  to  n  +  !•  Thus,  in  Bemoulli's  mind,  incomplete  induction, 
because  of  its  incompleteness,  gave  birth  to  the  mathematical  induction. 

Jakob  BonouUi  ranks  as  one  of  the  inventors  of  this  argument,  but  he  gave 
it  no  special  name.  In  his  posthumous  Arit  mnjpctandi,  1713,  he  enters  upon  a 
more  detailed  criticism  of  Wallis  and  appUes  the  argument  from  n  to  n  +  1 
to  the  proof  of  the  binomial  theorem. 

For  about  140  years  after  Jakob  Bernoulli,  the  term  "induction"  was  used 
by  mathematicians  in  a  double  sense:  (1)  "Induction"  used  in  mathematics  in 
the  manner  in  which  Wallis  used  it;  (2)  "Induction"  used  to  designate  the 
argument  from  n  to  n  +  1.  Neither  usage  was  widespread.  The  former  use 
of  "induction"  is  encountered,  for  instance,  in  the  Italian  transktion  (1800)  of 
Bossut  and  Lalande's  dictionary,^  article  "Induction  (term  in  mathematics)." 
The  binomial  formula  is  taken  as  an  example;  its  treatment  merely  by  verifica- 
tion, for  the  exponents  =  1,  m  =  2,  m.  =  3,  etc.,  is  said  to  be  by  "Induction." 
We  read  that  "  it  is  not  desirable  to  use  this  method,  except  for  want  of  a  better 
method."  H.  Wronski  in  a  similar  manner  classed  "  methodes  inductionnellcs" 
among  the  presumptive  methods  ("methodes  pr^mptives")  which  lack  absolute 
rigor P.  Barlow'  makes  a  statement,  which  is  copied  verbatim  by  J.  Mitchell,'* 
to  this  effect:  "Induction  is  a  term  used  by  mathematicians  to  denote  those 
cases  in  which  the  generality  of  any  law,  or  form,  is  inferred  from  observing  it  to 
have  obtained  in  several  cases.  Such  inductions,  however,  are  very  deceptive, 
and  ought  to  be  admitted  with  the  greatest  caution."  The  argument  from  n  to 
n  +  1  is  not  described  by  Barlow  and  MitehdI. 

The  second  use  of  the  word  "induction"  (to  indicate  proofs  from  n  to  n  +  1) 
was  less  frequent  than  the  first.  More  often  the  process  of  mathematical  induc- 
tion was  used  without  the  assignment  of  a  name.  In  Germany  A.  G.  Kastner* 
uses  this  new  "genus  inductionis"  in  proving  Newton's  formulas  on  the  sums  of 


'  Ada  eruditoruni,  Lrip/ig,  IGSf),  p.  ,S(iO. 

'  Dixionario  enciclopedico  deiie  mulematiche  deiii  signori  AB.  Bossut,  La  Lands  90.  Tradu- 
sione  dal  Francese,  arricchHa  di  annotazioni,  cd  aggiunte  del  traduttore  italiano.  Padova, 
NtDCCC,  Art.  "Imluziorio  ffermiiu"  di  Matematica)."  Of  the  binomial  formula,  as  an  c\'anii>lf, 
it  saya:  "Qucllo  v\w  >iL-nzn  ct>uo^^'•^■^<'  lu  inaniera  esatta,  e  generale  di  diuioslrare  queata  formulu  lu 
concludcsse  per  avnrl.a  verificata  nol  <aw)  di  m  =  1;  m  =  2;  m  =  3,  ec.  giudicherebbe  per 
induzione.   Noa  conviene  dunque  aervirsi  di  queato  metodo  che  in  mancanta  di  un  piii  esatto." 

'  Art.  "M^ode"  in  A.  8.  de  Montferrier,  Didioimain  de*  adeneea  mathhHatique$  puret  et 
t^nHgiaes,  Vol.  2,  Paris,  1836. 

•P.  Barlow,  LHciionary  of  Pure  and  Mixed  Maiheinalia,  London,  1814,  Art.  "Induction.'' 

*  J.  Mitchell,  DjdioiMry  qf  ih»  JfoMematfeaf  and  PkuM  Sekneut  Loodoa,  1823,  Art. 
"Induction." 

•A.  G.  IQbtner,  DiiMiiaMonn  MaOvma^  tt  PkutietK,  Altenburgi,  (1771),  p.  3. 
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the  powers  of  roots.  G.  S.  Kliigel'  m  his  dictionary  refers  to  the  demonstrative 
wealcneas  of  WaUis's  Induction,  then  explaina  Jakob  Bernoulli's  proof  from  n 
to  n  +  1,  1)ut  gives  it  no  name.  In  England,  Thomas  Simpson*  uses  the  « to 
n  +  1  proof  without  designating  it  by  a  name,  as  does  mudi  later  also  George 

Boole.' 

A  special  name  was  first  given  by  English  writers  in  the  early  part  of  the 
nineteenth  century.  George  Peacock,  in  his  Tttaltm  on  Algebra,  Cambridge, 
1830,  under  pmnutations  and  combinations,  speaks  (page  201)  of  a  "law  of 
formation  extended  by  induction  to  any  number,"  using  "induction,*'  as  yet 

in  the  sense  of  "divination."  Later  he  explains  the  argument  from  n  to  n  +  1 
and  calls  it  "demonstrative  induction"  (page  203).  We  suspect  that  Peacock 
prepared  this  chapter  when  he  was  under  the  influence  of  Jakob  Bernoulli;  he 
hunself  acknowledges  indebtedness  to  German  writers. 

The  next  publication  is  one  i)f  vital  importance  in  the  fixing  of  names:  it  is 
Augustus  De  Morgan's  article  "Induction  ( Mi't}>ematics) "  in  the  Penny  Cyclo" 
pedin,  T/Ondon,  IS-SS.  He  suggests  a  new  name,  namely  "successive  induction." 
but  at  the  end  of  the  article  he  uses  iucidentaliy  the  term  "mathematical  induc- 
tion." This  is  the  earliest  use  of  this  name  that  we  have  seen.  Peacock's  and 
De  Morgan's  designations  were  adopted  and  ]>oi)uIarized  by  Isaac  Todhunter,* 
who,  in  introducing  the  reader  to  this  method  of  proof,  used  both  names,  "mathe- 
matical induction"  and  "demonstrative  induction,"  but  in  the  chapter-heading 
used  only  the  former.  Both  names  are  used  by  Jevons*  and  Joseph  Fickliu* 
while  other  popular  textbook  writers,  for  instance  H.  S.  Hall  and  S.  R.  Knight,^ 
W.  S.  Aldis,^  G.  Chrystal,"  use  only  "mathematical  induction."  The  term 
"demonstrative  induction"  has  become  obsolete. 

In  the  United  States  the  proof  from  n  to  n  +  1  \v;is  at  first  used  without 
assigning  it  a  name;  for  instance,  by  Benjamin  Grecnieaf,^''  Charles  Davies," 
»nd  G«  A.  Wentworth.**  As  we  have  seen,  Ficklin  of  the  University  of  Missouri 
used  the  designation  "mathematical  induction"  in  1874;  he  expresses  his  in- 
debtedness to  Todhunter  in  the  exposition  of  the  method.  The  term  is  used  also 
by  G.  A.  Wentworth  in  his  Elements  of  Algebra  (complete  edition),  Boston,  1884 
(Preface,  1661),  p.  343.  But  not  until  the  twentieth  century  did  American 
textbooks  in  algebra  regularly  introduce  the  name. 

On  the  European  continent  the  name  "mathematical  induction"  is  used,  but 

t  MdimMtMm  irMerbueft,  Erete  Abtheilnnf,  Vol.  I,  Lei|Mi|&  1808,  pTsOs! 

•  T.  Simpsinn,  Trmtisr  of  Algebra,  Lomlon,  17.55,  p.  20.5. 

•  Calculus  of  Fnulc  Differences,  ed.  J.  1 .  .Moullon,  Loudon,  1S80,  p.  12. 

*  I.  Todhun(«r,  Algebra,  4th  ed.,  Cambridge,  1866,  p.  280. 

*  W.  S.  Jevons,  Elementary  Lessons  in  LogiCf  LoniUm  &  New  York,  1882,  p.  220. 
•J.  Ficklin,  ComjAeie  Algebra,  1874,  p.  299. 

^  Hall  A  Knight,  Algebra,  ed.  by  F.  L.  Scveno:ik,  \ew  York,  1888,  p.  343. 
»  W.  8.  Aldis,  Texlbook  of  Algebra,  Oxford,  1887,  p.  253. 
*0.  ChiyBtol,  Alffebra,  Part  II,  p.  2. 

"B.  CSroenleaf,  New  Higher  Maehra,  Boston,  1866,  p.  282. 

"J.  E.  Worrc«ter,  Dictionary  of  Uie  English  Language,  Buaton,  1860,  under  "Induction." 
See  also  Daviea'ts  Bourdon's  Algebra,  New  York  and  Chicago,  1871,  p.  68. 
»  G.  A.  Weatworth,  CoU<ve  Algktra,  1902,  p.  222. 
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is  uncommon.  The  usual  German  expression  is  '* vollstandlgc  Tiuluktion."  In 
criticism  of  this  term  Federigo  Knriques'  says:  "We  should  not  confound 
mathemaiieal  induciion,  namely  the  argument  from  n  to  n  +  1  -  *  with  the 
eompleU  indue^cn  of  Aristotle."  In  this  AriatoteliBii  sense  the  term  "yoU- 
standige  Induktion"  is  used  in  1840  in  the  article  "Induction"  in  Ersch  and 
Gruber's  Encyklnpfidie,  where  we  find  the  example:  If  two  sides  are  found  to  be 
greater  than  the  third  side  in  plane  triangles  with  a  right  angle,  and  with  an 
obtuse  angle,  and  also  with  only  acute  angles,  and  this  inequality  is  shown  to 
be  true  likewise  of  E^herical  triangles,  then  the  inequality  can  be  asserted  to  be 
true  of  a2I  triangles.  Here  a  "voUstandige  Induktion"  is  quite  diffcroit  from 
the  argument  from  n  to  n  -f  1.  The  use  of  the  same  name  for  two  diflferent  types 
of  induction  is  objectionable.  The  name  " voUstandige  Induktion"  was  used 
by  R.  Dedekind  in  his  iVas  nnd  und  teas  ioUen  di$  Zahkn,  1887,  §§  59  and  80. 
Through  him  the  method  recdived  great  emphasis  in  Germany.*  The  English 
equivalent  of  vollst&ndige  Induktion/'  namely,  "complete  induction,"  is  seldom 
used.'  According  to  A.  Haas*  the  designation  "hohere  Induktion"  is  also 
employed.  Poincarg,  in  his  Science  et  Hypothhe,  does  not  restrict  himself  to 
any  one  name,  but  is  partial  to  the  phrases  "demonstration  par  recurrenoe," 
"nusonnement  par  recurrence." 

MliiCELLANEA, 
By  AVBSEV  J.  EEMFNER,  Uolvmitr  of  Bliao^ 

$  I.  COKCEBMINO  GbEATEST  AND  LeAST  AbBOLDTB  VALtlXS 
OF  Akalttig  FUNCnONB. 
The  following  theorems  are  known: 

la.  If  f(js)  is  an  anal>'tic  (single-valued)  function  of  the  complex  variable 
2=3*  +  iy,  regular  in  the  interior  and  on  the  boundary  of  a  circle  C  about  a 
point  o  of  the  complex  plane  as  center,  then  '/(a) '  ;^  Jf ,  where  M  is  the  largest 
value  which  \f{z)  |  assumes  on  the  boundary  of  C. 

16.  Under  the  same  conditions  for/(s),  |/(c)  |  £  M,  where  e  is  any  interior 
point  of  the  circle  C.^ 

Ic.  In  16  the  circular  region  may  he  replaced  by  a  region  S,  not  necessarily 
simply  connected,  but  the  boundary  of  which  we  shall  assume,  in  this  as  in  the 

'F.  Enriques,  Principlet  of  Science,  transl.  by  K.  lloyro,  OiicrtiKo  and  Ixindon,  1914,  p.  133. 

»  An  excellent  article  in  the  English  language  ou  'MatlRinatical  ludmrtion"  is  that  by  C.  J. 
Ke>'9cr  in  the  Americana. 

'See,  however,  W.  H.  Buney,  "The  Origiii  of  Matbejnatkol  Induction,"  Am.  Math. 
Mommy,  VoL  U,  1917,  p.  IM. 

*  A.  Biutf  LdabuA  Hbtr  4m  bhurnkthen  vni  po^^Mfnudkm  LOnaU,  BrenMrhsven,  1906^ 

p.  6. 

*  For  la  and  16  compare,  amonB  others :  Fou6t,  Lt(ont  tur  la  thiorie  des  foncliom  analyiiques, 
1910,  Vol.  II,  p.  79;  Opgood,  ZdMuch  der  FtaMonevthf^nf,  1912,  Vol.  I,  p.  300;  VivanU- 
Gutsmer,  Thtcrit  <2er  eimituiHtm  amdyliadien  FunkHanen,  lUiiti,  p.  SI. 
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following  theorems,  to  consist  of  a  finite  number  of  "regular"  arcs  of  curves.^ 
For  any  intcaricnr  pcnnt  e  we  shall  agam  h»ve  |/(c)  J  ^  M,  where  M  U  the  Ingfat 
value  which  |/(«)  |  assumes  on  the  boundary  of  S, 

In  la,  16,  le,  the  dgnof  equality  Iiolda  only  when /(z)  =  const. 

Of  the  three  theorems,  the  hist  two  follow  immediately  from  the  first,  because 
it  would  otljerwi:>e  be  possible  to  select  an  interior  point  of  the  region  where 
\f{z)  1  assumes  its  largest  value  and  to  consider  a  small  circle  about  this  point 
as  center,  thua  leading  to  a  contradiction  of  la. 

Corollary.  If  the  absolute  value  of  a  single-valued  analytic  function  f{z) 
is  regiihir  along  the  whole  boundary  of  a  region  5,  and  if  it  is  possible  to  find 
in  the  iiit<'riur  of  6'  any  j^oint  for  which  [/(z)  |  exceeds  the  largest  value  of  1/(2)  | 
along  the  boundary,  /(z)  must  have  at  least  one  singular  point  in  the  interior. 

It  is  well  known  that  la,  Ih,  le  also  hold  when  in  the  theorems  |/(2)  |  is  re- 
placed by  the  real  part  it  or  by  the  imaginary  part «  of 

/(z)  =  Six  +  iy)  =  ti{x,  y)  +  i-v{x,  y)? 

As  a  direct  consequence  of  \a,  we  also  mention  the  frdlnwint^  theorem,  which 
is  of  great  importance  in  many  uuHlern  investigations  in  lunutjun  theory: 

Let  C(ri),  C(f^),  •  •  C(r»)  denote  concentric  circles  about  the  point  s  «■  0 
of  radii  ri  <  rt  <  •  •  •  <  r„,  respectively,  and  such  that  the  single-valued  analytic 
function /(z)  is  regular  in  the  interior  and  on  the  boundary  of  r'(r„);  let  3/(r,,) 
denote  the  largest  value  which  !/(::)  |  assumes  on  the  boundary  of  fir.);  then 
iV(ri)  ^  ^li/t)  =  •••  =  M{rn)  (no  signs  of  equality  to  be  admitted  unless 
f(z)  3  const.),  and  by  a  limiting  process  it  is  shown  that  Mir),  considered  as  a 
function  of  tiie  continuously  increasing  radius  r,  is  a  monotone  increasing 
function.' 

Some  further  consequences  of  Ta  are  developed  in  this  note.  They  are 
such  obvious  extensions  that  they  must  have  occurred  to  many  mathematicians, 
but  (with  the  exception  of  II)  I  do  not  recall  seeing  them  in  print.  However, 
no  thorough  study  of  the  literature  was  attempted. 

II.  Assume  f(z)  single-valued  and  regular  in  the  interior  of  a  re^on  8  and 
on  the  boundary,  and  let  to  >  0  be  the  smallest  value  which  \f(:)  |  assumes  on 
the  boundary.  The  existence  of  a  point  c  in  the  interior  of  S  su<'li  that  |/(c)  |  <  m 
constitutes  a  neces:iary  and  sufiicient  condition  that  J\z)  have  at  least  one  zero 
in  the  interior  of  iS.^ 

Proof:  The  condition  is  of  course  neeestary.  We  still  have  to  show  that  in 
case /fr)  has  no  zero  in  iS,  'fh)\  assumes  for  some  point  of  the  boundary  a 
smaller  value  than  for  any  interior  point.   This  is  proved  by  applying  Ic  to  the 

'For  <he  definition  nf  "regular  arc" — "rcguliircf  BoErnstfii  k" — s^fc  Osco<k1,  !ih\  ril.,  p.  fjl. 
'See  for  Ic  Osgocwi,  Uic.  cil.,  p.  622;  Burkhardt,  Emjuhruhg  in  dm  'I'hemu;  dir  armhjUschtn 
FvnJctioncn  .  .  .,  1908,  p.  125,  aud  maoy  others. 

*  Vivanti-Gutzmor,  ioc.  dL,  p.  81;  fou6t,  loc.  eU.,  p.  78;  Borel,  Lefon*  «ur  (e«  foncliont 
entihri,  1900,  p.  107;  BlumeDtlul,  Prineipea  de  la  (Marie  dee  foneUoM  .  .  .  £«rin  itifini,  IDIO, 
p.  5;  aiui  mlicrr-'. 

*  Fouftt,  loc.  cU.,  p.  79  Ostated  for  a  circular  region;. 
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function  (p(z)  =  IJiz);  since /(z)  has  no  zero  in  S  or  on  tlie  boundary,  (p{z)  is 
regular  in  S  and  on  the  boundary,  and  assumes  its  largett,  [fiz)[  its 

tmaUegt,  value,  for  a  pdnt  on  the  boundary.  The  analogon  of  the  corollary 
given  above  is  obvious. 

So  far,  tlie  terms  "maximum  of  '/(z)!  "  and  "minimum  of  '/(::)  1  have  been 
avoided,  because  j/(2)  \  may  very  well  have  several  maxima  and  minima  as  z 
moves  along  the  boundary  of  8,  We  were  ctmoerned  only  vith  the  ''largest" 
value  of  1/(2) I >  the  "maximum  maximorum/'  and  the  "smallest"  value,  the 
"minimum  minimorum."  However,  by  applying  exactly  the  reasoning  applied 
above,  the  truth  of  the  following  theorem  is  seen,  which  comprises  Tr  and  II: 

III,  Asisuine  J\z)  regular  in  a  regiun  S  and  on  its  boundary,  lake  ike  z-plane 
as  the  horizontal  plane  of  a  system  of  rectangular  space  coSrdinatee,  and  erect  in 
each  point  z  of  S  and  its  boundary  a  perpendicular  of  length  [/(«)  | .  The  (con- 
Hnvous)  surface  generated  by  the  end  points  of  these  perpendiculars  has  no  maximum 
in  the  interior  qf  8,  and  where  it  has  a  mmitnum  in  the  mterior,  it  reaches  dawn  to 
the  z-plane. 

All  of  these  theorems  hold  also  for  branches  of  multiple- valued  analytic 
functions  under  proper  restrietions  for  the  region  S;  it  is  only  necessary  to 
stipulate  that  8  shall  be  a  closed  region  on  the  Hiemann  surface  belonging  to  the 
multiple-vahied  fuitctinn,  and  shall  not  contain  a  branch  point  of  tlie  Riemann 
surface  in  its  interior  or  on  its  boundary.  This  follows  from  the  fact  that  in 
such  a  region  the  corresponding  branch  of  the  multiple-valued  function  is  nothing 
but  an  ordinary  single-valued  analytic  function,  to  which  therefore  le  is  applicable. 

When  one  nmianberB:  (1)  that  df{z)ldz  =  f'{z)  is  an  analytic  function  of  2, 
regular  everywhere  where  the  single-valued  analj'tic  function  f{z)  is  regular, 
and  that  therefore  Ic  may  be  applied  to/' (2);  (2)  that  \J'{z)\  represents  the 
factor  of  magnification  at  every  point  of  the  conformal  mapping  of  a  region  in 
the  ae-plane  upon  the  corresponding  region  of  the  /(2)-plane,  we  obtain  the 
theorems  IV  and  V: 

IV,  For  a  region  S,  in  every  interior  and  boundary  point  of  which  the  sifu/lc- 
valued  annhjitc  function  f(::)  in  regular,  the  factor  of  mngnification  of  the  conformal 
mapping  of  tlie  region  H  upon  Hie  corresponding  region  of  the  f{z)-plane  has  its 
largest  talue  on  the  boundary;  or  His  constant  for  all  points  of  the  region  S,  and  the 
funtHon  ir    the  form  f{z) 

The  very  last  statonent  follows  from  the  fact  that  /'(x)  u  ccmstant  in  this 
case.  The  coefficient  a  moy  be  assumed  different  from  zero,  since /C~)  =  b  does 
not  yield  any  eoniormai  representatu n.  From  the  standpoint  of  conformal 
mapping, /(2)  =  z  is  the  simplest  function. 

V,  For  a  region  8,  in  everp  intmor  and  houndary  point  cf  which  the  single- 
valued  analytic  funciwn  f(z)  is  regular  and  has  iis  ieritaiuie  different  from  Txro, 
the  factor  of  magnification  has  its  smallest  tahie  on  the  houndary.  It  is  constant 
only  for  f(z)  =  02  +  6. 

Since  the  values  of  z,  for  which /'(z)  ==  0,  are  points  for  wliich  the  conformal 
repfeseutatiim  breaks  down,  we  may  cfmibine  IV  and  V  by  saying: 
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For  any  region  8  in  which  the  oonformal  representation  b  not  disturbed  for 
any  interior  or  boundary  point,  the  factor  of  magnification  has  its  largest  and 
also  its  smallest  value  for  points  on  tlie  boundary  of  S;  unless  the  function  be 
of  the  type  f(z)  =  az  -\r  b,  in  which  case  tlie  factor  of  magnification  is  constant. 

Any  picture  of  a  conformal  mapping  will  serve  to  illustrate  these  theorems. 

VI.  In  proving  la  or  16,  from  whidi  the  other  theorems  are  all  derived, 
use  is  always  made,  as  far  as  I  know,  of  the  analytic  character  of  the  function 
/(z).  That  the  analyticity  is,  in  a  certain  sense,  not  essential,  is  easily  established 
as  follows ' 

Assume  fiz)  to  be  a  function  of  the  complex  variable  z  =  x-^  iy  possessing 
the  properties: 

(1)  There  exists  In  the  x-plane  a  two-dimensional  region  8  for  which  f(z) 

is  single-valued  and  continuous; 

(2)  Every  circle  s  lying  entirpl  in  S  is  transformed  by/(2)  into  a  region  *' 
of  the  /(2)-piane,  so  that  interior  points  correspond  to  interior  points,  and 
boundary  points  to  boundary  points.  (In  case  overlapping  regions  g'  in  the 
/(s)-plane  are  admitted,  a  digfat  modification  in  the  statement  of  the  corre- 
spondence of  points  is  required,  to  avoid  ambiguity.) 

It  is  possible  in  various  ways  to  impo^^c  these  conditions  on  the  function 
without  making  it  analytic.  They  are  satisfied,  for  example,  in  the  whole  finite 
complex  plane,  by  /(x  -f-  iy)  —  ax-^  ijiy,  where  a  =^  are  two  real  numbers, 
different  from  soo;  this  function  represwts  stretching  along  the  z-«9ds  in  a 
certain  ratio  and  stretching  along  the  iHuds  in  a  different  ratio.  The  function  is 
not  analytic. 

After  having  chosen  a  region  ■*  in  the  z-plane,  assume  the  corresponding  s' 
mapped  in  the  /(2)-plane,  and  describe  in  the  /(2)-plane  the  circle  of  largest 
radius  about  the  origin  having  points  in  common  with  mark  this  point, 
which  we  denote  by  a  (m  one  of  these  points,  in  case  there  are  more  than  one), 
and  let  a  be  the  corresponding  point  in  s.  TUttk  a  is  a  point  on  the  boundary  of 
c*,  while  f«|  =  M,  the  distance  of  a  from  the  oripin  in  the/(2)-pkne,  is  the  largest 
value  attained  by  |/(2)  ]  for  any  point  z  lying  in  tlie  interior  or  on  the  boundary 
of  s.  Therefore,  at  least  for  a  region  in  the  z-plane  satisfying  (1)  and  (2),  lo  and 
16  hold  whether /(s)  Is  analytic  or  not. 

To  derive  the  corresponding  theorem  II  on  the  smallest  value  of  I/(s)|,  two 
cases  must  be  considered,  according  to  whether  s'  Contains  or  does  not  contain 

the  origin  of  the  /ic)-plane  as  an  interior  point. 

The  last  discussion  raiglit  equally  well  have  been  based  on  known  theorems 
of  two  real  functions  of  two  real  variables,  makijig  use,  fw  example,  of  a  theorem 
given  in  Osgood's  "LtMmch  der  Funktimenlheorie"  1912,  p.  71. 

The  theorems  on  the  real  and  imaginary  parts  u  and  v  of /(ar  -|-  ty)  =  tt  +  ts 
may  be  just  as  easily  derived  under  the  assumptions  (1)  and  (2). 

§  II.  CONCBSNINO  THE  SmALUSBT  ImTEOISR  IA/  DmSIBLE  BT  A  GiVEN  ImTEGEII  tt. 

In  connection  with  an  investigation  in  number  theory  the  solution  of  the 
following  problem  was  needed: 


Digitized  by  Google 


lUSCKUJkNEA. 


205 


T.  For  a  given  integer  n  to  find  the  smallest  integer  fi{n)  =  7it  such  that  m! 
is  divisible  by  n.  A  direct  method  of  determining  m  is  required,  by  which  all 
trials  are  eUminated. 

Tli;  ])i Mem  is  dosdy  related  to  the  problem  which  is  treated  in  many 
textbooks  of  elementary  number  theory: 

la.  For  a  given  integer  m  and  a  given  prime  jp  to  find  the  highest  power  of  p 
contained  as  a  factor  in  in!.^ 

The  simple  consideratioDS  leading  to  the  solutions  of  these  problems  are  of 
the  same  character,  in  the  two  cases,  but  the  formulae  vhidi  give  the  solution  of 
the  second  problem  do  not  yield  a  method  of  determining  without  trials  tlie  m 
of  the  first  problem  for  a  given  n,  even  when  n  is  restricted  to  be  of  the  form  p% 
p  a  prime. 

St^tioii  of  I.  All  letters  used  denote  positive  integers  or  zero.  Tot  several 
forms  of  n  the  solution  is  obvious. 

1.  m(1)  »  1;       -  «. 

2.  nip)  =  p,  p  a  prime. 

fx(p\-pt"  -  p^)  —  Pf,  when  pi  <  pi  <  -  "  <  ppOre  distinct  primes. 

4.  =  pa,  jor  p  prime  and  a  ^  p. 
The  solution  is  not  trivial  for 

5.  n  =  p'y  a  ^  p  (thus  including  2  and  4  as  special  cases). 

In  this  case  there  are  complications  for  the  following  reason.  Let 

m!  =  1*2"  •p'**(2p)*"(p*i>)"*((p+  l)i»)"'(2p'p)*"CP**P)*"«»» 

it  is  clear  that  every  pth.  number  contains  ^  as  a  factor;  but  at  the  same  time 
every  (p')th  number  contains  p  a  second  time  as  a  factor,  every  (p*}th  number 
contains  p*  as  a  factor,  and  so  on.  Denoting  by  [a/6]  the  greatest  integtf  k 
such  that  6ik  ^  0,  we  see  that  ml  contains  exactly  p  raised  to  the  power 

as  a  factor,  where  the  [mjp'']  are  intei^  deoeasii^  with  y  and  of  whidi  <Hily  a 
certain  number  are  different  from  zero. 

This  is  the  method  by  which  la  is  usually  proved. .  Taking  m  =  p',  a  any 
integer,  we  see  that       contains  exactly  the  power  j>'+'»*'*+- Therefore 

(a)  ^iCp'+'+J^-'+i^-*)  =  p-. 

The  truth  of  the  following  statement  will  be  obvious  after  writing  it  out 
for  a  special  case,  say  />  ==  5,  a  =  4,  ^  =  2: 

(h)  Let  g  be  any  positive  integer  or  zero,  and  a>  $>0,  p  any  prime; 
then  in  the  product 

*  Compare,  for  example,  L.  W.  Reid,  The  ElemenU  of  the  Thcori/  of  Algebraic  Nwnbert,  1910, 
p.  26,  or  R.  D.  Carmichael,  The  Theory  of  Xumbers,  1914,  p.  24. 

*The  notatioii         •  0  mod  has  puipoaely  been  avoided  througfaout. 
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(^'P*  +  1)  •  (i/-i>"  +  2) . .  •  ((/.;/  +  .(g.p'-^pf^^l) 

•••(ff-p'H-3p')  <g-i>^+p^2-3>'  +  1) 

+      ^  i'P^)-(s-p' +  P  —  l-2>^  +  l)'-'ig-p'+ 
each  one  of  the  |>  —  1  products  of     numbers  each 


contains  as  a  factor  exactly  the  same  power  of  p  as  docs  the  first  group,  that  is 
2^ while  the  last  frroup  of  j>  factors,  {g  p'-^-p—  l  /^^  +  l)  -- 
(iif'l''  +  jp*""')!  coiituius  the  factor  p-p^'**^'"*''^~\  on  account  of  the  p^  '  of  the 
last  factor. 

Any  positive  integer  may  be  written  in  the  form  Ci •  p*  +  02 •  p*"'  +  ••• 
p  +  C4+1,  where  for  each  c  :  0  S  <*  <  p.    It  is  clear  that  if  vi  is  to  be  the 

smallest  integer  for  which  ml  is  divisible  by  a  power  of    m  will  be  divisible  by  p. 

Therefore  m  may  be  written 

where 

oi  >  "2  >  ' '  •  >  a,  >  0 

and 

0  <  7*  <  p. 

Then 

m/  «  1  -2- . .  (7rp^)  •  (n-p""  +  1)  •  •  -(Trp^'  +  7*  •p*0  •  (7rp*'  +  7i  1) 

•  •  •(7i-P"  +  7i'P*'+  7«*P'')-  •  '(7l'P^  +  7i'P**+  •  •  •  +  7r-i-P*'^*+  1) 

'■'{yvp"  +  yfP"-\  h  7.->-p'''->+  7rp*'). 

In  1  •2- •  •  (7i  p'')  exactly  2>i'i(''^'"^'''+  *>  is  contained  as  a  factor;  in 
(7i  p"'+ IV        p*'  + 7a'p")  exactly  |,rit'+i'+^+-+*"*-'>  Js  contained,  and 

so  on;  finally,  in 

(7rP*'  +  *  *  •  +  7r-i'P*''-»  +!)•••  (7rP"*  +  1"  7r-i'P*'-*  +  7r"P*'') 

we  have  exactly  the  factor  pTrO+^**N^  • +ip"r-')^ 

Thnrefore  mt  contuns  exactly  p  raised  to  the  power 

i:7p(l  +  P  +  P* 4- + 

^Vl•  have  thus  obtained  (with  a  slight  change  in  notation)  the  following 
fornfUla  which  solves  5.,  provided  mc  can  always  write  the  given  exponent  a  in 
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vnth  all  y  taU^ying  0  <  y  <  p  and  fit  >  fit  >  •  *  •  >     ^  0 : 

We  must  next  examine  whether  an  integer  a  may  alwa.\s  be  written  in 
the  form  a  =  yi{l  +  1?  +  •  •  •  +  p*')  +  •  •  •  +  7r(l  +  i^'  +  ' ' '  +  p^')*  where 
A  >  >  " *. >  ^ 0  and  where  eaeh  y  satisfies:  0<y  <p.  It  wtU  be 
seen  that  there  are  exceptional  cases  to  be  taken  care  of.' 

Let 

oi-l  +  p,  «^  -  1 +  p  +  p*+ +p^, 

then  we  have  the  recurrence  rdation 

«H4  —  P"»p  +  li    «l  =  1. 

Assume  a»  £  a  <  a^u  then 

a  =  A-^^  +  f  „ 

where 

0  <     <  p, 

except  for  the  possible  combination  k,  =  p*  f,—  0.  Assume  for  the  moment 
>  0,  then  there  is  an  a«  such  that     £    <  a^u  and 

where 

0  <  kp^i  <  p, 

except  for  the  combination  —  p^  r,^^  =  0.  Continuing  in  this  fashion,  we 
see  that  for  every  integer  oc 

Of  =       +  P  H  +  p*0  H  +  %(!  -I-  p+      +  p*'), 

where  /3i  >  >  •  •  •  >  j8„  S  0,  but  0  <  7  <  p  only  with  the  restriction  that 
the  last  y  may  be  equal  to  p.  This  ^ception  arises  from  the  fact  that  while  for 
every  m!  a  certain  p^  exists  which  is  the  highest  power  of  p  contained  as  a  factor 
in  m!,  for  a  given  ^  there  may  not  exist  an  m  such  that  ml  is  divisible  by  p* 

and  hy  no  higher  power  of  p  (for  example  p  =  2,  a  =  6). 

To  show  that  our  method  of  determining  nip')  by  means  of  (c)  holds  also  in 
case  the  last  coefficient  7  is  equal  to  p,  we  proceed  as  follows: 

First  assume 

a  =  YiO  +  P  +      +  P*0  +  P(l  +  P+      +  P**-*) 

*  These  exccptiotud  cases  were  overlooked  by  J.  Neuberg,  Math«sis,  1887.  VoL  VII,  p.  68. 
But  for  them,  our  praUem  would  be  «olved  in  »  veiy  few  linea  from  the  known  methods  of  eolv- 
ing  problem  la. 
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or 

«+ 1  »  (71 +1)(1  +  P+"- 

assuming  fur  the  iaomeii,t  fi  +  Kp,  This  increases  a  by  om  unit,  but  we 

shall  show  that 

Clearly  m(P"*"0  =  (7i  +  1)  and  [(71  +  1)  .p^>-*-i]/contHins  rxactly  tlie  factor 

p**"*.  Now  let  mi  be  the  smallest  number  such  that  mi!  has  the  factor  p*;  then 
wii  =  mCp""*"')  because  if  we  omit  the  last  factor  of  [/x(p*^^)]/,  that  is  (71  +  1)  -p^'+^j 
the  expooeat  of  the  highest  power  of  p  contained  as  a  factor  in  the  product  is 
reduced  by  jdi  +  1  ^  2  units  at  least.  It  is  easy  to  see  that  if  a  contains  terms 
preceding  71(1  p  -f  . . .  4.  p^^)  the  argument  holds  unchanged,  on  account  of 
the  statement  (h). 

We  must  still  free  ourselves  from  the  assumption  71  +  1  <  p.  But  when 
+  1  ^  Pi  our  new  last  coeffident  is  equal  to  p  and  we  may  repeat  the  process 
just  indicated;  the  original  a  is  now  increased  to  a  +  2,  but  still  jnCp***)  =  m(p')- 

An  example  will  suffice  to  illustrate  conditions:  Take  p  =  3,  a  =  37.  We 
have  37  =  2-(l  +  3+^4-  2-(l  +  3)  +  3-1:  replace  this  by  2  (1  +  3  +  9) 
+  3  (1 +  3)  =  38;  and  again  by  3  (1  +  3  +  9)  =  39j  and  finally  by 
I'd  +  3+9  +  27)  -  40.  Then  (1-3')/  =  (SI)/  is  the  smaUest  number  m! 
containing  3*'  as  a  factor. 

It  contains  also  3"  as  a  factor,  since  /*(3"')  -  |»(3")  =  =  ^(3**)  ■»  81, 
as  can  be  immerliately  verified. 

However,  since  the  relation 

tt-Ti(i+p+  •••+p'o+p-a+p+ 

when  treated  as  if  the  rule  given  by  (c)  still  held  although  73  =  j),  will  give  us 
.yi.|)*rH  ^  p.j^i  —  (^_|_  i).|)'rM^  tiuit  is,  the  Same  value  which  we  get  by 
applying  (c)  to  a  +1  =  (in  +        +  p  +  •  •  •  +  p**)?       sli^U  li*ve  the 

theorem : 

Theorem:  Assume  a  written  in  thejorm 
«  -  iri(l  +  P  H  h  p'*)  +  TiCl  +  P  H  h  P**)  -I  

+  7.(1  +  P+  •••  +  2>'')- 

tohere  0i>  02>  ■  •  >  &,^0,  0<y,<p  for  p  =  1,  2,  •  •  y  -  1,  but 
OKy^^p.  Then 

•  71*  P***"*  +  in        +  •  •  •  +  Yi-'P'"^* 

«  (p  —!)•«+  (7i  +  7i  +•••  +  y^). 

The  very  last  equality  is  verified  immediately  by  substituting  for  a  the  expres> 
sion  given  in  the  theorem. 


Digitized  by  Google 


IIISCELLAKEA.  209 

Example:  p*  —  6***, 

a  «  1.(1  +  5+  .••  +  6*)  +  l'(l  +  5  +  «»+5^  +  5.(l  +  5  +  5»). 

m(5»««)  =  1.5*  +  1-5*+  5-5^  -  4.1092  +  (1  +  1  +  5)  «  4376. 

It  may  be  left  to  the  reader  to  show  that  the  last  theorem  is  equivalent  to 
the  following 

Rule:  To  find  mCp^)}  /orm  a  Mqumee  cf  numbers  dy  meana  «f  ike  reeurrenee 
formula 

Agsume  a^tSetK  a^  and  earrp  out  ihe  foUowing  dmeione  untU  we  meet  a  re* 
mainderwero: 

-a,   +  r„  ,      0  <       <  a,  , 
r,  =  frr.t*ar.i  +  r^-i,      0  <      <  a,-ii 


Then 

This  should  he  cnmpared  with  the  following  rule  for  solving  problem  la  (see 
Carmichael,  loc.  cit.,  p.  26) : 

To  find  the  highest  power  |y*  of  a  prime  p  oontaiiwd  in  m!,  write  m  in  the  form 
m  —  fi'f^  +  5i'P**+  •  • '  +  9t'P^t  0,  all  q  satisfying 

0<q<pi  then  • 

TO  —  (9i  +  92  +  •  *  •  +  Vt) 
y-  1 

ai-  1;  01=  3  ax+  1  =  4;  a,  =  3  a,  +  1  =  13;  04=  3-o,+  1  =  40; 
as  -  3-04+  1  ->  121;  a«  =  3-as+  1     364;  a,  »  3-ag  +  1  -  1093, 

and 

«  =  2-0,  +  272,  272  =  2  as  +  30,  30  =  2-o,  +  4,  4  =  1-0|. 

Hence 

m(3»«*)  -  2-1000+  (2  +  2  +  2+  1)  -  2007. 
Example  2:  p*  =  6>***. 

oi  =  1;  cia  =  6;  C|  =  31;  04  =  156;  =  7S1;  ae  =  3906;. a?  =  19531;  as  =  97651. 
Then 

100000  =  1-97651  +  2349,  2349  =  3-781  +      6  =  1-6; 
j^(5iooooo)  ^  4.10(KJ00  +  (1  +  3  +  1)  -  4U000o. 

6.  n  ^  pi'^-pt""  'p/v  where  <A«  p'«  are  distinet  primes.   (General  case.) 
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This  case  mliucs  iinmcdiately  tn  5.,  Hecaiise  if  m!  contains  the  factors 

•  •  it  must  also  iiave  their  product  as  a  factor. 

Denoting  by  max  [nipi'^),  itipi*'),  mCp/")]  the  largest  of  the  numben 
m(Pi")>  •      M ^  have  the  theorem  (which  of  course  includes  3.  as  a 

special  case) : 

Theorem:  m(pi"  P2"-  •  p/")  =  max  (m(Pi")>  M(ft**)»  m(p/')1- 

Example:  n  =  3^  •  o^' •  1  li»  •  1 13. 

m(3^  =  2-3  =  6;  m(5'')  =  4  S»  +  5-5  =  125.  because  29  «  4(1  +  5)  +  5,1; 
Mdl**)  =  l-ll«  +  7.n«»  196,  because  19  =  1(1  +  11) +  7.1;  mCHS)  =  113, 

because  113  is  a  prime  number;  therefore  /iCS^-o-"- 11'*- 113)  =  198. 

Considering  n{v)  as  a  function  of  n,  one  sees  that  it  has,  like  most  number 
theoretic  functions,  a  very  irregular  behavior: 

n  -  1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 

M(fi)  -  1,2,3,4,6,3,7,4,6,  6,11,  4,13,  7,  5,  6,17,  6,19,  5,  7,11,23,  4. 


B(X)K  REVIEWS  AND  NOTICBS. 

Sexd  all  COMHDNICATIONS  ABOUT  BOOKS  TO  W.  H.  BussBY,  University  of  Minnesota. 

DescripHte  Gwmetry.   By  Ervin  Kenison  and  Harry  Cyri  s  BitADliT.  The 

Macminan  Company,  New  York,  1917.    x  -f  287  pages.  .S2.U0. 

Tile  hook  under  review  confines  itself  to  a  treatment  of  that  branch  of  tlescrip- 
tive  geometry  which  is  known  as  the  method  of  double  ortbograpliic  projection 
or  more  simply  as  the  Mongean  method. 

The  very  brief  introduction  which  precedes  Chapter  I  is  scarcdy  suffid^t 
to  give  the  reader  an  adequate  notion  of  the  ptirposes  and  nature  of  descriptive 
geometry.  Kxception  nii^rht  l)e  taken  to  the  statement:  "Its  operations  are  not 
strictly  mathematical. "  For,  a;?ide  from  the  more  or  less  precise  mechanical 
operation  involved  in  the  use  of  the  drawing  instrum^its,  the  methods  which 
descripti\e  <;eometry  continually  applies  are,  according  to  Loria,  only  such  as 
are  taught  by  the  old  Euclidean  geometry  and  the  modern  projective  geometry, 
and  its  processes  are  so  very  exact  that  it  is  eomparahle  with  algebra  and  analysis.* 

The  first  seventeen  chapters  are  concerned  principally  with  the  method  of 
representing  points,  lines,  and  planes  of  space,  and  of  solving,  by  means  of  plane 
constructions,  the  problems  of  space  which  involve  points,  lines,  and  planes. 
The  great  number  of  problems  which  have  been  solved  illustrate  the  more 
important  prorrsscs  of  tlie  Mon^tean  method  and  give  the  student  a  very  good 
notion  of  the  operations  of  this  method.  The  division  of  problems  into  chapters 
might  suggest  an  attempt  at  classification.  However,  no  explicit  statements 
have  been  made  which  would  lead  the  student  to  suspect  that  all  the  proUems 

•  See  Loria,  Vorksungtn  vber  DarsteUetuie  Geometric,  preface  to  Vol.  I. 
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which  arise  can  be  divided  into  a  few  groups  in  eacl^  of  which  the  solution  of  A 
few  fundamental  ones  is  sufficient  for  the  solution  of  all  the  probUms  of  the  group. 

In  these  chapters  there  are  a  few  inaccuracies  to  which  attention  should  be 
called.  Thus  in  Section  31  the  statement  is  made  under  case  (a)  that  there  is 
no  fine  in  space  to  correspond  to  two  lines  of  the  picture  plane  of  whidi  one  b 
perpendicular  to  the  ground  line.  That  this  statement  is  not  correct  can  easily 
be  seen  if  we  think  of  the  lines  ^4*  and  A'  of  Fig.  48  as  the  traces  of  planes  per- 
pendicular to  the  horizontal  and  vertical  planes  of  projection,  respectively. 
These  two  planes  surely  intersect  in  a  line,  and  this  is  the  line  represented  by  the 
given  projections  .4*  and  A".  Under  case  {b)  it  is  stated  that  there  is  no  line  in 
space  corresponding  to  two  lines  of  the  picture  plane  ^ch  are  perpendicular  to 
the  ground  line  at  different  points.  Kae,  again,  the  lines  B''  and  B'  of  Fig.  49 
mfiy  be  regarded  as  the  traces  of  planes  perpendicular  to  the  horizontal  and 
vertical  phines  of  projection,  respectively.  'J'hese  two  j)lane.s  arc  parallel  and 
hence  intersect  in  a  line  at  infinity.^  On  page  66  the  statement  is  made  that  a 
Straight  line  is  determined  when  one  of  its  points  and  its  direction  (such  as  parallel 
or  perpendic  ular  to  another  line)  are  known.  The  words  "or  perpendicular" 
should  be  omitted,  f(^r  through  a  point  an  infinite  numbw  of  lines  can  be  passed 
perpendicular  to  another  line. 

The  last  nine  chapters  deal  with  curves  and  surfaces,  tangent  planes  to 
surfaces!,  intersections  of  surfaces  by  planes,  and  intersections  of  surfaces.  The 
surfaces  considered  are  principally  cones,  cylinders,  spheres,  and  such  simple 
surfaces  of  revolution  as  the  torus.  The  problem  of  developing  cylinders  and 
cones  is  also  treated.  The  lack,  or  brevity,  of  definitions  in  these  chapters  makes 
impossible  a  clear  notion  of  some  of  the  terms  used.  For  instance,  no  definition 
is  given  of  a  tangent  line  to  a  curve,  or  of  a  tangent  line  to  a  surface.  Likewise, 
the  tonms  surface,  curved  surface,  double  curved  surface  are  used  without  being 
defined.  In  Section  163  the  statement  is  made  that  a  double  curved  surface  of 
revolution  is  formpfl  hy  the  revolution  of  any  curve  about  any  straight  line  as  an 
axis,  provided  the  resulting  surface  is  such  that  no  straight  line  can  be  drawn 
upon  it.  That  this  definition  contains  contradictions  is  evident  from  the  fact 
that  the  surface  obtuned  by  revolving  an  hyperbola  about  its  transverse  ans  is 
a  double  curved  surface  of  revolution,  and  yet  it  is  composed  of  two  one-parameter 
families  of  straight  lines.  To  the  reviewer  it  seems  that  the  statement  that  a 
general  developable  surface  is  composed  of  the  tangents  to  a  space  curve  is  much 
more  helpful  to  the  student  than  the  statement  made  in  Section  179  that  every 
two  consecutive  elements  lie  in  the  same  plane.  In  the  chapters  on  curves  and 
surfaces,  as  in  those  on  the  point,  line,  and  plane,  the  large  number  of  problems 
which  have  been  solved  give  the  student  a  very  good  notion  of  the  method  of 
procedure. 

In  addition  to  the  numerous  figures  giving  the  Mongean  solutions  of  the 
various  problems  considered,  the  authors  have  used  figures  which  they  call 
"pictorial  lepreswitataons,"  such  for  instance  as  Figs.  11,  17,  96.  They  are 

iForadiflcoflaionof  theaecaMS,aeeLaria,lbe.dl.,  Vol.  I,fleeti(m8. 
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intended  to  convey  to  the  mind  a  clearer  notion  of  the  space  relations  than  do 
the  Moiigean  pictures.  The  authors  have  not  attempted  to  explain  the  methods 
of  constructing  such  figures  and  there  can  be  no  objection  to  this  in  a  book  which 
concerns  itself  primarily  with  the  Mongean  method.  However,  vack  pietuies, 
when  used,  shoidd  be  pfopeiiy  drawn.  In  Fig.  06,  lor  instance,  the  ellipses 
representing  the  circles  should  not  have  their  principal  axes  horizontal  and 
vertical,  and  the  lines  re*  and  bh"  should  be  tangent  to  the  upper  ellipse  and  would 
be  if  that  ellipse  were  properly  drawn.  The  same  remarks  apply  to  the  lower 
ellipse  and  to  certain  other  fig:ures. 

WlC.  H.  ROBVBB. 

Wabhinotok  UmvxBBiTr,  fir.  Louis. 

FUm  and  Spherical  Trigonometry,  with  faUw.  By  6.  N.  Bavbr  and  W.  E. 
Brooke.  Second  Revised  Edition.  D.  C.  Heath  and  Co.,  Boston,  1917. 

xi  +  174  +  V  +  139  pages. 

A  writer  of  textbooks  may  approach  trigonometry  from  two  different  stand- 
points; he  may  wish  to  give  merely  the  formulas  and  processes  needed  in  the 
solution  of  triangles,  or  be  may  regard  trigonometry  as  a  chapter  of  mathematics 
dealing  with  a  certain  wdMefined  dass  of  functions  ndioae  nae  in  solving  triangles 
is  inddental.  If  in  American  collqi^s  we  could  separate  our  engineering  students 
from  the  specialists  in  mathematics,  two  different  types  of  textbook  could  be 
devised  to  meet  these  two  tendencies;  this  being  as  a  rule  impossible,  an  attempt 
must  be  made  to  meet  i)oth  requirements  at  once.  A  glance  at  recent  texts 
shows  that  we  have  apparently  arrived  at  a  sort  of  standard  in  the  choice  of  subject 
matter;  to  summarise  briefly,  an  acceptable  textbook  on  trigonome^  should 
contun,  it  would  seem,  the  following  topics: 

(a)  Tht  deBnitions  and  elementary  relations  of  the  six  functions; 

(6)  The  addition-formulas  and  factor^formulas  for  dianj^  sums  of  rines  or 

rfi'-ines  into  products; 

(c)  The  formulas  for  2.r  and  .r  2,  (ir  even  3.r,  hut  with  no  reference  to  wider 

formulas  of  which  these  might  be  the  simplest  cases; 

(d)  The  graphs  of  the  functions,  either  in  a  separate  chapter  or  throughout; 

(e)  The  treat nu  nt  of  trigonometric  equations,  at  least  among  the  exerdses,  and 

pr('ferai)ly  with  ample  use  of  graphic  inetliods; 
(/)  The  application  of  furuiulas  to  the  solution  of  plane  and  spherical  triangles. 
Besides  these  absolute  essentials,  we  usually  find  chapters  on 

(g)  The  inverse  functions; 

(h)  De  Moivre's  Theorem,  and  its  simpler  consequences;  such  as  for  instance 

the  formulas  for  sin  (no;),  and  the  definitions  of  the  hyperbolic  functions, 
with  their  graphs  perhaps. 

Since  trigonometry  is  usually  a  34iour  branch  for  one  semester,  these  matters 
can  not  be  handled  satisfactorily  to  any  extent;  a  choice  must  be  made,  and 
here  is  where  tJie  difference  in  textboolcs  comes  in. 
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Our  present  text,  under  (a),  (Jcfiiies  the  G  funrtions  once  aud  for  all  by  means 
of  the  coordiuatcs  of  the  endpoint  P  of  a  rotating  line-segment  pivoted  at  the 
origin;  the  fint  50  pages  develop  this  topic  splendidly,  after  which  5  more  pages 
are  g^ven  to  the  line-values  of  the  functions  in  connection  with  a  unit  cirde. 
The  exercises  are  well  selected;  nothing  but  praise  can  be  bestowed  upon  this 
treatment  (Chap.  1-5). 

Concerning  (6),  we  find  the  addition-formulas  pro\  ed  by  the  trick  device 


and  we  are  moved  to  enter  a  mild  protest;  such  a  proof  is  of  no  value  to  the 
student.  There  are  many  ways  of  proving  this  relation  without  having  recourse 
to  such  artificial  transformations.  In  extending  the  formula  to  angles  beyond 
90^,  the  authors  have  followed  the  usual  plan  of  first  putting 


and  then,  in  the  expansion,  replacing  cos  ar  by  sin  (90°  -\-  x),  etc.  The  exer^i«PH 
include  the  formulas  for  the  functions  of  3a;.  The  reduction  of  sin  {nixj  cos  i^7cx) 
and  similar  forms  to  a  sum  of  sines  or  cosines  is  mentioned  briefly,  but  deariy< 
The  cases  of  trigonometric  equations  which  are  piesented  for  solution  are  to  be 

found  here  and  there  scattered  among  the  other  exercises;  they  are  sufficient  in 
number  and  variety,  perhaps;  Hut  would  it  not  have  been  better  to  concentrate 
this  entire  matter  in  one  chapter,  with  more  explanation,  aud  with  emphasis  on 
graphical  methods? 

Speaking  of  graphs,  our  authors  have  conceded  to  them  the  utmost  minimum 
of  iqiace  and  importance;  out  of  125  pages  devoted  to  plane  trigonometry',  only 

two  pages  are  assigned  to  the  graphs  of  the  functions,  with  a  grand  total  of  six 
examples  to  be  used  as  material  for  exercises  I  Surely  this  procedure  is  open  to 
grave  criticism  and  is  counter  to  the  spirit  of  the  times.  Skillful  handling  of 
equations  necessarily  demands  graphic  methods;  and  when  we  reflect  that  popular 
magazines  nowadays  are  furnishing  plans  and  diagrams  for  home-made  harmonic- 
motion  machines,  when  we  think  of  alternating  currents  with  their  trigonometric 
equations,  or  when  we  consider  the  solution  of  mixed  equationsi  like  —  1 
-h  2  sin  a:  =  0,  we  cua  only  wonder  why  the  authors  have  practically  excluded 
graphic  methods  from  their  text.  Where  shall  we  find  a  treatment  of  trigonometric 
graphs  if  not  in  a  trigonotuctry?  This  omissiott  gives  the  book  an  old-fashioned 
appearance,  and  might  prejudice  a  casual  reader  at  tlic  first  glance.  In  this 
connection  we  may  note  that  the  unshaded,  light-line  diagrams  used  on  pp.  128, 
135  in  illustration  of  spherical  triangles  are  unsatisfactory  to  the  eye  through 
want  of  perspective. 

The  treatmoit  of  spherical  triangles  b  adeqwte  for  piaetieal  purposes;  the 
only  area-formula  mentioned  is  the  one  employing  the  angles  as  such,  and  no 
allusion  is  made  to  the  existence  of  sine  or  tangent  formulas  ff)r  the  area.  Here 
and  elsewhere  the  authors  have  not  realized  how  the  dry  and  didactic  tone  can 


sin  (x  H-  y) 


BQ  +  RP  _  BQ  OQ    RP  QP 
OF     ~  OqOP^  QP  OP' 


sin  (ar  4-  ?/  +  90**)  =  cos  (x  +  y), 
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be  relieved  and  how  the  student's  horizon  can  be  idened  by  occasional  references 
to  other  methods  and  fonuulas,  as  well  as  by  slight  historical  ezcurmoiis  now  and 
then.  The  presentation  of  the  triangle^olutions,  both  plane  and  sph«rtcal,  is 
carried  out  well ;  the  pupil  Avill  learn  how  to  conduct  his  work  neatly  and  eoonom- 
ically  by  stud\ing  the  typical  solutions  of  the  text. 

So  much  for  the  essential  contents  of  this  little  volume.  A  rather  advanced 
chapter  on  inverse  notation  and  functions  b  inserted  immediately  after  the 
addittcMi-formulas;  the  average  student  will  not  master  this,  but  it  is  there  if 
needed.  The  chapter  on  De  Moivie's  the(«em  concerns  itself  chiefly  with  the 
nth  roots  of  unity  and  of  complex  nTJmbers  generally,  and  with  the  development 
of  the  sine  and  cosine  series;  these  are  found  by  first  getting  sin  {tu)  from 
De  Moivre's  theorem,  putting  luc  —  y,  and  then  keeping  y  constant  while  x 
approaches  zero.  There  is  ample  authority  for  this  method;  but  will  it  make  an 
appeal  to  the  beginner?  The  matter  of  roots  bdongs  rather  to  algebra;  a  more 
trigonnmctric  use  nf  the  theorem  might  no  doubt  have  been  made  by  developing 
the  formulas  given  in  Chrystul's  Algebra,  Vol.  2,  pp.  276-278,  which  aie  moreover 
of  great  importance  in  trigonometric  integration. 

The  tables  at  the  end  give  the  natural  functions  to  3  and  then  to  4  places; 
and  their  bgarithms,  as  also  those  of  the  natural  numbers,  to  3, 4,  and  5  places 
in  succ^sion.  All  these  are  very  clear  and  legible,  with  the  exception  of  Talde 
IX;  here  tlie  rohjmns  of  difTerence-numbers  are  placed  in  between  the  vertical 
columns  for  sine,  cosine,  and  tangent,  and  moreover  they  are  placed  halfway 
between  the  logarithmic  numbers.  Since  there  are  no  horizontal  or  vertical 
guidelines  to  lead  the  eye,  a  ngsag  effect  is  produced  which  is  very  annoying  to  . 
one*s  eyesight  and  patience.  This  ought  to  be  corrected  when  the  time  comes 
for  another  edition. 

A.  F.  Fbuuveuueb. 

BOOK  NOTICES. 

It  is  now  rather  usual  for  a  textbook  on  "Analytic  (ieometry"  to  contain 
a  chapter  on  "  Empirical  Equations.  "  The  new  Analytic  Geometry  just  pubUshed 
by  Edwin  S.  Crawley  and  Henry  B.  Evans  of  tlie  University  of  Pennsylvania 
is  no  exception.  It  contains  such  a  chapter  of  fourteen  pages.  This  is  about  the 
usual  length. 

A  more  extensive  treatment  of  the  subject  of  empirical  equations  is  to  be 
found  in  the  book  entitled  Empirical  Formulas  by  Theodore  R.  Running,  associate 
professor  of  mathonatics  in  the  University  of  Michigan,  recently  published  by 
John  Wiley  and  Sons  as  No.  19  of  the  series  of  Mathematical  Monographs 

edited  by  Mansfield  Merriman  and  Robert  S.  Woodward. 

Doctors'  theses  which  are  not  printed  in  mathematical  periodicals  are  likely 
to  be  overlooked  by  some  who  would  be  interested  in  them.  Tu<»  sudi  theses 
submitted  to  the  faculty  of  the  Catholic  University  of  America  Ijave  recently 
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been  printed  in  pamphlet  form  at  Washington,  D.  C.  They  are:  "On  the 
cue^BttdB  fulfilling  certain  assigned  conditbns"  (44  pages)  by  Sister  Maty 
Gervase,  and  "Ob  the  iii-«iid-circaiiiacribed  triangles  of  the  plane  rationiU 
qiiaitic  curve"  (31  pages)  by  Joseph  Ndson  Rice. 


PROBLEMS  FOR  SOLUTION. 
Smm  iu  ooinnnacAtnnw  Aamrr  Moauua  akd  soiiQtiomb  to  B.  F.  FmsxL,  Spriiig6ield»  Mo. 
2M*  Pir«9«a«dbf  MMW&MOiUtlhilfvri^ef  WlwMwin. 

Show  that  if  ot^''  denotes  the  kth  term  of  an  ar'ithmr>tic  progression  of  order  r,  and  ct  dfinotn 
the  kth  binomial  coefficient  in  the  expansion  of  (a  —  6)",  n  being  a  positive  integer, 

•+1 

*m  X  C!tfft('>    0,     if     n  >  r. 
»->i 

2700.  Proposed  by  AKTKMA8  MAKTIN,  Washington,  D.  C 

bafaet(ny250inieiiare|i«idanavenige  wageof  flScadiperiraek.  The  men  m  paid  un- 
equally, the  wages  being  120,  $16,  $10  and  $S  per  week|  raipectively,  f or  diSemit  ckMMB  of  WOlk. 

How  many  are  employed  at  each  rate  of  paj  ? 

Note.  I  am  told  that  this  question  was  set  in  a  Civil  Service  Enuninatkm  Paper  to  bo 
worked  by  Arithmetic.  2JBM  answers  have  been  found.  Are  there  any  more? 

2701.  Fkopooed  by  EOWAKO  H.  WQmBmcmH.1JiN«nll7orF0MM^v«nUk 

Fbd  the  nun  of  the  infinite  eniea 

1.1-2    ,  1-2-3.  .        ,  n!  .  . 

 r  M  ■  rX^...^.  r"^  +  .  •  • . 

Verify  your  result  f or  r  »■  0  and  r  «■  1. 

2702.  Proposed  by  N.  P.  PAXnTA,  Sojitra,  India. 

A  conic  of  variable  eccentricity  haa  a  focus  and  corresponding  directrix  fixed.  The  latus 
feetum  oittt)  a  fixed  civde  in  A'  and  B*,  If  A  be  the  vertex  of  the  comk^  find  Che  locna  of  the 
eentKxd  of  the  triangle  AA'W. 

27M.  lYopoaed  b7  s.  a.  oounr,  AlUa,  Iowa. 

Let  A\,  Ai,  At,  A\,  and  —  f.l  i  +  -4  s  -f  .4 1  +  ,1 ,)  he  the  vector  sides  of  a  pentagon,  plant'  or 
gauche.  Let  i^t,  B\y  Jit,  Bt,  aiid  —  ^/^i  +  +  i^i  +  Bt)  be  the  sides  of  a  second  pentagon, 
wbm 

Bi  -  (Ci  +  f:  .li  +  (c,  -  Ci)A», 

Bi  =  (c«  4-  ci)Ai  +  (ci  -  Ci)Ai, 
B»  =  (cj  +  c,)Ai  +  (c,  -  c,)Ai, 
Bt  =  (c»  +  c^A,  +  (ci  -  c^Ai, 

Ci,  Ct,  Ct,  and     being  ordinary-  ec-aiars. 

ThMl,  if  Or  and  b,  are  the  lengths  of  the  sides  A,  and  B„  resjH  rf  ively,  and  if  cos  ArA,  =  cosine 
of  the  ang^  included  between  the  aides  A,  and  A,,  and  if  ooa  B^,  «  coaine  of  the  angle  induded 
between  the  sides  Br  and  B„  prove  that 

2tCiC«  +  C2Ci)(ata4  cos  AiAt  -\-  afOt  cos  AtAi)  =  bibj  cos  BiBt  +  6*64  cos  B}Bt. 
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2704.  VnyomA  by  muJUM  ■OPTO,  CoIiimIwm,  OtS». 

A  particle  moves  from  rest  under  gravity  down  the  arc  of  a  parabola  with  the  axis  vertical 
and  ooneaTity  Upward;  exi»eaatfa«tiiiietotiia  vertex  in  terms  of  an  dliptiointe^^ 
kind. 

2706.  ftopoaed  by  paix  CAnoN,  U.  S.  Naval  Academy. 
Find  the  am  of  a  k)op  of  tbe  troeboid 

«  -  ia0^ -irsin^),     V  -  i«C} -trcOB^). 
2708.  rwpooed  by  HaMMB  w.  macotmh,  Wow  Torir  Ciftr. 

Through  a  given  point,  draw  a  straight  lino  rvitting  a  given  straiglit  lino  and  a  given  circle, 
aucb  that  the  p^rt  of  the  line  between  the  given  point  and  the  given  line  may  be  equal  to  the 
part  witlun  the  giTm  circle. 

2307.  Fropwad  bf  s.  A.  €QUr,  AlUa,  lamu 

Let  o,  b  and  c  be  the  veetor  sidea  of  « trianglb.  GoiMtniet  another  triasgle  with  vector 
sidea    a  and  I,  irhere 

r  »  ma  —  dnb,      a  » iia  +  (m  +  «n)b. 

Hum  prove  that 

(m^ +0nm  +  iM)(4f+wbeM{ab)  +<Bif)  =  r*  +  «r«  eoa  Ov)  +  (b*. 

where  d,e,m  and  n  are  any  scalar  quantitiea;  a,  b,  r  and  a  arc  i  ho  icnaon*  or  lengths,  of  the  aides 
a,  b,  r  and  t,  respectively;  and  cos  (r«)  ia  the  oonne  of  the  aaglu  between  r  aid  s  when  placed 
coinitially. 

2706.  Propoeed  by  wiluam  hoovkk,  ColBmbaa.  Ohio. 

A  uniform  plank  of  length  2a  and  thickres-s  rr  'q  in  equilibrium  on  a  fixed  rough  hori^^ont  il 
cyliiider  of  radius  c,  so  ikat  a  vertical  plane  coniiuuiug  the  dimension  2a  and  the  center  of  gravity 
of  the  plank  is  at  right  luagles  to  the  axia  of  the  eylhider;  find  the  period  of  a  eompleto  amall 
oscillation  of  the  plank. 


SOLUTIONS  OF  PROBLEMS. 

492.  (Algebra).   Proposed  by  AKTEMA8  MAMTIN,  Washington,  D.  C. 

If  two  numbers,  A  and  B  >  ^>  be  selected  at  landom,  what  is  die  prababiU^  that  tbqr 
have  no  eoaunoa  divisor? 

SoLTmoM  BT  Waksbn  Weaveb,  Throop  College  of  Technology,  IWdena,  Cal. 

lie  following  treatment  of  this  question  is  due  to  Tehebydieff,  and  haa  been  taken  from 

Fisher's  Mnlhcmalii-nl  Theory  of  Probability. 

If  pj.  f>t,  •■  pH  denote  respectively  the  probability  that  each  of  the  primes  2,  3,  5,  •  •  n 
is  not  a  coounoik  factor  of  A  and  B,  then  the  prabability  that  no  prime  number  is  a  oommoA 
factor  is: 

P  ■  pt'pt'pt  Pa  ad.  inf. 

This  follows  from  the  nuiltiiiUealioa  theorem  and  the  faet  that  the  aequenee  of  the  prime  numbers 

ia  infinite. 

By  dividing  any  integer  by  the  prime  n  wtt  obtain  beddes  the  quotimt  a  oartdn  vnnainder 
that  muat  be  one  of  the  folhming  numbenb  nanudyr 

0,  1,2,3,  •••.(n-l). 

Each  of  the  remainders  may  he  considered  as  a  possible  event.  The  probahility  of  obtaining  0 
as  a  remaiiidtir  is  lliuti  This  same  quantity  is  the  probability  that  n  is  a  factor  of  B.  The 
probability  that  both  A  and  B  are  divisible  by  n  is  therefore  l/w?.  The  probability  that  tha 
numbeiB  A  and  B  do  not  lioth  liave  the  prime  factor  n  is  then: 
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p»  =  1  -  l/n«. 

TliiB  infinite  pndiiet  fa  thom  to  hvn  the  value: 

P         =  0.60793- 

It  aeems  that  there  may  perhaps  be  in  this  method  a  sUght  fallacy,  however.  For  it  ooiwiden 
the  probability  that  two  oumbers  A  and  B  {A  <  B)  do  not  each  have  the  factor  n,  where  n  is 
any  one  of  the  infinite  sequence  of  prime  numlwrs.  However  hir^e  A  be,  it  is  finite,  and  there 
are  therefore  an  iu^te  number  of  primes  larger  than  A  none  of  which,  obviously,  can  be  a  factor 
of  both  A  and  B.  It  would  aeem,  then,  that  after  a  certain  finite  point  the  terms  of  the  infinite 
product  (1)  sliouIJ  all  be  unity.  The  [Xjiut.  at,  which  the  terms  should  begin  (o  be  unity  would 
depend  in  some  comi>licat<il  and  unknown  way  upon  the  value  of  A — unknown,  of  course,  because 
wc  do  not  h.ive  an  analytieul  expression  fur  the  rth  imteMt  tO  Sty  ttfltiUDg  Of  tQ  expNMWm  fOT  the 
laigest  prime  smaller  than  a  given  number. 

If  ife  cooflUer  a  eU^^jr  tUffeient  exwnple  tlib  beeooMw  deaief •  Suppoee  we  have  i^ven  a 
positi\'e  intef!;er  A.  What  is  the  probability  that  th"  r  ^  nv  r  fric  tion  AIB  is  in  ita  lowest  terms, 
B  being  choeen  at  random  to  have  any  poeitivo  integral  value  larger  than  or  equal  to  A1  By  the 
pievkm  seeeooing  it  wUt  be: 

p. (.4)('-i.)('4.)  ••('-'.)■ 

where  «  —  il  if  A  be  prime  or  s  ia  the  largest  prime  <  A  if  A  i^e  not  prime.   For  example,  when 

^ ■  "  - (> (' (' (' (•  - Ai) (' - Z.)  = 

a  value  which  differs  from  P  by  only  1.67  per  cent. 

Concerning  the  discussion  here  given  to  the  result  of  Tchebycheff  it  is  wortli  while  to  note 
that  one  may  be  led  to  incorrect  intuitive  conclusions  because  of  the  fact  tiiat  we  are  unable  to 
oononve  of  tiie  proce—  of  taking  a  positive  integw  "  at  random."  We  are  tikety  to  think  of  taldnc 
one  out  of  the  interval  from 0  to,  say,  UP',  ronsfidering  it  from  the  biase<l  point  of  view  of  practical 
experience  exceedingly  untDcely  thai  we  will  get  au  integer  from  beyond  thus  interval;  while, 
as  a  matter  of  fact,  the  probability  of  obtaining  by  chance  a  positive  int^cr  within  this  interval 
ie,  of  ooone,  infinitely  small  ae  conqpNwed  to  the  probability  of  the  number  coming  from  iMyond 
this  interval. 

Since,  therefore,  when  A  is  jiirked  at  random  the  probability  that  it  will  be  less  than,  say, 
100  is  very  small  iud^d  and  tiiuoe  the  result  is  a  very  close  approximation  to  the  correct 
result  for  all  cases  when  A  turns  out  to  be  greater  than  100  wa  may  ooodude  that  it  is  exceedingly 
likely  that  the  result  6/ir*  is  close  to  the  true  probability.  A  more  exact  statement  or  calculation 
of  the  a  priori  probability  of  this  event  seems  beyond  the  possibilities  of  the  theory. 

Remarks  by  Roger  A.  Johnson,  St.  Paul,  Minnesota. 

This  problem  is  known  in  the  litwature  of  the  science  of  probability  as  TciMbycheS's  FMblem. 
The  chance  that  an  integer  A  has  as  factor  a  given  prime  m  is  l/m.  Tlie  ehanee  that  both 

A  and  B,  two  integers,  contain  m  a  factor  is  1  'm"-.  The  chance  that  they  have  not  this  factor  is 
Pm  *  1  ~  (l/m*)>   The  chance  that  they  have  no  common  prime  factors  is 

a  result  evaluated  by  Eoler. 

Some  jr^irs  ago,  I  observed  this  fact  stated  in  a  brief  note  in  the  Philosophical  Magazine, 
and  made  an  experhnental  verification.  About  200  numbers  were  obtained,  having  three  to  five 
digits  each,  the  last  dijtif.^  being  distributed  uniformly  anions  The  values  0,  1,2,  •  •  -  ,  0.  These 
were  placed  in  a  box,  drawn  two  at  a  time,  and  compared.   When  all  were  drawn,  they  were 
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replaced,  mixed  thoroughly,  and  the  proc<«  repeated.  It  was  previoualy  decided  to  stop  at  the 
end  of  000  trials.  Throughout  the  work,  the  ratio  of  relatively  prime  pairs  to  total  trials  oscillated 
near  the  value  .6,  and  at  the  conclusion,  the  number  of  rdatively  prime  pairs  was  364,  a  value 

gvu  :  iri  - 1 !  I'ly  close  to  thu  correct  tlicoreticul  value  364.8.  Of  course,  an  ex{x>riiiient  involTingi  My^ 
10,U(X)  tnnls  would  be  more  satisfying,  but  this  result  is  perhaps  not  without  interest. 

493  (Alcebra).   Proposed  by  ALBBT  babbitt,  University  of  Nebraska. 

Determine  the  coefhcients  b,  c,  d  fA  the  equation  x*  +  bifi  +  cx  +  d  —  0  so  that  they  shal^ 
I  eqiialkn.  (Flrom  8uppiemeiUo  a  PeHadieo  di  Uatematiea.} 


benKrtaof  lbs 

Solution  by  H.  S.  Uhler,  Vale  University. 
Since  the  coefficient  of  i*  is  +  1  and  as  fc,  c,  (/  are  to  be  roots,  we  have,  the  following  conditions: 

-6-fc+C+d  (1),      e  'bc  +  cd  +  db  (2),       -  d  ^  bed  (3). 
Equation  (3)  gives 


Coi 


d  -  0  (4),  a 
(4)  with  (t)  and  (2)  we  get 

26  +  c  =  0  (1'), 


6e  -  -  1  (5). 


f.c  -  c  =  0  (2'). 


Combining  (5)  wt.h  f1  >  and  (2)  we  find  26«  +  W  -  1  -  0  (1")  and6»d-6-d  +  l  =  0  (2"). 
Equations  (1')  and  (2  )  lead  at  once  to  the  two  pairs  of  values  5  <■  0,  c  -  0,  and  b  1. 
c  2. 

The  factors  of  (2")  ^ve  6  -  1  and  d  -  (6  + 

Substituting  b  •  1  in  (6)  and  (1")  wb  find  napectivdy  €  •  —  1  and  d  «  —  i.  Sqdadng  d 
by  (^  +  l)''in(niivM 

2&»+38»-l  -  0.  (6) 

Tbd  diwriBuiiaiit  ckf  (6)  is  posittva  so  tliat  thb  oilMe  lui  two  wmples  foots  and  one  poikivo 
nal  mot.  Tfuae  roots  miy  be  exprcsnod  as 

b  -  |{(4ft  +  6ilS7)V*  +  (411  -  6i/S7)W*]  -  }. 

The  appioiiimato  vahie  of  the  real  root,  hf  is 

0.565,1«7,7]7,38. 
Aeoordin^,  the  eonqikac  roots  an  appraiximately 


or 


6  -  *[-     +  1)  +  i^Qh  +         -  1)1, 

bi  -  -  0.78S,598,858»fle  +  «).521,718»717»H 
b«  -  -  0.79ajBmfiSSjn  -  «).S21,713,717,M. 

The  correspondmg  values  of  c  and  d  may  be  found  by  the  aid  of  (5)  and  d  (^i  H- 
lespecUvely.  FinaUy,  coUecting  all  the  results 


b 

-  " 

0 

0 

0 

I 

-  2 

0 

I 

-  1 

-  1 

6, 

-fcr' 

(hi  +  !)-« 

b. 

(h.  -f  1  ;-i 

b, 

-6,-' 

(6,  +  1)-' 

Also  solved  by  J.  £*  Row£  and  the  Proposer. 


524  (Geometiy).  Phifosed  hy  mmmMM  MOtata,  Setewhere  la  France. 

Many  railways  iiw  as  "eafoment  curve"  the  cubic  parabola.  Tf  pninff  on  such  a  curve  are 
named  by  their  distances  mea^jured  aluug  the  curve  from  the  point  of  inflection  ("flat  end") 
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Amr  tintt  within  the  limita  of  ordinary  practice,  i.  e.,  for  angle's  so  small  that  the  (liffcn-nce 
lnrt^niBHi  UB  and  aine  i»  inappreciable^  the  deflection  from  tangent  at  m  to  set  n  is  (n  —  m)  (n  +  2m) 
tiaiM  ^deteotkn  frinn  tangent  at  0  to  1. 

Solution  by  W.  J.  Thome,  Detroit,  Michigau. 

Lei  the  cubic  parabola  y  <-  ax*  be  constructed,  and  on  it  let  the  points  named  0, 1,  m,  and  n 
Im  icprawnted  by  0,  P,  M,voAlf  nqieetMy.  TbiQUfli  these  points  draw  the  lines  pwaUel 
to  the  axes  aa  abown  in  the  fignre.  iUso  the  eboida  OP  and  AfJ^,  and  Jf  2*,  the  tanfent  at  M. 


Since  the  angles  are  so  small  that  9_'=  sin  0,  we  also  have  S  =  tan  9  and  m-i  ^  =  1.  Alao,  an 
arc  of  the  cur\'e,  its  chord,  aud  the  projeciiou  of  eit  her  on  the  .Y-axia  are  ail  equal.   Hence  we  have 


T  P 


-  «(0L)»  -  aiOP)*  -  o(l)«  -  a. 


RN^  Q  M 
OB-OQ 


ai()R}>  -  a(OQ)* 
OR-OQ 


ON  -  6m 


W  "~  W  fl  "~  wt 


T^SMT  »  tan  SMT  =  ^  -  3<w»  »  SaiOQj'  =.  3oC01/)«  -  3ajn», 

«  o(n^  +  «w  +  M^)  —  aam!>  -  a(ii^  +  fim  —  Jm^ 

(n  —  m)(n  +  2m)a 
-  (»-m)(n  +  2in)2^LOP. 
Oi  (GodlMtry).   Proposed  by  C.  N.  scHmaix.  New  York  City. 

Given  a  quadimnt  of  a  circle  AOB,  where  OA  and  OB  are  bounding  radii,  and  a  semicircle 
ACQ  having  O^i  aa  a  diameter  and  lying  on  the  aame  side  as  the  quadiant.  Describe  a  circle 
whidi  shall  toudi  tlie  two  aies  and  the  laidius  OB. 


I.  Solution  by  W.  J.  Thome,  Detroit,  Mich. 

Spppoee  the  problem  iiolved  and  the  figure  constructed. 

Let  O  and  D  be  the  centers  of  the  two  given  circles  and  let  E  be  the  center  of  the  required 
einde.  DnarDE.  Draw  0£  and  extend  it  until  it  intersects  the  given  quadrant  at  if .  Through 
S  draw  EF  sod  EG  perpendicular  to  OA  and  to  OB,  respeetivdy. 

The  problem  may  be  considere*!  solvetl  if  we  can  obtain  a  value  of  EG,  the  radius  of  the 
required  circle.  Let  OA  »2R,0D  ~  H,  and  EG  -  r.  Then  OE  2R  -  t,  DE  "  R  +  r,  and 
DF-Jt-r.  NowdS* Ar*    /SS*'- S^fSinceOG*  -  FJP,or 
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(2B  -  r)«  - 1*  -  («  +  r)«  -  02  -  r)*. 
A 


II.  SoLimoN  BT  HoBACB  Olbon,  Cbicago,  Illinois. 

Let «  and  y  be  the  eoflndinatea  ttf  the  oenter  «f  the  veqMirad  dide,  Mfetnd  to  OB  and  OA  aa 
thepantiTBdiiectkuwrnthezHidyaxMyiMpectiTe^   Thm  by  the  oonditUNM  of  the  problem: 


Oil; 


r»  -  2ry  -  I*  -  0,   and   2ry  -  i»  =  0. 

fiubtraotiogi  we  have  H  —  4ry  »  0;  whence  y  *  ir  and  s  db  iV2r.  Hie  valuer  •  +  (ry2)iS 
■evidently  the  only  one  applying  to  this  pfobiem.  The  nulitiB  of  the  required  cireleietha«f<xe|r. 

A  solution  similar  to  the  second  above  was  received  from  Elijah  Swift. 

436  (Calculus).   Proposed  hy  u,  W»  riNKEL,  I>niry  CoUege. 
Show  that 


Jn 


by  a  transformation  rather  than  by  the  usual  method  of  diffeientiating  under  the  sign  of  intep*- 
tion,  as,  for  example,  in  Byerly's  Integral  C«iktdm,  pages  106-107. 

NoTS  BT  WiLLXAM  HoovER,  Columbiis,  Ohio. 

On  this  intfn"stinjic  equation,  reference  may  bo  tnack-  to  an  artido  by  William  Walton  in  the 
Qmrltrhj  Journal  of  Matlmitatics,  Vol.  XII,  p.  181,  Un  the  Evaluation  of  a  Pair  of  I>etinite 
IntC't^rals,  a  few  lines  opening  it  being  as  follows: 

"The  evaluation  of  the  two  definite  integrale 

J^''«-[«H(«^>l«t*,oo«  I  ^xi  +  p^nna |dz, 

J^"  «-[«*+ (c»>f»)le«»*  •  8in|  ^i*  "'"^}  sina  j"d» 

is  efTcc((Ml  ill  textbooks  on  the  integral  calculus  hy  the  ■ufastitution  of  an  inqKMuble 

for  ib  in  the  known  relation 


0  2tw» 


"As  such  a  method  of  arriving  at  the  evaluation  of  definite  integral-;  is  regarded  by  cminont 
writers  on  the  subject  as  eucg^tive  rather  than  demonstrative,  1  think  that  the  following  t;valua- 
ttoia  of  the  two  iategnb  in  question  may  be  of  some  intereet  to  etiidents." 
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He  proceeds  wHh  the  demonstrations,  occupying       and  one  half  pages  of  the  QuarUriif, 

avoiding  (ho  methods  he  criticizej?  and  that  by  dlffornntiation  r'-fr  rred  to  in  Mr.  Finkel's  probleoii 
dofling  with  the  wortLi  "the  results  here  obtaiacd  coincide,  it  uifiv  be  remarked,  with  those  given 
in  Todhunter's  Inl.  Cal." 

To  solve  FrofesBW  Fukei's  problem  we  need  o&ly  put  a  »  0  ia  the  first  of  the  intenFala 
lUMttioned  by  Walton. 

417  (Calcttlas).  Proposed  by  lsioh  page,  Yale  UaiTeral^. 
Zntapttie 

J-a>  I* 

vitbout  the  use  of  the  gamma  (unctions. 

I.  Solution  by  Oscar  S.  Adams,  Coast  and  Geodetic  Survey,  Washington,  D.  C. 
By  direct  integration,  we  bftve 


Lata  >«  —  0.  Thuk 


or 


By  equating  real  and  imaginary  parts  we  obtun  the  two  definite  integrals 


Smoe  the  first  ct  these  integrals  h  a  uniform  function  of /S,  we  have  the  rdation 


or 


This  integral  is  aLao  a  uniform  funetion  of  /I  in  the  region  +  g  a  tan~^ «  ^  ~  3  * 
BieDce>  in  this  domain^  we  have 


or 


'  Hiia  ia  a  imtfonn  function  of  a.  Hence,  a  can  oonve^  to  aero.  Ttaa  pvea 


or 


Since  tbcfixf^  la  an  even  function  of  x,  we  have 


II.  Solution  by  G.  Paaswell,  N.  Y.  City. 


Since  sii^  sfjf  la  an  even  function  of  x  we  have 
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Flaee 

HeQce,  u  =  «i/2.   Upon  placing  a  =  1,  we  have 

J™»  sin*  X  .      T  J       r*  sin*  x  . 

III.  Solution-  by  the  Proposer. 

The  dsfioite  integnl 

/*+*  sin*  X  . 

is  on©  of  frequent  occurrence  in  theoretical  ph>uic«.  As  the  text-books  invariably  seem  to  use 
gamma  functions  in  cvaluatinK  this  intenrul,  tho  following  inft-Kriition  without  the  use  of  otlior 
than  the  elementary  functioui  uia>  be  of  interest  to  lecturers  iu  theoretical  physics  and  to  their 
•tiidwt*.  We  Iwive 

the  integrand  is  an  even  function  of  x. 
Consider 

Since  the  limits  lot  tha  y  integration  are  not  functions  of  x, 

'\S^      ''Wtf  [ X"        - X"      COS 2*dx  1 . 

Now 

Inlegnitins  the  last  exprasskm  bjr  parts, 

U".»«(^.i)^v.l[,..(i+i)]:+U--4^.1[,u,(.+t)];^.. 

The  expression  y  log  [1  +  is  indeterminate  for  both  limits.   Evaluating  it  by  the 

unial  uethiwlB,  it  beeomea  sbed  for  each.  Hence, 

X*  2  J —at  X* 

Soltitions  similar  to  the  second  above  were  received  from  Wiluam  Hoover 
and  Paul  Capron. 

Solutions  were  received  too  late  lor  credit  in  a  previous  issue  of  the  Monthly 
as  follows:  From  Path:.  Capbon,  490  and  491  Algebra  and  5^  Geometry;  from 

C.  P.  SorsLEY,  486  and  488  Al^'ehra  and  518,  520.  521,  and  522  Geometry; 
from  AYij.LTA>f  Hooves,  621  and  522  Geometry;  and  from  C.  C.  Yen,  490  Algebra 
and  522  Geometry. 
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QUESTIONS  AND  DISCUSSIONS. 
BkMD  AiA  ooiiiinna<M!iiom  to  V.  O.  MncHsui,  Uoiveidty  6t  Kruhm,  L*wienoe. 

DISCUSSIONS. 

I.  RBIATli^O  TO  GeNBRAUZATIONS  of  THB  WtlCH  AND  THB  CiSBOID. 
Br  FamEBicK  H.  Hooaa,  Franklin  CoBeg«. 

Suppose  a  circle  given  of  radius  a  tangent  to  the  z-axis  at  the  origin  and  a 
second  circle  of  radius  2a k  tangent  to  the  first  at  the  point  where  the  y^axa 
cuts  it  aad,  hence,  having  (0,  —  k)  as  the  coordinates  of  its  center.  We  draw 
a  radius  vector  (see  fipure),  OS,  through  the  origin  making  an  angle  <f>  with  the 
X-axis  and  ctittiug  tlie  circlfs  in  the  points  R  and  S  respectively.  We  draw  a 
line  through  R  parallel  to  the  x-axis  and  a  line  through  S  parallel  to  the  y-axis. 
We  wish  to  detennine  the  equation  of  the  locus  of  P  the  point  of  intersection  of 
these  two  lines  as  the  radius  vector  revolves  about  ^e  origin. 

From  the  figure  it  is  readily  seen  that  the  parametric  equations  of  the  locus 

are   

X  =  OS  cos  <p,      y  =  OR  sin  <ft. 

Since  OR  =  2a  sin  ^,  we  have  y  =  2a  sin'  <t>  and  sin'  ^  =  y/2a.  To  determine  the 
value  of  OS  we  connect  C  with  S  and  in  the  triangle  OSC  we  have,  by  the  law  of 
cosines,  C'^^  =  (2a  +  k)-  =  fr  +  OS'  -  2k  OS  cos  (90"  +  </>)  =  A-'  +  0S«  +  2k  OS 
sin  ^  Hence,  OS'  +  2k  OS  sin  0  —  4a^  —  <kik  =  0.  This  gives  the  desired  value 
for  OS, 

from  which  we  have 

«  =  (-  Ar  sin^ ±    40*  +  4ai;  +    sin> ^)  cos 0. 

Transposing  the  —  k  sin  <f>  cos  4>,  squaring  and  simplifying  by  means  of  the 
relation  y  =  2a  sii^  ^,  we  obtain  the  desired  equation: 

-  2(o  +  ft)  (2a  -  y)p  -=  1^2ay  -  ^. 

Except  for  particular  values  of  k  this  »  a  fourth-degree  equation  and  the 
locus  passes  throuf^  the  points  (0,  2a)  and  (:fe  3  "V  a(a  +  i),  0). 

If  A:  =  0  the  equation  reduces  to  the  parabola  x'  =  —  2ay  +  4<^. 

If  k  =  oc ,  the  larger  circle  hccomcs  a  straight  line  and  the  construction  is 
identical  with  the  well-known  construction  giving  the  witch  of  Agnesi.  Tn  verify 
the  fact  that  the  witch  is  a  member  of  the  family  of  curves  we  have  under  con- 
sidnation  we  take  the  equation  in  the  form 

» 

«*  -  T  ^  2ay- -  2(o  +  fc)(2a  ^  y). 


Digitized  by  Google 


* 


224  QUEsnoNB  and  discussions. 

divide  by  k  and  then  let  k  approach  oo .   The  equation  then  reduces  to 
-  «  1/  2cy  -  ^  =  2o(2o  -  y)  or  0^  =  4o'(2a  -  y). 

which  is  the  equation  of  the  wit  ' 

To  obtain  a  generalization  of  the  cissoid,  take  a  radius  equal  to  OR  and 
with  S  as  center  cut  SO  at  P'  (set:  fignre).  We  proceed  to  show  that  the  locus 
of  the  point  P'  as  the  radius  vector  revolves  about  the  point  0  is  such  a  curve. 


Fh>m  the  figure, 

OP'^OS-FS'^OS-OR. 
From  the  work  above  wc  have 

OS  =  -  k  simp  zt       +  4oA?  +  kT  siu"  <p, 
OR  —  2a  Bin  ^. 

Hence,  the  locus  of  P  is  given  in  polar  codrdinates  by  the  equation 

«  —     +  2a)  bin  (p  ±  ^  la-  -j-  -iui-  +  k"  sin''  tp. 

Transforn^intr  from  poUr  to  rectangular  coordinates  and  simplifying,  the 

equation  becomes 

(a*  +  J^*)«  +  2(ifc  +  2a)y{a»  +      =  4o(o  + 

This  gives  a  quartie  curve  very  much  like  the  cardioid  in  appearance.  It 
passes  through  the  points  (0,  0),  (2Va(o+^-),  0)  and  (0,  —  2l/ifc+2a).  If 
both  sides  of  the  equation  he  divided  by  h  and  k  allowed  to  approach  infinity 
the  equation  approaches  the  limiting  form  1/  =  .r-\2(i  —  1/),  which  is  the  ecjuation 
of  the  cissoid  (z  and  y  being  interchanged  from  the  usual  form).   Obviously  as  A: 


Digitized  by  Google 


QITESnONS  AND  DISCUSSIONS. 


225 


approaches  infinity  the  larger  circle  approaches  a  strai|^t  line  and  the  construc- 
tion merges  into  the  dsssic  construction  for  the  cissoid. 

II.  BSLATINO  TO  A  GEOMETRIC  PrOOF  OF  A  TflEOJiEM  ON  COLUNEATIONS. 

Br  JAW  E.  WwAYtm,  WSiuai,  Ohio. 

The  relations  between  double  elements  of  a  coUineation  in  space  (by  which 
is  meant  a  three-space,  wiless  otherwise  stated)  have  been  discussed  analytically, 

use  being  made  of  the  characteristic  equation  of  tlie  coUineation  and  of  the 
properties  of  elementary  divisors.^  Enrlques,  in  his  Projedire  Gcnmetrie  (L€>ipzig, 
1903),  has  shown  geometrically  that  if  a  coUineation  in  a  plane  has  a  double 
point  It  has  a  double  line.    It  is  here  proposed  to  prove  the 

Thbobem .  If  a  eoSmMtfum  t»  tyaee  hat  a  doutie  pointf  ii  hag  a  doubite  ^ant, 
IS  the  coUineation  is  perspective  the  theorem  is  evklent  Suppose,  then,  that 
the  coUineation  is  non-perspective. 

Let  A  be  a  double  point  of  a  non-perspective  coUineation  v  and  let  a  be  a  line 
through  A.   Then  r  sets  up  the  following  correspondence 

•         a  7t     A     7^  oi  7^  a«. 

Let  B  and  C  be  tvo  distinct  points  on  a  different  from  A*  Thea 

where  Bi  is  on  a*  (i  —  1,  2,  3,  4),  and  similarly  for  the  C's.  Let  the  intersection 
{BBi,  CCi)  —  D.  Since  A  is  a  self-corresponding  point,  D  will  be  independent 
of  the  points  B  and  C.   Also,  let  {BiBf,  Ci)i)  »  Di,  {i     1, 2,  3,  j  =  s  +  1). 

H  a,  ai  id  (h  are  coplanar  the  theorem  b  evident  and  the  double  plane 
contains  also  a  double  line. 

If  a,  f/i  anil  uo  are  not  coplanar,  Di  is  not  on  plane  [aai].  Let  tiie  line  DDi 
meet  the  plane  [aai]  in  some  point  E,  and  let  us  assume  C  so  chosen  that  E  lies 
on  CCi.  Let  Ei.  Ei  is  on  DiDt  and  also  on  the  plane  [CCi,  C1C2]. 

Hence  D,  Di,  Dt  and  Dt  are  coplanar  and  the  plane  containing  them  b  a  double 
plane. 

By  duality,  if  a  colUneaiion  in  ^jmee  has  a  double  plane  it  also  has  a  double  point. 

The  method  here  used  for  estabhshing  the  theorem  for  a  three-space  is  general 
and  can  be  applied  to  an  n^pace  giving  the  theorem  that  if  a  coUineation  in  an 
n-spaoe  has  a  double  point  it  has  a  double  (n  —  l)<sp««e.  This  method  of  proof 
when  applied  to  oollineations  in  a  plane  is  somewhat  simple  than  that  of  Enriques 
mentioned  above. 

•  Segre,  "Sulla  tcoria  o  8ullu  cliissifirnziono  dcllo  omografie  in  un  azii .  lineare  ad  un  numcro 
qualunque  di  dimcnsiopi,"  RecUe  Accad,  dei  Lined,  Serie  3a,  Bd.  XIX,  6.  6.  See  also  Muth, 
Theorie  tmd  AnweniuHf  der  Elemenlarlheiler,  Leipsig,  1899;  Veblen  and  Yooog,  Ptq/ectivf  ChoM' 
etrij,  Vol.  I,  Boston,  1910;  BCrhcr,  Inlnxhictinn  to  //'t''  r  .tjpibra,  N.  Y.,  1912;  NOWBOD,  '*ANeir 
Tiieory  of  CoUineations,"  Amer.  Jour.  MaUi.,  Vol.  AJviV. 
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UNDERGiUDUATE  MATHEMATICS  CLUBS, 
Eduibd  bt  R.  G.  AacamAUDt  Biown  UiUveraUgr,  FtovideiMe,  R.  L 

CLUB  AcnvrriES. 

The  Mathematics  and  Physics  Club  of  the  University  of  Alabama, 

University,  Ala. 

This  club  was  founded  in  November,  1916,  under  the  name  Mathematics 
Club,  but  at  the  second  meeting  this  year  tlie  name  was  changed  to  that  indicated 
above.  The  object  of  the  club  as  stated  in  the  constitution  is  "to  encourage 

interest  in  mathematical  and  physical  science  at  the  University  of  Alabama  and 
to  facilitate  the  acquaintance  of  persons  at  tlie  University  who  are  interested  in 
mathematics  and  physics."  The  average  attendance  at  meetings  now  is  about 
12  although  as  many  as  50  have  been  present  at  special  meetings. 

The  officers  for  1917-18  are:  President,  Robot  F.  Leftvidi  '18;  secretary- 
treasurer,  Donald  H.  Thornbury  *18.   The  program  committee  consists  of  these 
officers  and  of  Professor  Tomlinson  Fort,  the  head  of  the  (lrp:?rtment  of  mathe- 
matics.   The  following  programs  were  given  durinf^  the  autumn  of  1917: 
October  15:  "Fourth  Dimension"  by  David  Skoluick  '19;  "Duplicating  the 

Cube"  by  Robert  T.  Milne»  instructor  in  mathematics. 
November  7:  "Curves  in  the  Physical  and  Chemical  Laboratories"  by  Maurice 

B.  Amise  '18;  "John  Napier"  by  Reginald  C.  Smith  '19. 
December  1:  "Mathematics  in  Artillery  Practice "  by  Robert  F.  Leftwicli  '18. 
December  7:  "Curved  Flight  of  a  Base-ball  and  similar  Problems''  by  Donald 

H.  Thornbury  '18. 

Basnard  College  Matheuatics  Club,  Columbia  University,  New  York,  N.  Y. 

This  dub  Vi&s  founded  in  1909,  in  order  "to  foster  an  interest  in  mathematics." 
All  students  who  are  taking  or  who  have  had  the  equivalent  of  a  course  in  analytics 
and  elementary  calculus  are  eligible  for  membership.  There  are  now  about  40 
members  and  the  average  attendance  is  25.  The  club  is  entirely  in  the  hands  of 
students  who  elect  each  year  an  honorary  president  from  among  the  members 
of  the  mathematics  faculty.  This  officer  takes  no  part  in  the  affairs  of  the  dub 
except  in  an  advisory  capacity. 

The  officers  of  the  club  for  1917-18  are:  Honorary  president,  Dr.  George  W. 
MuUins;  president,  Ellen  Lent  '18;  vice-president,  Viola  Williams  '18;  treasurer, 
Sophie  Schulman '18;  secretary,  Mary  Wellick '18 ;  program  committee:  Fannie 
Rubensteiti  '18,  Sophia  Koerner  '19  and  Veronica  Jentz  '20. 

Each  November  the  club  has  its  annual  dance  and  once  a  year  the  alumnse 
of  the  club  are  railed  together  and  the  program  is  in  the  nature  of  ao  aiumnes 
report.   The  following  programs  were  given  in  19iG-18: 
October,  1916;  "Dynamic  Trajectories"  by  Professor  Edward  Kasner. 
November:  "Non-homogeneous  Coordinates"  by  Eugenia  Hausie  '17. 
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December:  "Fourth-Dimensional  Vjstas  '  ^  by  Beatrice  Walker  '17. 
Februaty,  1917:  "Non-Ettdidean  Geometry"  by  Helena Bausch  '17;  "Measure- 
ments of  Time"  by  Sophie  Schulman  '18. 
March :  "  Mathematics  of  Navigation''  by  Harold  Jacoby,  professor  of  astronomy 

in  Columbia  University. 
April:  "Paper  Folding"  by  IVIary  Welleck  '18;  '  Geometrical  Puzzles"  by 
Fanny  Rubenstein 

May:  "WcMmen  in  Sciwoe"  by  Professor  Kasner;  ''Mathematical  FaUacies" 

by  Dr.  Charles  A.  Fisher,  instructor  in  mathonatics;  ''Mathematics  of 

Business"  by  Dr.  George  W.  ^Nlullins. 
October  15,  1917:  Opening  meeting.    Informal  ad<lresses  by  Professor  Frank  N. 
Cole,  and  Dr.  G.  W.  Mullins  and  Dr.  Kenneth  W.  Lamson,  instructors  in 
mathematics. 

December  7:  "Generalizations  of  Elementary  Mathematical  Concepts"  by 

Professor  Thomas  S.  Fiskc. 
Janunry  15,  191 S:   "An  Introduction  to  Projective  Geometry"  by  Gretchen 

Tofek  19;    Jsiathematical  Curd  Tricks"  by  Fanny  Rubenstein  '18;  "Magic 

Squares"  by  Dorothy  Jacobs  '18. 
February  19:  "Curve  Families"  by  Dr.  G.  W.  Mullins. 

March  15:  "  Correlation  and  Graphical  Methods"  by  Helena  Bausch  '17  and 
Evelyu  Da\  is  '17,  now  in  the  research  department  of  the  American  Tele- 
phone and  Telegraph  Company. 

April  30:  "Infinite  Series "  by  Joyce  Buckbee,  '18. 

Matbbmaticb  Clxjb  of  CoLTTiiBu  Ukivessht,  New  York,  N.  Y, 

In  order  "to  stimulate  and  further  the  interests  of  mathematical  schbkrship 
amongst  undergraduate  students  "  and  firstpyear  graduate  students  at  Columbia 

University  the  Junior  !\ratheniatical  Colloquium  was  organized  in  Novemhpr  or 
December,  1910.  Three  years  later  this  developed,  under  the  supervision  of 
Professor  Herbert  E.  Hawkes,  into  the  present  more  formal  club  with  a  constitu- 
tion. The  moving  spirits  in  the  founding  of  the  colloquium  were  Professor 
Charles  C.  Grove  and  Dr.  N.  J.  Lennes  whose  activity  at  the  University  of 
Chicago  along  similar  lines  has  been  already  referred  to  in  these  columns. 

The  officers  for  1917-18  are:  President,  William  L.  Schaaf  '19;  vice-president, 
Russell  D.  Burdick  '19;  secretary-treasurer,  Francis  VV.  Kogers  19.  The  execu- 
tive committee  (which  acts  as  program  committee)  is  composed  of  "officers  of 
the  dub  and  a  member  of  the  Faculty  of  Columbia  University  nominated  by  the 
Mathematics  Department  of  Columbia  University."  This  faculty  adviser  is 
now  Professor  C.  C.  Grove.  The  attendance  at  the  meetinjjs  last  year  varied 
from  9  to  32  with  an  average  of  about  19;  the  average  attendance  this  year  is 
about  14. 

The  following  are  programs  of  meetings  1916-18: 

1  Foiv-DimuukmA  VMm  liiaie  title  of  a  book  by  C.  Bradgcm  (New  York,  A.  A.  Knopf,  1916). 
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October  16»  1916:  "Algebraic  Methods  of  Solving  Quadratic  Equations"  by 

Franklin  Hollander  '19. 
October  30:  "Graphical  Solution  of  Quadratic  Equations"  by  £mil  A.  Gowlich 

'19. 

November  13:     Life  of  Emory  McCliiitock,  Columbia's  Greatest  Graduate  in 

the  Field  of  Mathematics"  by  Froieaaca  Thomas  S.  Fiske. 
November  27:  "Geometric  Constractaons  of  the  Cubic"  by  Ptofeasor  Henry  B. 

December  18:  "Some  Tht-oreras  on  tbe  Cubic"  by  Charles  J.  Ilynian  '17. 
January  8, 1917:  "  Discussion  of  the  Kind  of  Points  in  a  Plane  necessary  to  carry 

out  the  Geometry  of  Euclid"  by  Lewi  Tonks  '17. 
February  19:  "Why  is  a  Conic?"  by  Richard  Wagner,  Jr.  *18, 
March  5:  "L<^arithms  in  General  of  Complex  Numbers"  by  William  L.  Scfaaaf 

'19. 

March  19:  "Equal  Area  Maps"  by  Israel  Koral  '20. 
April  2:  "Rotating  Figures"  by  William  Maliso£F  Gr. 

April  23:  "The  Path  of  a  Projectile"  by  Dr.  Charles  A.  Fischer,  instructor  in 

mathematics. 

October  29,  1917:  "Descartes  and  his  Theory  of  Equations"  by  Professor 

William  B.  Fite. 

November  12:  "Sturm's  Function"  by  George  Dean  '20;  "Perspective  Tri- 
angles" by  Charles  P.  Davis  '20. 

November  20:  Probleuis  proposed  for  solution. 

December  4:  Informal  discussion  meeting.  Solutions  of  problems  set  at  the 

last  meeting. 

December  17:  "Quaternions"  by  Victor  Schachtel  '19. 

February  18, 1918:  "Two  Proofs  of  the  Fundamental  Theorem  of  Algebra"  by 

Alfred  M.  Michaelis  '21  and  William  L.  Schaaf  MO. 
March  4:  "Theory  of  Transfinite  Xunibers"  (Cantor)  by  Franklin  Hollander  *19. 
March  18:  "Mathematics  in  the  Si  ience  of  Physics"  by  Leon  Morris  '19. 
March  25:  "Dimensionality  "  by  Israel  Koral  '20. 
April  8:  "General  Theory  of  Relations"  by  Ftofesaor  Caasiiis  J.  Keyser. 
April  22:  "Paradoxes  of  the  Infinite"  *  by  Moses  Davis  '20. 

The  Kucudean  Circle  of  Indiana  Univehsity,  Bloomington,  Ind. 

This  club  was  org:anized  in  September,  1907.  In  1916-17  thnrp  were  about 
25  members  and  the  attendance  at  each  meeting  was  10-12.  During  the  current 
year  it  was  not  found  feasible  lo  reorganize  the  Circle. 

Those  qualified  for  mmberahip  have  been  students  majoring  in  mathematics, 
juniors,  seniors,  graduates,  and  members  of  the  mathematical  faculty.  The 
object  of  the  organization  was  to  make  its  members  "better  acquainted  with  the 
history  of  matheniati(  >."    "A  club  picture  has  been  taken  each  year." 

*  B.  BoIhuio'b  Paradoxien  des  I/nciutticAen  (^ret  published  in  1850|  after  bis  deaths  facsimile 
reprint:  Berlin,  Mayer  und  Mltller,  1889')  has  been  mora  than  onee  the  bam  of  leetuns  by 
Sdnntn  al  the  Univemly  of  Berlin. 


Digitized  by  Google 


TTNDEBO&ASUATS  MATHEMATIGS  CLUBS. 


229 


The  MATBEMAnCAL  AND  F&TSIC  AL  SOCIETY  OF  THE  UNTVKBSnT  OF  TOBOMTO, 

Toronto,  Ontario. 

Among  the  «iuting  undergraduate  clubs  of  America  thia  one  is  notable  in 

more  ways  than  one.  In  the  first  piuce  it  is  the  most  venerable,  since  its  thirty- 
sixth  birthday  is  already  a  thing  of  the  past.  In  the  second  place  it  has  published 
three  slight  volumes  of  its  proceedings.^  The  society  was  founded  on  January 
27,  1882,  when  the  report  of  a  committee  appointed  to  draw  up  a  oonstitution 
was  adopted  and  the  following  o£Scers  were  elected:  President,  W.  S.  Loudon  Gr.; 
vice-president,  J.  M.  Clark;  secrrtnry  treasurer,  D.  Burns;  corresponding  secre- 
tary, T.  G.  Campbell;  councillors:  t  acuity  of  Arts,  A,  H.  McDoupall  (4th  year), 
G.  I.  Riddell  (3d  year),  T.  Mulvey  (2d  year),  G.  H.  Hogarth  (1st  year);  School 

of  Practical  Science,  D.  Jeffrey  (3d  year),  Fotheringham  (2d  year).  Of 

these  officers  Mr.  Loudon  is  now  professor  of  mechanics  in  the  University  of 
Toronto;  Mr.  Clark  is  a  well-known  lawyer  of  Toronto;  Mr.  McDougall  is 
principal  of  the  Collegiate  Institute  at  Ottawa  and  Mr.  Mulvey  is  Under  Secretary 
of  State  at  Ottawa. 

A  few  years  later  when  the  students  in  the  School  of  Practical  Sebnee  became 
sufficiently  numerous  they  seceded  and  formed  the  Engineering  Society. 

At  first  a  graduate  was  chosen  preside,  the  other  officers  being  under- 
graduates Some  years  ago  the  constitution  was  changed,  so  that  a  graduate  was 
to  be  honorary  president  and  uudergraduateii  were  to  hold  the  active  offices. 
The  officers  for  1917-18  are  as  follows:  Honorary  president,  Dr.  John  Satterly, 
assistant  professor  of  physics;  presid^t,  Norris  E.  Sheppard  '18;  vice-president, 
innUiam  W.  Shaver  '19;  secretary-trmurer,  Everett  O.  Hall  '19;  corresponding 
secretary.  Hazel  C.  Miller  '18;  representatives  of  classes:  Harry  E.  Foreman '18, 
Mary  M.  Stephens  '19,  William  S.  Vaughn  '20,  Donald  F.  Stiugart  '21. 

The  object  of  the  society  is  "the  encouragement  of  study  and  original  research 

*  Since  the  edHiooa  of  theee  publicAtioDS  were  veiy  small,  and  long  ainoe  aahwwted,  and  !>inre 
portieulan  ooiMeminf  fhem  are  lacking  in  all  mathematical  UbIiogntphfeK,  it  may  be  well  to  ))ut 

some  details  on  rcf  orcl  here.  The  title  page  of  each  part:  Papent  read  before  the  MaikemaHcal  and 
Physical  Society  of  Toronto  UnimrtUy  durino  the  yearis)  1890-91  \lS9i-9sS\  {1892-93,  1893-04), 
Toronto:  BomeU  uid  HutddaoD,  Priiiten,  King  Stieet  EMt,  1801  (1802]  (1895).  PagM  W 
160J  (51). 

Cbnteetfl,  Part  i:  A.  Balcw,  "Poetic  Interpretation  in  Mathematics,"  pp.  7-21;  A.  T.  De 
Lury,  "On  Certain  Deductions  from  the  Theorem  of  Dr.  Graves,"  pp.  22--30;  A.  C.  Chant, 
"The  Structure  of  Matter,"  pp.  31-42;  F.  Sanderson,  "The  I^w  of  Human  Mortality  and  its 
Place  in  Science,"  pp.  43-54;  R.  Henderson,  "Newton's  Laws  of  Motion,"  pp.  5.5-59.  I'arl  2: 
W.  J.  Loudon,  "Musical  Scales,  Their  Origin,  Formation,  and  the  Physical  Relation  Which  They 
Bear  to  Music,"  pp.  5-18;  I.  E.  Martin,  "The  Religion  of  Algebraic  Curves,"  pp.  19-32;  C.  A. 
Chant,  "The  Wave  Tlieory  of  Sound,"  piJ.  -17;  \V.  dillt'spie,  "Some  Trigonometrical  Expan- 
sioDS,"  pp.  48-53;  G.  K.  Anderson,  "Measurement  of  Time,"  pp.  54-60.  Part  3:  "On  the  NoB- 
Ettdidean  Geometr>-,"  pp.  6-28  [a  trandatiOD  by  A.  T.  DeLury  of  the  "  Not«  sur  la  g<k>m4trie 
non-euclidienne"  in  the  TraiU  de  Gfomilrie  of  Rouchd  et  de  Cotiih«  rou.s.s«  I;  J.  C.  Glashan, 
"Elementary  Proof  of  a  Theorem  in  Trigonometrj',"  pp.  29-32;  C.  A.  Chiuit,  '  The  Devulopment 
of  Electricity,"  pp.  ;{3-U);  A.  M.  S(  ott  '96,  "Geometrical  Representation  of  the  Special  Roots 
of  Unity"  (abstract),  pp.  47-40;  Miss  J.  S.  Hillock  '96,  "Laplace"  (abstract),  p.  fiO;  G.  W. 
Rudkn  "M,  "Hm  QiMdrntura  «f  th«  Ciide"  (atetraei),  pp.  51-^;  Mus  A.  Lindsay  '98»  "Maria 
Gaetana  Agncsa"  (abstiaet),  pp.  53^. 
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in  mathematics  and  physics,  and  the  preservation  of  the  results  of  such  work." 
All  the  special  students  in  mathematics  and  physics  are  considered  memb(»9 — 
about  75  now — and  the  average  attendance  at  meetings  is  about  50. 

"In  earlier  years  the  solution  of  problems  was  a  feature  of  each  program  but 
that  has  been  discarded  and  light  refreshments  have  been  introduced."  The 
programs^  for  1916-18  are  as  follows: 

November  2,  1916:  Opening  meeting,  social;  "Aircraft,"  an  address  by  John  C. 

McT.onnan,  profe^'sor  of  physics. 
November  lii:    '(  ultural  Advantages  of  the  Mathematics  and  Physics  Course" 

by  Herbert  R.  Kowan  '17  ("To  strive,  to  seek,  to  find,  and  not  to  yield");'' 

"Science  versus  Art,"  Discussion  led  by  Mabel  Campbell  '19  and  James  B. 

Russell  '19  ("For,  even  though  vanquished,  he  could  argue  still"), 
Noveml)*""        "Our  Society's  Past"  by  Clarence  A.  Chant,  assoriate  professor 

of  astrophysics  ("Lives  of  ^^rcal  men  all  remind  us");  "Kxperiments  on 

Probability"  by  Xorris  E.  Sheppard  'IS. 
December  14:  "Newton"  by  Aylmer  B.  Paisley  '20  (''And  still  the  wonder 

grew  ") ;  "  The  Moon :  a  look  at  our  next  neighbor  "  by  Janet  M.  Halliday  '18. 
January  11,  1917:  "Societies  to  which  mathematics  ami  physics  students  may 

aspire"  by  Professor  Joliii  C.  Fields  ("Held  from  afar,  aloft,  th'  immortal 

prize  And  urged  the  rest,  by  equal  steps  to  rise");  "Experiments  on  Light" 

byAlbertR.  Self '17. 
January  25:  "Euclid"  by  Williatu  W.  Shaver  '19  ("Let  us  begin  and  carry  up 

this  corpse,  Singing  together");  "Mathematical  Symbolism"  by  James  C. 

Thompson  'IS  ("Earth  hath  not  nnytliing  to  show  more  ffiir""). 
February  S:  Open  Meeting  ("Up,  up  my  friend  and  quit  your  books"). 
February  22:  "Life  Assurance"  by  William  A.  Jackson  '17  ("Yet  the  strong  man 

must  go");  "Experiments  in  Heat  and  Mechanics"  by  Professor  John 

Satterly  ("While  we  sat  wrapt  in  wonder"). 
March  S:  Annual  Business  Meeting  ("The  old  order  changeth.  Yielding  place 

to  new"). 

November      1917:  Opening  meeting.    "  George  Russell"  by  Professor  Alfred 
T.  DeLury. 

Novembw  22:  "The  ancient  Mathematicians"  by  Douglas  H.  Blatdhford  *18; 

"Germany  and  the  Cermuiis"  by  Professor  John  C.  Fiehls. 
December  0:   Gruduates'  nieetiiit,'.    "Life  in  an  Actuary's  Office"'  by  Janet 

Holmes  '17;  "Mathematicians  of  the  Middle  Ages"  by  William  A.  Jackson 

'17;  "  Spectra"  by  Florence  M.  Quinlan  '17. 
December  13:  Social  meeting. 

January  10.  1918:  "Mathematics  of  Modern  Times"  by  Mabel  C.  Childs  '18;  . 

"J.  J.  Thompson"  Hy  Ernest  R.  I.  Pratt  '18. 
January  27:  Debate  between  First  and  Second  Year  Students. 

*  For  many  years  programs  have  been  issued  annually  in  printed  form. 

•  After  moat  of  the  titles  on  the  printed  prognuu  for  iaH>-17  were  quotations,  such  a-s  this, 
in  amall  type. 
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February  9:  Open  meeting.   "Eclipses"  by  Professor  Chi^nee  A.  Chant. 
February  21:  "Faraday"  by  Ila  B.  Giles '19;  "The  Matbematics  and  Physics 
Courses  at  the  Royal  College  of  Science,  London"  by  ^fessor  JohnSatterly. 
March?:  Annual  Business  Meeting. 

^Tathkmatics  Club,  The  Western  College  for  Women,  Oxford,  Ohio. 

This  club  was  organized  in  1905  "to  stimulate  interest  in  certain  phases  of 
mathematics  which,  while  closely  related  to  dass  work,  do  not  fall  directly  under 

it.  The  meinhcrs  include  those  in  the  elective  mathematics  classes  and  the 
teaching  staff  of  the  department.    For  the  current  year  there  are  25  student  and 
3  faculty  members.    There  are  no  ofBcers;  the  seniors  take  turns  in  looking  after 
the  meetings.    The  programs  for  the  past  three  years  are  as  follows: 
December  6, 1915:  "Some  Constructions  leading  to  Conic  Sections"  by  Frances 
Orr,  instructor  in  niatliematics;  "A  Problem  in  Factoring"  by  Kathleen 
Banker  'IG;  "Parallelograms  inscribed  in  a  Kectangle"  }>y  Mary  C.  Little 
'16;  "A  few  Clasnic  Unknowns  in  Mathematics,"  report  of  G.  A.  Miller's 
article  in  IScientiJic  Monthly,  October,  1915,  by  Helen  ^IcBride  '16. 
February  14,  1916:  "Higher  Plane  Curves,  their  use  in  Mechanics"  by  Harriet 
Rice  '16;  "Higher  Plane  Curves,  their  Application  to  Geometrical  Con- 
structions" by  Ginevra  E.  McCoy  '17;  "Mathematics  in  Dr.  Eliot's  Five- 
Foot  Shelf  of  Rooks,"  report  of  W.  H.  Biissey's  article  in  this  Monthly, 
June,  1915,  by  Norrine  DeLaney  '17;  Current  Topics. 
March  13:  "Number  Systems  of  the  North  American  Indians"^  by  Ethel  S. 
Sebald  '17 ;  "  Early  History  of  Mathematics  in  the  United  States"  by  Marie  - 
Pearson  '17. 
October  23,  1910:  Picnic. 

November  20:  "The  Triangle  and  its  Circles"'  by  Edna  P.  Pepper  'IS;  "A 
Circle  Theorem"'  by  Anna  S.  Armstrong  '17;  "Elementary  Proof  of  a 
Theorem  on  the  Circle  due  to  F.  Moileyi"  report  of  T.  Dantzig's  artide  in 
this  Monthly,  September,  1916,  by  Marj'-  C.  Little,  assistant  in  mathe- 
matics; "  Ilecent  additions  to  the  mathematics  library"  by  Annie  C.  Crane 
'19  and  Edna  Berkele  '19. 

January  22,  1917:  "Greek  Methods  of  Solving  Quadratic  Equations"  *  by  Ethel 
S.  Sebald  '17;  "Some  modem  Solutions  of  the  Quadratic"  by  Anna  S.  Arm- 
strong '17;  "Graphic  Solution  of  y  «  a""  by  Mary  R.  Shipp  '18;  Report  on 

1 W.  G.  Eelk's  paper  with  this  thle  appeared  in  tUa  MoirTBi.T,  November  and  December, 
1913. 

*  The  following  pamphlet  on  this  subject  has  been  published:  W".  II.  Bruce,  ISome  Noteworthy 
ProiKTiiea  of  the  Trian^  and  iu  Cirdu  (Heath's  Mathematkal  Monographs,  No.  8).  Boston, 
Heath,  1908,  pp.  2& 

*  R.  A.  Johnson's  article  with  this  title  appeared  in  this  Monthlt  for  May,  1916.   It  was 

followixl  by  A.  Kinoh's  "Remarks  on  tlie  Foregoing  Circle  Theorem."  Tin-  tli.sin-tn  in  (lui/sliou 
("If  tiiree  equal  circles  are  drawn  through  a  point,  the  circle  through  their  intersections  is  equal 
to  each  of  them")  was  anoouneed  by  Mkhail  Manodeaeu  in  VBduMHon  JlfoUMmoftju^  1  Mu, 
1010,  12  ann^,  p.  128. 

*  \V.  C.  I^Us's  paper  with  this  title  was  published  in  this  Monthly,  January-,  1911. 
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"Robert  of  Chester's  Latin  Translation  of  the  Algebra  of  AI-Khowarismi"  * 

by  Ginevra  £.  McCoy  '17;  Current  Topics  by  Mary  £.  Spencer  '19,  Rhoda 

E.  Trook  and  Dorothy  M.  Wilkinson  '19. 
March  5:  "On  the  Representation  of  Large  Xumhers  and  Infinite  Processes," 

report  of  A.  Emch's  article  in  Scieniific  MoiUlily,  March,  1916,  by  Jessie  P. 

Wise  'IS;  "Rithmomachia  and  other  number  games''^  by  Sarah  M.  Sloan 

'18;  "Perfect  Numbers"  by  Ginevra  E.  McCoy  '17;  "A  Curious  Convergent 

Series"  '  hy  Mary  C.  Little,  assistant  in  mathematics. 
October  22, 1917:  Reccj)tion  for  Dr.  Ettalene  Gr'vr  'OS,    ho  is  assisting  in  reading 

some  of  the  Bahylonian  tablets  in  the  Yale  Museum;  she  gave  a  talk  on 

the  "Mathematics  of  the  Babylouiaus." 
October  29:  **  Magic  Squares"  by  Helen  T.  Anger  '19  and  Sena  M.  Sutherland 

'18;  "Some  PeoUiar  Properties  of  Numbers"  by  Edna  M.  Sebald  '18. 
November  26:  "Common  Geometric  Forms  in  Art"  by  Annie  C.  Crane  *19  and 

Jessie  1'.  Wise  '18;  Current  Topics  by  Helen  B.  Griesmer  '20. 
February  11,  1918:  "The  Three  Famous  Problems  of  Antiquity":  (o)  "The 

Taction  of  an  Angle"  by  Mary  E.  Thomas  '18;  (6)  "The  Duplication  of 

the  Cube"  by  Mary  R.  Shipp  '18;  (e)  ''The  Quadrature  of  the  Circle"  by 

S  .rah  M.  Sloan  '18. 

March  4;  "Certain  Typical  Problems,  their  Origin  and  History"  by  Edna  P. 
Pepper  IS  and  Mary  E.  Spencer  '19;  Current  Topics  by  Edith  M.  Sawin  *19. 

April  15:  "The  Fourth  Dimension"  by  H.  Lucile  Brown,  instructor  in  mathe- 
matics. 

"At  the  close  of  each  program  a  little  time  is  devoted  to  informal  discussion 

and  a  cup  of  tea."  At  Western  College  it  is  frit  tliMt  the  frv,-  mpctings  of 
the  (lub  held  each  year  "give  a  tremendous  impetus  to  tiie  genuine  interest  in 
the  work  of  the  department." 

Tones  FOR  CLUB  FBOGBAMS. 

Addendum:  In  the  last  line  of  Topic  5  add,  after  VEdueaiion  MaiUnuflique, 
1913,  Vol.  15,  pp.  161-163;  Vol.  16,  pp.  1-3.  13-15. 

9.*  Golden  Section. 

In  the  Kir  merits  of  Euclid  (who  flourished  about  300  B.  C),  the  followinj;^ 
pr()j)<)sitions  occur:  (1)  "To  cut  a  g:iven  straight  Hue  sn  that  the  rectangle  con- 
tained by  tlie  whole  and  one  of  ihe  segments  is  equal  to  the  square  on  the  remain- 
ing segment  "  (Book  II,  proposition  11) ;  (2)  "To  cut  a  given  finite  line  in  extreme 

>  With  an  Introduction,  Critical  Note*  and  aa  Eni^Bdi  Venion  by  L.  G.  ibiiMiMld,  Xew  York, 

Mactnillan,  1015. 

•The  Teachers  College  lUcord  for  November,  1912  (SoX.  13,  pp.  SSiV-tfto),  U  devot«l  to 
articles  on  "Number  Games  and  Number  Rhymes"  by  D.  E.  Smith,  C.  W.  Hunt,  F,  J.  Flynn, 
C.  C.  Eaton,  R.  K.  Atwell  and  F.  B.  Selkin.  Chapter  3  (pp.  419-422)  on  "RilhmomAchia,  the 
great  metfievi] mmber  gHDo"  by  D. K  Sroitb  and  C.  C. i^ton is  nprinted,  with afew  modifiea- 
tioiiN  from  the  AwnwcAiy  MAxaxifATiGAL  MoMTHLT,  April,  1911.  A  liiiiliogiaphy  it  given  on 
pa^e  49^. 

*  F.  Irwin's  paper  with  this  title  appeared  in  this  Mo.vthlv,  May,  1916. 

*  The  reader  is  reminded  of  the  statement  introducing  Topic  8  in  the  last  issue  of  the  Monthlt; 
topics  8, 9  uid  10  were  adeeted  from  those  which  arise  in  the  discuaaioct  of  various 
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and  mean  ratio"  (Book  VI,  proposition  30).^  While  these  propositions  are 
equivalent  in  statement  iSb»  methods  of  otmstruction  given  by  Euclid  are  quite 

different.  There  can  be  little  doubt  that  the  construction  in  the  second  is  due 
to  Euclid  and  in  the  first  to  the  Pj'thagoreans  (fifth  contury  B.  r/^.  The  result 
is  used  "To  construct  an  isosceles  triangle  having  each  nf  the  ;iiigies  at  the  base 
double  of  the  remaiutng  one"  {Elements,  Bouk  IV,  lu;  aud  this  leads  to  the 
construction  of  a  regular  pentagon  (Book  IV^  11). 

In  the  Elemenia,  book  XIII,  the  first  five  propositions,  which  are  preliminaiy 
to  the  cnnstniction  and  comparison  of  the  five  regular  solids,  and  den]  v  ith  prop- 
erties of  a  line  segment  divided  in  extreme  and  mean  ratio,  are  usually  attributed 
to  Eudoxus  who  flourished  about  365  B.  C.  Proclus  tells  us  that  Eudoxus 
"greatly  added  to  the  number  the  themems  whldi  Plato  oripnated  regardii^ 
the  section";  scholars  agree  that  "the  section'*  rdfers  to  the  divi«on  in  extreme 
and  mean  ratio.  ^ 

The  so-called  book  XIV  of  Euclid's  Elements,  w  ritten  by  Hj^sicles  of  Alex- 
andria between  2t)U  and  100  B.  C,  contains  some  result;^  concerning  "the  section." 

In  recent  times  the  name  golden  section  has  been  applied  to  the  division  of 
a  line  segment  as  above*  in  the  ratio  ( i/5  1) :  2.  T^uem  believed  that  the 
expression  "extreme  and  mean  ratio"  (which  is  an  ejiact  translation  of  Euclid's 
Greek  i)hra.se)  is  "'une  r^um'on  de  mots  ne  presentant  aiicun  sens,"  ^  and  following 
J.  F.  Lorenz  (1781)  employed  the  term  "r>n:itinued  section."  Terquem  has  also 
suggested:^  "diviser  une  droite  d^cagonaiement."  Leslie  introduced  the  term 
"medial  section."*  "Divine  proportion'*  was  used  by  Fra  Luca  PadoU  in 
1509fi  and  possibly  earlier  by  Pier  della  Francesca;'  "aectio  divina"  and  "pro- 
portio  divina"  occur  in  the  writings  of  £«pler. 

'  These  enunciations  am  taken  from  The  Thirteen  Rooks  of  Eudid'a  ElemerUa  translated  with 
introduction  and  couunentary  by  T.  L.  Heath,  3  vols.,  Cambridge,  at  the  University  Press,  1908. 
For  statements  in  conii«etim  With  our  dMcuagiflii  aee  pvUeulaity,  Vd.  1,  pp.  137,  408;  Vd.  2, 
p,  99;  Vol  3,  p.  441. 

*Tlie  earitflrt  imtaneeB  wMeh  I  find  «rf  ttn  uw  of  tlie  tetm  goltfen  Mctkm  are  in  J.  Hdmei, 

"Eine  pinfachere,  auf  einer  noucn  Analyao  honihenclf  Aufloeung  dcr  sectio  auroa,  ncbst  einer 
kriliachen  Beleuchtung  der  gewuhiilkhtiu  AuHotiuag  und  der  Betrachtung  ilires  padagogi^hen 
Werthes."  Archiv  der  Maihematik,  Gruncrt,  Band  4,  1844,  pp.  15-22;  in  A.  Wiegand,  Geo- 
metrUche  Lehrsdlze  und  At^gabutf  Band  2,  I.  AbtheUuns,  Halla,  1847,  p.  142;  and  alto  ia  A. 
Wicgand,  Der  aUgtmeine  goikm  SdmiUund  9ein  ZtuammenkangmU  itt  iarmoinseftm  TMhav^  .  . 
Halle,  IS  tO. 

'  XouiiUfs  (innahs  ik  viaiMmatiquM,  Paris,  tome  12,  1853,  p.  38. 

*  Journal  de  malhhnaiiquM  pwtB  et  ajTf^iqiUe*,  Paris,  tome  3,  1838)  p.  116. 

*  J.  Leslie,  EkmenU    gtomeintt  ttom^riad  tmaivnt  and  jntaiie  (rij^onomefry,  £;dii>burgfa|  1809, 

p.  66. 

*  Divinn  profKirliotu  opmi  a  luili  gll  iiigegui  ptrs-jncaci  c  curiosi  neccMttria  que  eiaaeum  tludio99 
di  philotophia:  progpettiva,  pictura,  tctUplura,  archiluluru:  tmuica:  e  maUmaticc  .  .  . 
ViciHliit .  .  .  ie09.  Althou^  not  printed  till  1609  the  mnnBeript  of  ilus  wotk  was  eonpleted 
in  1497.  The  geometrical  drnwinjrs  were  rninle  by  Leonardo  da  Vinci.  Another  edition  of  the 
Lutiu  text  "  herau£gegehen,  ubersctzt  und  erluulcrt  voo  C.  Wintcrbcrg"  appeared  at  Vicnnn 
(Grflser)  1889.  Another  edition  1896,  6  +  367  pp.  A  full  analysis  of  Pacioli's  work  ia  to  he  found 
in  A.  0.  KiBtnw,  OwehielUe  der  JdaUumatUe  .  .  .  Band  I,  GAUingen,  1796,  pp.  417-449.  See 
■Iflo  M.  Cantor,  Vorlutmgen  iSttr  CKseeftfeU*  der  Mathematik,  Band  2,  2.  Auflage,  Leipsig,  1900, 
pp.34!  ff.,  347. 

» It  has  been  shown  by  G.  Mancini  that  ports  of  Pacioli's  Dinm  proportione  were  taken 
ftonaVatieaaiiiBniiaeriptliyFferdellaFtaiMeMa.  See  (1)  G.  PSttaiclIt,      dal /F.  Coitfrane 
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Pacioli's  work  was  doubtless  influcDtial  in  inspiring  a  certain  amount  of 
mysticism  in  the  consideration  of  golden  section  by  later  writers.  In  a  work 
published  in  1569,  P.  Ramus  associates  the  Trinity  with  the  three  parts  of  golden 
section.  A  little  later  Clavius  wrote  of  its  "god-like  proportions."  As  noted 
above  Kepler  doclared  himself  similarly.  He  said  also:  "Geometry  has  two 
great  treasures,  one  is  tlie  Theorem  of  Pythagoras,  the  other  the  division  of  a 
line  into  extreme  and  mean  ratio;  the  first  we  may  compare  to  a  measure  of  goId» 
the  second  we  may  name  a  precious  jewel."  ^ 

There  is  an  interesting  passage  on  golden  section  hy  Albert  Girard  in  liis 
edition  of  Stevin's  works.*  Girard  gives  a  method  of  expressing  the  ratio  of  the 
segments  of  a  line  (cut  in  golden  section)  in  rational  numbers  that  converge  to  the 
true  ratio.  For  this  purpose  he  takes  the  sequence 


every  term  of  which  (after  the  second)  is  equal  to  the  sum  of  the  two  terms  that 
precede  it,  and  says,  after  Kepler,  any  number  in  this  progression  has  to  the 
following  the  same  ratios  (nearly)  that  any  other  has  to  that  which  follows  it. 
Thus  5  has  to  8  nearly  the  same  ratio  that  8  has  to  lii;  consequently  any  three 
consecutive  numbers  such  as  8, 13, 21  nearly  express  the  segments  of  a  line  cut 
in  golden  section.  Since  the  fractions 


Manpin  reasons  with  force  (after  taking  into  account  all  which  follows  in  the  note) 
that  Girard  was  probably  familiar  with  the  elements  of  continued  fractions. 
Simson  interprets  Girard  s  reasoning  differently,  in  notes  on  the  ne.xt  topic  I 
shall  have  occasion  to  return  to  the  remarkable  series  (1)  and  (2). 

dei  maietfuUici,  tomo  ',],  Hoiiia,  1909;  (2)  G.  Mancini,  "L'opera  'De  Corporibua  Kegularibus' 
di  Pielro  Franceschi  detto  Franceeea  usiupata  da  Fra  Luca  PacLoli"  (con  dodici  tavolo)  Reale 
accademia  dei  lAncei,  iiilb.  Sse  ravimr  by  F.  Cajori  in  this  MoNTObT,  Vol.  23,  1916,  p.  3S4. 
(3)  G.  B. de Toni, " Intomo  si  omUm  •fonesso '  I)»<Bviiui  pruportkuie'  di  LueaPadoli  •  i  diaegni 
geomctrici  d  i  qi  irat'  opera  attributi  a  Lflonaido  da  Viiiei,"  Madtna  Soe,  dei  natmetieli  e  motanalici, 
am,  13,,  1911,  p(>.  52-79. 

*  Exact  references  to  sources,  and  some  quotations  from  originals,  are  given  in  (1)  J.  Tropfke, 
Geflohichte  der  Ekmentaf^Mathematik,  Baud  2,  Leipxig,  Veil,  1903;  (2)  F.  Sonnenburg,  Der 
gMneS^miU,  Beitrag  mr  Otschichte  der  MathemaHk  tmd  tfaie  Anuxndung.  (Progr.).  Bonn,  18S1 . 
(Not  always  reliable). 

*Le9  wueru  malhematiqite  de  Simon  SUnn  revues,  eorrig^es  et  augmeut^Ses  par  A.  Girard. 
heyds,  1634,  pp.  160-170.   Hie  passage  in  question  \s  reprinted  with  commentary  in  G.  Maupin, 

Opinions  el  curimitf^  touchant  la  maJhematique  (deuxi^me  s^rie),  Paris,  1902,  pp.  203-209.  It  has 
been  diacuased  also  by  R.  Simeon,  PhiUm>phiaU  Transadiona,  1753,  Vol.  -IS,  pp.  36S-377. 


(1) 


0, 1, 1,  2,  3,  o,  8, 13,  21, 


(2)  I  h  I  I  I  i^r, 

are  the  various  convcrgents  of  the  continued  fraction 

16":  1  I 
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In  the  nineteenth  century  the  literature  of  golden  section  is  by  no  means 
inconsideraUe.  It  iiidudes  ftt  least  a  score  of  separate  ]>ainphlets  and  books 

and  many  times  that  number  of  papers.  In  numerous,  voluminous  and  rather 
unscientific  writings  A.  Zeising*  finds  pnlden  section  the  krv  to  all  morphology 
and  contends,  amonp  other  things,  that  it  dominates  both  architecture  and  music. 
A  diittinctly  new  Hue  was  set  under  way  by  Fechner  who  appHed  scieutific  experi- 
mental mediod  to  the  study  of  testhetic  objects.*  He  was  led  to  the  conclusion 
that  the  rectangle  of  most  pleasing  proportions  was  one  in  which  the  adjac^t 
sidf  •  nr<-  in  the  ratio  of  parts  of  a  line  segment  divided  in  golden  section.'' 

Sir  Tiieodore  Cook  discusses*  golden  section  from  some  new  points  of  \  iew  in 
connection  with  art  and  anatomy,  and  the  writings  of  F.  X.  Pfeifer*  remind  one 
both  in  subject  matter  and  style  of  treatment  of  Zeising's  publications. 

For  mathematical  treatment  of  pfoUems  in  golden  section,  in  ordinary  or 
generalized  form,  see  also  the  papers  by  C.  Thirj-*  and  R.  E.  Anderson/  E, 
Catalan's  Thiorhnes  ei  Probl(^mp,t  de  (fSomStrie  i^/<$nu!niaire^  and  Emsman's  program* 
containing  more  than  350  relations  and  problems. 

10.  A  Fibonacci  Series. 

Foremost  among  mathematicians  of  his  time  was  Leonardo  Pisano  (also 

known  as  Fibonacci)  who  flourished  in  the  early  part  of  the  thirteenth  century. 
His  greatest  work  is  Liber  abbaci  "a  Leonardo  Hlio  Bonacci  compositus,  anno 
1202  et  correctus  ab  eodem  anno  1228."    It  was  first  printed  in  1857.*" 

'  I'  or  example  (1)  Neue  Lehrc  von  dvn  I'ruporlujncn  iks  iiieti^chlichen  Kdrpere  am  cimm  bisher 
umrkaitnt  gebluhenen,  die  gatue  Xaiur  und  Kunal  durchdringenden  morphologigchen  Grundg«.«eUe 
entmeheit,  Leipzig,  IS54, 457  l^.;  (?)  Dot  NormaiverhaUnit  der  chemischen  und  mwrphologUchen 
JPniporHmm,  Leipzig,  18S6, 114  pp.  and  the  poflthumous  woric:  (3)  Dcr  goUent  Sekmtl,  Leipzig, 
2S  pp,  Cf.  S.  Gtinthrr,  "  Atlolph  Zeising  ala  Mnthemfitik.  r"  ZeUschrift  fOr  Mathmatik 
und  I'hijmk,  lILbtoritsch-literaxuicha  AbtheiluQg,  Band  21,  1876,  pp.  157-165. 

'  C;.  T.  Fechner,  Zur  esperimetUalen  AeaOuHk,  Leipzig,  1S71. 

*  C.  L.  A.  Kunn  sptaka  of  "  Rechteck  der  schdosten  Fonn"  in  hb  LehHntA  der  Plaimtutrie, 
Weimar,  1839,  p.  124.  A  referenee  mAy  be  given  to  a  Kcent  dfaoiinioii  of  "printer's  oblong" 
anil  "kiiI'Icii  oblon^:"  in  H.  L.  Koopman,  "Printing  Page  ProblomB  with  Qeametric  Sotutioiu," 

The  Printing  Art,  Cainbhtige,  Maisa.,  1911,  Vol.  16,  pp.  353-356. 
«T.  A.  Cook,  The  Curves  of  Life,  London,  Constable,  1914. 

*  (a)  "Die  Proportion  des  goldencn  Schnittcs  an  den  Blattern  und  Stengeln  der  Pflanzeu," 
Zeitaehrifl  fOr  maihemaliachen  und  Tiaturwissensckaf (lichen  Unterrichl,  188.5,  Vol.  15,  pp.  325-338; 
(6)  Der  ijohhnt  SchnUl  uwl  dr^'ixr'i  E rychi  iri nrtysfurin*  n  in  }[fitli'  niiidk  Naiur  und  Kun.st,  Aunsburg, 
U885J,  230  pp.  A  reeum^  of  this  work  given  by  0.  Willman  in  Lehrproben  und  Lehrgdnge  out  der 
Praxi»  der  Gymitatten  wnd  Bet^tehvim,  1892  was  the  baeis  of  E.  C.  Aokemwuiii,  ''TIm  OoUen 
.Scflion."  .VMKnrcAN-  M.\TiiKM\Tir\T,  MoNTnLv,  isor),  Vol  2,  pp.  280-2M.  QT.  ZeUtefaifl  f. 
lualh.  uiul  naluTwiss.  i'nkrricM,  IH^>7,  Vol.  18,  pp.  44-47,  bU.V-612, 

*C.  Tliir>-,  "Quelques  propri6t4s  d'une  droite  putacfe  en  moycnne  «t  extreme  Raiaon," 
Maihena,         Vol.  14,  pp.  22-24. 

'  "EztenflioD  of  the  Medial  Seetkm  ProUem  and  Derivation  of  a  Hyperbolie  Graph/'  Proeeet^ 
inga  of  the  Edinburgh  Mathematical  Society,  1897,  Vol.  15,  pp  nr,  fiO. 

•6f'  td.,  Paris,  1879,  pp.  261-263.  Some  of  these  properties  are  given  in  the  hrst  edition  of 
this  work  by  H.  C.  da  La  Fn^moire,  Paria,  1844. 

*  Zur  tectio  aura.  Pragr.  Stettin,  1874  (C/.  ZeUtehriflJ'  mo^*  naturw.  Untarriehl,  Vol.  5, 
pp.  28^201). 

•"11  liber  Abbaci  di  I^'onardo  ri--:iiio  pubbliruto  da  Balda'^^ure  Bouconipa^nii,  Roma, 
MDCXX/LVIL  For  an  analysis  of  this  work  see  M.  Cantor,  Vorksungen  liicr  QcschichU  der 
MaUmtaUk,  Band  II,  3.  Aullaie,  Leipiigt  Teubner,  1900,  pp.  5-35. 
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Among  miscellaneous  arithmetical  problems  of  the  twelfth  edition  is  one 
entitled  "How  many  pairs  of  fabbits  can  be  produced  from  a  single  pair  in  a 
year."  '  It  is  supposed  (1)  that  every  month  each  pair  begets  a  new  pair  which, 

from  the  secoDtl  montli  on,  becomes  productive;  and  (2)  that  deaths  do  not  occur. 
From  these  data  it  is  found  that  the  number  of  pairs  in  successive  months  would 

be  as  follows: 

(3)  1,  2,  3,  5,  8,  13,  21,  34,  55,  89,  144,  233,  377. 

These  numbers  follow  the  law  that  every  term  after  the  second  is  equal  to  the 
sum  of  the  two  preceding  and  form,  according  to  Cantor,  the  first  known  recumng 
series  in  a  mathematical  work.  The  doubtful  accuracy  of  this  latter  statement 
has  been  pointed  out  by  Giinther.' 

The  series  (^^  was  well  known  to  Kepler  who  discusses  and  connects  it 
with  golden  section  and  growth,  in  a  passage  of  bis  JJe  nive  iexangida,  1611.' 
CfHnmentaries  of  Girard  and  Simson,  and  the  relatbn  of  the  series  to  a  certain 
continued  fraction,  have  been  noted  above  in  connection  with  Topic  9.  But 
the  literature  of  the  subject  is  very  extensive  and  reaches  out  in  a  number  of 
directions.  In  what  follows  ?/„  will  be  regarded  as  the  (n  +  l)st  term  of  what 
we  shall  call  the  Fibonacci  Series  (1);  so  that  Wo  =  0  and  U\  =  1.  For  reasons 
which  shall  appear  later  the  terms  L.ame  series,  and  Braun  or  Schimpcr-Braun 
series  have  been  employed  in  this  connection.  Girard  observed  that  the  three 
numbers  tin.  Un+u  u„+i*  may  be  regarded  as  corresponding  to  lengths  whicli  form 
an  isosceles  trianK'le  of  which  the  angle  at  the  vertex  is  very  nearly  equal  to  the 
angle  of  the  regular  jjentagon. 

The  relation  Un-iUn+i  —  =  (—  1)"  '  while  implied  in  the  passage  quoted 
from  Kepler  is  more  explidtly  used  by  Simson  (1753).  It  was  to  this  rdation, 
and  hence  to  the  Fibonacci  series  that  Schlegd'  was  led  when  be  sought  to  general- 
ize the  well-known  geometrical  paradox  of  dividing  a  square  8X8  into  four  parts 
which  fitted  together  form  a  rectangle  5  X  13.*   Catalan  found  (1879)  the  more 

*  8.  Gtkither,  GncUeto  der  Mathematik,  1.  Tcil,  I>eipzig,  Gflachen,  1MB,  p.  137. 

*  J.  Kcp!rr,  Opera,  ed.  Friach,  tome  7,  pp.  722  3.  After  discuesions  of  the  form  nf  tl>o  boes' 
cells  and  of  tlic  rhornbo-dqdecah«Klral  form  ot  tiic  sccd-s  of  the  pomegranite  (cau»e<i  In  ( i]U!iliy.iiig 
prcssiirei  turns  to  the  structure  of  flowers  whose  p<'<  uliarit ics,  rspcciully  in  ((lunivi ion  with 
quincuocuvl  amiugi-tnt  iit  he  looks  upon  as  an  emanation  of  sense  of  form,  and  feeling  for  hi  nuty, 
frank  the  Mttt  of  the  {>latit.  He  then  "unfolds  some  other  reflections"  on  two  regular  ^<A'uh  the 
dodecagon  aod  ico«ahedron  "the  former  of  which  is  made  up  entirely  of  peata§fim,  the  latter 
of  triao{[]ee  arranged  in  pentagonal  fonn.  The  stracture  of  these  sotids  in  a  form  00  strikingly 
pentagonal  could  not  come  to  [);i.ss  npart  from  that  proportion  which  geom(  trr>^  to-day  pronounce 
divine."  lu  dtiK.'U88ing  this  divine  proixirtion  he  arrives  at  the  series  of  numlxTs  1,  1,  2,  3,  5,  8, 
13,  21  and  concludes:  "For  wp  will  nlways  have  as  5  is  to  8  so  is  8  to  13,  i)r:irt  irally,  and  as  8  is 
to  13»  80  ia  13  to  21  almost.  I  think  that  the  seminal  faculty  is  developed  in  a  way  analogous  to 
this  proportion  which  perpetuates  itself,  and  so  in  the  flower  is  displayed  a  pentagonal  standard, 
so  to  speak.  I  let  pass  all  other  oooeidenUioae  which  ini|^  be  adduced  by  the  moet  delif^tful 
study  to  establish  this  truth." 

'There  is  :i  tyixtKriqihirul  error  (13  for  21)  in  nimnl's  (nsru>i.sion  in  this  eonnnnion. 
•V.  Sclilegel,  "  Verailgemeinerung  cines  geottit!iri*ichcn  i'aradoxorw,  "  ZeiUcJiri/l  /ur  Mathe- 
matik und  Physik,  24.  Jahrgang,  1879,  pp.  123-128. 

*  This  paradox  was  given  at  least  as  early  as  1868  in  ZeittdviSi  /ur  Mathematik  und  Phytikt 
Vol.  18,  p.  102.  Cy.  W.  W.  R.  Ball,  Malkumalkal  BeatoHaat  and  Buay,  5th  edition,  LoDdoo, 
Mnr  nnii.iii.  lOiT,  p.  63;  and  E.  B.  Eaoottf  "Geometrio  Puulea,"  Open  Court  itfafasui^  Vol.  21, 
1907,  pp.  502-5. 
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general  relation^  «n+i-ptwi+p  —  «n+i'  =  (—  1)"**~''(mp)/  from  which  may  be 
derived  «i»f +  t/n'  =  ^tn+i  first  given,  along  with  many  other  properties,  by 
Lucas,*  in  a  paper  showing  the  relation  between  the  Fib(Hiacci  series  and  Pascal's 
arithmetical  triangle.  It  was  Binet>  who  showed  that 

TT^-^Un  «  (1  +        -  (1  -  '^)», 

and  Catalan  gave  the  following  result  a  few  years  later:' 

2--'tt.-j  +  5       ^,2-3  1-2-3-40  ^  • 

I/Ucas  showed  the  importance  of  the  Fibonacci  series  in  discussions  of  (a)  the 
decomposition  of  large  numbers  into  factors  and  (b)  the  law  of  distribution  of 
prime  numbers.'  Binet  was  led  to  the  series  in  his  memoir  on  linear  difference 
equations  (I.  c),  and  Lam6  indicated  its  application*  in  determining  an  upper 
limit  to  the  number  of  operations  made  in  seeking  the  greatest  common  diiosOT 
of  two  integers.  Landau  evaluated  the  series  S(1/i/2a)  and  Z(l/u4Vf.i),  and  found 
that  the  first  was  related  to  Lambert's  series  and  the  second  to  the  theta  series.' 

For  further  references  and  mathematical  discussions  one  may  consult  (1) 
rinlemidiaire  deg  foafhSmaiieimu,  1900,  pp.  172-7;  1902,  p.  43;  1915,  pp.  39- 
40;  (2)  "Sur  une  g€n6raltsation  des  progressions  g6om6triques,"  L'Education 
matUmatique,  1914,  pp.  149-151, 157-15S;  and  (3)  V.  Schlegel,  "Skies  de  Lamfi 
sup^ricurs,"  FA  progreso  mntcmatico,  1894,  ano  4,  pp.  171-174. 

As  to  growths  it  is  pardcularly  in  connection  with  older  chapters  on  leaf 

*  E,  Catalan,  Aftlangcs  mathhnaliqncs,  tome  2,  [Li^e,  1887],  p.  319. 

* E.  Lucas,  "Note  sur  la  trianKlt-  arithinetique  do  PiMoal  «t  iiir  la  afirie  da  LuaA,**  NomdU 
corrttpondance  mrikSmatiquet  tome  2, 1876,  p.  74. 

*  J.  P.  M.  Binet,  "M^moin  mr  I'mMgntfam  des  equatioDB  linMiM  am  iMUxmota  bam 
(I'lin  nrdre  qudconquc,  k  ooelBfliiMitB  TariddM,"  Com^lM  rmiuM  di  ViieadimU  ds*  «ewilcit  da 

Parui,  tome  17,  1843,  p.  663. 

*  Manual  de»  ca'uiida'g  a  I'Ecole  PolyUekni^tie,  tome  1,  Par»,  1857,  p.  88. 

'  E.  Luoiis,  (a)  "  R(;  -herrhca  sar  plu.siptira  ouvmRC!?  de  I/oruml  de  Pise  et  sur  divers  efl  questions 
d'arithm(^tiquo  suix'rieiirE'.    Chapter  1.    Sur  les  &6nv^  Tvt  \\rrcu\cs,"  BuiUUim  di  biUiografia  e  di 

florin  lit  lit-  scicjizt  tnnti  inniirht-  r  fiMtchr,  tome  10,  p}>.  12*1-170,  Murzo.  1S77;    (b)  Theoriu  des 

foactiooa  numdriquea  simplemeut  pdriodlques,"  American  Journal  qf  Mathemalic*,  Vol.1,  1878, 
pp.  184-229, 280-321  fon  p.  289«re  pven  th«  &«t01  tennsof  tlw  Fiboaaod  MiiM  and  the  faetots 

of  every-  term];  (c)  "Sur  la  thdoric  dps  nombres  premipns"  [datod  mai  AtH  della  r.  Acca- 

demia  dtlk  iSckiizc  di  Torim,  \q\.  11,  1S75  -Tti,  pp.  928-937;  {d}  "Note  sur  I'applicaiiou  ties 
series  recurrcntea  a  la  recherche  de  la  loi  de  distribution  des  nombrcs  premiers,  "Comptet  rendut 
de  i'aeadimU  dn  teieneea,  Vol,  82,  1876^  pp.  16&-167.  See  also  A.  Aubiy,  "Sur  divers  jptoo6d6» 
d»  faotorinitfcm,"  L'Bntfiffngmml  MaAimati^,  1913,  e^eially  |f  11, 18  and  17,  pp.  219-223. 

•B.  Lam:'-,  "Xote  sur  la  limitf  du  nombre  des  div'nion.s  (l;iiis  li  rcchcrnhe  du  plu^*  ftxnnd 
COOunun  diviscur  entro  doux  oombrt»3  entiers."  Complex  remititi  tk  racadimie  des  aciencvti,  tome 
19^  1844,  pp.  887-^0.   See  also  J.  P.  M.  Bbet,  idem,  pp.  939-941. 

BeoMiM  of  nmlte  obtained  in  the  abovv-nwntiooed  memoir  the  Fibonacci  eeriee  is  frequently 
called  the  Lam^  serieB.  I  ean  find  no  v«rifieation  of  Thompson's  statement  (On  Onmlh  and  Form, 
p.  6-13)  that  thp  series  2/3,  3/5,  5/8,  8/13,  13;'2T,  ■  •  •  v.iWnl  Lanii's  series  by  some,  after  Father 
Bernard  Lami,  a  contemporary  of  N<nvton'H,  and  one  of  the  co-dLseoverers  of  the  pamllelognun 
of  forces."    Indeed  the  statement  is  d<iubil«'j,s  im  orrect. 

I.Andau,  "Sur  la  s^ric  des  inverses  des  nomiueB  da  Fibtmaod/'  BuUeHn  d»  la  toeUU 
mtttltimalique  de  France,  tome  27,  1800,  pp.  298^300. 
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arrangemeiit  or  pbyllotaxis  tbat  the  Fibonacci  Scries  comes  up.  Among  the 

earliest  and  most  important  of  these  are  the  metnoirs  of  Braun  (based  on  re- 
searches of  Schimper  and  Jiiniself"),'  and  L.  et  A.  Bravais.^  Of  later  papers  there 
arc  those  by  Ellis,'  Dickson,^  \Vrif:hl/'  Airy/  Giinther,'  and  Ludwig.^  Much 
that  was  fanciful  and  mysterious  was  swept  away  by  the  publication  of  P.  G. 
Tait's  note  "  On  Pbyllotaxis."  *  Of  recent  books  on  the  subject  the  most  notable 
are  those  by  Church,***  Cook,"  and  Thompson.^  The  two  former  are  beautifully 
illustrated.  The  latter  reproduces  Tait's  discussion  in  an  appreciative  manner. 


NOTES  AND  NEWS. 

Edited  bv  D.  A.  Rothrock,  ludiana  University,  Bloomington,  Ind. 

yir.  E.  S,  Laxe,  fellow  at  the  University  of  Chicago^  has  been  appointed 

instructur  iu  mathcinatic-s  at  Rice  Institute. 

Mr.  W.  G.  Simon,  fellow  at  the  I'liiM-rsity  of  Chicago,  has  been  appointed 
instructor  in  mathematics  at  Western  lk'ser\  e  University. 

Dr.  Olive  C.  IIazlett,  instructor  at  Bryn  Mawr  College,  has  been  appointed 
to  an  assistant  professorship  of  mathematics  at  Mount  Holyoke  College. 

'  A.  Bruun,  "  Yergleichende  Untcrauchung  tiber  die  Ordnuog  dcr  Schuppea  an  den  Tanuen- 
zapfcu  &\s  Einleitung  zur  Untermichung  d«r  BUttenteUuDg  tttwriiaupt,"  iV<i«o  Ada  Acad,  Caet. 

Ltopoldina,  Vol.  16,  1830,  pp.  199-401. 

*  L.  et  A.  Bravaia,  (1)  "Sur  la  dispositioD  des  feuillcs  curviacridcs,"  Ann.  dcs  sc.  ntU.,  2e  sdrio 

Paris,  183S. 

*  R.  L.  Ellis,  MtOhenuOieal  and  Other  WnHnQ*,  Cambridge,  1863;  '*0n  tbe  Theory  of  Vege- 
table Spiral',"  pp.  :^5S-37"2. 

*  A.  DtckBon,  "On  some  abnormal  cases  of  pinus  pinaster,"  Tranioclwn^  of  Uu:  linj/al  Soculy 
of  Edinburgh,  Vol.  26,  1871,  pp.  505-520. 

*  C.  Wright,  "The  usee  and  origin  of  the  arrangements  of  leaves  in  plaots"  (read 
Memoin  of  die  Anuriean  Academy,  Vol.  9,  part  2,  Cambridge,  Mass.,  p.  3S4f. 

°  II  Air>-,  "On  Leaf  AmugMiWDt,"  Avoeedtivi  «(  (*•  Bo^  Sod/Of  ttf  London,  Vol.  21, 
1873,  pp.  17{>-179. 

'8.  GUnther,  "Das  mathematische  GrundgeBets  im  Bau  des  FfianaeiilcarpeBS,"  itotmof, 

11.  Jahrgang,  Band  4,  1879,  pp.  270-284. 

*  F.  Ludwijc,  "Einiffe  wichtige  Abschnitt€  &m  der  mathematischen  Botanik,"  Zeitt^r^  fOr 
malhematischen  umi  naturu-Ui.  UnUrncht,  H-md  14,  1883,  p.  Kllf. 

*  P.  G.  Tait,  Proc.  Royal  Sodety  EdiiAurgh,  Vol.  7,  1872,  pp.  391-4. 

■*  A.  E.  CSuireh,  On  the  Station  of  PhyUobma  lo  Mockemieal  hawt,  London,  Williams  and  Nor- 
gate,  1904.  On  page  5  Church  wrifrs:  "Thp  propfrtifs  of  thr  S'rhirapcr-Braun  scrips  1,  2,  f?,  T>, 
13,  — ,  had  long  been  recognized  by  uialhcmalkiuus  ((Jcrhardt,  Lam^).  .  .  ."  lu  Butaiuichcs 
C'enlralbiall,  Band  68,  1896,  F.  Ludwig  WTites  (on  p.  7)  that  the  numbers  of  this  series  "werden 
vielfacb  von  ikttaaikera  als  Braun'scbe,  von  Matiietnatiiieni  als  Geriiardfache  oder  Lam^'solM 
Reilie  bewidmet."  I  iiave  not  been  able  to  yertfy  that  any  mathematieiaii  used  the  term  (Sei^ 
hardt  pcrir«  in  this  conni  rtion,  or  that  anyone  by  the  name  of  Gcrhardt  wrote  about  the  Fibonacci 
series.  From  what  has  been  iuiitt-uted  above  it  seems  certain  that  *'  Gtsrhardwhe  "  should  be 
"Girard'sche." 

*^  T.  A.  Cook,  The  Curi'ea  of  Ufe^  London,  Constable,  L914. 
D^A.  W.  Thompson,  On  Qiwlh  and  Form,  Cambridge;  at  the  Univenity  Pren,  1917. 


Digitized  by  Google 


KOTBS  AND 


239 


Dr.  E.  A.  Engler,  professor  of  mathematics  at  Wasliington  University 
from  1881  to  1901,  presidoit  of  Worcester  Foiytechnic  Institute  from  1901  to 
1911,  and  since  1911  secretaiy-treasurer  of  Washington  Uniyeraity,  died  on 
January  16,  at  the  age  of  sixty-one  yMun. 

Assist;' t:r  Professor  Warren  Weaath,  of  Throop  College  of  Technology, 
is  on  lea\  e  (^t  absence,  serving  in  the  Science  and  Research  Division  of  the  Signal 
Corps  at  Washinpfton,  D.  C, 

Professor  F.  R.  Moulton,  of  the  University  of  Chicago,  has  been  com- 
missioned a  major  in  the  Ordnance  Department  and  assigned  to  service  at 
Washington  where  he  will  have  important  duties  in  connection  with  the  mathe- 
matical phases  of  testing  field  pieces. 

Professor  J.  N.  Van  der  Vries,  of  the  University  of  Kansas,  who  has  been 
connected  with  the  war  work  of  the  Chamber  of  Commerce  of  the  U.  S.  at  Wcash- 
ington,  has  been  transferred  to  Chicago  to  take  charge  of  the  newly  estabhshed 
Chicago  branch  of  the  Chamber,  having  control  of  the  work  in  the  central  west. 

Mr.  AiniED  Datib,  a  charter  member  of  the  Association,  and  for  a  number 
of  years  teacher  of  mathematics  at  the  Prands  W.  Parker  School,  Chicago*  has 

accepted  the  professorship  and  head  of  the  department  of  matiieniatics  at  William 

and  Mary  College,  Williamsburg,  Virginia. 

Professor  FLOnrAX  C.UORI  has  re<^ipnetl  his  position  of  professor  of  mathe- 
matics at  Colorado  College  to  accept  the  chair  of  profe??^or  of  history  of  mathe- 
matics in  the  University  of  California.  Professor  Cajori  lias  been  connected 
with  Colorado  College  for  twenty-nine  years. 

Professor  C.  A,  Waldo,  who  retired  last  June  from  the  Thayer  professorship 
of  mathematics  and  applied  mechanics  at  Washington  University,  St.  Louis,  Mo., 
is  now  U^nng  at  401  West  llSth  Street,  New  York  City.  Professor  Waldo's 
educational  career  extends  over  a  period  of  forty  year;,  beginning  as  an  instructor 
in  mathematics  at  VVesleyan  University  in  ii>77.  He  occupied  in  succession  the 
professorship  and  head  of  the  department  of  mathematics  at  Hose  Polytechnic 
Institute,  DePauw,  Purdue  and  Washington  Universities.  He  was  retired  from 
Washington  Univer^ty  as  professor  emeritus. 

The  Association  of  Teachers  of  Secondary  Mathematics  of  North  Carolina 
met  at  Greenville,  on  March  8  and  9.  Profcf??^or  C.  B.  Upton  of  Teachers 
College,  Columbia  University,  was  the  principal  speaker;  other  addresses  were 
made  by  Mr.  W.  W.  Rankin,  and  Mr.  J.  W.  Lasley,  of  the  University  of  North 
Carolina.  The  sessions  of  the  conference  were  primarily  devoted  to  discussions 
of  the  humanizing  of  mathematics,  the  addresses  of  Professor  Upton  being  upon 
the  subjects:  "Mathematics  as  an  aid  to  the  interpretation  of  life  about  us," 
"Recent  tendencies  to  \  isualize  the  beginnings  of  geometry,"  and  "The  modern 
methods  of  teacliing  arithmetic." 

Uninermty  of  Kamas.  Summer  session,  June  3  to  July  12. — By  Profe^sbor 
C.  H.  Ashton:  College  algebra;  Mechanics. — By  Professor  E.  B.  Stouffer: 


J- 
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Calculus;  Modern  geometry. — ^By  Professor  J.  J.  Whbeleb:  Solid  geometry; 
Trigonometry;  Analytical  geometiry. 

July  15  to  Aug.  9.— By  Professor  U.  G.  Mitchbll:  History  of  elemwtary 
mathematics;  Teachers*  course. 

Cornell  Unmrsity.  Summer  session,  July  8  to  August  10. — ^By  Professor 
W.  B.  Carver:  Topics  related  to  geometry,  five  hours. — ^By  Professor  W.  A. 
HimwiTz:  Topics  related  to  algebra,  five  hoiirs.  The  preceding  two  courses  are 
primarily  for  teachers. — By  P**ofessor  F.  W.  Owens:  Project! \  e  geometry,  three 
hours.  Courses  in  s(rfid  geometry,  algebra,  ttigonnnetiy,  analytic  geometry  and 
dem«ntary  calculus  will  be  given. 

The  tenth  regular  meeting  of  the  American  Mathematical  Society  and  the 
forty-first  m  rLii  g  of  the  Chicago  Section  were  held  at  the  University  of  Chicago 
on  Frifhty  and  Saturday,  April  12  and  13.  The  sf^-sioti-  of  IVi(]nv  morning  and 
Saturday  morning  were  devoted  to  the  presentation  of  original  papers,  the 
number  of  papers  read  being  nineteen.  The  session  of  Friday  afternoon  was 
devoted  to  a  symposium  on  the  theory  of  summable  series.  The  attendance  at 
the  meetuigs  was  nearly  normal  in  number;  but  several  who  usually  are  present 
were  absent  owing  to  duties  connected  with  the  prosecution  of  the  war.  At  the 
dinner  on  Friday  evening,  where  some  forty-five  members  enjoyed  the  usual 
social  intercourse,  Professor  L.  E.  Dickson,  President  of  the  Society,  presided, 
and  addresses  were  made  by  Professor  Vak  Vmck  <m  his  experienee  in  connec- 
tion with  the  war  registration  board  at  Madison,  by  Professor  D.  R.  Cubtis^ 
on  the  effect  of  the  wur  on  scientific  productiveness,  by  Professor  S.  Lef8CHETZ» 
who  came  five  liundreJ  miles  to  the  meeting,  by  Professor  E.  R.  IIkdrick  on 
correspondence  witli  prominent  mathematicians  in  France,  England,  and  Ger- 
many, and  by  Professor  H.  E.  Slauoht  on  the  work  in  which  Major  F.  R. 
MouLTON  is  engaged  in  the  ordnance  department  at  Washington. 

In  an  article  entitled  **  Medidne  and  mathematics  in  the  sixteenth  century  " 

which  appeared  in  the  AnmdB  of  Medwal  History,  summer  number,  1917,  Pro« 
fessor  D.  E.  Smith  considers  the  reasons  for  the  close  relations  of  these  two 
branches  then  existing  and  lists  a  large  number  of  men  who  were  distinguished 
in  both,  among  whom  may  be  cited  Leonardo  d\  Vinci,  Copernicus,  Cabdan% 
Gemma  Frisius,  and  Robekt  Records. 

The  Committee  on  Policy  of  the  American  Association  for  the  Advancement 
of  Science  has  changed  the  place  of  the  next  meeting  from  Boston  to  Baltimore, 
one  controlling  reason  being  the  proximity  of  Baltimoi^  to  Washington,  where 

many  prominent  scientific  men  from  all  parts  of  the  country  are  now  engaged  in 
war  work.  The  dates  will  be  December  27  to  31, 191S,  and  the  program  will  be 
restricted  very  largely  to  definite  working  problems  related  to  the  war. 
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Rietz,  Crathome  and  Taylor's  School  Algebra 

By  II.  L.  RiETZ,  Professor  of  Mathematical  Stntistira,  A.  R.  Ckathorne, 
Associate'  in  Mathematics,  University  of  Illinois,  anil  E.  H.  Taylor.  Pro- 
fessor of  Mathematics  in  the  Eastern  Illinois  Stutc  Normal  School. 
{Amtrican  Mathematical  Series.)  First  Course.  \iii  +  271  pp.  $1.00; 
Second  Course.  x+235pp.   75  cents;  Co7np2€2€  in  one  volume  unabridged, 

Fbbd  W.  Hutchdisok,  Sigh  Sehooi,  Dover,  New  JffampflAtre : 
We  find  this  text  highly  satutfsctory. 

BXBSIE  DeYoe,  High  School,  Hastings,  ^f  ichigan : 

We  have  been  using  both  the  first  and  second  courses.  I  have  been  especially 
pleased  with  the  approach  to  the  subjects  in  the  first  course,  in  the  beginning 
of  the  book.  The  pages  are  attractive  and  the  l«igtii  6t  the  exercises  not 

tiresome. 

£.  B.  List,  Streator  Town^^hip  Hujh  School,  Illinois: 

The  Advanced  Algebra,  used  here  for  the  first  time,  has  proven  satisfactory 
thus  far— four  weeks  trial. 

Fimiejr  and  ftrown's  Modem  BusiDess  Aiitlmetic 

By  II.  A.  Finney,  of  the  Walton  School  of  Commerce,  Chicago,  and  J.  C. 
Brown,  Principal  of  the  State  Normal  School,  St.  Cloud,  Minn.  Brief 
Course,  298  pp.   8vo.  85  cents.   Complete  Course,  488  pp.   8vo.  $1.10. 

Caboltn  Roih3icr8,  John  WnnamaktT  Comnurdal  InstittUe,  New  York  CHy : 

I  find  it  a  ino.-it  ronipir  lK  iisiv(  Ixxtk  and  have  asked  that  it  be  put  into  our 
school  as  our  text.  The  authors  are  to  be  congratulated  on  the  quality  and 
arrangement  of  the  subject^natter,  and  the  paUishers  deserve  much  credit 
for  the  emellwt  style  and  type  of  the  book. 

Fbamcis  L.  Bain,  Co-uprrctHve  Indudrial  Cauree  of  (he  DarehMter  High  8ehoei, 

Boistvn,  Mass.: 

I  have  been  more  than  favoral>ly  iiupressed  with  the  wide  and  practical 
variety  of  probl^ns  presented,  not  forgetting  the  graded  exercises  on  quick 

calculation. 

During  sixteen  years'  teaching  experience  I  have  tried  to  emphasize  the 
value  of  and  necessity  for  a  thorough  knowledge  of  written  and  oral  short 

method.s  us  applied  to  industrial  ami  In  sincss  arithmetic,  l)a.seLl  upon  bi  si- 
ness  demands,  and  it  is  pleasing  to  find  so  much  attention  devoted  to  these 
features  tn  this  new  publication. 

B.  Framk  Bnofwii,  LtJee  View  High  School,  Chicago,  lU.; 

I  have  taken  steps  to  have  this  book  put  on  the  list.  It  is  just  what  we  need. 


HENRY  HOLT  AND  COMPANY 

19  W«st  44th  Street  6  Park  Stmt  2451  Pralrio  Ave. 

NBW  YORK  BOCTON  CHICAGO 
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UNIVERSITY  OF  WISCONSIN 

mMMSM  SESSION*  191S  June  24  to  Aocmt  2 

230  Couracs.  140  Inatnietan.  Graduate  and  nudergra'luate  work  leading  to  the 
bachelor's  aad  higher  degreei.  Lstlcfa  and  Scicno^  Mediciney  EngiiMaing  and 
Atricultuiv  (indudiog  Hohm  Eemimnlei). 

Special  War-time  Courses,  both  informational  and  for  practical  training. 

Teachors'  Couraaa  io  higb-flchool  subjects.  Strong;  programs  ia  all  academic  de- 
IMrtmenls.  Vocfttkmal  trabing.  Eioeptional  icssareb  faoBties. 

Favorable  Climate.    Lakt-sidc  Aclvantages. 

One  fee  for  all  eourses,  $15.   For  detuikd  announcemcuts,  address 

REGISTRAR,  VNIYERSITY,  MmOitton,  Wisconsin 


PabllBhed  February  191S 

AISAUYTIO  QEOMETRY 

By  EDWIN  S.  CRAWLEY  and  HENRY  B.  EVANS 
PrafMMMT*  «f  Math«aMtlc«  la  th*  Unlvaralty  •!  PMiuylvaaia 

Site:  xiv+239  pages,  7M  x  4^  inches.   Price  $1.60. 

Chapters  I  to  X  (190  pages)  give  a  fullcnllcgccourseinplaneanalyticgeonietry.  Chap- 
ter XI  (14  pages)  on  enipincal  equations  will  be  of  particular  interest  tostudentsof  engi> 
neering  and  other  applied  Sciences.  Chapter  Xtl.  the  ooncludmg  chapter,  is  devoted  to 
the  ertensioo  of  coordinate  geometry  to  some  space  problems. 

Chdcisand  applicatbns  for  sample  copies  for  examination  with  a  view  to  introduction 
dMMild  be«ddf«sied  to 

E.  S.  CRAWLEY,  University  of  Pennsylvania,  Philadelphia 


Barker's  Plane  Trigonometry 

With  Tabl«s 

By  BoGvini  HSKKY  Barker  (Los  Angeles  Polytechnic  High  School).  86  Illustra- 
tibns.  aoth  fl.OO  Post|»id. 

"The  1xx)k  contains  such  a  clear  exposition  that  an  instmctor  becomes  almost  super- 
fluous.  All  examples  and  problems  are  strictly  trigonometric  and  judidoasly  chosen. ' ' 

Roray's  Industrial  Arithmetic 

Hy  Nki^n  L.  Rorav  (Wm.  L.  Dickinson  High  School,  Jersey  City).  36  Illustra- 
tions. Clodi  75  cents  Postpaid. 

"  I  am  impressed  with  the  most  ezceUent  lUustratlons.  These  are,  to  my  mind, 
of  prime  importance."— FfOfw  a  toKher, 

Roray's  Industrial  Arithmetic  for  Girls 

nittstrated.  Ooth  75  cents  Postpaid. 

"A  book  whidi  covers  the  practical  mathematical  problems  of  every  woman's  life." 

—From  a  feofhfr. 


P.  BLAKISTON'S  SON  &  CO.,  Publishers 

1012  Walnut  Str««t,  Philadelphia 
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Publications  of  the 
American  Mathematical  Society 

TKAKSACTIONS  OF  THE  AMERICAN  ^fATHEMATICAL  SOCIETY. 
The  Transactions  is  devoted  to  research  in  pure  and  applied  mathematics 
and  is  the  ofJieial  organ  of  tlie  Society  for  the  publication  of  important 
original  papers.  Published  quarterly.  Subscriptiou  price  for  the  annual 
volume,  $5.00. 

BULLETIN  OF  THE  AMERICAN  MATHEMATICAL  SOCIETY.  De- 
voted larf^ely  to  critical  reviews  of  mathematical  books,  the  Bulletin  also 
contains  reports  of  the  meetings  of  the  Society  and  of  other  mathematical 
bodies,  short  original  papers,  reports  on  progress  in  the  science,  Usts  of 
new  publications,  and  notes  on  current  events  in  the  mmthematiad  world. 
Pubfished  monthly,  except  August  and  September.  Subeeiiption  price 
for  the  annual  volume,  l&OO. 

THE  EVANSTON  COLLOQUIUM  LECTURES.  Delivered  at  the  Chicago 
Congress  of  Mathematics,  1893,  by  Feux  Klein.  Republished  by  the 
Society,  1911.    Price,  7o  cents. 

THE  BOSTON  COLLOQUIUM  LECTURES.  DeliveMd  before  the  Sode^, 
Boston,  1903,  by  H.  S.  WmTB,  F.  S.  WooDB,  and  £.  B.  Van  Vlbck. 
Price,  12.00. 

THE  NEW  HAVBK  MATHEMATICAL  COLLOQinUM.  1906.  ByE.H. 
MooBB,  E.  J.  WiLCZTinm,  and  Max  Masok.  S3.00. 

THE  PRINCETON  COLLOQUIUivi  LECTURES.  1909.  By  G.  A.  Bliss 
and  Edwabo  Xasneb.  $1.50. 

THE  MADISON  COLLOQIIIUM  LECTURES.  1913.  By  L.  E.  Dickbon 
and  W.  F.  Osgood.  |2.0a 

CircuUus  sent  on  request.   Address  all  orders  to 

American  MatkematiGal  Society 

SOI  Wast  119th  Straat  Naw  York  Qty 

The  American  Mathematical  Society  was  organixed  in  1894  and  includes  among  its 
780  membere  nearly  all  tlie  tnathematlciaDS  of  the  United  Btateft.  The  annual  dues  are 
15.00;  admission  fee,  15.00.  Members  receive  the  Bulletin  without  further  ehaige,  and 

are  entitled  to  a  reduced  price  on  the  other  publicatio&s  of  the  Society.  Meetings  are  held 
tea  times  a  year  in  New  York,  Chicago,  aad  other  cities.  The  Society  has  a  Ubrary  of  over 
6000  VUlllUMi. 
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The  American  Mathematical  Monthly 

OFHOAL  ORiGAN  OF 

The  Mathematical  Association  of  America 

b  the  Qnly  Joomtl  of  G>lkKtetc  Grade  la 
Tbe  MathcflMitical  FIdd  in  tfab  Gountrf 

Tku  meam  that  iU  mathematiad  eOTUribuHona  can  he  read  and  under' 
etood  by  ikoee  who  have  not  »pwiaiieed  in  mathemafia  heycnd  the  CdUndtte. 

The  Historical  Papers,  which  are  numerous  and  of  high  grade,  are 
based  upon  original  research. 

The  Questions  and  Discussions,  which  are  timely  and  intere&tingi 
cover  a  wide  variety  of  topics. 

The  Book  Reviews  embrace  the  entire  field  of  collegiate  and  seeon- 
dary  mathematics. 

The  Curriculum  Content  in  the  collegiate  field  is  carefully  considered. 
Good  papers  in  this  line  have  appeared  and  are  now  in  type  awaiting 
their  turn. 

The  Notes  and  News  cover  a  wide  range  of  interest  and  information 
both  in  this  country  and  in  f ordgn  countries. 

The  Firoblems  and  Solutions  hold  the  attention  and  activity  of  a 
large  number  of  persons  who  are  lovers  of  mathematics  for  its  own  sake. 

There  are  other  journals  suited  to  the  Secondary  field,  and  there  are 
still  others  of  techxdcal  scientific  character  in  the  Umversity  field:  but  the 
Monthly  is  the  only  journal  of  Collegiate  grade  in  America  suited  to  the 
needs  of  the  non-specialist  in  mathematics. 

Thb  Mathbicahcal  Absociation  of  Ahbbica  now  has  over  deven 
hundred  individual  members  and  over  seventy-five  institutional  members. 
There  are  already  nine  sections  formed,  representing  twelve  different 
states.   The  Association  has  held  so  far  two  national  meetings  per  year, 

one  in  September  and  one  in  December.  The  sections,  for  the  most  part, 
hold  two  meetings  onr)i  yonr.  All  meetings,  both  national  and  sectional, 
are  reported  in  the  Ulliciai  Journal,  and  many  of  the  papers  presented  at 
these  meetings  are  published  in  full. 

The  slogan  of  the  Association  is  to  inchide  in  its  memhership  every  teacher 
of  collegiate  mathemcUics  in  Aincrica  and  to  make  such  membership  worth 
while.  Application  blanks  for  membership  may  be  obtained  from  IM  Secre- 
iary,  W,  D.  Cairns,  27  King  Streelt  Oberlin,  Ohio. 


Digitized  by  Google 


The  New  Era  Printing  Company 


MittltolMy  iiMMm«r  •!•  MiMto  »ri««iii 
rtaolflt^plftg.     Particular  attantlon 
Slvan  to  tha  work  of  Schools,  Collaga» 
Unlvoraitlaa.  and  Publl'*  Inatltutloaa. 

Botki,  Periodicite 

AmwMiefeiiti,  Reports,  ete> 
All  KhMte  of  Cowwefciil  Woffc 

<Ateiai»a#aaSBllatte  am  TummtMumB  <#  flia 

Publlshora  will  find  our  product  ranking 
with  tha  baat  in  workmanship  and  ma- 
larial, at  aatiafaotory  pricoa.  Our  Imprint 
may  ba  found  on  a  numbar  of  hlflh'-claaa 
TMhntodl  Mtf  8ol«iitlfto  Brnks  P»ri- 
ttoMm.  OQrMap««te««a  ■•llwNatf.  E«ll> 
vwiM  taraldlMtf. 


The  New  Cm  Pmhtiim  GtMP/unr 


THE  MULTIPLEX  WRITING  MACHINE 
9p«ci«l  MathciiMtiail  MocM 

complete  Bets  on  oni?  mnchme, — of  any  Science  or  LuiKUa^,  or  many 
correspondence  faces.    All  printable  on  one  machine.    "  Many 
typewrftan  in  oiM."  "JiwtTiimtlMKBobb*' 

Sample  Problen 


To  solve  --^  =  /  .l+(Ah)*  ---3  ,  put  a  = 
o  t  oX 

/^l-^(Ah)^  and  assume    9  «  t(t)-e(x),  so  that 

'  y:"^'^^^^*      ^"^  •  ^^^^  ir^^  swb- 

Bt        at  Bx  dx 

stituting.  these  into. the  original  equation, 
ne  fing  that  toe. v^ri ables,  t  and  can  be 
separated  by  divi4xng  through  oy  t* E  wnere- 

d*^t  jd^e 
upon  we  have  --"s       =  m      jH.      Since  the 

dt  dx 

first  of  these  two  eaual  members  cannot  vary 
when  t  changes. nor  tne  second  when  x  changes, 
both  must  remain  equal  to  some  constant,  lay 

-m*n*.,  ^The  two  resulting  equations  yield 
tne  solutions 


5  -  Kj.-  sin[nx  +  pi),  x  =  K  2*  si n  [tont+B  2 J 
whence  9  =  K iKaSin [ nx+Pi J  sinlmnt+p^J 

which  we  may  then  reduce  to  a  more  useful 

form  : 

9  »  2  8in[n(x±mt)+6n] . 

n=o 

An  interesti ng . fallacy . resul t s  frora  applying 
the.method^of  integration  by  oarts^  Au*^dv  « 
uv-/v'du^  to  a  case  where  u-l/x  ana  dv=dx: 
we  get 

=       /dx  -  /x-  t-l/x*J 

X  X 

=       1     ♦  /dx/x     whence  0«1  \\ 

5*7x  1+  /«x      5  I+I/Zexj 

=  -i-   arctan    [/  '/g    x]  . 
35 
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EXECUTIVE  CX)UNGIL  FOR  THE  YEAR  1918. 

OnncEHS. 

E.  V,  Huntington,  IlarvarJ  University,  PrcHdeni. 

D.  N.  Lbhhisr,  University  of  Califomia,"| 

J.  W.  YocNG,  Dartmouth  College,  J 

W.  D.  CAUiim,  Oberlin  Golkg^/SecFetary^TVcofursr. 

AppODiTBD  MiUBERS  OF  THE  CoCKCiL — CotMrriUtt  Oft  PvtHeoUon*. 

W.  H.  BtnSBT,  Univennty  of  Minnowta,  Betiew  Bdilor. 

IT.  E.  Sr.AT-r.tiT,  T^nivon^ify  ofCIiii  aRo,  \Tnnagcr. 

R.  D.  Cakmiohael,  Uuivcruity  of  Illinois,  EdUur-itt-ChuJ. 


Eiwm>  MramiiHa  of  thb  CovMCiib 

Tp  aerw  untU  Jmaiaryf  1019. 

B.  F.  FiNKEL,  Drurj'  College.  J.  N.  Van  dkh  Vhibb,  University  of  I\  n  u^. 

E.  H.  MooBB,  Univcfsity  of  Cbicagp.       Ai.bxanobr  Ziwkt,  Uoivcraity  of  Michi|^. 

To  tent  tints  Jmauvyt  1990, 

E.  R.  Hedbicx,  Univeisity  of  Mkaouri.    R.  E.  Mobtr,  University  of  Waflhlngton. 
HuBN  A.  MssmUit  Wdied^  Cdkie.    D.  E.  Suns,  ColiunbiA  Univeisity. 

To  went  until  Jumantt  i^i- 

FuomuM  CAJon,  Colondo  CoHb^b.         G.  A.  Mnuoi,  Univenrity  of  Ulinois. 
EuxABrra  B.  Cowur,  Vnanr  CollegB.    E.  J.  Wocrmbxi,  Univenity  of  GhioAgo. 

Var  tbie  oonpleteiieBS  of  the  leoord,  there  an  beie  added  the  officem  for  the  year  1917. 

Officers  ion  thk  Vkah  1917. 
Floiuan  CAloni,  Colorado  College,  President 

D.  N.  Lbhmbu,  UnlvetBity  of  California,!  |-,^.p^„v/fra« 

Oswald  Veblkn,  PrinfH>ton  University,  J 

W.  D.  Cairns,  Oborlin  College,  SeariUiry-Tnunurcr. 
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STANDING  OOMMITTEBB  OF  THE  ASSOCIATION. 


KAnoHAit  CknanrnEB  <w  Mathbhatical  BmtnmainB. 

A.  R.  Crathorne,  University  of  Illinois.     D.  E.  Smith,  Columbia  University. 

C.  N.  Moore,  University  of  Cincinnati.     H.  W.  Tyler,  Massachusetts  Instituf  o  of  Technology. 

E.  H.  Mooii£,  University  of  Chicago.        J.  W.  Yovnq,  Dartmouth  College,  Chairman. 


Admhoitaii  Mnmnw  SsnmBNwro  oibxb  Amooutionb. 

Q.  W.  Evans,  CliarI<:stown  U'lgh  School,  Charlcfltown^  MsH.,  icpreaeDtizig  Thfl  AflBOdatioil  of 

Teachers  of  Mathetnatics  in  New  Euglancl. 
Vbtia  Blaib,  490  West  llOUk  Street,  New  Yofc,  N.  Y.,  repreeentiog  The  Aaeociatron  of  Tleaehen 

of  Mathematics  in  the  Middle  States  and  Maryland. 
J.  A.  FoBBiia,  Crane  Technical  High  School,  Chicago,  UL,  leprceenting  The  Central  Aaaociatkm 

at  Seienoe  Md  Mathematics  Teachers. 

COMMirrE£  ON  LiDRARTKS. 

Florian  Cajori,  Colorado  College.  W.  R.  Ix>NGt.ET,  Yak-  I'liiversity. 

K  S.  CraWLBT,  University  of  Pennsylvania.      U.  K  r.ooT,  U.  S.  Naval  A<  adnn} . 

SountON  hmcBxn,  Univeiaity  of  KansM.      W.  B.  Ford,  Untveruiy  of  Midiigan,  Chmmum. 

BvHKAv  or  lNvosMA<noir. 

J.  L.  GoouiMn,  Harvard  Unmnnty.         M.  W.  Habkbix,  Univerrity  of  GalilomiB. 

L.  P.  EisKNHAiiT,  Prinoeton  Univeivi^,       W.  A.  Hukwit?.,  Cfum  !t  TJi(i\ erxity. 

W.  B.  FiT£,  Columbia  Univenity.  J.  B.  Suaw,  Univunuty  of  lliinois,  Ciutirman, 


Cmamnm  on  Raunom  with  vbm  Axh aw  or  Mathbmatics. 

R.  C.  Abchibald,  Brown  University. 
AusxANDEK  ZnvET,  UnivcrBify  of  Michigan. 
E.  II.  Moore,  University  of  Chicago,  Chairman. 


OOMMTTn  0«  MATBSBtATlCAIi  DiCnONAHT. 

R.  C.  Archibau),  I'.rown  T^nivf  r«ify.  11.  E.  Slauout,  T^iiviTsity  of  Chicaio. 

H.  L.  RiKTK,  University  of  Illinois,  D.  E,  Smith,  Columbia  Lnivenjity. 

E.  R.  Hbdwok,  Univenity  of  MiaBoari,  Chairman. 

Associate  Editors  or  the  OmciAL  Journal. 


R.  C.  ARcniBALi),  Brown  University. 
E.  L.  DoDD,  University  of  Texas. 
Otto  Dukkel,  Wi^shington  Univeiaity. 
B.  F.  FiNKEL,  Drury  College. 
TouLiNSON  Fout,  University  of  Alabanui. 
H.  R.  KiNoavoN,  Unhrenity  of  Manitoba. 


IIklkn  a.  Merrill,  Wellcsloy  College. 
U.  Ci.  Mitchell,  University  of  Kiinsjis. 
R.  E.  MoRin,  University  of  \\  nsliingtoo. 
D.  A.  RoTHROCK,  Indiana  T'iii\  <  r«ity. 

D.  E.  Smitu,  Columbia  University. 

E.  B.  SiooffVBK,  Univenity  of  Kanna. 
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SECTIONS  OF  THE  ASSOCIATION. 

Kansas. 

B.  L.  Rehice,  State  Agricultural  Collide,  Chairman. 
J,  J.  WBUUtBi  Unhwnity  of  Ktoeas,  Seerttaru-Tmmtnr, 

Ohio. 

¥.B.  Wiley,  Dcnison  University,  Chairman. 

G.  N.  ArasTwnfa,  Obio  Wieobqrui  UDivenilgr,  S§entarj/-Tr$a»urtr, 

W.  H.  RoEVER,  Wa.sliLiif2;tou  I'liiveraity,  Chairman.. 

0.  D.  Kelloqo,  University  of  Missouri,  Vice-ChairmcM. 
P.  R.  Bxam,  WaobiiiKUui  Univessiliyi  Semtary'TreatiirtT, 

Iowa. 

1.  F.  NEFf,  Drake  Univtrsiiy,  Chairmnn. 

U.  H.  McClenon,  Grinne!!  Collei^e,  V icc-CJiairman. 

W.  E.  Beck,  Stat43  University  of  iowa,  6€cretary-TTtaaurer. 

Indiana. 

S.  C.  Davis.«ov,  Indiana  University,  Chairman. 

W.  U.  MENDENUAXiL,  luLrUiiiui  CuUege,  6ecrelar^Trea9ureT, 

Minnesota. 

C.  H.  Otnorich,  Carlrtnn  Collcgf ,  Chairmnn. 

R.  M.  BAirroN,  University  of  MinuesMita,  HtcriLary-Treasurer. 

VUxOMim,  DnTMCT  or  Columbia,  and  Viboimu. 

Abraham  Cohen,  Johns  Ilofikins  University,  Chairman. 
R.  E.  Root,  U,  S.  Naval  Academy,  Secretary-Treasurer. 

Kentcckt. 

A.  L.  RBOtON,  Georgetown  College,  Chairman. 

H.  H.  DOWOTNO,  University  of  Kentucky,  Secrelary-Trensurer, 

Rocky  Mocntain  Section. 

C.  B.  RiiM3AWAT,  University  of  Wyoming,  Chairman. 

C.  C.  Van  Nuts,  Colorado  School  of  Mines,  Viee-Chairman. 

O.  H.  LiOBT,  UnimnHy  of  Ootorado,  Stentant-Tnanirm: 

IlXlNOIS. 

J.  A.  FoBEBO,  Crano  Junior  College,  Chairnum. 

E.  B,  hrnXt  UniTemtty  of  lUimwi,  8eenioiy'Trea$itnr. 
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INDIVIDUAL  MEMBERS  OF  THE  MATHEMATICAL  ASSOCIATION  OF  AMERICA. 


Note.  TUbia  list  gives  dat»  for  tba  charter  ni embers  taken  from  the  list  of  December,  1016, 
unlesB  changes  in  porition,  mailing  address,  etc.,  hav«  been  reported  to  the  aeoretary;  tins  Art 

infludcH  ;ilt»o  such  information  concerning  Titnv  lufiiJx'ri^  elccterl  to  the  A5s/>fiatinn  ninf-e  tliat  time 
as  was  given  in  the  earlier  list  for  charter  members.  \\  hen  members  are  known  to  be  occupied 
in  either  lines  than  mathematica,  thb  fact  b  indicated. 

ABRAsn,  Prof.  D.  A.  Research  Laboratory,  Lewis  Inst.,  Ghieago,  HI. 

Adams,  A.  S.    Bar  Il.irbor,  Me. 

AoAAfB,  Prof.  E.  P.    Physics,  Princetfin  Univ.,  Princeton,  N.  J. 

Adam  8,  O.  S.   Computer,  U.  S.  Cn.ist.  and  Geodetic  Survey,  Waahingtoo,  D.  G. 

f  irsC  Lieut,,  under  the  h'ar  I)(  ftarimfrU. 
Adkins,  L.  K.    State  Xorniul  .School.  La  Crosse,  Wis. 

Fini  LiexU.,  Field  ArtiUery,  Jiegular  Army,  in  France. 
AoAKD,  Asst.  Prof.  H.  L.  WiOiams  Coll.,  Wraiamstown,  Mass. 
Akers,  Prf-f.  0.  P.    AUegheny  Coll.,  Meadville,  Pa. 
Albert,  0.  W.    Inatr.,  Grinnell  Coll.,  Grinnell,  la.    1027  Summer  St. 
AuacamnHt,  Ftaf.  C.  I.   Texas  Christian  Univ.,  Fort  Worth,  Tex. 
Aley,  Robbht  JtrneoN,  Ph.O.,  LL.D.   President,  Univ.  of  Maine,  OroDO,  Me. 
Allex,  Bero  R.   Central  Coll.  for  Women,  Le.xinKton,  Mo. 
Allen,  Ens\  M.    .V>2i  Hllis  Ave.,  Chicaco,  111. 

F.i.itgRT»  A  H  (Indiana  Mate  Murmal;.    £juperimen«ient  and  Instructur  in  Math.,  Higii 

School,  Bnbbridge,  Ind. 
Aixuf,  FbOsmcB     II1.D.  (Wisconsin}.  Instr.  in  Math.,  Univ.  of  Wisconsin,  Madison,  Wis. 

gl9  Lathrop  St. 

Allek,  Gertrcde  E.    Instr.,  Junior  Coll.,  Pan  Di«  j;t),  Cal.    7>t>r  7 7J.  f.  />,  g, 

AiX£X,  il&so.  Prof.  Joi^KPB.   Coll.  of  the  City  of  New  York,  New  York,  N.  Y. 

AllJCN,  L.  G.    West  Texas  State  Normal  Coll.,  Canyon,  TVX, 

Allen,  Prof.  R.  B.   Kenyon  Coll.,  Gambier,  Ohio. 

Altshilleb,  As8t.  Prof.  Natbam.   Univ.  of  Oklahoma,  Nonnao,  Okla. 

AsiE.s,  A<m.  Prof.  L.  D.    Univ.  of  Mi.-.Houri,  Columbia,  Mo.   808  TkUlg  Avt. 

Auicx,  Prof.  T.  C.    Elon  Coll.,  Alamance  Co.,  N.  C. 

AionuoiAN,  Charles.   Instr.,  McKioley  Man.  Tr,  Sehool,  St.  Louis,  Mo.  S&OS  CtudtmmAve. 

Anderbuq,  Prof.  Frederick.   ObeHin  Coll.,  Ohprlin,  Ohio.   2*>7  E.  Catkgg  St, 

Anderson,  Prof.  Mart.    Illinois  \\ Uinari's  Coll.,  Juckouuville,  111. 

ANnKKsoN,  Pri.t.  W.  K.    Witteal" tk  Coll.,  i>pringfield,  O.    College  Campiu, 

Andrews,  A.  C.   Instr.,  Man.  Tr.  High  School,  Kansas  City,  Mo. 

Akdrbwb,  Aflso.  Prof.  W.  H.  State  Agrie.  Coll.,  Manliattan,  Kana.  6S0  Man  St. 

Anninc,  Norman.   Chilliwack,  B.  C. 

Corp.,  H.  Q.  Co.,  7lh  Can.  Rwy.  Troops,  in  France. 
Archer,  Rev.  Peter,  s  .J.   Dire  tor,  Georgetown  Coll.  ObeervatoiyandFlror.  of  Math.,  George- 

town  Univ.,  Washington,  D.  C. 
AbchiATiP,  AnO.  Prof.  R.  C.    Brown  Univ.,  Providence,  R.  I.    9  Charles  Field  St. 
Arhitaob,  Flora.  Instr.,  High  Bcbo<A,  Little  Uo<-k,  Ark.   192^  W.  e3d  St, 
Arubtbong,  Prof.  G.  N.   Ohio  Wesleyan  Univ.,  Delaware,  O.   Box  3^6. 
Arnold,  .\kso.  I'mf.  C.  I..    Ohio  State  Tniv..  Culuiiihiis,  ( ). 
Arnold,  Asst.  Prof.  Katuerine  S.   Milwaukee-Dowuer  Coll.,  Milwaukee,  Wis. 
AjtMOLD,  Fnf.  Pam..  Univ.  of  Southern  California,  Los  Angdes,  Cal.   ttil  W.  47th  St. 
AsHCBAFT,  Prof.  T.  B.    Cnlhy  Coll.,  Wa'erville,  Mn.    34  FUcuanI  St. 
AsHTON,  Prof.  C.  H.    Univ.  ot  Katiiaw,  Litwixuct,  Kan.    l.^(XJ  Ohio 

.\TCni80N,  Prof.  C.  i>.    Washington  and  Jefferson  Coll.,  Washing;  1  in,  Pa.    W2  S.  Wade  .Ave. 
AusBBACH,  Matiloa.  Supervisor,  Ethical  C*ultuie  iHchool,  New  York,  N.  Y'.       Centrai  Fork  W. 
AttanSf  Prof  C.  B.  Ohio  Wceleyan  Univ.,  Delaware,  O.  Jfonnett  UuH. 
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Babbitt,  Ast.  PnX,  Aumbrt.  Vmv.  of  NebtBaka,  liaooln,  Neb.  Bo»  JSM,  Sta.  A, 

Bacon-,  Prof.  Cl-\ra  L.    CJfnirhrr  Coll.,  Baltimore,  Md.    2316  .V.  Cabrrt  St. 

Bailey,  Prof.  F.  H,    Maiss.  Inst,  of  Tech.,  Cambridge,  Mass.   .^i//  Boylaton  61.,  Boston,  Mom. 

Baird,  a.  C.    Instr.,  Higli  School,  Pittsburgh,  Pa.   oOif  Ltneobi  Ate, 

Baub,  Fad.  Auram.  Univ.  of  Toronto*  TonmiOi  Can. 

Baxkb,  Aart.  Ftaf.  R.  P.  Acting  Head  of  the  I>ept.  of  Matb.,  State  Vaxv.  of  Iowa,  Iowa  City,  la. 
Balch,  Prof.  J.  V.   Bethany  Coll.,  Bethany,  \V.  Va. 

Baldwin,  J.  W.   Instr.,  State  Normal  Coll.,  Ypgilanti,  Mich.    131 S.  14lk  St.,  Ann  Arbor,  Mich. 
Bjuubr,  Aflst.  Prof.  Gbacb  M.   Ohio  State  Univ.,  Columbus,  O.   201  W.  llth  Aw. 
Bunnn,  I.  A.   Asst.,  Univ.  of  Chicago,  Chic^o,  111.  lS4o  N.  Oakley  BML 
Baknbt,  Prof.  Ida.   Lake  Erie  CoU.,  Paincs^-ille,  O. 

Barnhart,  C.  A.   Instr.,  Colorado  Coll.,  Colorado  Springs,  CoT.   S?4  E.  Co.<;liUa  St. 

Babbow,  Dr.  D.  F,   Instr.,  Shetfteid  Saentitio  School,  New  Uaven,  Conn.    196  WiUard  St. 

BaBtON,  R.  M.   Instr.,  Univ.  of  Minnesota,  Minneapolia,  Minn. 

Barton,  Prof.  S.  M.   Univ.  of  the  South,  Sewanee,  Tenn. 

Bacdin,  M,  C.   Instr.  in  French,  Miami  Univ.,  Oxford,  O. 

IlAt  KK,  Prof.  G.  N.    Univ.  of  Minnesota,  Miiincajjolis,  Minn. 

Bauuan,  Prof.  J.  A.  Mtihlenberg  Coll.,  AUentown,  Pa.  200  Tvamer  St. 

Biiati.  W.  O.  Aaot.  AstnMuaiMr,  Univ.  of  MimMnta,  MbmapoUi,  Minn. 

Bbatlby,  Ralph.   11  Wabon  St.,  Grove  Hdl,  BostoOj  lUm. 

In  government  service. 
Beattt,  Asst.  Prof.  S-v-muel.   Univ.  of  Toronto,  Toronto,  Can. 
Beckett,  C  II.   Acruury,  St.atr  Life  insurance  Co.,  Indianapolis,  lad. 
Bbckwith,  .\i^st.  Prof.  Etuelw  YNN  R.  (Mrs.  W.  E.).    CoDege  for  WomeOf  Weatem  Beaerve 

Univ.,  Cleveland,  O.   BeUjiowcr  Road. 
Beetle,  Asst.  Prof.  R.  D.   Dartmouth  Coll.,  Hanover,  N.  H. 
Belcher,  I).  H.    In.str.,  .Vdrlhcrt  Coll.,  Western  Ilrserve  Univ.,  Cleveland,  O. 
Belcher,  £abl  J.,  A.B.  (Kalamazoo).    Instr.  in  Math.,  Ttxld  Seminaiy  for  Boys,  Woodstock,  lU. 
Bell,  Asst.  IVof.  E.  T.  ITniv.  of  Washington,  Seattk),  Wash. 
Bell,  Prof.  Talmon.   Cooper  Coll.,  Sterling,  Kan. 

Beman,,  Prof.  W.  W.    Univ.  of  Michigan,  Ann  Arbor,  Mich.    Sid  E.  Kingsley  St. 
Br.NKDKT,  Prof.  H.  Y.    Univ.  of  Tr x)i.s,  .\u8tin,  Tex. 

Benedict,  Asso.  Prof.  Sczan  R.  Smith  Coll.,  Northampton,  Mass.  Clark  Houae, 
Bbknett,  Adj.  Prof.  A.  A.    Univ.  of  Texas,  Austin,  Tex. 

Capt.,  C.  A.  O.  R.  C,  Fori  Crockttt,  Gali'eston,  Ttx, 
Bennett,  Prof.  J.  N.    Doane  Coll.,  Crete,  Neb. 

Beuger,  Prof.  Edla  G.    Coll.  of  St.  Cuilu'riue,  St.  Paul,  Minn.    107 S  ('onto  Ave, 

BEBG8TB£aaEB,  C.  A.  Boys'  High  School,  Brooklyn,  N.  Y.  216  Kingston  Am. 

Bbbiwivin,  D?.  B.  A.  Inatr.,  Uahr.  ef  CaUforaia,  Bttkde^,  Gd.  tiSlHaaUSl. 

Bbbrt,  Grace  Ella,  A.M.  (Mount  Holyoke).  Deiukof  Women  and  AaBt.Fk«f.  of  Math.,  Fotnosa 

Coll.,  Claremoot,  Cal. 
Bsrry,  A.sso.  Prof.  W.  J.   Polvtechnic  Inst.,  Brooklyn,  N.  Y.  iti  St.  JaAit'a  Place, 

iSrt^ond  Litui.,  SOSth  Inf.,  Natl.  Army. 
Bert,  Prof.  O.  F.  H.    Washington  and  Jefferson  Coll.,  Washington,  Pa,   28  N.  LinecXn  St. 
Betz,  Hebmak.   Instr.,  Univ.  of  Michigan,  Ann  Arbor,  Mich.   819  S.  State  St. 
Betz,  Wiluam.    Vice-Principal,  East  High  School,  Rochester,  N.  Y.   160  Grand  Ai-e. 
BiGBEE,  J.  A.    Ilijjh  ScluK>l,  Littlf  K.K-k,  Ark.    1011  Rock  SL 
Bill,  Asat.  Prof.  E.  G.    Dartmoutli  Coll.,  Hanover,  N.  H. 
Boraunr,  G.  A.   Instr.,  Brenau  Coll.,  Gainesville,  Ga. 

BiRCBENOCGn,  Prof.  Haurt.    S'f.itp  Coll.  for  Teach t  rs,  Albany,  \.  Y.    117  N.  Allen  8L 
BiRKHOrr,  As.st.  Prof.  ti.  I).    liarvarU  Univ.,  Cambridge,  Miuss.    44  Shcpard  St. 
Bishop,  Prof.  F.  L.    Univ.  of  Pittsburgh,  Pittsburgh,  Pa.    Grant  Bh'd. 

Bqcby,  Brig.  Gen.  W.  H.   U.  S.  .\rmy,  retired.    Pies.  Misstsaippi  River  ComnusBion,  iNv. 

Engineer  Western  Div.  River  and  Harbor  Impnvemente,  and  Inapeetor  15th  Li^tkiOUBe 

District.   4t6  Cmtotn  House,  St.  Louis,  Mo. 
Bum,  Vbvia.   430  W.  1 19th  St.,  New  York,  N.  Y. 

Bland,  J,  C.    EnKineer  of  Pridges,  Peinui.  Lin.  H,  Pit  Isburgb,  Pa.    Etoom  620^  Pmntt,  Station. 

Bucbteldt,  Prof.  li.  F.   Stanford  Univ.,  Stanford,  Cal. 

Bixw,  Prof.  0.  A.    Univ.  of  Chicago,  Chicago,  III.   66^d  Kcmrood  Ave, 

BLmiBKBa,  AHt.  Prof,  Hekbt.  Univ.  of  Nebnaka,  Lincoln,  Neb. 
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HoHAN'NAN.  Trof.  R.  D.    Ohio  Stale  Univ.,  Columhus.  O.    22G  E.  16lhAM, 

Bono,  Aast.  Prof.  J.  D.   Agri.  and  Mech.  Coll.,  College  .Station,  lex. 

Boonoton,  Asmw  Fraf.  S.  L.  Math,  and  Astr.,  Univ.  of  Washington,  Seattle,  Wash. 

Boasw,  Wbts  E.,  A.B.  (Indiana).    Head  of  tbe  D«pt.  of  Math.,  College  CoucBe,  State  Normal 

School,  Milwaukee,  Wis. 
BoRGER,  Pn  if  R.  L.   Ohio  University,  Athens,  O.    70  UmmtUy  TtmcB. 
BoBGMEYER,  Prof.  C.  J.   St.  Louis  Univ.,  St.  Louis,  Mo. 

BO0B,  A.  C,  M..\.   Student  in  Pure  and  Mixed  Matb.,  Calcutta  Univ.;  Deputy  Magistrate, 

Bengal  Prov.  Civil  Service.  8  Dinabandhu  /.lOiw,  Simla  PottoffieCt  Calcutta,  India, 
Bouse,  T.  L.   743  S.  Poplar  St.,  Ottawa,  Kan. 

HouTON,  A.-^so.  I'rof.  C.  L.    Har\  an!  Univ.,  Cambridge,  Mafis.    D  Amn  St, 

BowDEN,  Prof.  Joseph.   Adelpbi  Coll.,  Brooklyn,  N.  Y.  24  CltfUm  Place,  • 

BoTD  tW.  p.  p.  Univ.  of  Kentucky,  Lexington,  Ky.  Waller  Ave.,  Eaiu  t^aes,  B,  S, 

Brackett,  Prof.  F.  P.    Pomon.i  Col!.,  Claromont,  Cal. 

Bradley,  .■\8st.  IVuL  II.  C.    Mass.  Inst,  of  Tech.,  Cambridge,  Mass. 

Bradshaw,  Asst.  Prof.  J.  W.  Univ.  of  Hidkigen,  Ann  Afbor,  Midi.  10S7  Linealn  Am, 

BaAOO.  P.  N.   Cbidestcr,  Ark. 

Brahblb,  CHAiai»  CuNTOK,  Ph.D.  (Johnt  Hopkins).  Jxubt.  in  Matb.,  U.  8.  Naval  AcadeDoy, 

.\rmnpo!i-s,  M.i.    5/6'  West  St. 
Bit.*..Nu.  Prof.  Louis,  Jr.    Univ.  of  Cinpinnati,  Cincinnati,  O. 
Bh.v.N'DKHEnuY,  Asst.  Prof.  J.  B.    Toledo  I'niv.,  Toledo,  O. 
Bratton,  Prof.  W.  A.  Whitman  Coll.,  Walla  Walla,  Wash.  670  Bayer  Ave. 
BnTCKBrnuDGB,  Aam.  W.  E.    Tcaclien  Cdl.,  Cohunbia  Uhhr.,  New  York,  N.  Y.    ti  Park 

Ave.,  Mount  Vernon,  .V. 
Bbenke,  Prof.  W.  C.    Univ.  of  Nt  l)rriska,  Lincoln,  Neb.    1Z50  S,  SUt  St. 

Brennan,  Dr.  M.  S.    Rector,  Church  Sts.  Man  ami  Joseph,  St.  Ixmis,  Mo.   <?50j{  Minnesota  Avo, 
BRBweiSB,  J.  A.  Instr.,  CoU.  of  the  City  of  New  York,  New  York,  N.  Y.   7S8  W.  ISlat  St. 
Bbioktta,  Siannt.  Inetr.  in  Matb.,  Ooll.  of  Saint  Sdwlaitica,  Dututbi  Minn. 

Brigh.'lM,  L.  a.    Instr.,  Boston  Univ.,  Rnsfon,  Ma.«a.   089  JBo||Ilfeit  51. 
Brikdl£,  I'riu.  G.  \V.    High  School,  Eastiitan,  Gh. 
Brditon,  Prof,  H.  H.   Guilford  Coll.,  Guilford  College,  N.  C. 

BaoADUcac.  John  Nichoims,  B.S.  in  Educ.  (Kaos.  State  Manual  l^uning  Normal).  Teacher 

of  Math.,  High  School,  I^tt«burg,  Kan. 
Brooke,  Prof.  W.  E.   ^!ath.  and  Mcrh.,  Univ.  of  Minnemta,  Minneapolii,  Mian. 
Brown,  B.  J.    13U  N.  Topping  tit,,  Kauaas  City,  Mo. 
Brown,  Prin.  E.  L.    North  Side  High  School,  Denver,  Col.   3324  Zutd  5(. 
Bboww,  Prof .  £,  W,  Yale  Univ.,  New  Haven,  Conn.  IWEverilSt. 
Bnowir,  Prof.  G.  L.  South  Dakota  State  Cott.,  Brookingi,  8.  D. 
BnowN.  As.<o.  ProL  H.  S.    Hamilton  Coll.,  Clinfon,  N.  Y.   CoUfSe  CompiM. 
Brown,  Lii.i.iav  O.    Instr.,  Hood  Coll.,  Frederick,  Md. 
BwyWN,  Dr.  T.  H,    lustr.,  Brown  Univ.,  Providence,  R.  I.    79  Taher  Ave, 
Brdcb,  l^f .  R.  E.   Boeton  Univ.,  Boston,  Maes.  688  Bojfiatan  8L 
Bbtant,  E.  S.  High  School,  Everett,  Mas*.  M  Lexiafton  St. 

Buchanan,  Prof.  Damikbn  Astr.  and  Math.,  Queen'a  Univ.,  Kingirton,  Ont.,  Canada.  14^ 

Stuart  St. 

BvCHANAN,  Prof.  H.  K.    Univ.  of  Tennessee,  Knorvillc,  Tenn. 

BtnuuABD,  Dr.  J.  A.   Instr.,  U.  S.  Naval  Academy,  Annapolis,  Md.   SIO  Prince  Oeorge  St, 
Bullard,  Prof.  W.  G.   Syracuse  Univ.,  Syracuse,  N.  Y.   117  RedficUi  Place, 
Bi'HGj  K,  Pnif,  C.  R.    Colorado  Srhool  of  .Mines,  GoMi  n,  Col. 

BuKGE»8,  Ami.  Froi.  H.  T.    Univ.  of  Wisconsin,  Maili>o!i,  W'a.   812  W.  Dayton  St. 
BuKQEss,  Dr.  R.  W.    Instr.,  Brown  L^niv.,  Providence,  K.  I. 

Bureau  of  Stati^ics,  Washington,  D.  C,  o>y  Imre  of  abtenee, 
BuRiXT,  J.  F.   ^vil  Engineer,  Philadclpiiia,  Pa.   4S9  Winow  Ave, 
BriiVELL,  EuzABETH  F.    listca  Park,  C<>1. 
Burton,  ProL  W.  W.    Mercer  l.'niv.,  Macon,  Ga. 
Buaunr,  Amo.  Prof.   Univ.  of  Minnesota,  Minneapolis,  Minn. 
BomMnBLD,  A.  D.  Worcester,  Mass.  In  oniaftoa  terviee. 

Caw,  J.  N.  *  Mecbanical  Engineer,  Aahtabala,  0.  6  WkiUam  8l 
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Cain,  Prof.  Wiluau.  ITtriv.  of  Nwth  Oanifina,  Chapel  Hill,  N.  C. 

Cairns,  A^so.  Trof.  W.  D.    Oborlin  Coll.,  Oberlin,  O.    27  King  St. 

Cajori,  Prof.  Floriax.    Colorado  Coll.,  Colorado  Springs,  Col.   IIIB  Wood  Ave. 

ChUtKKWoou,  11.  F.   Htockman,  Glasgow,  Monr. 

Caixju^^.  Praf.  J.  C.  8urv.  vad  Dnmiag,  Umon  Coll.,  SdMoecUdy,  N.  Y.  JOS  QUmmod 

Calman,  Dorotut  G.   4751  Hammett  Place,  St.  Louis,  Mo. 

Camp,  Che^teb  Claremont,  Ph.D.  (Cornell).    Prof,  of  Math.,  Ottawa  Univ.,  Ottawa,  Kans. 

Co.  A,  SlSlh  Engineers,  Camp  Dodge,  la. 
Gahpbxll,  a.  D.  liutr.,  Northwestern  Univ.,  Evanston,  III.  Wt  Hauen  Hotm, 
CAKPsnx.,  Prof.  D.  F.  Armour  Inat.  of  T^h.,  Chicago,  111.         Oak  Ass.,  BoaauUm,  lU. 

Campbell,  Dr.  G.  A.   Research  Entrinerr,  Am  Tel.  nnd  Tel.  Co  ,  Xpw  Y<wk,  N.  Y.   tS  Dey  St. 

CAMPBKi.r,,  .1.  E.    Math.  Master,  Colleg.  Inat.,  Regiua,  Sask,  Cauadu. 

Campbell,  JohxV  William.  Ph.D.  (Chicago).    IxK;turer  in  Math,  and  Physics, WedefColL,  Win- 

iiipes,  CaiMda.  OcluKd    Mtuketrt/t  4i  Lan»down»  Am.,  Toronlo,  Can. 
Ganaoat,  E.  F.  Corp.,  Co.  B,  SJfM  M,  0.  B.  N.t  Ctunp  Fmtlpn,  Ka». 
Candt,  Prof.  Albert  LrTHEB|  Fh.D.  (Nebndu).  Pine  Math.,  UniTenity  of  NebiMika,  lin- 

coin,  Neb.   Station  A. 

Capabo,  Prof.  J.  A.  Elee.  E^oi^iMering  and  FlviieB,  VaW.  of  Notn  Dame,  Notre  Dame,  Ind. 

P.  O.  Box  54. 

Capbon,  Paul.   Instr.,  U.  S.  Naval  Academy,  Annapolis,  Md.   Ilolel  Maryland. 

Card,  H.  L.  Senoantf  Co.  C,  Itl  Begt.t  U.  S.  Engn.,  Am.  Sxpod.  Faroes  **>  Frmeei  home  acfafrm, 
ffotwrJUU,  ATow. 

Carey,  Asst.  Prof.  E.  F.  .V.    Univ.  of  Montana,  Miflmila,  Mont. 
CaiU8,  prof.  A.  G.    Detiauce  Coll  ,  Drfiance,  O, 

Cabis,  Asst.  Prof.  V.  B.   Stato  M;tn.  Tr.  Normal  Sdiool,  Fittfllnitg,  Kaa. 
Carleton,  Herbert  Newton,  West  Newburj-,  Mass. 

Carmichael,  Asst.  Prof.  F.  L.    tJniv.  of  Alabama,  University,  Ala.   Graduate  School,  PrituxUm 

i'fitc,  l-'i  Alexandria  Hall,  Frinceion,  N.  J. 
CarmichaeLj  Asst.  Prof.  R.  D.   Univ.  of  Illinois,  Urbana,  111.   70S  W.  Michigan  Ave. 
CAUi'KNTKK,  Prof.  D.  R.    Math,  and  Astr.,  Roanoke  Coll.,  Salem,  Va. 
Cabb,  F.  E.   Inatr.,  Oberlin  Coll.,  Oberlin,  O.    171  W.  CoUegc  St. 
Carrttth,  Prof.  W.  M.   Hamilton  Coll.,  Clinton,  N.  Y.   P.  0.  Box  25. 
Car.scal.len,  G.  E.    Clovehmii,  O.  (?) 

Cabteb,  Asst.  Prof.  B.  K   Colby  Coll.,  WaterviUe,  Me.  S  Center  Place. 
Cabvs,  E.  H.  La  Sale,  HI. 

Car\t:r,  Asst.  Prof.  W  T>    Cornell  Univ.,  Ithaca,  N.  Y.  WkSleHiJL 

Castek,  Mary  E.    44s  \  im  Houten  St.,  Paterson,  N.  J. 

Cater,  Prof.  J.  T.    Straight  Coll.,  New  Orleans,  La. 

Cedbkbbbo,  Prof.  W.  £.  Augustana  Coll.,  Rock  Island,  HI.  S906  7th  Ave. 

CiTACii,  Awtoui  BVPPOM,  A.M.,  ScD.  (Brown).  Ciumedlor,  Brown  Univ.,  Praividenee,  R.  I. 

Chambkhlaix,  E.  n.    Instr.,  Franklin  School,  Nrw  York,  N.  Y.    18  W.  89th  St. 

Cha-mrkr-s,  .\i«st.  Prof.  G.  G.   Univ.  of  Pennsylvania,  Philadelphia,  Pa.   79  Drexel  Ave.,  Lan*. 

ilotrri,',  Pa. 

Chakoleb,  a.  E.  Simmons  Coll.,  Abilene,  Tex. 

CsAMDtBB,  Praf.  Eva.  Wdledey  Coll.,  Wellcsley,  Mais.  Stone  HoB. 

ChaN'EY,  Asso.  Prof.  G.  A.    Plate  Coll.,  \mv<,  la.    609  Graud  Au  . 
Chano  Shen-Fu  (S.  N.  Tschaug;.    Tlic  (Joveruinent  Univ.,  I'tkiug,  (  hin.'i. 
ChaPICAN,  Prof.  F.  E.    Southern  Univ.,  Greensboro,  Ala. 

Chaslcs,  Asst.  Prof.  R.  L.   Physics,  Lehigh  Univ.,  South  Bethlehem,  Pa.   744  Seneca  St. 
Chatbttrn,  Prof.  G.  R.   Appl.  Mech.  and  Machine  DesiRn,  Univ.  of  Nebraska,  Lincoln,  Neb. 

3S.50  P  SI. 

Chittenoen,  Dr.  E.  W.    Instr.,  Univ.  of  Illinois,  Champaign,  111.   1116  Arl)or  St. 
Glakk,  Prof.  J.  E.  Enwritus,  Yale  Univ.,  New  Haven,  Coon.  S4  S.  Park  Terrace,  Springfieid, 
Mate. 

Clarkb,  Prof.  E.  H.  ffiram  Coll.,  Snun,  O. 

Clarke,  J.  A.   Instr.,  West  Phila.  ITip:l]  St  lu^ol  for  Boyi,  PhOadelpiua,  Pa.   Dewn,  Pa. 
Clawson,  Prof.  J.  W.    Ursinus  Coll.,  Collr>-rvjlle,  Pa. 

Clements,  GurRoaER,  Ph.D.  (Harvard).    Instr.  in  Math.,  U.  S.  Naval  Academy,  Annapolis,  Md. 

CbBTKNGBBfCH.   Research  Asst.,  Assoo.  Mfn.  of  Chilled  Cat  Wheels.  llWW.SjaingfieldApe., 
Vrbima,  lU. 
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Conn,  Prof.  H.  E.   Lewis  Inst.,  r!iic:ino,  111. 

Coble,  \sso.  Prof.  A.  B.   Johns  Hopkiua  Univ.,  Baltimore,  Md.    Mount  Doma. 
CoffflK,  h.  M.    Instr.,  Om  CoU.,  C«iar  Rapids,  la.    1414  Fimt  Ait.  W, 
GoHwr,  A0M>.  Prof.  Abraham.  Johus  Ho|»iuiu  Unhr.*  Baltimote,  Md. 
COLAW,  J,  M,   High  School,  Monterey,  V«. 

Com:man,  T'rof.  J.  B.    Univ.  of  South  Carultna,  Columbia,  C. 

CoLUER,  MrKTtE.    Hcod  of  the  Dept.  of  Math.,  State  Normal  School,  Los  Angeles,  CaL  £330 
I'asadena  At<e. 

Cou4TOM,J.  W.  High  School,  Trenton,  N.  J.  SS  S.  CUnion  St. 
ComTTB,  Asm.  Prof.  Jdua  T.    Iowa  State  Coll.,  Ames,  la.  BIB  Mk  Ave. 

CoLWELL,  RonKKT  Camerox,  A.>T  I'T^nivcrsitv  of  New  Brunswick).  Prof,  of  Math.,  Geneva 

Coll.,  Beaver  Falls,  Pa.    3101  College  Aiv. 
CoMSTOCK,  Prof.  C.  E.    Bradley  Polytech.  Inst.,  Pooria,  111. 
Ck>iiDiT,  Prof.  I.  8.   Iowa  State  Teachers  Coll.,  Cedar  Falls,  la.   US  E.  11th  St, 
GoNNKiXT,  Mahion,  A.B.  (Lake  Erie  College).   819  Maple  Lane,  Senrieklqr,  Fa. 
CoN'TKHSE,  Prof,  II.  A.    Polj'toch.  Inst.,  Baliiinorc,  Md. 
CoNWELL,  Dr.  G.  A.    Instr.,  State  Coll.  fur  Tt  ac;liers,  Albany,  N.  Y. 
CoNWELL,  Asst.  Prof.  H.  H.   Univ  of  Idaho.  Moscow,  Ida.  114  S.  BowofdSt. 
Cook,  £.  C.   The  Tome  School,  Port  Deposit,  Md. 
Cook,  M.  Imoobkb.  100  Paifc  St.,  Meotdair,  N.  J. 

CooLiDOE,  Prof.  J.  L.   Harvard  Univ.,  Cambridge,  Mail.   7  Fa^enataOm  St. 

Major  in  Ordnance  Dept.,  on  leave  of  absence. 
CoPELAND,  Dr.  Lennie  p.    Wcllcsley  Coll.,  Wellcslcv,  Maps.   86  Shafer  Hall. 
CoiucT,S.  A.   With  the  Wapello  Coal  Co.,  Albia,  la.  mS.CiinUmSt. 
GosBT,  Ano.  Pirof .  Btbon.  State  Nonnal  School,  Kirksville,  Mo.  TOT  E.  Nemtai  Ave. 
Counts,  Hilda.    Saraent,  Neb.  (?) 

Cowley,  A&so.  Prof.  Elizabeth  B.    Vaa.««ar  Coll.,  I'ougiikct  psie,  N.  Y. 
Cox,  Dr.  L.  C.    Instr.,  Purdue  I  ni\ Lnl  uyette,  Ind.    13i3  Soulk  8l. 
Cbaowall,  Prof.  J.  A.  Wabaah  Coll.,  Crawfoidaville,  Ind. 
CRATBORirB,  Attt.  Prof.  A.  R.   Unhr.  of  IllfaK^,  Champaign,  III.   tit$  S,  J^h  St. 
Crawlky,  Prof.  E.  S.    Univ.  of  Priiiij-ylvania,  Philad(  ![)liin.  Pa. 
Cre.nsuaW,  Prof.  B.  H.    Alabaam  i^olytech.  Inst.,  Auburn,  Ala. 
CsnSE,  G.  H.    Instr.,  Univ.  of  Michigan,  Ann  Arbor,  Mich.  51$EhnSt. 
Crofts,  F.  E.    Lowell  High  School,  San  Francisco,  Cul.   Haye*  and  Masonic  St». 
Cromwell,  J.  W.,  Jr.  M  Street  ^gh  School,  Washington,  D.  C.  1816  ISth  St.  N.  W. 
Crooks,  Charles  Grabam,  A.M.  (Centval  Univ.  of  Kentueky).  Prof,  of  Math.,  Centre  Coll., 
Dan  Wile,  Ky. 

CmocDfos,  Louise  DcFniLO,  Ph.D.  (Biyn  Mawr).  Aati.  Prof,  of  Math.,  Vanar  Colt.,  Pbogh' 
keepeie,  N.  Y. 

CoRRin,  AMt.  Prof.  C.  H.  Brown  Univ.,  Providence,  R.  I. 

Cunaw,  Prof .  D.  R.  Northweatera  Univ.,  Evnoeton,  IlL  TiOUiBtvmSt. 

Dalaker,  Asst.  Prof.  H.  H.   Univ.  of  Minnesota,  Minneapolis,  Minn.   523  Walnut  Si. 
Damibll,  Assit.  Prof.  PsRCT  JoHH,  MA.  (Cambridge  Univ.,  Enj^and).  AppL  Math.,  Rice  Inst., 

Houston,  Tex. 

DanIBUiS,  Marian  E.    In.str.,  Iowa  Htntc  Coll.,  Ames,  la.   Sintwu  A. 

Dawxit,  J.  W.  City  Engineer,  Specialist  in  Drainafe  and  Sanitation,  TaylorvUle,  HI.  Lock 
Box  Hi. 

Dai-s,  pAri.TTAKni.n,  B.S.  rChicago).   Tnstr.  in  M;t*!;  .  Clcm-Mti  A  eric.  Ckin.,ClemBOn  College,  S.C. 
DA^^8,  I'r'-f.  Ai.mi;u.    \\  illiam  and  Mary  Coll.,  U  itiinniisburg,  \  a. 
tDavts,  Priif.  I ,  W.    I'uiv  of  Nebraska,  Lincoln,  Neb. 

Davii^  Asst.  Prof.  U.  N.   Physic.«,  Harvard  Univ.,  Cambridge,  M.as.'?.   8  Ash  St.  ttacc. 
Davib,  Harold  Thater,  A.B.  (Colorado  College).   Cheyenne  High  .School,  Colorado  Sprinp, 

Col.    21  E.  Caramillo  St. 
Davis,  J.  E.    State  College,  Pa.    In  national  scri>ia:,  Sloth  Infantry,  Camp  Mca>ie,  Md. 
Davis,  Prof.  J.  M.    Univ.  of  Kentucky,  Lexington,  Ky.    5^0  Matiison  Place. 
Davis,  Prof.  N.  ¥.  Emeritus,  Brown  Univ.,  Providence,  K.  1.  loB  Brown  St, 


t  Died  February  3, 1918. 
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Da\is80K,  Prof.  S.  C.   Indiana  Univ.,  BloomingtoD,  Ind.   SJ5  E.  Third  Sl» 
Decbero,  Mart  E.   Instr.,  Univ.  of  Texas,  Austin,  Tex.   SSIS  Nueces  Si. 
Deckeb,  Prof.  F.  F.   Sj-rncuse  Univ.,  S.\Tacu90,  N.  Y.   SIS  Marshall  St. 
Dk  Cof,  Prrjf.  E.  E.    liniv.  of  Oregon,  Kup'nt-,  Ore.  Mill  St. 

Dedkbick,  Dr.  L.  S.  Instr.,  U.  S.  Naval  Academ^'i  Aaoapolis,  Md.  S06  WeM  St. 
99  LA  Oabsa,  ISkjnmMO.  601  St,  GhailM  St.,  BrownsviUd^  Test. 

DeLoxo,  IVof.  I.  M.    Univ.  of  Colorado.  Boiihlcr,  Col.    1341  Brrwrhray. 

Denis,  Adelaide.    Instr.,  High  Scliool,  Colorado  f>|>ring8,  Col.   o^o  S.  Cmcaik  Aiv. 

Dbknett,  WiLUAM  Sawyer,  M.D.  (Harvard).   8  E,  49th  St.,  New  York,  N.  Y. 

Dekton,  Dr.  W.  W.  liutr.,  Worcester  Poiytech.  lust.,  Worcester,  Mass, 

Dick,  Prof.  P.  J.  Astr.  and  Math.,  RAja-Yoga  Coll.,  Point  Loma,  Cal. 

Dickinson',  Prof.  C.  N.   Hollins  Coll.,  Hollins,  Va. 

Dickson,  Prof.  L.  £.   Univ.  of  Chicago,  Chicago,  111.   JJJ-J  Uniirrsxty  Ave. 
DaJL,  G.  G.   Inrtr^  Drexel  Inst.,  Philadelphia,  Pa.   68r,3  Sprittgfitlf^  Ai^. 
]>iLUNaBAic,AixzAin>UB,  A.M.  (Tufts,  Harvard),  lottt.  in  Math.,  U.  &  Naval  Academy, 
Annapolia,  Md. 

DiMtcE,  C.  E.   Instr.,  U.  S.  Coa"?t  Ciiard  Arndcmy,  New  London,  Conn.  4i  Squire  8t. 
DiN'ES,  .-Vast.  Prof.  C.  R.    Dartmouth  Coll.,  ilanovcr,  N.  H. 
DiNts'iDDiE,  Prof.  A.  B.    Tulane  Univ.,  New  Orleans,  La.   Station  20. 

DnuBCTOB,  DepL of  Terrestrial  Magnetism,  Washington,  D.  C.  S6th  St.  and  Broad  Branch  Boad. 
DoAK,  EtJUMOS  C,  Ph.B.  (Chicago) .  Aflso.  Prof,  of  Math.,  Mount  Hotyoke  Cdl.,  South  Hadlej% 

Mass. 

DoAK,  Charles  S.,  A.M.  (rtiiikivlvania).   Houd  of  the  Dept.  of  Math.,  Friends'  Select  School. 
riiilu.iL'lpiu:i,  Pa.    140  A'.  16th  St. 

Dobbin,  Si&teb  Majuola.  Instr.,  Bt.  Clara  Coll.,  Siosinawai  Wis. 

Doi>D,  Asm.  Prof.  E.  L.  Aetaaiial  Math.,  Unhr.  of  Texas,  Austin,  Tex.  S&JS  Wttl  Avt, 

DoLt,  Theodore,  B.S.  (Northwesteni}.  Fellow  in  Math.,  Northwestem  Univ.,  Bvaoston,  TIL 

Sirift  Hall  of  Engineering. 
Donahue,  .\sst.  Prof.  .T.  E.    I'niv.  of  Vermont,  Biulington,  Vt.   Amx  Junefioii,  Yt. 
Dottereb,  J.  E.    t»07  E.  Peun  Cil.,  Huopeston,  111. 

DovcHERTT,  Prof.  H.  R.    N.  Y.  Militarj'  Academy,  Cornwa11'On»Hudaon,  N.  Y. 

First  Lieut,  of  Infantry,  Offuxrs  Reserve  Corps,  Xational  Army. 
DocGHEBTT,  LucT  T.   Instr.,  High  School,  Kansas  City,  Kan.   719  Waehington  Blvd. 
Dot  GLAS.  Dr.  C.  II.  Etlltur-in-ChiLf,  D.  C.  Heath  and  COi,  New  Yofk,  N.  Y.  931-846  W.S6A£^. 
DocGLAS,  Prof.  J.  L.    Davidson  Coll.,  Davidson,  N.  C. 

DowUNQ,  Asso.  Prof.  L.  W.    Univ.  of  Wisconsin,  Madison,  W  is.    2  Roby  Road. 

DowMmo.  Asst.  Prof.  Hasold  HAmntanr,  S.M.  (Chicago).    Univ.  of  Kentucky,  Lexington,  Ky. 

158  N.  AaMond  Ate. 

DRAXTrx,  X.  A.    T.Mngfiilniri;,  ?;i?k.,  C:iii!i<I:i. 

Dresden,  Asst.  Prof.  Ahkolo.    Uuiv.  of  W  i^r  on-in,  Madison,  Wis.   211/f  Vilas  St, 
Droee,  Prof.  G.  W.   Univ.  of  Arkansas,  FuM  ttrville,  Ark. 

Duf.ker,  Prof.  Ottilia  W.    Friends  Univ.,  Wichita,  Kan.    1GI6  Uniirreiiy  .At^. 
Duke,  8upt.  F.  W.    Virginia  Mechanics'  Inst.,  Richmond,  \'a.    I014  E.  Broad  St. 
Di  NCAN.  .\sst.  Prof,  C.  H.    M.u^su  Ims.  trs  A;:ri(\  Coll.,  .\mhcrat  MasL   Box  406. 
DuNK£L,  Asst.  Prof.  Otto.    Washington  Univ.,  St.  Louis,  Mo. 

DvBEU.,  Dr.  Fletcheb.   Head  of  the  Dept.  of  Math.,  Lawtenieev3Ie  School,  Lawrenceville,  N.  J. 

DrnFEE,  Prof.  \\.  P.    Hnl,;irt  foil.,  Cerifva.  N.  Y.    639  Main  Si. 

DusTHEUiER,  Prof.  O.  L.    Math,  and  A-str.,  Baldwin-Wallace  Coll.,  Beren,  O.    Uti^  Beech  St. 
DuTAb,  Asso.  Prof .  E.  P.  R.  Univ.  of  OUahoma,  Nonnan,  Okla.  J^W,B^St. 

Eagles,  Prof.  T.  R.    Howard  Coll.,  Birmingham,  Ala.    Hot  S76,  Eaxt  Lake. 
Eablb,  Prof.  M.  D.    Furman  Univ.,  Greenville,  S.  C. 

EcBOU,  Col.  C.  P.   ProL  of  Math.,  U.     Military  Academy,  West  Point,  N.  Y. 
Etholb.  Prof.  W.  H.   Unir.  of  '^Hrginia,  Charlottesville,  Va.   Univertilfff  Va, 

EcKKfiSLET,  J.  O.    Coii.s\iltinu  Eneiiicor,  New  York,  \.  V.    ^?nO  WkiU  PlofflS  Aw, 
Edinoton,  W.  E.    lita  arcJi  Du  .,  Stgnal  Senicc,  Leave Huoriit,  Kan. 
Eduondson,  Prof.  T.  W.    New  York  Univ.,  New  York,  X.  Y.    I'tn'irrsily  Hei^UB. 
Ebus,  PfoL  W.  C.   Applied  Math.,  \\  hitman  Coll.,  W  alia  Walla,  W  ash. 
EooEK,  H.  0.  Instr.,  Junk»  Coll.,  Santa  Ana,  C^.  16^8  Spurgton  St. 
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ElESLAHD,  Prof.  JoBN.  West  ViiKiDia  Univ.,  Mongaotowii,  W.  Va. 
EnximABT,  ProT.  L.  P.  Princeton  Univ.,  Princeton,  N.  J.  ff  AkxandtrSt. 

Emcr,  Asst.  Prof.  Arnold.   Univ.  of  lUinois,  Urbanu,  111.   604  W.  ElmSt, 

Emmons,  i'rof.  C.  W.   Simpson  Coll.,  Indianola,  la.    1009  N.  B  St. 

Emmoks,  A^t.  Prof.  L.  C.    Michigan  Agric.  Coll.,  East  Lansing,  Mich. 

EnmuaatUMMBX.  Head  of  the  Dq)t.  of  Math.»  High  Schools,  Washington,  D.G.  £907  PSt.N.W. 

EPFBBaoN,  Abbo.  Prof.  C.  A.   Fint  Dbt.  Norma]  School,  Kiriuville,  Mo. 

First  Lieu/.,  Dallrry  E,  61  si  Artillery,  C.  A.  R.  C. 
Efpeb,  J.  B.   Instr.,  U.  d.  Naval  Academy.  .Vimapolis,  Md. 

EbICMOW,  AflBt.  Ptof.  A.  G.    Stale  Xurinal  Coll.,  Ypsilanti,  Mich.    71S  Ellis  St. 
Ebicson,  Hbhbt.   Instr.,  W.  Div.  High  School,  Milwaakee,  Wis.   8^14  Chestnut 81. 
EscoTT,  E.  B.   Auditing  Dtpt.,  Kansas  City  Life  Ins.  Co.,  Kansas  City,  Mo. 
EsHLEHAN,  J.  D.   InBtr.,  Univ.  of  Rochc^tt  r,  RocheatCf,  N.  Y. 
Ebtt,  Prof.  T.  C.    Amherst  Coll.,  Amherst,  Mass. 

ErruN'OER,,  Adj.  Prof.  H.  J.    Appl.  Math..  Univ.  of  Texas,  Austin,  Tex.     l^nterii^ 5ftiftMt, 

Tex.  Deiaikd  at  WBtntetor  in  teaoU  of  milit.  aeronaulict,  Unw.  of  Tt». 
ErzEL,  Prof.  Wiluam  BUkmiuw,  A.M.  (Paris,  France).   Coll.  of  St.  Thomas,  St.  Paul,  Minn. 
Evans,  G.  W.    Headmaster,  Charlcstown  Hi^ih  Srliool,  HfL-Jton,  Mit.s><. 
Evans,  Prof.  H.  B.  Univ.  of  Pennsylvania,  Philadelphia,  Pa.  College  HaiL 
EvBun,  Praf.  J.  P.  W.  State  Normal  Seliod,  I&JanuuKx^  Midi.  d09W,SwA^ 

Fauobt,  Prof.  J.  B.    State  Normal  Coll.,  Kent,  O.   226  Lincoln  Ave. 
FMlieWB,  Prof.  H.  C.   York  Coll.,  York,  Neb. 

FsRGtTSON,  ZoE.   Centr.  Ui^  School  and  Jun.  Coll.,  St.  Jooepb,  Mo.  £16  N,  M  St. 

Ferry,  Pre.-*.  F.  C.   Hamilton  Coll.,  Clinton,  N.  Y. 

Field,  Prof.  Flotd.    Georgia  School  of  Tcrh.,  Atlanta,  Ga.  91  BiyanSl* 

Field,  P.  A.    Plainview  Acaderaj',  Kediielti,  i?.  D. 

Field,  Asso.  Prof.  Pbubb.   Univ.  of  Michigan,  Ann  Arbor,  Mich. 

Capf.  o/Ordnaim,  Ce«t  ArUU.,  Sandy  Hook  Provg.  Grotmdtt  FaH  Haiaeods,  N.  J, 
Vnmuce,  frat.  WtUEiAii.  McMarter  Univ.,  Toronto,  Canada.  ISS  tFesAnAufsr  Ave. 
Fine,  Prof.  H.  B.    Princeton  Univ.,  Princeton,  N.  J.    Library  PUtM. 
FiKKBL,  Prof.  B.  F.    Drury  Coll  ,  RprinprfiHd,  Mo.    1^27  Clay  SI. 
Fmubt,  Prof.  G.  W.    State  Tcafhors  Coll.,  (In  clry,  Cnl.    19S3  9thAM. 
Fischer,  Dr.  C.  A.   Instr.,  Columbia  Univ.,  New  York,  N.  Y. 
Fisher,  Prof.  G.  E.    Univ.  of  Pennsylvania,  Philadelphia,  Pa.   College  HaU. 
FiSKE,  Prof.  T.  .S.    Columhia  T'niv.,  Now  '^'ork,  X.  V. 
FxTCH,  Annie  Louise  Mackinnon  (Mrs.  Edward  l«iieh).   Clinton,  N.  Y. 
FiTB,  Prof.  W.  B.   Columbia  Univ.,  New  York,  N.  Y.   HamiUon  HaU. 
FTTrrnrn,  Prof  J.  C   Civil  and  Irrig.  £agB>»  Uoiv.  of  Wyoming  Lanusie,  Wyo.  SU  S.  UlkSt. 

i>'iTZ.J'ATiacK,  T.  J.    Bcliiaiiy,  Xeb. 

Flaoo,  Euzabeth  G.    High  School,  Kansas  City,  Kan.    9th  and  Minnesota  Ave, 
Flanaqak,  C.  £.  Actuaiy,  Conservative  Life  Ins.  Co.,  Wheeling,  W.  Va. 
Ft«BT,  Prof .  R.  R.  WOBam  Jevrdl  Coll.,  Liberty,  Mo. 

Flynn,  Prof.  J.  D.    Trinity  Col!.,  ITarf  ford.  Conn.    93  N.  Beacon  St. 
FoBKBQ,  J.  A.    Instr.,  Crane  Jun.  Coll.,  Chicago,  III.    4031  N.  Avers  Aix. 
FOCKB,  Troi.  T.  M.    Case  School  of  Appl.  Sc.,  Cleveland,  O. 

FoBAKSB,  Asst.  Prof.  F.  A.   Univ.  of  Pittsburgh,  FittrtMUgh,  Fa.  1£04  MwrOmd  Ave. 
Ford,  F^.  W.  B.  Univ.  of  Michigan,  Ann  Aibor,  Mich.  804  ForeH  Ave, 

Forsyth,  Dr.  C.  H.    In.slr.,  Dartmouth  Coll.,  Hanover,  N.  H. 

Fort,  Tomlinson,  Ph.D.  (Harvard).   Prof,  of  Math.,  Univ.  of  Alabama,  University,  Ala. 
I^KEL,  Edward  T.,  B.  S.  (Coll.  of  the  City  of  Kew  York).  StaUBtidao,  PoUoe  Dcftt.,  New  Yedc, 

N.  Y.  soew.issth  st. 
F^tANKisB,  MvusN  H.  Hi|^  Behool,  Omaha,  Neb.  48tS  Cepitel  Ave. 

Franxlin,  Dr.  W.S.   Ta'  turir  in  Physics  and  Elec.  Engg.,  Ma^s.  Inst,  of  Tech.,  Cambridge,  MlM. 
Fb£Nch,  Dr.  J.  S.   Principal,  Morris  Heights  School,  Providence,  R.  1.   iol  Morris  Aee. 
FamtnuxK,  Prof.  A.  F.  Marquette  Univ.,  Milwaukee,  Wis. 

Gaba,  Dr.  M.  G.   Instr.,  Cornell  Univ.,  Ithaca,  N.  Y.   121  College  Ave. 
Qanm,  Prof.  R.  K  Richmond  Coll.,  Richmond  College,  Va. 
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Gale,  Prof.  A.  8.  VInW,  of  Rochester,  Hoehester,  N.  Y.  It  Thaler  8t. 

Galloway,  J.  N'.,  A.M.  (Johns  Ilopkiii.-i).    In.str.,  V.  ^.  Naval  Arailrmy,  AnnapolLs,  Md. 

Garabedian,  Carl  Arshaq,  M.H.  (Tufus).    liustr.,        Hampshire  Coll.,  Durham,  N.  H. 

Garrett,  Prof.  W.  II.    Math,  and  Aatr.,  Baker  Univ.,  Baldwin,  Kan. 

Gabbbtbon,  Dr.  W.  V.  N.   Pennsylvaoia  Military  Coll.,  Cheater,  Fku 

OATnr,  Asst.  Prof.  G.  I.   Univ.  of  Washmgton,  Seattle,  Wadi.   S047 18tk  Aw.^.  B. 

Gatix>bi>,  H.  D.   Iii5tr.,  Rudc'liff  Coll. ;  Math.  Muter,  Browiie  and  Ntdiob  School,  Cambridge, 

Mass.    104  Hemenway  Ht.,  Boston,  Mass. 
Gibson,  Emma  M.    Inatr.,  Dr\iry  Coll.,  Spring^eld,  Mo.   U89  <^Sl. 
Gibson,  Prof.  J.  L.    Univ.  of  Utah,  Salt  Lake,  Utah. 

Cii.LF.BriK,  .\s.st.  Prof.  D.  C.    Cornell  Univ.,  Ithaca,  N.  Y.    706  E.  Seneca  St. 
GiNNiNGS,  K.  M.    W.  Illinois  Stiilc  Normal  .Sthool.  Macoinh,  Hi.    314  A'.  Ward  St. 
GiXHSNS,  Dr.  C.  K  Superintendent,  City  Schools,  Wheeling,  W.  Va.   S3i  N.  Front  St. 
Quaaam,  Flnf .  HAHam  B.  Western  CoU.  fior  Wom^,  Oxford,  O. 

Glenn,  Prof.  O.  E.    Univ.  of  Pennsylvania,  PhilaHplphia,  Pa.  1S7  McKinley  Air.,  T.ansdamM,  Pa, 
GiiOVEB,  Prof.  J.  W.   Math,  and  Insurance,  Univ.  of  Michigan,  Aim  Arbor,  Mich. 
GofcRTz,  Matilda.   343  E.  58th  St.,  New  York,  N.  Y. 
GoooMCH,  M.  T.  PrmdiMl,  Higb  School,  Jay,  Me. 

GoSAABD,  Dr.  H.  C.  fostr.,  U.  S.  Naval  Academy,  Annapolis,  Md.   185  Green  St. 

GoOWENS,  CoRXBUns.   Instr.,  State  Univ.  of  Iowa,  Iowa  Citv,  la.    On  lo.ivo  of  absenoe,  gnulu* 

ate  school,  Univ.  of  Chicago.    R.  F.  D.  1,  Box  8S5,  SouLh  Holland,  Cook  Co.,  lU. 
Gbaber,  Prof.  M.  E.  Physics,  Heidelberg  UqIv.,  Tiffin,  O.  On  leaTe of  alMOkce  l917ol9l8  Unir. 

of  Chicago.  Bytnm  Laboratory. 
Gbad,  Lbo  M.,  B.S.  io  M.E.  (Cooper  Union).  68  Lenox  Am,  New  York,  N.  Y. 
Graham,  Bexj.^mi.v,  B.S.  (Columbia).   46  Fort  Washington  Ave.,  New  York,  N.  Y. 
Grant,  Asso.  Prof.  E.  D.   Math,  and  Ph3rsic8,  Michigan  Coll.  of  Mines,  Houghton,  Mich. 
Granville,  Pres.  W,  A.    Pennsylvania  College,  Gettysburg,  Pa. 
Ghavatt,  T.  E.    Ins<r.,  I\rmti\I\  iinia  State  College,  State  College,  Pa. 

Graves,  Dr.  G.  H.    In.st  r.,  Purdue  Univ.,  I.«Fayette,  Ind.   S48  Slate  St.,  West  LaFayelte,  Ind. 
GuF.K.v,  C  F.    ,\s.st.,  Univ.  of  Illinois,  Urbana,  111.    In  avialiun  scrria'  in  FrattCO, 
Gbsen,  Dr.  G.  M.  Instr.,  Harvard  Univ.,  Cambridge,  Mass.  27  Walker  Si. 
GnAN,  Prof.  R.  L.  Stanford  Uohr.,  Stanford  Uolvenity,  Cal. 

Qbbekhill,  Sir  Ceokoe,  M  A.  Formorly  Fiaf.  of  Math.,  ArtiUeiy  CdlL,  Woolwich,  England. 

/  .sV';/»/c  Inn,  London,  H'.C,  Eng. 
Gbotin,  Prof.  F.  L.    Reed  Coll.,  Portland,  Ore. 

OaoTB,  Asst.  Prof,  a  C.  Columbia  Univ.,  New  York,  N.  Y.  HamiUoaHaa. 
GvmnB,  AmL  Praf.  C.  F.   Queen's  Univ.,  Kingston,  Ont.,  Canada. 

GtnuKKRK,  Prof.  IT.  V.    Drcxd  Inst.,  rhiladclphia,  Pa.    Lhvicrrk,  Delairare  Co.,  Pa. 
GuNDEusLN,  Prof.  Cabl.   Agric.  and  Mech.  Coll.,  Stillwater,  Okl.   217  ColUge  Ave. 
GcNTHER,  Prof.  C.  U.   Stevens  Inst,  of  Tech.,  Hoboiwn,  N.  J.   P.  0.  Bog  77, 
Qm,  tm,  D.  J.   Whitwortb  CoU.,  Spokane,  Wash. 

Hadlet,  Prof.  Laurence.    Earlham  Coll.,  Earlham,  Ind. 
Hauley,  Prof.  S.  M.    I'rnn  Coll.,  Oskaloosa,  la. 
HAG£ij»TEiN,  E.  L.    216  W.  liarris  Ave.,  San  ,\ngelo,  Tex. 

Haiqler,  C.  E.    Wcntworth  Inst.,  Boston,  Mass.   293  Mount  Auburn  St.,  Wateriown, 
Haines,  J.  W.   Instr.,  Central  High  School  and  Temple  Univ.,  Philadelphia,  Pa. 

Haloeman,  C.  B.    Rosa,  Butler  Co.,  O. 

Ball,  Prof.  Anqelo.    U.  S.  Naval  Academy,  Annafiolis,  Md.   37  MadtoonSt, 
Hall,  Prof.  W.  8.  Lafayette  Coll.,  Easton,  Fa.   Coticye  Cotnpus. 
lUmvKfK,  Prof.  W.  A.  BeMt  Coll.,  Beloit,  Wis. 

Hamilton,  W.  M.    Asst.,  V.  S.  Nautical  Alrnanar  OfTuc,  Wiushintrfon,  D.  V. 

Hanawalt,  Prof.  F.  W.    ^lalh.  and  .-Wr.,  C<j11.  of  ru^  t  Snuml,  Ta<'onia,  Wa^sh.    826 N.  Steck  Si. 

Hancock,  Prof.  ELarris.    Univ.  of  Cincinnati,  Cincinnat  i,  ( ). 

Hahma,  Asso.  Prof.  U.  8.   Indiana  Univ.,  Bloomington,  Ind.  82S  Atwater  Aae. 

HAMmf,  Praf.  POLTCAir.  Math,  and  Astr.,  St.  John's  Univ.,  CoUeseville,  Mum. 

Hanson,  H.  U.    Mut.  Life  Ins.  Co.,  East  Elmhurst,  L.  I.,  N.  Y.    IHtmara  Road. 

Habdinq,  Prof.  A.  M.   Univ.  of  Arkansas,  Fayetteville,  Ark.  531  Levereil  St. 
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Hardt,  Prof.  J.  G.    Williani8  Coll.,  WiltilullBUmil,  MuB. 
HaskxiTi  p.  W.  Uoltoo,  Kan. 

HAJurr,  8.  C.  Instr.,  I^Viends  Sdiool,  Baltimore,  Aid.  1S30  Linden  Ave. 

Harshbarger,  Prof.  W.  A.  Wnshhiirn  Cnl!..  Topeka,  Kas.  240t  CoBege  Ave, 
Hart,  I'rof.  J.  N.    Uaiv.  of  Maiin^  Uruiiu,  Mt*. 

Harter,  Prof.  Vm.  a.    Math,  and  Physios,  Delaware  Coll.,  Newark,  Del. 
Ha«uian,  Fraf.  Charles.  Math,  and  Mechanics,  Univ.  of  I^evada,  Keno,  Nev. 
Haskeu.,  Prof.  M.  W.  Vnw.  of  California,  Berkeley,  Gal.  P.  O.  Bta  S. 

Hassi.kr,  l^r  J.  O.   Ia«tr.,  Englewood  High  Sthbol,  Chicago,  Bl.  tSOl  W,  IlOtk  Ptae$. 
Hawkes,  Prof.  H.  E.   Columbia  Univ.,  New  York,  X.  Y. 

HaTBB,  O.  M.   Instr,  Coll.  of  the  City  of  New  York,  New  Y'ork,  N.  Y.   383  E.  19.5lh  St. 
HaTSt  Wuxux  Bxna,  AM,  (Missouri).  Instr.,  Broadway  Hi(^  School,  Seattle,  Wash. 
AMA  Ave.  ff.  S. 

Haynes,  Prof.  E.  S.    Director,  Smith  Ohsnnv,  Bf  loit  Coll.,  Brinit, 

Hazard,  C.  T.  Instr.,  Piirdue  Univ.,  I^aFayettc,  Ind.  .^/i  N.6alitiburj/SL,  Wtsi  LaFayi^lk,  lad. 
HaUSR,  Own.  C.    Asao.  Bryn  Mawr  Coll.,  Bryn  Mawr,  Pa. 

Hbal,  WiiUAM  £.  Efficiency  Accountmg,  Waahington,  D.  G.  3747  Huntington  Si.,  Chevy  Chatet 
B.C. 

Hedrick,  Prof.  E.  R.    Univ.  nf  Missouri,  Columbia  Mo,   30',  Jlirha  Are. 

HsiNZ,  aLbebt.    Head  of  thtt  Dept.  of  Math.,  Tsiug  Hua  ColJ.,  I'ektag,  China. 

HlLino,  Mabt  E.,  A.B.  (Kansas).    Instr.,  High  School,  Kani«is  City,  Kan.    736  SLoU  A9$, 

HBimfP.E.  lastr.,  Geoigia  School  of  Tech.,  Atlanta,  Ga.  il3  CowrOand  St. 

HEHDERMnr,  TbOBmrr.  Actuary,  Equitable  Life  Amur.  Co.,  New  York,  N.  Y.  120  Broadim^/. 

Hknm  i.,  Dii.  CoH.K  B.    Instr.,  IiKinm  i  Univ.,  Bloomington,  IthI.         E.  3d  SL 

Herb,  (jEkthuue  A.    Instr.,  Imcv  .^tate  Coll,,  Ames,  la.   803  iiurmll  Ave. 

HbbHON,  Prof.  C.  L.    HilWaU'  Coll.,  llill-<laK',  Mich. 

Hess,  Prof.  G.  W.   ShurtlefT  Coll.,  ^Uion,  HI.   27^3  Brotm  St, 

HiGDOJf,  J.  E.   3609  Brooklyn,  Kansas  City,  Mo. 

HiOHTtiWKH,  Ilt  iiY.    S.  \\'.  H.  Boluar,  Mo. 

HlLDEBii.'^KiiT,  Asst.  Prof.  T.  U.    Univ.  of  Michigan,  Ann  Arbor,  Mich.    S13  Elm  St. 

HUX,  PRESCOTT  William,  A.M.  (Brown).    Battery  A,  loOih  U.     FkU  Artillery^  jfgd  Di».,  iimer. 

Expid.  Forcfs,  in  Frauce;  home  cuhlress,  23  Barrows  St.,  Proindence,  B,  I. 
Hill,  W.  H.    Instr.,  High  School,  Greeley,  Col.  Apt.  2,  Cornfield  Cowl. 
Hilton,  H.  H.    With  Ginn  and  Co.,  Chicago,  111.    2301  I'mu  ic  Ave. 
HlHWlca,  Dr.  A.  A.    Physician,  New  York,  N.  Y.    1913  .Mnduon  Air. 
HinioChS,  C.  G.   Anal,  and  Consulting  Chemist,  St.  IjOui.s,  Mo.    4il~  Shenandoah  .Ite. 
HiRSCU,  Blanche.   Princijial,  Ali  iiin  Prep.  School,  New  York,  N.  Y.   944 Park  Aiee, 
HiRSCHLER,  Prof.  E.  J.    MuiL.  ami  .Astr.,  BlufTlon  Coll.,  Bluffton,  O. 
Hitchcock,  Prof.  R.  R.    Univ.  of  North  Dakota,  Uuiver-~it  \ ,  .\  .  D. 
UcK,  C.  L.  Iiuitr.,  State  Coll.  of  Waahiogton,  I^ullman,  Wa&h.  310  Montgomery  St, 
HoAn,  Prof.  A.  J.  Faiimotuit  Coll.,  Wichita,  Kan.  i7i7  Holyoix  Ave. 
HoiBBB,  Allan  WnaoM,  PhJD.  (Johns  Hopkins).  Instr.,  Univ.  «tf  North  CMTolina,  Chapd  Hill, 

N.C. 

HoBBS.  C.  .\.    Pri\.itc  Tiilor,  Cambridge,  Miuss.    110  Garfieh!  Sf.,  Watertown,  Man. 
UoiMjDON,  F.  C.   With  Giaa  and  Co.,  New  York,  N.  Y.   70  Fifth  Att. 
HooGB,  Prof.  F.  B.   Franklin  Coll.,  Franklin,  Ind.  49  !f.  Houtkmn  SL 
HoDGKiNS,  Prof.  H.  L,    George  ^^'a^hington  T^niv.,  Washinirtnn,  D.  C. 
Hodgson,  Prof.  J.  E.    West  Virgniut  Univ.,  Morgantuwn,  \\.  \  a.    1S<}  Grani  Ace. 
Hofmann,  Prof,  Adam.   Dept.  of  Moch.  Kngg.,  St.  Mary  Coll.,  Dayton,  O. 
HoiDBR,  Prof.  i\  J.   Univ.  of  Pittsburgh,  Filtaburgb,  Pa. 
HouoEB,  J.  T.   Farmer,  Orleans,  m. 

HooPEH,  Prof.  F.  F.    Viuv.  of  Chattanooga,  ChaM  immtra,  Tcnn.    „'/  Battery  PI. 

UoOVKH,  Prof.  WiLLiAAJ.    Retired,  Ohio  I'niv.,  Allietis,  O,    211  10th  Ave.,  Columbus,  0. 

HbnONB,  G.  I.    High  School,  Manchester,  N.  H.    8.!,1  Beech  St. 

HopPE,  Oscar.   With  the  Anier.  Ciri rubvr  Loom  Co.,  New  York,  N.  Y.  90  Weei  St. 

Horn,  Marvel  C.    429  Fourth  St.,  Muriettu,  O. 

HoRNE,  De.\n  C,  E,    Park  Coll.,  Parkville,  Mo. 

HoeKiNS,  Prof.  L.  M.  Appl.  Math.,  Stanford  Univ.,  Palo  Alto,  Col.  Stio  Lincoln  Ave. 
HovB,  AimA  M.  FlaimMtit  Sem.,  Washington,  D.  C. 
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Bowc»  Dban  H.  a  Astr.,  Uniy.  of  Denver,  UniversHy  Phrk,  Col.  SiOl  5.  FUbnare  Si. 

HowiK.  .).  M.    State  Normal  Scliool.  Peru,  N'eb. 

HsiA,  Y.  L.,  Ph.D.  (Berlin).    Dir.,  Suieuce  Dept.,  Peking  Govt.  Univ.,  Peking,  China. 

Horv,  Lomn  H.   3651  Ruf^ll  Ave,  8t.  Louis,  .Mo. 

HvanB»  Jswiu.  C  High  School,  Cohimbin,  Mo.  SOS  College  Ave. 

HiTLBUBT,  Prof.  L.  S.  Johns  Hopkins  Univ.,  Baltimore,  Md. 

Hume,  Dean  Albert,    ifath.,  Univ.  of  .Mississippi,  Urjivcrsiry.  Miss. 

UcNTiNOTON,  A.  H.   Asst.  Friu.,  Ben  lilewett  Jun.  High  tichool,  6t.  Louis,  Mo.   5JJi  Von 
Yemn  Ave. 

Huwiwwuw,  Amo^  Prof.  £.  V.  Harvard  Univ.,  GtunbridBB,  Mass.  B7  Everttt  SL 
HuKwm,  Ant.  Pnf.  W.  A.  Cornell  Univ.,  Ithaca,  N.  Y.   White  HeU. 

HussEY,  Prof.  W.  J.    Astr.,  Univ.  of  Mi<  l,it;an,  Ann  Arbor,  Mich.    1308  Ann  Sit. 
UvTcaiHaos.  C.  A.   Instr.,  Wittenberg  Coll.,  iJprin^eld,  O.  116  E.  Ward  Si, 
Htdb,  Emma.  Hi^  SdMol,  Kanaaa  City,  Kan. 

iNGEUi,  Prof.  Xelle  L.   GrecnviUp  Cnll,,  CnriiN  ille,  111. 

Ingold,  Prof.  I!YKO.>f.    Math,  .nnl  Astr.,  ('iilv(  r-.-<to<'kton  Coll.,  (";in|.>n,  Mo. 
IXGOLD,  Aflst.  Prof.  Lotus.   Univ.  of  Missouri,  Columbia,  Mo.    206  Thilhj  Ave. 
Irwin,  Dr.  Frank.    Instr.,  Univ.  of  Californiti,  Berkeley,  Cal.   1G25  Arch  St. 

Jackson,  Asst.  Prof.  Donham.   Harvard  Univ.,  Cambridge,  Ma^i^.   3  Conanl  UaU. 
Jackson,  Prio.  T.  W.    High  School,  Fulton,  Mo. 

J.\COBS,  JeSSIB  M.    Gniil.  Stud.,  T'niv.  of  Illinois,  T  rh:in:i,  III.  W.  Gr-rn 

James,  Asst.  Prof.  Gt.KNS,  A.M.  (liuji;iii;i;.     I'unluL'  L'niv.,  L:il';iv»'tte,  luJ.     /oi  &}uxlz  St. 
\V,M  LaF,i>i(  li> ,  Jnd. 

J.VMISON,  Aisiio.  Prof.  G.  H.   State  Normal  .-School,  Kirkaville,  Mo.   Box  116. 
JhSBMin,  Ethel  J.   In  care  of  C.  T.  Kushmore,  Jr.,  Madison,  N.  J. 

Jenison,  J.  R.    In.str.,  Tarkio  Coll.,  Tarkio,  Mo. 

Joffe,  S,  A.    .\.ssl.  Actuan.',  Mut.  Life  Ins.  Co.,  New  York,  N.  V.    o-j  L'alar  6t. 
Johnson,  Prof.  B.  F.    State  Normal  School,  Cape  Girardeau,  Mo. 

Johnson,  E.  A.   Tutor,  CoU.  of  the  City  of  New  York,  New  York»  N.  Y.  160  Vernon  Atfe., 

Brooklyn. 

Jonx?ON-,,  Prof.  E.  N.    Buflrr  Coll.,  TndinnnpoHs,  Tnrl.    SO4  thWMy  Ave, 
JoH.NSO.s,  Pruf,  R,  A.    ILiiiiliuu  Univ.,  si.  I'aul,  .Miaa. 
Johnson,  Stella  M.   Stt  inmetz,  Mo. 

Jobiuon.  W.  W.   Instr.  in  Appl.  Math.,  Y.  M.  C.  A.  Night  Schools,  Cleveland,  0.   imiS  SayweU 

Aix. 

Johnson,  Prof.  W.  W.    IT.  .s'.  \Li\y.   201  Ilannrrr  St.,  AnnapalLi,  Md. 

Johnston,  Prof.  Leo\  S.^xFOR^,  A.M.  (MUsouri;.   Statu  Nonmd  School,  La  Crosse,  Wia. 

Jones,  Prof.  E.  H.    So.  M,  thodist  Univ.,  DaUa.H,  Tex. 

Joma,  J.  H.   With  Alh  n  and  Bacon,  Chicago,  111.  1006  S.  Michigan  Aoe. 

Jonas,  Fhif .  S.  L  Naih^Ue  Eible  School,  Nashville,  Tens. 

Johdiw,  Asst.  VtfA.  H.  E.  Univ.  of  Kaaaas,  Lawrsnoe,  Kaa.  1600  Kentucky  St, 

KAsnNSKi,  As.so.  Prof.  L.  C.   Univ.  of  MiehiKan,  Ann  Aibw,  Mid).   tStS  CvmSiri^  Uoad. 

Kasn-er,  Prof.  Edw.\rd.    Columbia  Univ  ,  Nov.  York,  X.  Y.    ??  W.  IWth  SL 
Ke\s,  Huuh  PitATT,  .\.M.  (Illinois).    Jamus  Millikiii  Vinv.,  Decatur,  111.    iJJ  Summit  Ave. 
KEi.i.ot;(;,  Prof.  O.  D.    I  riiv.  of  Missouri,  Columbia,  Mo.    .'o,'  Thilly  Ave. 
KsuPNBB,  Dr.  A.  J.  XnsU.,  Univ.  of  Illinois,  Uiirnna,  111.  007  W.  Califorftia  Ave. 
"ExitbKUL,  GI.ABIBBI..  Instr.,  Univ.  of  Colorado,  Botildw,  Cot.  t087  ISth  St. 
IbmsoN,  Asso.  Prof.  Erwin.   Drawing  and  Descr.  Geom.,  Mass.  Inst,  of  Tech.,  Cambridge, 
Mans.    103  Mt.  Auburn  St.,  Wakrtown,  Maaa. 

Kbxnellt,  Prof.  A  I : .  Elee.  Engg.,  Harvard  Univ.  and  Mass.  Inst.  «f  Tech.,  Gambridge,  Mass. 

Harvard  UniversHy. 

Xkin,  J.  M.   Instr.  in  Steam  and  Elec-.,  Man.  Tr.  HighSchool  and  Fblyteoh.  Inst.  Night  School, 

Kansas  City,  Mo.         Harriaon  6t. 
KBJnroN,  Prof.  A.  M.   Piirdwe  Univ.,  LaFayette,  Ind.   315  Vniverinty  St.,  Weet  LaFayclte,  Ind. 
Keppel,  Prof.  H.  G.    T'niv.  of  I  lori-l  i,  Gainesville,  ¥\a.    R.  F.  D.  2. 
Kerr,  F.  L.   Instr.,  Northwestern  Univ.,  Evauistoti,  111.   iOiO  Hfterman  Ave. 
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KissB,  Prof.  H.  A.  Albright  OoH.,  Myentown,  Pa. 

KiKDLE.  Asst.  Prof.  J.  H.    Univ.  of  Cincianati.  Cinr innati.  O. 

KiKG,  Cari,.    Iii.str,  ill  l*rac.  Math.,  Wentworth  Iii.'^l.,  Boston,  Mass.   22  Aldiccrth  Si,,  Jamaica 

I'Unii.  Muss. 

Kjkg6TON,  Dr.  H.  R.   Lecturer  in  Math,  and  Astr.,  Univ.  of  Manitoba,  Winnipeg,  Man.,  Canada, 
EzmnsT,  J.  M.   Lutr.,  Hyde  Park  High  School,  Qiicago,  III.   62d  St.  and  Stony  I^and  Aitt. 
KiRCBER,  Dr.  Edwibd.  Beojamin  Prir<  r  Instr..  Harvaid  Univ.,  Cambridge,  Maas. 

Capt.,  C.A.O.  R.  C,  Fort  Strong,  Boslon,  Matt. 
Klike.  I.  E.    High  School,  Atlantic  City,  N.  J. 
Knapp,  Prof.  G.  A.    Maryville  Coll.,  Maiyville,  Tcnn. 

KmsELY,  Alexandek.   Instr.,  Science  of  Aoeta.,  Valparaiso  Business  Coll.,  Columbi^i  City,  Ind. 

Koch,  E.  H.,  Jr.    IHn'i  ^rho»l  of  Commerce,  New  York,  X.  Y.   874  S.  15th  St.f  Newark,  N.  J. 

Konantz,  Ajsso,  Prof.  Em.ma  L.   Ohio  Wesleyan  Univ.,  Delaware,  O.   Box  45. 

KovAKiK,  .\88t.  Prof.  A.  F.    Sheffield  Scii  ntiiiL'  .ScIuk)!,  New  Haven,  Conn.    Sloime  Lahoraiar^. 

KsATHWOHL,  Aast.  Prof.  W.  C.   Armour  Inst,  of  Tech.,  Chicago,  111.  6415  Grunwood  Ave. 

Eabth,  DaimoL.  Bvamyvt  ami  QtA  Engr.,  WcUbuui,  la. 

Kristal,  F.       Instr.,  Cascadilla  School,  Ithaca,  N.  Y. 

Kl'STERMANN,  Dr.  W.  W.   Instr.,  Univ.  of  Michigan,  Ann  Arbor,  Mich.   716  ForeM  Avt. 
KcHN,  Prof.  H.  W.    Ohio  State  Univ.,  Columbus,  O.   Station  A,  R.  R.  f, 
Kuo  Chto  Ltv.  In  care  of  Edward  £vans  and  Sons,  Shani^iAi,  China. 

Lambert,  Prof.  P.  A.   Lehigh  Univ.,  South  6ethl<  h<  rri,  Pa.   SIS  S.  Center  St.,  Betktekem,  Pa, 
Lambbbt,  W.  D.  U.  S.  Coaiit  and  Geodetic  Survey,  WaahingUm,  D.  G. 

First  Lieut,  vnder  the  war  dept.  for  odhe  teniee. 
LAatPLAKB,  C.  O.   Astronomer,  Lowell  Observatory,  Hagataff^  Aria. 
Landi8,  Frof.  W.  W.   Dickinson  CoU.,  Carlisle,  Pa. 

Lakdrt,  Prof.  A.  E.  GatholiB  Univ.  of  Ameriea,  Washington,  D.  C  Mf4  m  SL,  BrooHund, 

D.C. 

LamBLborn,  Framk.  Aart.,  Nautieat  Almanac  Office,  WadiingtOD,  D.  C 

Lanqma^-.  Hatirt.  Statisttdan,  Ooeao  Aodd.  and  Giumntee  Goipwatioii,  New  York,  N.  Y. 

Sf)  John  Si. 

Lanh..\n-,  J.  A.,  M.D.    112  Fourth  St.,  Niagara  Falls,  N.  Y. 

Laakw,  Adj.  Prof.  GiUiU  A.  Randolph-Macon  Coll.,  Lyncbbuig,  Va. 

Labuet,  J.  W.,  Jr.  Instr.,  Univ.  of  North  Carolina,  Chapel  HiU,  N.  C. 

Latham,  Mabcia  L.    Instr.,  Hunter  Coll.,  Now  York,  X.  Y.    .'12  W.  f  ?!^'i  St. 

Laves,  Asso.  Prof.  Kurt.    Astr.,  Univ.  of  Chicago,  Chicago,  111.   Sdtl  Kmwood  Ai>€. 

Lawrence,  Prof.  R.  S.   Hanover  Coll.,  Hanover,  Ind.   Box  llS. 

Lbatbnb,  D.  U.  Instr.,  CoU.  of  Yale  in  China,  Changed,  China. 

LEFBCHBn,  Asst.  Prof.  Solomon.  Univ.  of  Kansas,  Lawmoe,  Kan.  d9T  MiMovri  St. 

Lehman,  Prof.  D.  A.    Muth.  und  Astr.,  Goshm  Cull.,  Goshrn,  Ind. 

Ledmann,  Charles  Henrt,  B.S.  in  M.E.  (Cooi>er  Union).     1766  Amsterdam  .\ve.,  New 
York,  N.  Y. 

Lbbmsr,  Ano.  Prof.  D.  N.  Univ.  of  California,  Berkeley,  Cal.  ^SSBeffentSt. 
IxtB,  Asflo.  Prof.  D.  D.  Connecticut  Coll.  for  Women,  New  Ijondon,  Conn. 

LENNE8,  Prof.  X.  J.    Univ.  of  Montana,  Mi.H8oula,  Mont.  llOTOeniUAM, 
Leonard,  Prof.  11.  B.   Univ.  of  Arizona,  Tucson,  Ariz. 

Lester,  Prof.  O.  C.    Physi  s,  l  aiv.  of  Colorado,  Boulder,  CV.I.    1061  11th  S!. 

Le  STOimaaON,  Dr.  Flora  £.   The  Liggett  School,  Detroit,  Mich.   67  Garfield  Ave. 

Lewis,  Aast.  Prot.  Fu>bknce  P.   Gouchcr  Coll..  Baltimore,  Md.   S435  N.  Charlee  SL 

LiBBY.  H.  B.    Willi  ill.-  Gyp-v  0]\  Co.,  Tul.-t,  Okl:i.         rluitn,,  Jihhj. 

LlQUT,  As-Ht.  Prof.  G,  H.    Univ.  of  Colonido,  lk»uidcr.  Col.   ^56  Flea^ant  St. 

LnroqpiST,  Prof.  Tbeooorb.   State  Xormal  School,  Emi>oria,  Kan.    1119  State  St. 

LiNDRET,  Asst.  Prof.  Louis.   Syracuse  Univ.,  Syracuse,  N.  Y.    726  Univerfity  Ave. 

LiNEHAN,  A-sat.  Prof.  P.  H.   Coll.  of  the  City  of  New  York,  New  York,  N.  Y.   S46  Confcnt  Ave. 

LiN<;,  Prof.  ( i.  H.    Univ.  of  Saskatchewan,  Sa^kn'oon,  Sa.sk.,  Canada. 

LiNTOM,  M.  A.  Asao.  Actuary,  Prov.  Life  and  Trust  Co.,  Philadelphia,  Pa.  40d  Cheetnut  St. 

ijnUi  Asst.  Prof.  JossnL  Mass.  Inst,  of  Tech.,  Cambridge,  Mass. 

Tx>CKB,  L.  L.    Bn>okIyn  Tr.  School  for  Teachers,  Brooklyn,  X.  Y.    950  St.  Johns  PI. 

LoGSDON,  Mrs.  Matue  I.   luijtr.,  Nurlhweijteru  Uuiy.,  Evuuistou,  111.   6.^9  Foster  St. 
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LONGLET,  Asst.  Prof.  W.  R.  Shoffi.  Id  Scientific  School,  New  Haven,  Oohd.  £66  WittoioSL 

Lo«>,R,W.  High  School,  Plaiofidd,  N.J.  im  Lmmt  Ave. 

LOHD,  W.  L.  Master  in  Math.,  Woodbeny  Fbraat  School,  Wbodbuiy  FoRst,  Va. 

Lor  I),  Prof.  F.  H.   Emeritus,  Colortulo  Coll.,  Coloiftdo  Spraatai,  Ool.   Box  1006, 
JLovETT,  I'fj^.  E.  O.    Rice  Inst.,  Uoustou,  Tex. 

LUBT,  W.  A.   Instr.,  Kansas  City  Pob-tech.  Inst.,  Kansas  City,  ^lo.   323  S.  Lam  51. 
Lock,  Adj.  Prof.  J.  J.  Univ.  of  Virginia,  Untversity,  Va.  Ci^nade  Clufr. 
LuvLOir,  Col.  H.  H.  TT.  8.  Army,  Fort  Stewns,  Ore, 

LuNN,  Assn.  Prof.  .\.  C.    \pp\.  M:i1h.,  Univ.  of  Chicago,  Chiragn,  111. 

hVKH,  Sui)t.  L.  K.    Hi^jli,  Graded,  and  imlustr.  Schools,  Heron  Lalie,  Mina. 

LuFtKK,  V.  J.    In.str.,  Math,  and  Elec.,  Textile  S(-hool,  Lowell,  Mass. 

Lyman,  Prof.  E.  A.   Alichigan  State  Normal  Coll.,  Ypeilanti,  Mich.  if6     Wfuliiingbm  St. 

Lttlb,  Dr.  E.  B.  Asso.,  Univ.  of  niinois,  Urbana,  HI.  008  S.  Onkard  SL 

M ASSET,  Prin.  F.  D.   High  School,  Bennington,  Vt. 

Maodonalo,  Masisa.  Inttr.,  Fiee  Sehool  of  Man.  Tr.,  FuBman,  GUeafo,  HL  6667  UnlmtUg 
Aw.,  Chieago. 

Macdonald,  Prof.  8.  L.  Oolorado  Agric.  GoU.,  Fort  OoiHiiiai  GoL 

MacKinnon,  Annib  L.   See  Fitch,  Mrs.  EdwarrL 
Maclat,  Prof.  Jamss.   Columbia  Univ.,  Atw  York,  X.  Y. 

MacMillan,  Asst.  Prof.  W.  D.   Astr.,  Univ.  of  Chicago,  Chicago,  111.   5142  Kimbnrk  Ak. 
MAcNsMHt  Dr.  H.  F.  Instr.,  De  Witt  Clinton  High  School,  Neir  York,  N.  Y.  43o  W.  illtk  SL 
MacNtttt,  Pftif.  BAnrr.  Physics,  Lehigh  Univ.,  South  Bethlehem,  Fa.   Dept.  of  Phytia. 
McAlis^teu,  ProL  11.  I.,.    Ouachita  Coll.,  Arkadelpbin,  .\rk. 

McAtj^h,  James  Eluah,  Pii.D.  (Chicago).   Instr.,  Univ.  of  Illinois,  Champaign,  111.   41)1  E. 

Unuit  l  Si. 

MoCaw,  Prof.  GuTBUDa  L  Oxford  CoU.  for  Women,  Oxford,  O. 

McCartt,  A.  L.  Instr.,  Lowell  High  Bdiool,  San  Fnnmeo,  Cti,  6696  Cedar  St,,  BtrheUy,  Col. 
McClekok,  .Vs^oc.  Prof.  R.  B.  Grinnell  Coll.,  GrinneUi  la.  On  Zsow  ef  absence,  second  mnetler 

lyll-iyiS,  501  W.         St.,  New  York,  N.  Y. 
McCoABD,  Prof.  G.  W.   Ohio  State  Univ.,  Columbus,  O. 
McCoBiocK,  diABTOOB,  A.M.  (Clark).  R.  R.  No.  1,  ArkansM  City,  Kan. 
McEwnr,  Dr.  G.  F.  Hydrographcr,  Scripps  Inst,  for  Biol.  Reeeanih,  La  J(dta,  Gsl.  Box  68. 
McG.vw,,  A.sst.  Prof.  F.  M .    Math,  and  Man.  Tr.,  Cornell  Coll.,  Mt.  VemOn,  la. 
McKelvey,  Dr.  J.  V.    lualr.,  Cornell  Univ.,  Itliaca,  N.  Y. 

Second  Lieut.,  Co.  A,  312th  InJ.,  Natl.  Army,  Camp  Dix,  Wrighittown,  N.  J.,  on  leave  of  absence. 
McKramnr,  Prof.  T.  £.  Math,  and  Astr.,  Univ.  <d  South  Dakota,  Vermilkm,  S.  D.  £££  N, 
VmeersUy  St. 

McLaury,  Prof.  H.  L.   South  Dakota  School  of  Mines,  Rapid  City,  S.  D, 
McMahon,  Prof,  Jambs.   Cornell  Univ.,  Ithaca,  N.  Y.    7  (Jtulral  At>e. 
McMillan,  Mary  Bell,  A.M.  (Wisconsin).   Instr.,  State  Normal  School,  River  Fafls,  Wis. 
McNatt,  Jbtoo  Q.  Div.  Engr.,  Cok»ado  Fuel  and  Inm  Co.,  Fkuence,  Col. 
McNeill,  Prof.  MAitOOUf .  Math,  and  Astr.,  Lake  Forest  OoB.,  Lake  Forest,  Bl. 
Madson,  XiXA  A.     Instr.,  Iowa  State  Coll.,  Ames,  la.    165  N.  Lincoln  Way. 
MaomAj  Sister  Mart,  A.M.  (Calhulic  Univ.  of  America).   Science  Dept.,  St.  Benedict's  Coll., 
St.  Joseph,  Minn. 

MAHOmr,  J.  O.  Instr.,  Forest  Ave.  High  School,  Dallas,  Tex.   1900  CrocktsU  St. 

Mallort,  YiRim.  8.,  A.B.  (Columbia).    Viee-Prin.,  Diunont  (N.  J.)  High  Sdiool.    &K7  Fan 

Bnrn\  PI,  North  Bergen,  N.  J. 
Mangolu,  Prof.  M.  Ckcelia.   Trinity  Coll.,  Washington,  D.  C. 

Manning,  HERnr.RT  Millf.r,  .M.D.  (QeoiqtB  Washington  Unhr.).  Suigeon,  V.  S.  Fub.  Health 

Service,  Charleston,  S.  C. 
MANMnra,  Asso.  Pnf.  H.  F.  Pur«  Math.,  Bioiro  Univ.,  Ftovidenee,  R.  I. 

Marklet,  Prof.  J.  L.   Univ.  of  Mifhigan,  Ann  Arbor,  Mich.    1S16  Oeddet  Ape, 
Marriott,  Asst.  Prof.  R.  W.   Swarthmore  Coll.,  Swarthmore,  Pa. 

Mabsbai.l,  A.sst.  Prof.  RiWBRT  H.,  A.M.  (BUnois).   State  Man.  Tr.Nonnal  Sdioot,  Fittsbuig, 

Kan.  160ii  S.  Elm. 

Martin,  Dr.  Artemas.  Computer,  IT.  S.  Oossl  and  Good.  Survey,  Washington,  D.  C.  16Sil 

Columbia  St.  N.  W. 

Mjums,  Asso.  Prof.  Emilib  N.   Mt.  Holyoke  CoU.,  South  Hadiey,  Mass.  Box  SOB. 
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M&RTiN,  Prof.  L.  A.,  Jr.  Mednokfl,  Stevens  lost,  of  Tech.,  Hoboken,  N.  J.    9it  Coaffe  Point 

Tmvce. 

Matbkson,  Praf.  JoHK.  Queen's  Univ.,  Kingston,  Canada. 

Mathews.  R.  M.    Insfr.,  Rivcrs'ule  Jun.  Coll.,  Rivcrsiilc,  Cal.    1S34  W.  tilkSt. 

Mathewson,  As.«t.  Prof.  L.  C.    Dartmouth  Coll.,  Hanover,  N.  H. 

MateH,  E.  S.    ItiHtr.,  Rayen  High  School,  Youngstown,  O.    3o6  Park  Aiv. 

Mbmdbkhall,  Gbbtbiidb  W.  Head  of  the  Dept.  of  Math.,  State  Normal  Coil.,  Greensboio,  N- 

JOSS  Sprinn  Garden  8t. 
Mendenhali.,  Prof.  W.  O.    Earlham  Coll.,  Richmond,  Tml    ^^'i  College  Ait. 
MENfiENKAMF,  Louis  EuwARD,  A.B.  (Illinois").   Instr.,  High»S<  hool,  Frccport,  III.  51  Cotlonumd St. 
MnoCNDAHi,,  Prof.  T.  E.    Coll.  of  Emjiori;!.  l^inporia,  Ivan.    7£8  Stale  St. 
UmOKtLh,  Prof.  Heuen  A.   Wellesley  Coll.,  Welle«U;y«  Maw.   Wilder  Hatl. 
Mebriman,  Dr.  MuranEtD.  Coimulting  Engr.,  New  Yoric,  N.  Y.   t071  Siadkm  Ave. 
Mxiiitiss,  .V.  A.    913  E.  '2:5a  St.  X..  rnrrhiiid,  Orr. 
Mi:bsice,  Prof.  J.  F.   Alabama  l'ul>  iech.  liitti.,  Auburn,  Ala, 
Mvtcuur,  W.  V.   Oberlin,  Ohio.     In  Itcd  Cross  anibnlario  imrl:  in  France. 

MiKESll,  Jaaiks  Stepiien,  A.B.  (Minnesota).  Dir.,  Junior  Coll.,  Hibbing,  Minn.  Hold  Touraitie. 
Miles,  As8t.  Prof.  K.  J.  Sheff.  Scientific  S<  hool,  Yale  Univ.,  New  Haven,  Conn.  71  Mariil  Road. 
Mii.LKu.  Prof.  Hk.ssie  I.    Rockford  Coll.,  Rockford,  III. 

MiLuiB,  Eabi.k  Brenneuan,  A.M.  (Chicago),  instr.,  Univ.  of  Colorado,  Boulder,  Col.  9^1  Begenl. 
MtiABH,  Prof.  F.  E.  Otierbein  Coll.,  Westerville,  O. 

Millek,  Prof.  G.  A.    T'niv.  nf  IHinnts,  TThana.  III.    flO.l  W.  I!!u,oL-<  ^t. 

Miller,  Prof.  Isaiah  Lesue,  A.M  .  ij  ii^ii;u>a;.    Cariliagt-  Coll.,  Canliage,  111.   321 N.  Madison  Si. 
Miller,  Prof.  J.  A.    Math,  and  .\.str.,  Swarthntore  Coll.,  Swarthmore,  Fa. 
MuxBR,  Prof.  J.  S.  Emory  and  Hftnry  Coll.,  Emory,  V  a. 
MnxB,  Asst.  Pnf.  C.  N.  South  Dakota  ColL,  Brookings,  S.  D. 

Mills,  Vicente.   Surveyor,  Bureau  of  Laml«.  D<  [it.  of  Agric.  :inil  Xar  Reifiourees,  Manila,  P.  I. 

MiLXE,  .\sst.  Prof.  W.  E.   Bowdoiu  Coll.,  Brunswick,  Me.   6  McLctlan  St. 

MtmacK,  John-  HAURisoir,  AM.  (Indiafta).  Instr.,  Univ.  of  Peunqrlvania,  Fhihddphia,  Pa. 

&68  a.  Peaon  St. 
MniCK,  G.  R.  Instr.,  High  School,  New  Cutle,  Pa. 

War  service:  in  chmiit      tfte  ieiMol  and  totuot  dept.,  Minn.  By-Proiuel  Coke  Co.,  Si,  Pmdt 

Minn.    1.^.^7  CapUui  Ait. 
Miser,  Asst.  Prof.  W.  L.    Univ.  of  Arkansas,  Fayetteville,  .^rk. 
MncBBiXi,  Prof.  H.  B.  Columbia  Univ.,  New  York,  N.  Y.  80  WaakingUin  ^uare. 
Mitchell,  Asbo.  Prof.  U.  G.  Univ.  of  Kansas,  Lawrence,  Kan.   IStS  Man.  St. 
Molina,  E.  C.    Tel.  Engr.,  Amrr.  Trl  niui  T.  l.  Co.,  .New  Y.^rk,  N.  Y.  16Dej/St. 
MooDT,  Prof.  W.  A.    liowdoin  Coll.,  Brunswick,  Me.    60  Fetitrai  St. 
MOORB,  A.SSO.  Pri>f.  C.  I.  II    Mass.  Insst.  of  Tech.,  Cambridge,  Mass. 
Moore,  Prof.  C.  N.    Uuiv.  of  Cincinnati,  Cincinnati,  U.   601  Handkeger  PI. 
Moore,  Prof.  E.  H.    Univ.  of  Chicago,  Chicago,  III.    5fr07  Kenipood  Ave. 
Moore,  Asso.  Prof.  F.  C.    New  Hampshire  Coll.,  Durlciiu.  X.  II. 

MooRE,  Asst.  Prof.  R.  L.   Univ.  of  IVuusylvauia,  Philudeli'hia,  Pa.   5930  M'ajihitigton  Am. 
Moons,  WnsTJET  ADOLracni,  A.B.  (Southern  Univ.).   110  Fourth  St.,  Montgomery,  Ala. 
Moreno,  A->n  I'mf.  H.  C.    Apjil.  Math.,  Stanford  Univ..  Stnnfoni  rr.iveisity,  Cal.   Box  894. 
MoRENUS,  A.->ay.  Prof.  ELutMK  M.    Sweet  Briar  Coll.,  Swwt  Briar,  \  a. 
Morgan,  A.s^it.  Prof.  F.  M.   Dartmouth  Coll.,  Hanover,  N.  H. 
MoBOAM,  P.  S.  Soott,  O. 

MoBtARTT,  M.  M.  S    Hiifih  School.  Holyoke,  Mass.  S  MafffwHa  Ave. 

MoiiiTZ,  Prof.  R.  E.    Ui.iv  >  f  Wnshinplon,  Seattle,  Wjish.    On  leave  !<econd  semester  1917-I91S. 

MoKLEY,  Prof.  Frank.   John.-*  Hojikuis  I  riiv.,  Baltimore,  Md.  Park  At-e. 

MoKUET,  Asst.  Prof.  B.K.    Worcester  Polytech.  In.st.,  W  orcester,  .Mas-s.    7  lielrUhre  Ave. 

MoBMiiroBTAit,  Cbablottk.  Grad.  Asst.,  Ohio  State  Univ.,  Cdumbus,  O.  WS  franklin  Ave. 

MoRms,  Prof.  C.  C.   Math,  and  Engg.,  Ohio  State  Univ.,  Columbus,  O. 

Morris,  F.  P..    'H m  l  iiii;  IMtcw,  Univ.     Cali:'  ai  i  1,  1>.  rkclcy,  Cal.    J0.3'f  Duratd  Are, 

Morris,  Prof.  Eicuaud.    Rutgers  Coll.,  New  Brunnutck,  N.  J.    10  Culnr  ,4i(. 

MOBIUBON,  Elsie,    Lady  Prin.,  Frances  Sliimer  .School,  .Mount  Carroll,  111. 

Morrow,  K.  B.    Senior  Master,  Oilman  Country  Sc  hixil,  Rolaiul  Park,  Md. 

Morton,  .Vsst.  Prof.  A.  B.    Georgia  School  of  Tech.,  Atlanta,  Ga. 
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Morn,  E.  T.  Student,  Civ.  Engg.,  Notre  Dame  Univ.,  Notre  Dome,  IdA.    8U  Cleveland 

Aw.,  South  Bend,  Ind. 
MoTLTox,  Assn.  Prrif.  K.  J.    Xortlnvi-sliTii  Univ..  KvMri'striii,  lU.    S09  CtHfoxSL 
MOCLTON,  Prof.  I.  H.    Astr.,  Univ.  of  ('lu<  ag<),  (  hu  ago,  111. 

Major  in  Ordnance  Dept.,  Washington,  D.  C. 
MoURAO,  Lieut.  Salih.   Imper.  Naval  Coll.,  Hulkl,  Constantinople,  Turkey. 
MlTiB,  Sir  Thomas.   Late  Superintendent-General  of  Edue.,  Cape  Colony,  S.  A.  Slmeole,  San* 

down  Road,  RondehoFrh.  S.  A. 
MussELMAN,  Dr.  J.  R.   On  I  lie  Statistical  Staff,  U.  S.  Food  Commission,  Washington,  D.  C. 
MTBR8,  Prof.  G.  W.    Tca'^liing  of  Math,  and  Astr.,  Uttiv.of  CyiMgD^CbicilCOj  IlL    I»SSB.  72iS*' 
tArtxA,  Prof.  H.  S.  Huron  Coll.,  Huron,  S.  D. 

NAt-tK.  A.  R.  Mech.  Engr.,  St.  Louis,  Mo.    SOO  Lynch  S!. 

Kerr,  Fruf.  I.  F.    Drake  Univ.,  Des  Moines,  la.   iiSOl  hraltUboro  Aiv. 

VsaaXK,  A.sst.  Prof.  L.  I.    Univ.  of  Washington,  Seattle,  Wash.    4723  21x1  Ave.,  Ar.R 

NuMnr,  Dr.  A.  L.   Instr.,  Univ.  of  Michigan,  Ann  Arbor,  Mich.   1101  E.  Umxeriitjf  Avt. 

NcLflOX,  C.  A.   Grad.  Stud.,  Univ.  of  Chicago,  Chicago,  III.   SSiO  Bladcstone  Ave. 

Nelson,  I.  I.    Vice-I*rin.,  U'mh  School,  Austin,  Tex. 

NfinxLL,  Mabquis  J.,  A.M.  (Michigan).   Twp.  High  .School,  Evanston,  III.   S017  Sherman  Ave. 

Newkikk,  AflBt.  Plolf.  B.  L.   Coll.  of  Engg.,  Univ.  of  Minn.,  Minneapolis,  Minn. 

Newson,  Mrs.  M.\KY  W.    As     Prof  ,  W.nshburn  Coll  .  Topeka,  Kan.  WkitinBaU. 

Nichols,  Asso.  I'rof.  1.  C    Louisiana  i>tale  Univ.,  Uaton  Rouge,  hsk. 

Noble,  Asso.  Prof.  C.  A.   Univ.  of  California,  Beiiedey,         Sii4  PMmont  Ave. 

KOLAN,  M.  T.   High  School,  Dunmorc,  Pa. 

Norton,  Prof.  A.  H.   EInum  Coll.,  Elmira,  X.  Y. 

(hi  fi'irc  of  absenrc.  ( ngagrd  in  Y.  .\f.  C.  A.  7rort  in  France. 
NoHTox,  Mrs.  Mary  B.   Prof.,  Cornell  Coll.,  Muuni  Vernon,  la. 
Norwood,  C.  E.    Instr.,  U.  S.  Naval  Acad.,  Annapolis,  Md.    ij-i  Sttilc  Circle. 
KTBmaa,  J.  A.  Inatr*,  H^e  PatIl  High  Sch.,  Chicago,  HL  6214  Dorchester  Ave. 

Oglesbt,  Prof.  E.  J.   Coll.  of  Willi.im  and  Mary,  Williamsburg  Vgu 
Olds,  Prof.  G.  D.   Amherst  Coll.,  Aiulierst,  Ma>$s.   S  Orchard  St. 
Ol-sox,  H.  L.    Instr.,  Heiih  lhcr^  Univ.,  Tiffin,  O.    7  Clinton  Ave. 
Olbon,  Prof.  H.  X.    Bethany  Coll.,  Lindaborg,  Kan.   Box  28S. 

OasoRNE,  Prof.  George  Abbott.   Emeritus,  Mass.  Inst,  of  Tech.,  Cambridge,  Mass.  249 Berkeley 

St.,  Boston,  Mass. 

Osgood,  Prof.  W.  F.    Harvard  Univ.,  Cuiubridge,  Ma.ss.    7  Amn  Hill  St. 

0'Shacghnes.sy,  Dr.  Locia.  Instr.,  Univ.  of  Pennsylvania,  Philadelphia,  Pla.  Akc 0, CoBepe ffoB. 

Ott,  W.  p.,  Ph.D.  (Chicago).   Instr.,  Vanderbilt  Univ.,  Nashville,  Tcnn. 

OvBRMAJT,  J,  R.   Ilead  of  the  Dept.  of  Math.,  State  Norma!  Col!.,  liowUng  Green,  0. 

Oavkv,  R.  E.    R.  F.  I).  1,  Pr.rcM.  (  ). 

Owfc.ss,  Abiji.  i*rol.  F,  W.    Cornell  Univ.,  Ithaca,  N.  Y.    IIU  Wvdburnc  Lane. 

Paaswell,  GfiOBOB.  Civ.  Engr.,  New  York,  N.  Y.  2726  Creston  At>e. 

Pmmcr,  Asso.  Prof.  C.  I.  Armour  Inst,  of  IVch.,  Chicago,  lU.  6440  Oreemrood  Ave. 

PALNfKR,  Emily  G.    IHkIi  School,  Salem,  Ore.   C','  ClxmcWla  S!. 

Palmer,  E.  S.    Baliisiic  Engr.,  Winchester  iUpcaiiug  Aiuui  Co.,  New  liuv  tu,  Cuou.  lo34 
Boxderard. 

Paijii£,  Prof.  Anna  H.   Coll.  for  Women,  Western  Reserve  Univ.,  Clevekud,  O. 

On  learn  0/  absence  1917-1918;  Box  371,  Point  Pleasant,  N.  J. 
P  vxnTA,  \.  P.    Head  Master,  HicJi  S.  liool,  Sojhra,  B.  P..     C.  I.  Ry.,  Dt.  Pettad,  India. 

pAKTiuuui;,  Dr.  K.  A.    Science,  W Cst  Pliila.  HiRh  S<1hio1  for  Hon  s,  Philadelphia,  Pa.    L9lh  and 
Walnut  St.-^^ 

Pattbn,  Prof.  W.  E.  Civ.  £ngg.,  Govt.  Inst,  of  Tech.,  Shanghai,  China.  Box  702,  Anwrican  P.  O. 
l?ATVBK<nvL,  Asso.  Prof.  E.  A.  low*  State  Coll.,  Ames,  la.  489  Wdek  Ave. 

PATTEnsoN",  Prof.  K.  p.    >TatIi.  and  Astr.,  T.enoir  Coll.,  Hickory,  N.  C.    ?'/  joff/  . 

Payne,  J^-it.  Prof.  Cu.u'.ll«>  J.,  .\.M.  Ulurvurd).   State  Normal  School,  Cape  Girardeau,  Mo. 

Pearson,  Prin.  D.  C.    New  Mexico  Milit.  Inst.,  Roswell,  N.  M. 

Pkaslke,  Rev.  A.  N.   Saint  George's  School,  Newport,  R.  I. 

Pbdbbsbk,  Asst.  Prof.  P.  M.  CcSL  of  the  City  of  New  Yotk,  N.  Y.  4S2  W.  144th  St. 
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Peed,  Prof.  M.  T.  Emorj-  Coll.,  Oxford,  Ga. 
Pbhbson,  E.  W.   1748  Oxford  St.,  Berkeley,  Cal. 
Peix,  Dr.  Alexander.    South  Hadlcy,  Mass. 

Pell,  Asso.  Trof.  Anna  J.  (Mrs.  Alexander  Pell).    Mt.  Holyokc  Coll.,  South  Hadley,  Mass. 
Penn,  Samuel  Sidnet.   834  Hewitt  PL,  Brooklyn,  N.  Y. 
Fbrkim»,  Amt.  Ptof.  L.  B.  Middlebuiy  Coll.,  Middlebury,  Vt. 

Pbkrt,  WmoHA  MaBLi,  A.M.  (Brown).  Teeh.  High  Sebool,  Provide&ee,  R.  I.  67  Gordon  Am. 

Peterson,  C.  A.  V.   Electrician,  Minneapolif,  Minn.    4^4^  Minnehaha  Av^. 
PSXTERSEN,  Asst.  Prin.  C.  A.   Carl  Schurz  High  !5chool,  Chicago,  111.  SSSi  LovxU  Am. 
FrASD.,  H  V.    i;i04  \\.  Boulevard,  Cleveland,  0. 
Pkaubh,  Piof.  U.  E.  BeR*  Coll.,  fierea,  Ky. 

Phelts,  Prof.  Eaklb  Bbwaxd,  B.S.  (Maw.  Inst,  of  Tech.).  Chem.,  Hvgicnic  Lab.,  U.  S.  Pub. 

Ilealih  S.  rvirc,  Wasliington,  D.  C.   3215  Solh  St.  N.W. 
Philip,  Aisst.  Prof.  Maxuulian.    Coll.  of  the  City  of  New  York,  New  York,  N.  Y. 
Phillips,  Asst.  Prof.  H.  B.   MaSB.  Inst,  of  Tech.,  Cambridge,  Mass. 

Pi  Mo  EnuMH  Fa&muirnr,  Secy.  of.  Syxacuae  Umv.,  Syracuse,  N.  Y.  Bosi  IS,  FaaiUjf  Port 
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Steirnaqle,  W.  M.   Leachville,  .\rk. 
Stephens,  Aaao.  Prof.  li.  P.    Univ.  of  Georgia,  Athens,  Ga. 
SXBTeON,  Dr,  J,  M.   In  naUonfil  service;  1308  I  St.  AMI'.,  Wcuihinglon,  D.  C. 
Bwam,  Obmomd.    Foiwerty  Ptof .  of  A«tr.,  Univ.  of  Vitginia,  CbarlottesviUe,  Va.    Clifton  Sta- 
tion, Fairfaz  Co.,  Va. 

SrcrFrER,  Asso.  Prof.  E.  B.    Univ.  of  Kanssas,  LawTcncc,  Kan.    1S2S  Xew  Hamp.  St. 

Stkatton,  Asst.  Prof.  W.  T.    Kansas  State  Agric.  Coll.,  Manhattan,  Kan.   1090  Vattkr  SL 

Snmr,  George  Thornley,  Jr.,  A.B.  (BuckncU).  Instr.,  Denigon  'Umy.,GnuivtUej  O.  Boss  fi9. 

SraoUQITIST,  Prof.  C.  E.   Univ.  of  Wyoming,  Laramie,  W'yo. 

SrpFA,  Mart  C.   Chicago  Latin  School,  Chicago,  111.   1238  N.  State  St. 

SiLLn-AN,  J.  J.,  Jr.    Newman  Sdiool,        \  Sr..  Ilarkensack,  N.  J. 

Sw.uiTZEL,  Prof.  K.  D,   Ohio  t?tate  Univ.,  Columbus,  O.   1052  luka  Ave. 

Swbazey,  Prof.  G.  B.    Westmmster  Coll.,  Fuhon,  Mo. 

SwEKT,  H.  L.    Iiistr.,  Pliillip^.  Exf't.-r  Acail..  Exrt-.r,  N.  IL    F.  0.  Hot  !?. 

Swift,  Prof.  Elij.vu.    Uiiiv.  of  W  rinont,  Ilurliugion,  Vt.    4^3  S.  ]Viitarti  .Sf. 

Tabsb,  G.  H.   p.  O.  Box  1214,  Pittsbuush,  Pa. 

TAHZOI.A,  J. }.  Prieafe,  SOSth  Madame  Otm  Batt.,  Co.  C,  Camp  Upton,  L.  I. 

TaTLOlt,  Dr.  E.  H.    Eastern  Illinois  Staf  e  Nnrnw!  Srfiool,  Chailestoa,  III. 
TATlOtt,  Prof.  J.  M.    Colgate  Univ.,  Hamilton,  N.  Y. 

TA'noR,  Prof.  W.  E.    Appl.  Math.,  Syracase  Univ.,  Syracuse,  N.  Y.   S<f2  Irring  Ave, 
Tatias,  W.  H.  Qtad.  Stud.,  Univ.  of  111.,  Champaign,  UL  111  E.  Healey  St. 
Thateb,  GnjiSBT.  lUdmer,  Ore. 

First  Lieut.,  Signal  Officers  Reserre  Corpe,  Aviation  See^  non-jtying, 
Toielbab,  CI.ARA  K.   Maolius,  UL 
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Thomas,  C.  F.   Iuh't.,  Case  School  of  Appl.  Srienrp,  Clcvtland,  O. 
Thomas,  Prof.  E.  H.   Phj-sins  and  Math.,  Tabor  Coll.,  Tabor,  la. 

l^OMAS,  Prof.  Evan.   Mecb.  and  Math.,  Univ.  of  Vermoat,  Burlington,  Vt.   187  Loomu  SL 
THOMAS,  Prof .  R.  G.  M^t**!  f"^  ^<^ec  t  '"^  th»  Mail  nnii  «f  feiH»Ji  f!««Jirt»^  r^oW 

ton,  S.  C. 

Thomas,  U.  P.    Instr.,  OoUegft  <rf  Wooetcr,  Woostcr,  O.   847  Spring  St. 
Thome,  W.  J.   Engg.  Dept.,  United  Rwy.,  Detroit,  Mich.   206  Palmer  Al»^  E, 
Thompson,  E.  L.   High  School,  Burlington,  la.   431  S.  Adams  St. 
Thompson,  Edith  V.   Wilkcs-Barrd,  Pa.  (7) 

Thompson,  ftof.      D.   Princeton  Univ.,  Princeton,  N.  J.    11  Morven  St. 

Tamamti,  Esuuum  Iyab,  Ph.D.  (Johns  Hopkins).   1988  Movml  Royal  Terrace,  BatHmon,  Ud. 

Thornburq,  Prof.  C.  L.   Math,  and  Astr.,  Lehigh  Univ.,  South  Bethlehem,  Fki 
TiTSTS'OBTH,  Dejm  A.  A.   Civ.  Engg.,  Rutgers  Coll.,  New  Brunswick,  N.  J. 
Titus,  C.  M.   Instr.,  Univ.  Farm  School,  Davis,  Cal. 

TOU4BT.  HowABoBma,  A.B.  (IndioDA).  Scientific  Asst.,  Office  of  Farm  Management,  U.  S. 

Dept.  of  Agrie.,  Wadriiigtoii,  D.  C. 
TontET,  Marian  MaasOf  AJU*  ^rmm).  Inatr.,  8t.  Jdmsbury  Acwl.|  SL  Johnabtn;,  Vt.  49 

Summer  St. 

TovTox,  Prin.  F.  C.  Central  High  School  and  Jim.  OoU.,  St.  Joiqih,  M o.  Ttadur$  Qdhge, 

Columbia  Unimrniy,  New  York,  N.  Y. 
Townsend,  Prof.  E.  J.    Univ.  of  Illinois,  Urh.'Uia,  III.  510  John  St. 
Tracet,  Asst.  I*rof.  J.  I.    Yale  Univ.,  New  Haven,  Conn.   S14  Norton  St. 
Trefethen,  Prof.  H.  E.   .Astr.  and  Math.,  Colby  Coll.,  Waterville,  Me.   67  College  Ave. 

Thipp,  .\s,si.  Prof.  M.  (  ).    Utiiv.  of  Maine,  Orono,  Mo. 

Tsorr,  Frof.  T.  Euusr,  M.S.  (Muskingum).  Mount  Union  Coll.,  Aiiiaocc,  0.  50  E.  College  St, 
TOBMER,  Asst.  Prof.  A.  B.  CoO.  of  the  Oty  of  N«w  Yofk,  New  York,  N.  Y.  t4S  N.  Mounlam 

Ave.,  Monldair,  N.  J. 

Turner,  Bird  M.   Asst.  Dir.,  Phebe  Anna  Thorne  Model  School,  Bryn  Mawr  Coll.,  Bryn  MawT, 

I'n.    Low  Build iniis. 
TcTTLE,  Jean.   Inglewood  UnioD  High  School,  Inglewood,  Cal.   Box  147. 
Tyler,  Prof.  H.  W.   Mass.  Inst,  of  Tech.,  Cambridge,  Mass. 
Tyub,  Jobn.  Iiutr.,  U.  S.  Naval  Acad.,  AnaapolM,  Md.  Bald  MaryUmd. 

Uhler,  Asst.  Prof.  H.  S.    Physics,  Yale  Univ.,  New  Havrn.  Conn  ?68W1Bo»St. 
Underhill  ABst.  Prof.  A.  L.   Univ.  of  Minnesotn,  Minneapolis,  Miun. 

(  'apt.,  Coa.'<t  Artillery,  Fort  Andrews,  Ma.^s. 
Undxrwooo,  p.  U.  Ball  High  School,  Qalveston,  Tex.  gSil7  Ave.  /. 
UmtAKf  Aao.  Prof.  F.  W.  Btata  Nonnal  School,  Wanenabiug,  Mo.  il8  N.  Mafuin  St. 
VtaoMt  Asst.  PMf .  S.  E.  Miand  Univ.,  Athenii  O. 

Van  Anda,  C.  V.   With  The  New  York  Times,  New  York,  N.  Y.  906W.S7(k8t. 
Van  Bknschotbn,  Prof.  Anna  L.  Wella  Coll.,  Aurora,  N.  Y. 
Van  BosKUtK,  IW.  B.  C.  Throop  Coll.  of  Tech.,  PaBadena,  Cal. 

Van  deb  Vries,  Prof.  J.  N.   Univ.  nf  Knn.^n?!,  Lnwrencc,  Kan. 

On  leave  of  absence,  Diet.  Secy.,  War  Work,  U.  S.  Chamber  of  Commerce;  64O  Otis  Bldg., 
Chicago,  III. 

Van  Horne,  Prof.  R.  N.   Moniingside  Coll.,  Sioux  City,  la.   1307  S.  NewUm,  St, 

Yjm  Nuys,  Prof.  Claude  Cornelius,  A.M.  (Columbia),  E.M.  (South  Dak.  Sob.  of  Minea)., 

Phynca,  Colondo  School  of  Mines,  Golden,  Col. 
Van  OaBviuam,  C.  E.  Phvsical  Geologist,  U.  8.  G«ol.  Surv.  Lecturer  on  Meoh.,  George  Waah- 

ingtnn  rniv.,  Washington,  D.  C.    1G67  Sl-^t  St.  N.  W. 
Vkblen,  Prof.  Oswald.    Princeton  Univ.,  Princeton,  N.  J. 

Capt.  of  On!r,arta  ,  OiUctn  Btttm  CoTpt,  Son^  Hook  Proving  Grounds,  Fort  Haneoek,  If.  J., 

on  leme  of  abxence. 

VKDDm,  Praf.  J.  N.  Thermodynamics,  Union  CoQ.,  Schenectady,  N.  Y. 
VivuN,  Aao.  Prof.  Rokama  H.  WeOeeley  Coil.,  WeOeeley,  Maaa. 

Wagar,  G.  L.    Instr.,  Mount  Hermon  Boys'  l^cl.ool,  Mount  lit  rmon,  MaM. 
Wahlin,  G.  E.   Aaso.,  Univ.  of  Illinois,  Urbana,  111.   903  Railroad  St. 
Wauh),  Prof.  C.  A.  Emeritus,  WadOngtou  Univ.,  SL  Louia,  Mo.  JfOi  W.  USA  St,,  New  York, 
N.  Y, 
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Waldron,  J.  A.  School  InqMetor,  Society  of  Mao'>  Chaminade  Coll.,  Clayton,  Mo. 
Walker,  EvHLTN.  Instr  ,  Himttt  ColL,  New  York,  N.  Y.  SSW.SSdSt, 

Wauckk,  L.  C.    Ceresco,  Neb. 

Wallace,  Prof.  A.  W.   Franklin  Coll.,  New  Athens,  O. 

Walsh,  C.  B.   Instr.,  Ethical  Culture  High  School,  New  York,  K.  Y.  443  Clatwh  At«.,  BroMj/n, 
N.  Y. 

Waltox,  Prof.  T.  0.    William  nnd  Vashfi  Coll..  AImIo,  111. 

Wappli:,  a.  K.    Tfjiching  I'l-llow,  I'liiv.  of  CLilil'ornia,  Btxkdey,  Gal.   1660  FuUon  Si.,  Han  Fran- 
cisco, Cal. 

Wabnsb,  I.  N.   lostr.,  State  Normal  School,  Platteville,  Wis. 
Wabhkh,  PMif.  L.  A.  H.   Univ.  of  Manitoba,  Winnipeg,  Canada. 

WABHBrnNK,  A.  C.    Artuary,  Hcrk.shire  Life  Ins.  Co.,  PittsfieWj  MaM. 
Watts,  Prof.  C.  ^\'.    \'irniiiia  Milit.  last.,  Loxiugloii,  \  a. 

We.ir,  Dr.  L.  E.    Inntr.,  Univ.  of  Washington,  Seattle,  Wash.    473o  Sixth 8t.  JVJP. 

WsAVEJt,  Dr.  J.  H.   lostr.,  Ohio  State  Univ.,  Columbus,  0.   Hilliard,  0. 

WsATBB,  Ant.  Prof.  Warrkn,  C.E.  (Wisconstn).  Throop  Cofl.  of  Tech.,  Fsfladena,  GbL 

Scitncv  and  Research  Dir.,  Siyjud  Corps,  on  leave  of  ahsencr. 
Webb,  H.  E.    Central  Ilitih  Soiio<jl,  Newark,  N.  J.    1^  Irving  I'l.,  SummH,  N.  J. 
Wkhukr,  Dr.  W.  P.    In.'^tr.,  Math,  and  Mcch.,  Univ.  of  Pitt.^urgh,  Pittsburgh,  Pa. 
W£fiSTsa,  AbsL  Prof.  Louiss  M.  Hunter  CoU.,  New  York,  N.  Y.  Uunltt  College,  E,  68th  St. 
Wbcbbub,  a.  L.  806  Weet  End  Ave.,  New  York,  N.  Y. 
Weeks,  Dr.  Eula  A.   Grovcr  Cleveland  High  School,  St.  Louis,  Mo, 
Weida,  F.  M.    Instr.,  State  Lniv.  of  luwa,  Iowa  City,  la.    Hox  371, 
Weld,  Dr.  L.  G.   Dir.,  Free  School  of  Man.  Tr.,  Pullman,  Chicago,  lU. 
Wjoaino,  Wuuau  Cobcoran,  A3.  (Yale),  instr.,  Trinity  Coll.,  Hartford,  Coon.  ISB  Farmr 
infflOR  Ate. 

Wkli.!*,  Dr.  Maiiy  E.    Instr  ,  \'nssar  Coll  ,  Pou^^bkMplb,  N.  Y.  7?. 
Wellb,  i^of.  R.  A.    Park  Coll.,  Parkville,  Mo. 

Welton,  Mart  L.  Union  High  School,  Cirami  Rapids,  Mich.  tflT  Lafayette  Ave. 
Wektworih,  Obobqb.  1688  Beacon  St.,  Boston,  Mma. 
West,  Asst.  F»of.  C.  J.  Ohto  State  Unir.,  Columbus,  O. 

West,  Prof.  E.  D.    Pacific  I^niv.,  Forent  Crove,  Ore. 

Wester,  Asst.  Prof.  C.  W.    Iowa  ^tate  Teacher.'i  Coll.,  Cc<Jar  Falk,  la.    709  Walnut  St. 
Westfall,  Bertha  G.   High  School,  Glovers\  ille,  N.  Y.         N.  Main  St. 
Westfall,  .\sso.  Prof.  W.  D.  A.   Univ.  of  Missouri,  Columbia,  Mo.   309  Hicks  Age, 
Wheeler,  A.  H.   High  School  of  Commerce,  Worcester,  Mass.   8  Shawtnut  St. 
Wheeler,  A.^^.-^t.  Prof.  .J.  J.    Univ.  of  Kantiji.-^,  Lawrence,  Kan.    I'J^  Alabama^ 
White,  Aaso.  Prof.  A.  E.    Kansas  State  Agric.  Coll.,  Manhattan,  Kan. 
White,  Prof.  C.  E.   West  Virginia  Wesleyan  Coll.,  Buckhannon,  W.  Va. 

\\'ihtk;,  Asso.  Prof.  M.\kion  B,  Michigan  State  Normal  Coll.,  Ypsilanti,  Mich.  314  Forest  Ave. 
WujTED,  WiLLUi,  M.E.,  Dr.  of  Kugg.  (Iowa  .State  Coll.).   Engr.  of  Bridges,  Pcnoa. State Hi|(hway 

Dept.,  Harrisburg,  Pa.   gll€  A'.  Thini  Sf. 
Whitford,  Prof.  A.  E.    Math,  and  Physics,  Milton  Coll.,  Milton,  Wis. 

Whitford,  Asst.  Prof.  E.  E.    CoU.  of  the  City  of  Now  Yoifc,  Now  York,  N.  Y.    76  W,  tOSd  St. 

Whiting,  M.khhl  G.    Box  .371,  San  Dimas,  C;il. 

WuiTON,  Prof.  Emm.\  K.    Univ.  of  Redlands,  Ke<liand9,  Cal.    ISO  StiUman  Ave. 

Whitted,  Prof  ,J.  .V.    He.Ming  Coll.,  Abingdon,  111.   208  W.  Monmouih  St. 

Whittemore.  James  Kelset,  A.M.  (Harvard).   Instr.,  Sheffiekl  Scientific  School,  Yaiie  Univ., 

New  Haven,  Conn.   ii!84  Orange  St. 
WiLCZTNSKI,  Prof.  E.  J.    Univ.  of  Chicago,  Chicago,  III. 

Wilder,  Dr.  C.  E.    Instr.,  Northwestern  Univ.,  Evaust^jn,  111.   102  Uinman  IJou^. 
WiLOKii,  (;.  F.   Erasmus  Hall  High  .Sclnwi,  Brooklyn,  N.  Y. 

WUiDEBMCTH,  AflBt.  Prof.  BofiB  Brooss,  A.M.  (Ohio  State).  Ca{ulal  Univ.,  Columbus,  O. 
WiUT,  Praf .  F.  B.  DeniBon  Vim,,  Gmnville,  O. 

WncY,  W.  O.,  A.M.  (Colambb).  Seey.,  Jdin  Wiley  and  SonB,  Inc.,  New  York,  N.  Y.  4S8 

Fourth  Ave. 

WiLLETr,  Asso.  Prof.  H.  C.   Univ.  of  So.  Californm,  Los  Angdei,  CaL 
Williams,  Dr.  A.  R.  Y.  M.  C.  A.,  Portland,  Oi«. 

WouAMi,  Prof.  C  B.  Kalamaioo  CbU.,  Kabmaioo,  Midi.  £14  Stuart  Ave. 
WtuJAan^  Prof.  F.  B.  Claik  Univ.,  Wocoester,  Maes. 
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Williams,  Prof.  J.  E.  Virginia  Polytcoh.  Imt.,  Blarksburg,  Va. 
Wxu4AMSj  Asst.  Prof.  K.  P.   Indiana  Univ..  Bloomington,  Ind. 

Copt.,  Ind.  Field  ArtilUry,  icUh  the  BaSiAaw  IHumin  in  Fmtee. 
Williams,  W.  H.   Head  of  the  Dept.  of  Math.,  State  Norma]  SflJuMt,  niitteviUe»  Wis. 
W1LL13,  RcBT.    Ijiatr.,  WeUa  Coll.,  Aurora,  N.  Y. 

WiLLSON,  Prof.  F.  X.    Descr.  Geom.,  Princeton  Univ.,  Princeton,  N.  J.   Box  W. 
WiuoN,  Asso.  Prof.  A.  U.  Haverford  ColL,  Uaverford,  Pa. 

WiuoN,  Ano.  Prof.  D.  T.  Mafb.  and  Astr.,  Case  School  of  Appl.  Science,  develaiid,  O. 

Wilson,  Prof.  E.  B.   Head  of  (Iif  Dept.  of  Physics,  Mass.  Inst,  of  Tr.  h  ,  Cambridge,  MaS8. 
Wilson,  Asst.  Prof.  R.  E.    Xortlns  ejjLeru  Univ.,  Kvanston,  III.    2015  iSlicrtnan  Avt. 
Wilson,  A^t.  Prot  \V.  A.    Yale  Coll.,  New  Haven,  Conn.    228  Park  Si. 
WU60K,  WuoJAM  Hasold,  PbuD.  (lUiooiB).  Instr.,  Maas.  Inst,  of  Tech.,  Cambridge,  Maw.  U 
CeninSt. 

WiNBiGLER,  Prof.  Alice.    Monmouth  Coll.,  Mnnmmith,  111. 

WiMSLow,  Gilbert  F.,  Jr.,  B.S.  in  Min.  Engg.  ^Oregon  Agric.  Coll.).    Computer,  Coajit  and  Geo- 
detic Survey,  Washington,  D.  C. 
Wiirnn,^OuoB.  Hairteon  Tech.  High  School,  Chicaio,!!!.  SSS4  Walnut  Sl^  Garfield  Park  Ski., 

Wolfe,  Clyde.   2231  Cwlar  St  .,  Rerkeley,  Cal. 

Wolfe,  H.  E.   314  N.  Washington  St.,  Bloomiogton,  Ind. 

WoLLAN,  Prof.  Thom.\8  C,  B.S.  (Sliiiiiesoea).  Park  Regkm  Luther  CoO.,  Feigiia  Falls,  Minn. 

6*^7'  Cavour  Ave. 
Wood,  FtaoincK.  Imtr.,  Univ.  of  Wfasonfliii,  Madison,  Wii. 

Lieut.,  S-?S!h  Fu  ll  Arlillery,  iWaiional  Armjf. 
Wood,  Rose  B.    llardiu  Coll.,  Mexico,  Mo. 
WOODABD,  Prof.  D.  W,   Wilberforce  Univ.,  Wilberforce,  0. 
WooOKAinBl,  VwL  W.  R.   Ripon  Coll.,  Ripon,  Wis. 

WoooRow,  Aart.  Vrot.  Jay  W.\lter,  Ph.D.  (Yale).   Physics,  Univ.  of  Cblondo,  Boulder,  Col. 

Woods,  Asst.  Prof.  H.  M.    The  .n  i  i .Mi  -li  ,  Cniv.  of  California,  Berkeley,  Cal. 

Prtnt.  0/  ihe  uc^uictnic  ioard  uf  tiw  school  i>j  uiilitarif  aeronautics,  Unit',  of  CaUJornia, 
W0OD6,  Prof.  F.  S.    Mass.  Inst,  of  Tech.,  Cuiibri  lgc,  Mass, 
WoODwaan,  Ptes.  R.  S.   Carnegie  Inst,  of  Washiogtoa,  Washington,  D.  C. 
WooDTABD,  Emu   High  School,  Kansas  City,  Kan.  9S4  BomM. 

WoaTHiNtrrov,  Enw.uiD  H.,  .VM.  1  [^'tHlsylvan^a).    Inatr., Univ. of  Pennsylvania, Plutaddphia, 

I'.i.  Lock  Box  31!),  Gkrumlc,  Fa. 

WoBTBixaTOX,  Dr.  Euphemia  R.  Instr.,  Welledsgr  Coll.,  WelUal((]r,  Mass.   10  WoXhm  St. 
WaiaHT,  Prof.  H.  N.  WhiUier  Coll.,  WUitier,  Cal. 

WittOBT,  Vera  L.,  A.M.  (Minnesota).    Asst.,  Univ.  (rf  Minnesota,  Minneapolis,  Minn.  fSUk 

Si.  and  FraiiK  Ave.  S. 
Wbight,  Prof.  W.  L.   Lincoln  Univ.,  Lincoln  University,  Pa. 
WmnisK,  Praf  .  C.  N.  Southwestern  Univ.,  Georgetown,  Tex. 

YA.VNEY,  Prof.  B.  F.    Coll.  of  Wooster,  V\  ooster,  O.   606  N.  Bcvcr  SI. 
yE.\TON,  .A.sst.  Prof.  C.  H.    Northwestern  Univ.,  Evanslon,  III. 

In  tuuional  tervice,  Sigtial  Corpt;  home  addrest,  Bichmond,  Me, 
Ynir,  Pn>f.  Chia-Cbeow,  A.M.  (Bwrvaid).  Chinese  Govt.,  Engg.  GolL,  Tangdu,  China. 

Youxa,  Prof.  Anna  I.  Agnes  Scott  Coll  ,  Defatur,  Ga. 
YoLXG,  Prof.  J.  W.    Dartmouth  Coll.,  lim over,  N.  II. 

Young,         Prof.  J.  W.  A.    Univ.  of  Ctii>  :i',ii>,  ('liicago,  III.  6422  Black»tom  Ave. 
Y00370,  Dr.  Mabel  M.  Instr.,  Wellealey  Coll.,  WeUesiey,  Mass.  6  Norf<dk  Terrace. 
YowEU.,  Dr.  E.  I.  Astronomer,  Univ.  of  Cincinnati,  Cincinnati,  O.  GHett  and  CmiteU  Am, 

Zehrino,  Asst.  Prof.  W.  A.  Purdue  Univ.,  LaFayette,  Ind.  SOS  Buuell  Si. 
ZstOBi.,  Prof.  W.  H.  State  Normal  School,  Kirksville,  Mo.  SOg  8.  Stafford  St 

Zeldix,  Samt  ^:l  D.,  Ph.D.  rCl  irl  1,    In>ir  ,  OjII.  of  Hawaii,  Honolulu,  T.  H. 
ZuiMEiniAN,  Prof.  John.   Dubuque  Cjerman  Coll.,  Dubuque,  la.   76  N.  GUn  Oak  Atfe. 
ZiWET,  Prof.  AusxAMPBB.  Univ.  <rf  Michigan,  Ann  Arbor,  Mich.  844  S.  IngaOt 
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INSTITUTIONAL  MEMBERS. 

Woman's  College  or  Alabama,  Montgomerj',  Ala. 

UxivEBBlTr  or  Arkans.\s,  Fayelteville,  Ark. 

UxivERSiTT  OF  St.  Francis  Xavikr,  Antigonbb,  N.  S.,  Can. 

Colorado  Collkge,  Colorado  Springs,  Col. 

CoLOKADo  School  ok  Mixes,  Golden,  Col. 

Triniit  Colleok,  Hartford,  Conn. 

WcscflTAN  UmvcBBirr,  Middletown,  CSonn. 

Georgetown  UNniiRsiTY,  WasliinKton,  D.  C. 

George  Washington  Umveis-sitv,  Washington,  D.  C. 

University  of  Georgia,  Athens,  G«. 

Saoan^n  CohUsoM,  Alton,  ill. 

Iixnton  Weslktait  Uniykbsitt,  Bloomingtoa.  m. 

Cakthace  College,  CarlluiRe,  lU. 

Armock  Institute  of  Techndlooy,  Chii  ;igo,  111. 

U.vivGBarrr  or  Chicago,  Cbira^n,  ill. 

NoRTiTA'ESTERN  Univershty,  Evanston,  111. 

Kno.t  College,  Galesburg,  111. 

Rr)CkFOKo  CoLLKOE,  Rockfofd,  111. 

Univeksitv  or  luoNOis,  Urbanft,  111. 

PxramoK  UmvBBaiTT,  LaFkyette,  Ind. 

Dr.\ke  U.NivERSiTv,  Deii  Moines,  la. 

State  Univeiwitv  of  Iowa,  Iowa  City,  la. 

UxrvKHsiTY  OP  Kansas,  I^wrence,  Kan, 

SvAiB  AoBicuLTOXAL  CoLLBOEi  Manhattan,  Kan. 

UmTEimrFr  or  Lovisvillb,  Loui«viUe,  Ky. 

Umvlksitv  of  Maine,  Orono,  Me. 

A-MHEUi^T  CoLUiUE,  Amherst,  Mass. 

Boston  UHlVBmiTr,  Boston,  Masa. 

Mount  Holtokb  Colubqb,  South  Hadley,  Mass. 

Welleslet  CJolleoe,  WeHefltey,  Mass. 

Worcesteh  roi.YTKi  iiNic  Institi  ti;,  Wdncsfcr,  MaSB. 

UravBitUTY  OF  MicuuAN,  Aou  Arbor,  Mich. 

Michigan  Aobicultokai.  College,  fiMt  Lmwing,  Midi. 

KAL.\>TA7on  CoTLKcr,  K.ilnniazoo,  Mirh. 

Univei«jtv  of  Mi.N.N'fcbOTA,  .MituicafK>lii5,  Minn. 

College  of  St.  Catherine,  St.  Paul,  Minn. 

GoLLBOB  or  St.  Tsbesa,  Winona,  Minn. 

MnxsAra  Collbge,  Jadcflon,  Miaa. 

CrLVEH-SrorKTON  College,  Canton,  Mo.' 

U.NlvERSiTY  OF  MuuK>UiU,  Columbia,  Mo. 

Cektbal  Colleqb,  Fayette,  Mo. 

WAsmifOTON  Untversitt,  St.  Louis,  Mo. 

UNiVEaaiTT  of  Montana,  Mijssoula,  Mont. 

University  of  Nebraska,  Lincoln,  Neb. 

Cbeiobton  University,  (iinaha,  Neb. 

Dakikouth  College,  Hanover,  N.  H. 

Rutgers  Cou.rcr:,  N>w  Brunswick,  N  J. 

Princeton  U.NUKKaixv,  Princeton,  N.J. 

New  York  State  College  for  Teachers,  Albany,  N.  Y. 

Polttbchnic  iNsnums,  Brooklyn,  N.  Y. 

UMiTEMiTr  oy  BvrFALO,  Buffalo,  N.  Y. 

Hamilton  College,  Clinton,  N.  Y. 

Elmira  College,  Eltnira,  N.  Y. 

CvuxoK  OK  thb  Citt  of  New  York,  New  Yotfc,  N,  Y. 
CoLUMBu  VnxTEnm,  New  York,  N.  Y. 
Thb  Coofsb  tlmoN,  New  York,  N.  Y. 
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K«w  YoBX  UinvB«»nr,  New  York,  N.  T. 
UNlWRflnr  OF  Rochester,  Rochester,  N,  Y. 
UmoK  College,  Schenectady,  N.  Y. 
Case  School  of  Apflif.d  Scienxe,  Cleveland,  Ohio, 
Western  Reserve  University,  Clevelaod,  Ohio. 
Ohio  Wesletan  IlNivERsmr,  Delaware,  Ohio. 

KeNYO.V  COLLEOK,  Guinlii  -  Ohio. 

Deniaon  UKiVKiiMTV,  CinLuvillo,  Ohio. 

OnEBLiN  CoLLKfiK,  Oberlin,  Ohio. 

Lakb  £iub  CoLLStiB,  Fainesville,  Ohio. 

Lafatbtiw  CoLtEOB,  Easton,  Fa. 

HAVEni  OKD  College,  Haverford,  Pa. 

Albright  Collkoe,  MyerstowD,  Pa. 

Dbexel  iNSTiTOia,  Phfladdpha,  Pa. 

Cabnsqib  iMBimm  or  TEmmwat,  Pittsbuigh,  Pa. 

LBmoH  TTinvinnT,  South  BetUdtem,  Pa. 

SwARTH.MOKK  CoLLEUE,  Swarthitiorc,  Pa. 

Washinoton  and  Jefferson  College,  Washington,  Pa. 

UmvBmiTr  of  Porto  Rico,  MayagUes,  P.  R. 

BaowN  University,  Providence,  R.  I. 

Vajtoerbilt  University,  Naahville,  Tcnn. 

I'mversity  of  Texas,  Austin,  Te.\. 

HouTuaaN  MsTaooiST  Univxrsity,  Dallas,  Tex. 

Batlob  UimrraisiTr,  Waco,  Tex. 

MinDi.pnrnT  CoLLErrE,  Middlebury,  Vt. 

UMVKiiSiTY  OF  Virginia,  University,  Va. 

I'sn  ERsiTT  of  Washington,  Seattle,  Wash. 

State  Normal  Schooi.»  La  Croaae,  Wis. 


GECXlBAPIilCAL  DISTRIBUTION  OF  INDIVIDUAL  MEMBEBS. 


AcavKS.  Oeoflhaw,  Messick,  Sbi. 


UNITED  STATES  A2XD  CANADA. 
Alabama.  (8) 


Gbbbhsbobo.  Chapmao. 
MoNTOouERr.  W.  A.  Moore. 
UmvnaiTr.  F.  L.  Oumidisd,  Fori. 

AXISOMA.  (2) 

Fi<AQ9TArF.  Lampiand, 
TccaoH.  LeoDAid. 


(7) 

FATamviLLE.  Drok«,  Harding,  Miser. 
CBDMon.  Bra^. 
LsAGHnuai.  St^ma^. 
Lmta  Bock.  AnnitiiEe,  Kgbee. 

Caufobnia.  (39) 

Berkeley.  Berngtein,  Haski!!,  Irwin.  Lehmeri  McClarty,F. R. Morris, Noble, Fduson, Putnam, 

P.  Sperr>',  C.  Wolfe,  B.  M.  Woods. 
Clareuont.  O.  B.  Beriyj  Bcadntt,  RiumU. 

Davis.  TiUu.  Pasadena.  Van  Buskirk,  W.  Weaver. 

Fbesito.  Staj^.  FmNTLouA.  Dick. 

Inolewood.   Tuttlc.  Eedlant>s.  Whiten. 

La  Julla.   McEwen.  Rivr,n--^iDE,  Mathews. 

Lebec.   Poaey.  San  Dikgo.    G.  Allen. 

Los  Anoelbb.   p.  Arnold,  Collier,  WtUett.      Sam  Dimas.  Whiting. 

Mare  Island.   See.  San  FbakCisoo.  Crofts,  Wapplc. 

Pau)  Alto.   Hoekins.  Santa  Ana.  E|Bgi»n. 

Staxfoko  Univebsitt.  BUchfeldt,  R.  L.  Green,  Moreno. 

WamiEii.  H. N.Wright. 

Canaoa.  (16) 

CHILLIWAfi:     Anninp;.  RT-niN-A.    J.  F.  Crimpbdl. 

Kingston.    D.  iiudiauan,  Guinmer,  Maiheson.  Sahkatoo.n.  Ling. 

LANGBNBrRG.    Draxteu.  Tobonto.   A.  Baker,  Beatty,  J.  W.  GaaaplMll, 

MoKniAi..  Murray.  Findlay,  Pounder,  Bosebrugh. 

FtcxoM.  Kingston.  Wimnrao.  Warren. 

Colorado.  (23) 

BoTnAER.  DeLong,  Kendall,  Lester,  Light,  E.  B.  Miller,  Randolpb,  C.  S.  Sjwrry,  Woodrow. 

CoLuHADo  SriuNT.s.    Barahait^  GajOTi,  H.  T.  Da\ !.s,  Deois,  Loucl. 

Denver.   K.  L.  Hrown.  Golden.   Burger,  Showman,  Van  Is'uys. 

Ebir8Park.   BumdI.  Gkbeeoiy.  Fixd«y,  W.  h.  Hill. 

Florente.    McNatt.  UKIVBUnT  PaBK.   U.  A.  Uove. 

Fort  (Jolun»  S.  L.  Macdonald. 


H.\nTFOKi).    Flynn,  Welling. 
MiDDLETOWN.  C.  N.  Reynokla. 


CON.NBCTICUT.  (17) 

29 
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GoMNBcncoT  (eonfuraMi) 

MiLFORD.  Kos«nbaum. 

New  Haven.   Barrow,  E  W.  Brown,  KoTirik,  Longkyi  MiI«B,  Palmw,  P.  F.  Smith,  TiMty, 

UlUer,  Whittemore,  VV.  A.  Wilson. 
New  ItoxDoir.  Dimidc,  Leib. 

DCLAWAKE.  (3) 

Nbwabx.  Barter,  BawUiifl,  C.  a.  Sliort. 

DisnicT  OF  CoLuniA.  fSH) 

Brooklan'd.  Landri'. 
CnE\'Y  CuASK,  Heal. 

Washington.  O.  S.  Adamn,  Ardu  r,  Cromwi-ll,  Dir.  Dept.  of  Terr.  Magn.,  English,  W.  M. 
HamiltOQ,  UodgkinSi  A.  M.  Howe,  W.  D.  Lambert,  LaDgeUoiti,  Mangfdd,  A.  Martin,  MuaaeU 
man,  FIn^,  BamUr,  A.  A.  RUey,  Roeaer,  Stetwik,  ToUey,  Van  Ontnmd,  Window,  Wood- 
ward. 

FLOSffiA.  (Zi 

GAINES^1U<E.  KeppeL 
JACKS0NVILIJ9.  J.  E.  8and«ts. 

Georgia.  (15) 

Athens.    Ponr!,  S.  P.  f  imford,  StcphenB.  ' 
Atlanta.   F.  1  ield,  liemke,  Morton,  Skilt^,  D.  M.  Smith,  Btamy. 
Decatur.   A.  I.  Young. 
lUaTiiAN.  Brindlc. 
GAxmsBnux.  Bingley. 
Macon.  Burfon, 
OxFonn.    Peed,  Humble. 


HoNOLCLc.  Zeldin. 
Momiw.  ConwdL 


Hawau.  (1) 

Idaho.  (1) 
lumoia.  (90) 


AsmeooK,  Whittod. 
Alrdo.  Walton. 

Aiton.  Hess. 
Cabtuace.  I.  L.  MiUer. 

CBAurAiON.  Chittanden,  Grathorne,  McAtee,  W.  H.  Taylor. 

C'H  Ani.KSTox.    E.  H.  Taylor. 

Chicaoo.  Abrams,  E.  Allen,  Harnett,  Bliss,  Cobb,  DicLson,  Foberg,  Hassler,  Hilton,  J.  H. 
Jones,  Kinney,  Krathwohl,  Laves,  A.  C.  Lunn,  M.  MacdonaicI,  MacMillan,  E.  H.  Moore, 
F.  R.  Moulion,  G.  W.  Myers,  C.  A.  Nelaon,  Nybeig,  C.  I.  Palmer,  Pettersen,  Srhottenfels, 
Schweits«r,  Simon,  Slaught,  SoderiKilni»  8.  8.  8Ut]il,  Suffa,  Weld,  Wilczynski,  Winter, 
J.  W.  A.  VouiiK. 

Decatcb.    Keuu,  liisley. 

Evanston.   A.  D.  Campbell,  D.  F.  Campbell,  CurtisB,  Doll,  Kerr,  LogKion,  E.  J.  MoultOQ) 

Newell,  Roman,  C.  E.  Wilder,  R.  £.  Wilson,  Yeaton. 
Freeport.    Mensenkamp.  Monmoith.  Wiubigler. 

GALEsnrRG.   .Sellcw.  Mt.i  nt  Morris.  Shivoly. 

GiiEKiirviu.B.  Ingeis.  Uuleaks.  Holmes. 

HooPBSTON.  Dottervr.  FfeoniA.  Conwtock. 

Lake  Forest.    McNeill.  Rockford.   B.  I  Miller. 

La  Salle.    Carus.  Rock  Ij^land.    Ceii«'ri>erg,  Skarstedt. 

Macomu.   Ciinnings.  Soith  Holland.  Gouwena, 

Manuvs.  Tbielbar.  Tatlobvillb.  Dappert. 

MocifT  Casrou..  Morrison. 

Uroana.  Carmichacl,  Clcvenger,  Emrh,  C.  F.  Grocn,  Jaeollfl,  Kempner,  I^ile.  G.  A.  MtUST, 

Rietx,  Shaw,  Si^am,  Steimley,  Town«eud,  Wahlin. 
WoonaxocK.  E.  J.  B«kber. 
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Indiana,  {28) 

BAiNBanHiB.  Elbert  Allen. 

BuxnciNOTOK.  Dsviflsoii,  Hamu,  Ibmidi  Rotliroek,  H.  E.  Wdfe. 

CotrMHiA  CtTY.  Kniaely. 

Cbawfohusville.  Cragwall. 

Earlham.   L.  Hadley. 

Fbaxklin.  Hodi^ 

GosBBH.  L^num. 

Hanovkr.  Lawn-iice. 

lNoiANAt>ous.   Beckett,  E.  X.  Jobnaon. 

LaFatsiib.  Ok,  Zebrioc* 

Notre  Daiib.  Otpani. 

RicuMOKD.  Mendenhall. 

SOCTH  BkM).  MottH. 

Wbst  LaI'ayette.   Bates,  Gruves,  Hazard,  James,  Kcnyon,  Robbios,  Spitzer. 

Iowa.  01) 

Alhia.  Corey. 

A.MKS.   Chanc}',  Colpitt8,  DanieOfl,  Madaon,  Pattongill,  Roberts,  Stanton. 

ficauMOTON.  E.  L.  ThomiMon.  Inuumola.  C.  W.  Emmons. 

Cahv  Dodgk.  Gamp.  Iowa  Cnt.  R.  P.  Balser,  EeiQy,  Weida. 

Cedar  Fallh.  Condit,  Woter.  Mocnt  Vernox.  McGaw,  M.  B.  Norton. 

Cedar  Rapids.   Cofl^.  Mvscatine.  Stein. 

Des  Moines.   Ndf.  Obkaloosa.   S.  M.  Hadlqr. 

DcBCQtra.  ZinuMnDBn.  SiocxCnr.  Van  Home. 

Fatbttb.  SIniomon.  Tabob.  £.  H.  TbomM. 

Grikn-eix.   aUk  rt,  MeCleiM»n«  Ruak.  Weiuiaw.  Kicth. 

HcuBou>T.  Herr. 

Kansas.  (37) 

Arkansas  City.  McCormick. 
Atchison.   E.  M.  Stahl. 
Baldwin.  Garrett. 
Camp  Funston.  Canaday. 
Emporia.   Lindquist,  Mergcndahl. 
lIoLToN.  Harnly. 

Kansas  Cm.   L.  T.  Dougherty,  Flagg,  Uclwig,  Hyde,  Woodyard. 

Lawwbncb.  Ashton,  Jotdan,  LefaGheta,  U.  G.  Mitdiflll,  Stouffer,  Vaa  dec  Vriea,  J.  J.  Wheater. 

Le  a  ve     o  RTrr .    I  ]<  i  i  n  (i  t  on . 
LiNi)?i)OR<;.    II.  X.  Oldun. 

MAMiArTAV.  W.  H.  ABdrawB,  H.  E.  Ptarter,  Ramick,  StnttoB,  A.  E.  White. 
Nbwton.  Ricbert. 
Ottawa.  Bouae. 

PiTTSBCRo.   Broadlick,  V.  B.  Gatia,  lilBnItall,  Sliiik. 

Stbruno.   T.  Bell. 

TorSKA.   Harshbarger,  NeWBOn. 

Wichita.  Dueker,  Hook. 

Kektvckt.  (7) 

Bbsba.  PMen. 
Dakviub.  Ciooka. 
GBOBasiowK.  Rhoton. 

LsziNGWiiX.  Bogrd,  J.  M.  Davia,  Downing,  Reea. 

LoirisuxA.  (6) 

Baton  RottOE.   NichoL;,  S.  T.  Sanders. 
Nbw  Oblbans.  Cater,  Dinwkldie,  Spencer. 

Maine.  (13) 

Banuor.  Robinson. 

Bar  Ha&bor.  A.  S.  Adame. 
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Mawb  (eoftfimwd!) 

Brunswick.  Milne,  Moody. 

J\T.  Goodrich. 

Lewiston.  Ramsdell. 

Obono.   Aley,  Hart,  Tripp,  Keed. 

WAxramUiB.  AgiliDnif (|  Cwt«,  Tkef etlmu 

MABniAND.  (31) 

Annapolis.  Bratnbte,  J.  A.  Bulliinl,  Capron,  Clcinonts,  Dedorlck,  Dillin^^luun,  "Eppes,  GlAlloway» 
Goseanl,  A.  Hall,  \V.  W.  Johnson,  Norwood,  Robert,  Root,  Shenton,  J.  T>'ler« 

Baltdiore.  Bacon,  Coble,  Gohent  Convene  Hariy,  Hulburt,  Lewis,  F.  Morlgr,  Morrow, 
Eupenp  R.  Smith,  Thomsen. 

Haviu:  i)k  Cik  vce.  Shook. 

Htattsvillk.  Somere. 

Port  DsrosiT.  E.  C.  Cook. 

FsEDsncK.  L.  O.  Brown. 

MAaa&CHnurtni.  (67) 

Amherst.   Duncan,  Eaty,  Oldfl. 

Boston.  "BttkHtiy,  Brigjiain,  Brace,  G.  W.  Evans,  Gsgrloid,  King,  rardwr,  OsboriM,  W«ntwortIi. 

Cambridrk  }^^'.ley,  Birkhoff,  Bouton,  Rmdley,  Coolidge,  H.  N  Dnvis,  Fmnklin,  G.  M.  Crccn, 
E.  V.  ii<ititiiig;ton,  D.  Jackaon,  Kennelly,  Lipka,  C.  L.  E.  Moore,  Osgood,  Phillips,  Rutledge, 
H.  yf.  Tyler,  E.  B.  Wilson,  W.  H.  Wilson,  F.  8.  Woods. 

Etebbtt.  Bryant. 

Hatebhill.  Card. 

HoLYOKE.  Moriarty. 

Lowell..  Lupicn. 

Mount  Hbsho.v.  \V:igar. 

Northampton.   S.  R.  Benedict,  Munioe. 

PiTTSFiELD.  Washbume. 

fiovm  Hadley.  Do  ik,  E.  N.  Martin,  A.  Pdl,  A.  J.  Pdl,  S.  E.  Smith, 

SpRiNariBLD.  J.  E.  Clark. 
Turn  CoujEOB.  Ransom. 

ATTRTO'^-N'.    ITaigler,  C.  A.  Hohbe,  Kenieon,  Wnnl. 
\\ELLKi*LKv.    11.  Chandler,  Copeland,  Merrill,  G.  E.  Preston,  C.  E.  iSuiith,  Vivian,  E.  R. 

Worthinjcton,  M.  M.  Youn^ 
Wkst  Nbwbukt.  Carleton. 
WnuAMSTOWir.  Asiud,  Ebrdy. 

WoRcuxEB.  Btttterfidd,  Denton,  R.  K.  Moilegr,  A.  H.  Wheeler,  F.  B.  WiUismB. 

MicmoAN.  02) 

Albion.  Sleight. 

Aim  Arbor.  BsMwin,  Bnutn,  H.  Bets,  BiBdsfaRW,  C^esse,  P.  Fietd,  Ford,  Gbver,  QldebiBDdt, 
Hix^5L  > ,  Kvpinski,  KUstennann,  Hsddqr,  A.  L.  Nelson,  Runnh^,  Ziwet. 

Benjkjma.   G.  H.  Scott. 

DETn<JiT.    Le  Stourgeon,  Thome. 

East  Lahsimo.  L.  C.  Emmons,  JHant,  Speeker. 

Grand  Rapids.  Rindc,  Wdton. 

Hillsdale.  Herron. 

HouuHTON.  Grant. 

K&IAMAZOO.    Everett,  C.  B.  Williams. 

YwLum.  Eriokson,  I^rmsn,  M.  B.  White. 

Minnesota,  (24) 

CotLBOEViLLG.  Hansen. 
Duit'TH.   Sr.  Brigetta. 
Fergus  Falls.  Wollan. 
Heron  Lake.    L.  K.  Lunn. 
Hjbiuxg.  Mikchii. 

MixNEAPoua.  R.  M.  Barton,  Bauer,  Brooke,  Buaaey,  Dalaker,  Nevikirk,  Peterson,  Reeve, 
Shumway,  Blobin,  Undeitii]],  V.  L.  Wright. 
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St.  Joseph.   Sr.  MuKrm. 

Sr.  Pacl.  fierger,  Etzel,  R.  A.  Johnsoa,  Mirick. 
WnfOMA.  QdgMgr. 

MUBIMIFFI.  (2) 

Clixton.  Sharp. 
Unhtibsity.  Hume. 

lifwKvimi.  (61} 

Canton.   B.  Ingold. 

Gapb  QntAiiDKAi .  B.  F.  JobiuHm,  Fayne. 
Glatton.  W&klron. 

CoLTTMBiA.   Ames,  Hedrick,  Hughes,  L.  Ingold,  Kello^,  W.  D.  A.  WestfalL 

FrLTYjN.    T.  W.  Jackson,  Sweaz<'y- 

Kansas  City.  A.  C.  Andrews,  B.  J.  Brown,  Escott,  Higdoo,  Kent,  Luby. 

KmnvnxB.  Oodby,  Eppecaon,  JantiBOB,  Zdgd. 

Lexington.   B.  R.  Allen. 

LififiKTY.  Fleet. 

Mexico.  R.  B.  Wood. 

FauetiiiUd.  Home,  R.  A.  Wells. 

St.  Josbfr.  Ferguson,  Tbuton. 

Springfiklu.    Fiiikel,  E.  Gibson. 

St.  Loris.   Auimenxum,  Bixby,  Borsmeycr,  Breaoan,  Caiman,  Dunkel,  Forsman,  Uinrichs, 

Huff,  A.  H.  Huntington,  N9xut,  Bider,  Boever,  Sehwarts,  Shannon,  Weeks. 
Steinuetz.  S.  Johnson.  * 

Tarkio.  Jenifion. 

WAnamsBUBO.  Scarborao^  Uibftn. 

MoifTsirA.  (3) 

Guusoow.  CakUxwood. 
MusooLA.  Ganar,  Lennes. 

Nrbraoka.  (13) 

Belletua.  Schiniedel. 
Bethany.   Fitzpatrick,  Reev^. 
Cerssco.   L.  C.  Walker. 
CBsne.  J.  N.  Bennett. 

Lmcour.  Babbitt*  Bltimbeig,  Brenke^  Chndy,  Gbntburn. 
Omaha.  Frankish. 
Pebc.  Howie. 
Youc  Feenster. 

Nevada.  (1) 

RsNO.  Haaenian. 

New  HAKnouu;.  (12) 

DuiiUAM.   Garabcdian,  Stcck. 
Exeter.  Sweet. 
GoriBTowN.  F.  C.  Moore. 

Hanover.  Baalle,  Bill,  Dinea,  Foi^th,  Mathewson,  F.  M.  Mofgaii,  J.  W.  Young. 
MAKCBBaSBE.  HbpkiiM. 

New  Jbbset.  (24) 

Atlantic  City.  Kline.  Nbwabk.  Koch. 

HACKsmAox.  SdHvsn.  New  BnownncK.  R.  Morris,  Titsworth. 

HoBOKEN.   Gunther.  I..  A.  Martin.  North  Berqen.  Malloiy. 

Lawbence\ille.    Durell.  Paterson.  Caster. 

Madison.   Jarrctt.  Plaxkhelo.  R.  W.  Lord. 
MoNTCLAin.   M.  I.  Cook,  A.  B.  Turner. 

PRiifCETON.   E.  P.  Adams,  Eisenhart,  Fine,  H.  L.  Bmitbf  H.  D.  Tliompson,  Vcblcn,  WlUson. 

Summit.  Wr-hli. 

Trenton.   CoUiton,  Seymour. 
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New  Mexico.  (4) 

Albuqusrqde.  liosenbach. 
East  Las  Vsoas.  Rodsns. 

RoswKLL.  Pcnnion. 
SocoKBo.  Keece. 

New  Yowt.  (Ill) 

AuiANT.   Birchonough,  Cunwell. 
Aurora.   Van  Bcnschoten,  Willis. 

Brookly.v.   Berggtresser,  \V.  J.  Bcrrj',  Bowdcn,  E.  A.  Johnson,  Longman,  Locke,  Schuj-lcr, 

Tanzola.  W  ulsli,  V,.  F.  Wilder. 
CuNTON.   H.  S.  Brown,  Carruth,  Feriy,  Fitch. 
CoiiNWAUrOM-Hin>8oif .  H.  R.  Doughwrty. 
East  Elmhvhst.  Hanson. 
Elmira.   a.  H.  Norton. 
Geneva.  Durfee. 
GujmasnuM.  B.  O.  Westlall. 
Hawlton.  A.  W.  Smith,  J.  M.  T^kr. 

IiHACA.  Carver,  CS«b«,  GiUeflirie,  Hurwitot  Kriatal,  Oweai,  McKdv^,  McMfthott,  Raaiun, 

Silverman. 
Mount  Vernon.   Breckt  nri'ifii'. 

New  York.  J.  Allen,  Aucrbach,  Blair,  Brewster,  G.  A.  Campbell,  Chamberlain,  Dennett, 
C.  H.  DouKlas,  ICckersley,  Edmonibon,  Fischer,  Fiske,  File,  Frankel,  Goertz,  Grad,  Graham, 
(irove,  Huwkts,  Havi's,  Henderson,  IIitin\ich,  Hirach,  ILxljr'iun,  Hu[ii>t\  JolTf,  Kasiier, 
Latham,  Lchmano,  Linebao,  Maclay,  MacNci^h,  Merrixnao,  H.  B.  Mitchell,  Molina,  PaaB- 
wdl,  Pedcnen,  Peon,  Philip,  Piel,  Reddick,  Requa,  F.  G.  RcgrnoMa,  8M»d,  Schmall,  Siceloff, 
Simons,  D.  E.  Smith,  I.  C.  Smith,  R.  R.  Smith,  Spearing,  Van  AmdAp  Waldo,  £.  WaUcCTf 
\\  tbster,  Wechsier,  K.  K.  Wliitfurd,  W.  U.  Wiley. 

XiAC.ARA  Falub.  l^nigaii. 

PovoHKSEms.  Cowley,  Cummings,  Ai.  £.  Wella. 

RocHBtrrcH.  W.  Bets,  EsUeman,  Gtie, 

SvHEM.CTADT.    C'il!;in,  Snvilcr,  Ve<Mcr. 

Syracuse.   W.  G.  Bullard,  Decker,  Lindaey,  Ssecy.  Pi  Mu  Epailou  Frat.,  Roe,  VV.  E.  Taj'lor. 
WbrtPooit.  CP.EohfdB. 

NOHTH  CABOUIfA.  (11) 

Chapel  Hill.   W.  Cain,  A.  W.Hobba,  Laiiey.  Guilford  Colli  (ii:.  Brintoo. 
Davioson.  J.  L.  Douglaa.  Hickory.  Patterson. 

Dmasui.  Ridianbon.  jAMsnowx,  Ragpdale. 

Elon  College.   Aniir-k.  Raudoh.  Stark. 

GREENtMioao.   G.  W.  Mendcntudl. 

North  Dakota.  (1) 

Univsbbitt.  Hitchcodc. 

Obio.  (76) 

Ai.i.iAM  Trott. 
Ashtabula.   J.  N.  Cain. 
AtbeKB.  Borger. 
Bbuba.  Dustbeiiner. 
Bowuxa  Grebw.  OTerman. 
Bluffton.  Ilirsrlilrr. 

Cincinnati.    Brand,  Hancock,  Kindle,  C.  N.  Moore,  E,  S.  Smith,  Yowell. 

CifVELAND.   Beckwith,  Belcher,  Car8c:dleD(7),  Deming,  Focke,  W.  W.  Johnflon,  JhinM,  PfaU, 

Pitcher,  C.  F.  Thomas,  D.  T.  Wilson. 
CoLUMHUs.    C.  L.  Arnold,  Bareis,  Bobannan,  Co*idington,  Hoover,  Kuhn,  McCoard,  C.  C. 

Morris,  Morningstar,  J.B.PM8l0fitRaMir,  Kickanl,  Swartzel,  Singer, C.  J.  Weot,  WUdennuth. 
Datton.  HofimaoD.  Forest.  Owen. 

Detlance.  a.  G.  Cans.  Gaxbibe.  R.  B.  Allen. 

Dblawasb.  Atiatin,  Amwtrang,  Konants.      Gsanvulb.  Street,  F.  B.  Wiley. 


Digitized  by  Google 


THE  MATHEMATICAL  ASfsOCIATION  OF  AMERICA 


35 


Hn.LiARD.   J.  H.  Weaver.  Scott.   P.  S.  Morgan. 

HiBAM.  £.  H.  Clarke.  .  Sprinofield.   W.  E.  Anderson,  Hutchinson. 

KSMT.  Eaui^t.  TiFKLv.   Grabcr,  H.  L.  Obon. 

Marietta.   Horn.  Toledo.  Brandeberrj'. 

New  Athens.   Wallace.  Westerville.   F.  E.  Miller. 

Qberli.v.   AndeSBBgi  CSBiniBf  Our,  Metcalf,     'WiLUEnroKCE.  Woohird. 

Sinclair.  Wiuhngton.  Spinks. 

Oxford.  Baudin,  Glaiier,  MoC^,  Uner.      Woootbk.  R.  P.  Thomas,  Yanney. 
Puxr.s^nijK.   Rarnv*  YooHGaaowit,  Mayer. 

iloS3.  Haiiieniau. 

Oklaboma.  (6) 

XORUA.N.   Altshiller,  Duval,  Re&vefl. 
Sbawnbb.  W.  T.  Short. 
Shllwatbr.  QundeiMik. 
TvuM.  Libby. 

Orbgon.  (8) 

EiTGENB.  DeCou. 

Forest  Gbotb.   E.  D.  West. 

Fort  Stevens.  Ludlow. 

Portland.   Griffin,  Mcrrias,  A,  R.  Williams. 

Kaimek.  ThuytT. 

Salsm.  £.  G.  Palmer. 

Fenxbtlvania.  (67) 

AlXENTowN.    Bautnan.  Glensids.   E.  H.  Worthingtoo. 

Bbatsr  Falls.  Culwell.  GwyvsCrTT.  Ramsny. 

Bethlehem.   Rau,  J.  B.  Reynolds.  HABamBQito.  Whited. 

Bryn  Mawr.   Hazlctt,  C.  Scott,  B.  M.  Turner.  HavbwORd.  Reid,  A.  H.  Wilson. 

Carlisle.   Landis.  Llncoln  University.    W.  L.  Wright. 

Chsstsb.   Garretson.  Lansoowne.   Chambers,  Glenn. 

GoiLBomnLtB.  Clawaon.  Llanbrch.  Oummere, 

Devon-.    J.  A.  Clarke.  Mkadvillk.  Akcrs. 

DtN.MORE.    Nolan.  Miolanu.  Quinn. 

Easidn.   W.  S.  Hall,  W.  M.  Smith.  MnBBTCnnr.  Kieaa. 

GfiTTYaBURa.  OranviUe. 

PamPELTmA.  Buriey,  Crawley,  DiD,  Doan,  H.  B.  Evans,  Fbher,  Hdnea,  LinUm,  Mmnkk, 

R.  L.  Moore,  O'Shaughnessy,  Partridge,  Rittenhouse,  Safford,  Sen?pnig,  WeyL 
PrrrsBTTROH.  Baird,  Biahop,  Bland,  Forakcr,  Holder,  Riggs,  Taber,  Webber. 
Sewickjubt.  Connelly. 

Soma  Bbxhubu.  Charlcfl,  P.  A.  Lambert,  MacNutt,  Thornburg. 

State  CSouaon.  J.  E.  Davis,  Gravati,  Bowe,  Sallade,  C.  G.  Simpson,  Edwin  R,  Smith,  SouiUey. 
Swarthuore.   Marriott,  J.  \.  Millsr. 
Wasuimotok.  Atcbisou,  Bert. 

PBuappiMB  Ifluims.  (1) 

Mahiu.  V.  Mill*. 

Rhode  Island.  (12) 

Newtort.  Peaslrf. 

Providence.   Archibald,  T.  H.  Brown,  11.  W.  Burse«B,  Chace,  Currier,  N.  F.  Davis,  French, 
P.  W.  Hin,  H.  P.  Manning^  Feny,  B.  G.  D.  lUdiaidaon. 

South  CaroiEiIiia.  (6) 

Charleston.   II.  M.  Manning,  R.  O. ' 
Clbmson  CoLLcue.  Daua. 
Columbia.  Coleman. 

Greenville.  Eurle. 
Saluda.  Ramage. 
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South  Dakota.  (7) 

BooouNOS.  Q,  L.  Brown,  C.  N.  MiUs.  Bxdfiold.  P.  A.  Field. 

HvBOii.  H.  8.  Myen.  &oiirx  Famjs,  Hacker. 

VLumCat.  McLauiy.  Vxaaiiuoii.  MeKiiu»y. 


B.  (7> 

Chattanooga.  Hooper. 
Kmoxvuix.  H.  £.  Bucbamin,  A.  F.  Freston.   Nashville.  S.  I.  Jones,  Ott. 
MAvmuB.  Kiapp.  Skwamos,  B.  M.  Bwtom. 

Tbxm.  (24) 

Abilbne.  CImndler. 

ArsTiN.   H.  Y.  Benedict,  Deeherd,  Dodd,  EtUingcr,  1. 1.  Ndson,  M.  B.  Porter,  T.  McN.  Simpioa. 

BitowNisvn.i.K.  dc  la  Gam.  Ciai^vi.stcjn'.  A.  A.  licniiftt,  Underwood. 

6bya2{.   McAlister.  Geobqetow.  Wunder. 

CAHTOir.  L.  G.  ASen.  HonnroN.   Daniell,  Lovett. 

College  Statiov.    Bond.  RrsK.   P.  C.  Porter. 

Dallas.  E.  H.  Jones,  Malioney.  ?^an  Anoelo.  Hagelsteia. 

Fosr  WoaxB.  Aleamder.  San  Antonio.  Boaeh. 

Stefuexvuxb.  J.  L.  Riley. 

Utah.  (2) 

LooAir.  Suer. 

SALTLAnCiiT.  J.  L.  Gibson. 

Yebmont.  (0) 

Benninotox.   Mabrcy.  E.ssex  Jinction.  Donaliue. 

BuBimoiON.  Swift,  E.  Ukuom.  Middlebi  ry.  F^ridiM. 

St.  JoHKSBUitY.  Torrey. 

VnoiKiA.  (18) 

Blacksouro.   J.  E.  W  illiams.  Montebey.  Colaw. 

Ehokt.  J.  8.  Miller.  Biomom.  Dtdne. 

CunoK  Statiok.  Stone.  Richmond  College.  Gaines. 

Hampdkn-Sidnct.   J.  B.  Smith.  Salcu.  Carpenter. 

HoLU.s's.   Dickiiisoii.  Sweet  Bkiak.  Momuus. 

locxiMaTON.  L.  W.  Smith,  Watt*.  Ukivebsity.   W.  U.  Echols,  Luclc, 

LTMcmno.  Lamr.  Wiluamsbubo.  A.  Davis,  Q^by. 

WoooBimT  Foucsr.  W.  L.  Loid. 

WASHINOTOir.  (14) 

Pcllman.  Hix. 

Seattle.  E.  T.  B«U,  BooUuognl,  Gavett,  Hays,  XeikidE,  Merits,  Raynor,  Stanwidc,  Wear. 

Bpokank.  Guy. 

Taooua.  Hanawalt. 

Walla  Wau^a.  Brattoa,  Edk. 

Wae*  VtBOiMiA.  (6) 

Bethany.  Balch. 
BuCXBAHiroW.    C.  E.  White. 
MoRaAKTOWN.    Eiesland,  HodgSOB. 
WaEBUNU.   Flanagan,  Githens. 

WnooNSiN.  (24) 

AflBLAKD.  Cktrtee  £.  Smith. 

Beloit.   W.  a.  Hamilton,  Ilaynos,  G.  W.  Smith. 

La  rito!58E.    Adkiiii*,  Johaston. 

Madison.  F.  E.  .\llcn,  H.  T.  Burgess,  Dowling,  Dresden,  T.  M.  Simpson,  Slichler,  F.  Wood. 
Ma>TON.   A.  E.  Whitford.  RiPON.  Woodmantw*. 

MiLW  ArKrr.    K.  S  Arnold,  Ron  ii.  Ericson,  FrumveUer.     RlvtR  F>.!.i>'.  NfrMillan. 
Platikvillk.    \V  arner,  W.  IL  W  liliams.  Siasinawa.    .Sr.  Dobbm. 

SunsBioR.  C.W.  Smith. 
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FOREIGN  MEMBERS.    (Other  tbao  Canada.) 
Chiha.  (8) 


CiuNdB&A.  Leavens. 
Peking.   Chang  Sh«n-Fn,  Heinz,  Hsia. 
SuANOHAi.  Kuo  Chiu  Liu,  Patten,  £.  L.  Saaford. 
TAKomAK,  Yen. 


Cambbuok.  Richmond. 
LoMSON,  GveeahiU. 


Cai-cdtta.  Bo6C. 
SojiTRA.  Pandya. 

TuJiiii*  Fnnoipt* 

RoMDUOflCH.  Muir. 

CoNSTANTIN'OPLR.  MoUTOd. 


India.  (2) 


Italt.  (1) 


SOUIIB  AVBICA.  (1) 


TOUEKT.  (1) 


RGCAPmJLATION  OF  MEMBERSHIP. 


Individual  memben  January  1, 1018   1/166 

InBtitutional  members  Januuy  1, 1018   84 

Total  membcnhip  Jamuuy  1, 1018   1,140 

CUAliTKH  MEMfi£IRSHIP. 

Individaal  charter  ixMinben  1,04S 

Imtitntional  ohartcv  members   62 

Total  charter  membership   1,007 

Net  gain  in  individual  mcmbcra   11 

Net  gain  m  inatitntiooal  memben  ,  ,  82 

Total  net  gain  43 
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Constitution  and  By-Laws  of  the  Mathemat 
ical  Association  of  America 


1,  Hiib  ovgBidtttiaa  ahalt  be  known  am  Tarn  MAimi Ano»&  Absociatiow  or  Amouca. 

2.  Ito  object  shall  be  to  anial  in  pronotins  the  interesto  of  mathematics  in  Amerieii, 
wpedaHy  in  the  collegiate  field. 

AkRCLB  II— MniSMUtBIF. 

1.  Any  penon  who  is  interested  in  the  field  of  coUegtato  matbematlce  ehalt  be  digiblefor 
dcetion  to  membendiip  in  the  Asaodoticm. 

2.  Any  insUtution  in  which  the  Calculus  is  regulariy  tauKlit  shall  be  eligible  for  election  to 
institutional  mcmberehip  in  the  Assocnation ;  such  an  inatitution  ehaU  iiavo  the  privilege  of  vending 
a  voting  delegate  to  the  meetings  of  the  Association. 


1.  TliP  oflincrs  fif  this  Assoeinfion  sh.'ill  ho  a.  Prc-si<!ent,  two  Viee-Prrsi<lrnts,  n  Secretarj'- 
Trcasurer  and  twelve  additional  members  oi  an  Executive  Council,  together  with  n  Coouuiltce 
of  thne  on  FubUeationa,  who  shall  be  ex-q^Ecio  memben  of  the  OouncO. 

2.  The  President  and  VictyPftrndents  ehall  be  elected  annually  for  a  term  of  one  year,  and  four 
members  of  the  Council  ehaU  be  elected  annually  for  a  term  of  three  years,  lliey  shall  b«  eligible 

for  reelection,  but  not  for  more  ih.m  Iwn  eonaeeutive  leriii.s-.  Tlic  Fieri  tary-Trcasurcr,  nnd  the 
Comouttee  on  Publicatiuus,  eousisting  of  the  Manager,  the  Iixiiiur,  aud  uue  other  member,  sliall 

be  4)poinled  by  the  Council. 

8.  The  Counoil  shaD  tranaact  the  offidal  budnen  of  the  Assodation  and  ihall  Teport  ita 
actions  at  the  annual  meeting  of  the  Association  and  in  the  ofhcini  journal.  Any  proposed  action 
of  the  Council  which  makes  or  alters  a  question  of  policy  shall  be  publisheil  in  tbc  official  journal 
before  final  action  haa  been  taken,  so  that  members  of  the  Assuciiitiun  may  make  known  to  the 
Goundi  their  individual  views. 

4.  TbeChNmcildialt  have  authority  to  fiUTaeandeiad<iillmitim 

AnTirr.K  IV — MsFTiN-ns. 

1.  The  annual  meeUng  of  the  Aaaociatton  shall  be  held  at  such  time  and  place  aa  the  Council 

may  direct. 

2.  Hie  Council  shall  have  power  to  call  other  meetings  of  the  Association  whenever  it  may 
be  deemed  expedient. 


1.  Any  group  of  members  of  thia  Aasoi  i:i(i(»n  niuy  petition  the  Council  for  authority  to 
organise  a  Seetion  of  the  AssociiUinn  for  the  piiqmse  nf  itolding  local  meetings.  TheCoundl 
aball  have  power  to  spedfy  the  conditions  tuuier  wliich  such  authority  ahall  be  granted. 

2.  The  Aasodatlon  shall  not  be  obligated  to  pay  than  Ita  treMuiy  any  of  the  eapsnaeB  of  auch 
sectiona. 


(as  amended  December  38, 


Akhcu  I— Kam  aim  Pmooai. 


Article  III — OrnrEHa. 


Akticle  V— Section'3. 


Abtigu  VI— OmciAL  Jousnal. 

1.  Hie  AMoei«d<m  tkall  publUi  aa  offidal  journal,  wliidi  •hoU  be  gut  fm  lo  all  nMiiilMn 
of  tin  AMOolatioii  in  aooordance  irilh  Artlde  VII. 

3.  TlwOoiiiMUdiaUliavttlUliMntiolof  tlieimblieal^ 

Article  VII — Dvss. 

1 .  An  i[ulivi(]ual  member  ol  the  Aawciation  aball  pagr  aa  laitMtion  fee  ol  two  doUan  at  the 

time  of  im  dcctiun. 

2.  The  annual  duuu  ol  m  individual  neinber  ahall  be  thiee  doUaiSt  ttududinc  aaubaodptioin 

to  the  official  journal. 

8.  Hie  annual  duea  of  an  iostitutiunal  mcuiber  bIuUI  be  five  doUats,  including  two  aubecrip- 
tioofl  to  tlie  oflbdal  joornal. 

A.  All  dues  ^lall  bo  payable  on  the  fimt  of  January  of  each  year.  Should  the  annual  duos  of 
aoj  member  remain  unpaid  b^ond  a  reawuukble  time,  his  name  ehaU  be  dropped  from  the  Iiat» 
after  due  notioe. 

5.  New  members  entering  the  Aaeooiation  after  April  1,  of  any  year,  atiall  have  their  duee 
prorated  for  the  balance  of  the  year,  except  when  they  deeire  to  recdve  the  full  currant  Tohime 

of  the  ofhuial  journal. 

AancuB  VIII — Amunaaum 

This  Constitution  rnny  he  runeridwl  at  ntiy  imnual  meeting  of  the  A'^'-noirition  by  a  fwo-thirds 
vote  of  those  present  and  voting,  provided  that  such  amendment  ehull  huve  been  printed  in  the 
offidal  jounal  at  leaat  one  montli  before  the  date  of  auck  meetins. 

BY-LAWS 

1.    Elcrtinn  of  Mcmhcra.    Eleotion  to  mcmbrrship  .sh:i11  !)(>  Iiy  vote  of  tlie CoOOCil  UpOB  written 

appikatioii  from  ilio  inilividunl  or  iustitution  swkiiij;  aiItiiiH,siuM. 

Those  who  were  admitted  to  membership  before  April  1,  lUlt),  comilit^t«  the  list  of  charter 
members. 

3.  Nominalion  and  Election  of  Officers.  Two  montbu  before  the  dute  of  the  annual  meeting, 
all  membeis  shall  he  ^ven  an  opportunity  to  nominate  by  mnil  a  candidate  for  each  office  for 
the  enrnjinR  yf*ar.  One  month  l>cfore  the  annual  meeting,  the  Cmincil  shall  announce  two 
candidates  for  each  office,  one  being  the  peraon  who  received  the  highest  vote  in  tho  nominations 
and  the  other  being  selected  by  the  CounoQ  bom  among  the  several  nominees  next  in  order. 

The  deotioD  Aall  be  by  mail  or  in  penon  and  ahall  dose  on  tiie  day  of  the  amnud  meetiag. 

3.  CommUteca.  TIte  official  journal  shidl  be  under  the  general  uiuiuiKeiiicnt  of  the  Committee 
on  Publications.  There  shall  also  bo  appointed  by  the  Council  a  Boanl  of  Asiiociate  Editors  who 
Fhall  ii\vo  assist auQo  in  connection  with  the  otBcial  journal  under  the  direction  of  tho  Oommitlee 

on  l'ul)licui.i')ii.s. 

The  Council  may  appoint  any  otiicr  committees  and  del^fate  to  them  such  power  as  may,  in 
Its  judgment,  seem  desirable. 

4.  Price  of  Publiealioru.  The  Council  shall  fix  the  price  of  the  official  jouruul,  and  of  any 
other  publications  of  tho  Assof  iation  to  non-moa^Mn,  but  in  no  cw^c  .'-hull  (lie  journal  be  sold 
for  leas  than  the  annual  dues  of  individual  members,  asapeeified  in  Article  Vil  of  the  Constitution. 

5.  Amendmenla.  These  By-Laws  may  be  amended  at  aoy  aniMlal  meeting  under  the  aame 
ooaditloDS  as  specified  in  Article  VXU  of  the  Constitution. 
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ON  THE  /-CENTEllS  OF  A  TRIANGLE. 

By  NATHAN  ALT3HILLER,  UnimmHy  of  Oklaluima. 

Introduction.  The  first  two  sections  below  are  known.  The  following  two 
seetions  are  a  natural  extension  of  the  first  two.  I  believe  them  to  be  new.  The 
sections  5,  6,  7,  are  consequences  of  the  first  four  apptied  to  the  triangle.  The 
rest  of  the  article  is  an  application  of  the  first  four  sections  to  the  inscribed 

quadri!;:t'Tnl     The  results  arc  undoulittMlly  now. 

Definition.  The  /-centers  of  a  triangle  are  the  centers  of  the  four  circles 
touching  the  sides  of  the  triangle. 

1,  liet  ABC  (Fig.  1)  be  a  given  triangle,  /  its  incenter,  It  its  «ECenter  rehtive 
to  the  vertex  A,  i.  e.,  the  center  of  the  escribed  circle  touching  the  side  BC, 
opposite  the  v^tex  A,  not  produced.  The  lines  BI,  Bh  being  the  bisectors  of 
two  adjacent  supplementflrv  angles,  are  perpcndiettlar  to  e»rieh  other,  hence  the 
segment  JI\  subtends  a  right  angle  at  the  point  B.  The  same  is  true  about  the 
point  C,  for  similar  reasons.  Hence:  The  ineetiikr  oj  a  triangle  and  Ub  exeenier- 
r^oHte  io  a  given  vertex^  are  ike  exiremUiea  cf  a  diameter  of  a  eirde  paeeing  ^rmigh 
the  other  two  vertices  of  the  triungh  . 

2.  The  renter  of  the  circle  B1CI\  (I)  is  the  f)oint  common  to  II i  and  the 
perpendicular  bisector  of  BC  Let  E,  E'  be  the  points  where  tlii>  perpendicular 
bisector  meets  the  circumcircle  {0}  of  ABC,  the  points  K  and  .1  being  on  opposite 
sides  of  BC.  Now  the  line  IIi  being  the  intoior  bisector  of  tiie  angle  BAC, 
passes  through  the  mid-point  E  of  the  arc  BEC  of  the  circumcircle  ((/),  hence: 
The  center  of  the  rirele  BICIi  is  the  mid-point  E  of  the  arc  of  the  circumcircle  of 
ABC  u  hich  is  subtended  by  the  side  BC  and  lehich  does  not  contain  the  vertex  A} 

'Julius  PotofMon,  M&hodx»  e(  <A^of»et  pour  la  r4tolidion  (it*  proidhne*  de  eonttrueiume 
giom6iri<ims,  p.  7.  Puris,  GAUtlua'«Viltansi,  1601,  third  edition,  Gteinent  V.  Durdl,  A  Count 
<if  Plane  Owmetryjor  Advanetd  Students,  Part  I,  p.  33,  Loadrai,  MacnuOan  «ml  Co.,  1900. 
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3.  Let  h,  It  (Pig.  1)  be  the  excenters  of  ABC  relative  to  the  vertices  B,  C. 

The  lines  if/j,  Bh  he\n<;  the  bisectors  of  two  adjacent  supplementary  angles, 
are  perpendicular  to  each  other,  lieiice  tlio  setrmrnt  72/3  suhtemls  a  ri^^iit  aiii,Me 
at  the  point  B.  The  same  is  true  about  tlie  point  C,  for  similar  reasons.  Ilemre: 
The  two  exceniem  of  a  irimif/fe  relatite  to  iuu  given  vertices  are  the  extremities  of  a 
diameter  of  a  eirde  ■passnuj  through  the  too  eontidered  wrtiees  qfthe  triangle. 


4.  The  center  of  the  cirde  SI^U  (3)  is  the  point  of  intersection  of  hh  with 

the  perpendicular  lasector  EE'  of  BC.  Now  the  line  l«h  being  the  ( xterior 
bisector  of  tlie  angle  BAC,  passes  throu>;li  the  iiiid-poiiit  /•.'  of  the  are  BK'C  of 
the  circumeircle  (0).  Hence:  The  crulcr  of  (he  rirdr  BIJ'h  v>  tlir  inid-point  of 
the  arc  of  the  circumeircle  of  ABC  which  is  subtended  by  BC  and  which  contains  the 
third  vertex  of  the  triangle. 

5.  Let  FF'f  GG'  be  the  diameters  of  the  drcumdrcle  (0)  of  ABC  perpendicular 
to  the  sides  CAt  AB  respectively,  the  points  F,  B  lying  on  opposite  sides  of  CA, 
and  C.  T— on  opposite  sides  of  AB.  The  points  E,  E',  F,  F',  C,  (!'  are  the  centers 
of  six  circles  {E),  (E'),  (/•'),  {F').  (G),  (C),  which  pass  ihruugh  pairs  ot  vertices 
of  the  triangle  and  through  pairs  of  its  /-centers  1,  Ii,  h,  h.  We  thus  obtain  the 
following  table  (2,4): 

Table  I. 
{E)    1,1:         /j,  /»  {E') 

(F)   I,h      h,h  in 

«?)  /,/,  I  m 
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Hence:  Each  I-cenicr  of  a  triangle  lies  on  three  of  the  six  circles  which  jxiss  through 
ike  pairs  t(f  vertices  of  the  triangle  and  have  for  their  centers  the  mid-points  of  the 
ares  suUended  fry  the  respeeUve  sides  cf  the  triangle  on  its  dreumeirde. 

Each  of  the  six  eirdes  eovt^asm  fm  I<enters,  and  the  two  points  are  the  extremities 

of  a  diann  irr. 

G.  The  six  circles  (5)  may  hv  used  for  the  construction  of  the  /-centers  of  the 
triangle.  Therefore:  //  the  mid-points  of  the  six  arcs  subtended  by  the  sides  of  a 
triangle  on  its  eireumeirch  are  giten,  the  I-centers  cf  the  triangle  may  he  constructed 
hy  use  of  the  eovipass  alone. 

7.  The  two  circles  (E),  {£')  passing  through  B,  C  and  having  for  their  re- 
spective centers  E,  E'  (2,  4),  are  independent  of  the  position  which  the  vertex  A 
occupies  on  the  circumcircle  (0)  of  the  triangle  ABC.  Consequently:  If  a  mri- 
able  triat^le  has  a  fixed  hose  and  a  fixed  eireumeirde.  Us  four  I'Centers  de^ribe  two 
eirdeSf  each  passing  through  lie  Aoo  fixed  mtiees  and  haising  for  their  respeeHte 
centers  the  esiremitMS  of  tks  diameter  cf  the  arcumarde  loAibJl  is  perpendieitlar  t» 
the  fixed  side. 

8.  I-et  3/2.3,  (Fig.  2)  denote  the  mid-points  of  the  two  arcs  of  the 
circle  (C)  subtended  by  the  side  BC  of  the  quadrilateral  ABCD  inscribed  in  (C), 
the  point  being  the  mid-point  of  the  arc  which  contains  the  points  Af  Z>. 
A  similar  notation  will  be  adopted  for  the  mid-points  of  the  arcs  into  which  {(J) 
is  di\  ided  hy  each  of  the  other  three  sides  and  by  each  of  the  two  dlnponals  of 
the  quadrilateral.  Thus  3/?.j,  for  itistunce.  will  (leiiote  tlie  mid-point  of  the 
arc  subtended  by  the  diagonal  AC  aiui  winch  contains  the  point  B.  The  figure 
thus  invoh'es  twelve  such  mid-points  If. 

The  four  points  A,  B,  C,  D  taken  three  at  a  time,  determine  four  triangles, 
each  of  which  has  four  /-centers,  so  that  we  have  in  all  sixteen  /-centers.  The 
incenters  of  the  four  trianplcs  RCI),  CDA,  DAB,  ABC,  will  be  denoted  by  P,  Q, 
R,  »S,  and  the  excenters  of  the  triangle  BCD  relative  to  the  vertices  B,  C,  D,  by 

B3,  Pi,  respectively.   Similarly  for  the  excenters  of  the  other  three  triangles. 

The  /-eenters  P,  P4,  of  the  triangle  BCD  are  the  points  of  intersection  of  the 
circle  (3/2.3)  having  for  its  center  the  point  3/2,3  and  passing  through  B,  C  (2) 
with  the  line  DM^.x,  while  the  /-centers  Pa,  P3  are  the  points  of  intersection  of 
the  line  DMzIj  with  tlit-  cirfle  (3/2, J)  (4).  Similarly  for  the  /-< 'enters  of  the 
other  triangles.  The  circle  (3/2,3)  contains  the  /-centers  I\  Pi,  of  the  triangle 
BCDt  and  the  J-centers  8f  Si  of  the  triangle  ABC.  Similarly  for  the  other  eleven 
(Jf)  circles.  Thus  we  obtain  the  following  table,  where  the  (Jf)  cirde  and  the 
/-centers  lying  on  it  are  written  in  the  same  horrzontal  lincj  on  liie  same  side  of 
the  vertical  line. 


\  (Ml,,)  R,  R,,  Q,  Q,       Q„  (J,,  R„  R,  {M\  \)  f 

j  (.V/,.,)  R,  R„  S,           Ru  «s,  -S,,  .S,  (A/;-Ji  ) 

I  (.V,. ,)  P,  />,,  Q,  ,    P,,  Pi,  Q„  Q,  J)  I 

S  (-Vf,,)  <?..  Qi.  s,  St  j  Q,  Q„  Su  (m;  ,) ) 

I UM* ,)  Pu  Pu  R,  Ri  i  /»»  Pir  ft,  R*  (M\  i)  i 


Tabi,k  II. 
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Heuc-e;  Tim  sixteen  I-centers  of  the  four  triangle*  obtained  by  taking  the  vertices  of 
an  iruerUfed  quadrUatend  three  at  a  time,  He  on  twelve  drdea.  Each  J-eenler  Uee 
on  three  eirdea.   Each  circle  contmna  four  l-eenter».    The  eeniere  of  thou  iw^ie 

circles  all  He  on  the  circumcirch  of  (he  quadrilateral. 

9.  The  two  pairs  of  /-centirs  lying  on  the  same  (J/)  circle  fS)  are  the  extremi- 
ties of  two  diameters  of  tiiis  circle  (2,  4).  Therefore:  The  four  l-centers  lyitig  on 
tfu  same  circle  form  a  redangle. 


F!ia.  2. 


10.  lyet  //  be  the  jxiiiit  of  intersection  of  the  Hnc  M\.iMi,\  with  the  line 
;.V,  1.   The  anijlf  Mi  -JfMi.s  is  measured  by  one  half  of  the  sum  of  the  arcs 
J/i.syiJij.j  and  Mi,tDMi,i.  Now 

and 
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Hence  the  angle  M\,iUMi,%  has  for  its  measure 

AB  +  -  BC  -f  -  C'Z>  4-     DA)  =  i-360°  =  90°. 

Therefore:  TAr  ////^.y  3/2.33/1,4  are  perpcniVicnlar  to  each  othrr. 

1 1  I'iic  incenter  F  of  the  triangle  /iC'/^  lies  on  the  same  side  of  i^C  as  the 
vertex  D,  and  is  cooimou  to  the  circle  (3/2.3)  i^)  to  the  bisector  DM%,i  of 
the  angle  £2>C  inscribed  in  (C).  SimQarly  tihe  inoentor  iS  of  the  triangle  ABC 
lies  on  the  same  side  of  BC  as  At  and  is  common  to  {MtSi  Ai^d  ^Jfs.s>  Thus  the 
inecntcrs  P,  S  lie  on  the  same  side  of  BC  as  the  segment  AD  and  are  the  points 
of  intersection  of  the  circle  fA/'  s)  with  the  lines  3/2, jZ),  3/2,3.4  rcspectivply. 

The  line  J/2.33/1.4  is  the  bisector  of  the  angle  AM2.3D  inscribed  in  (C),  and 
therefore  also  of  the  angle  8Mt,tP  s  angle  AMz.tD.  But  the  angle  SMi,iP 
is  a  central  angle  of  the  cirde  (Jfi.s),  hence  M^.^Mi,*  is  the  perpendicular  bisector 
of  the  chord  PS.  Similarly  the  line  3/1,43/2.3  is  the  perpendicular  bisector  of 
the  cliord  ^^7?  ((f  tlie  circle  (3/1,4).  Thus  the  t\Yo  segments  PS  and  QR  have  the 
same  perpenriicular  bisector  3/;,33/i,j.  By  an  analogous  reasoning  it  may  be 
shown  timt  tlie  line  3/ 1.23/3,4  is  the  eoinuioii  jwrjwndicular  bisector  of  the  two 
segments  PQ  and  RS.  The  opposite  sides  of  the  quadrilateral  PQRS  are  thus 
perpen<licular  to  the  two  lines  jl£i,til/3.4i  3/2.33/1.4  whidl  are  tliemselves  per- 
pendicular to  eat  ii  other.  Consequently:  The  four  inrcntrrft  of  the  four  triangles 
detrrvrined  by  the  vertices  qf  an  ittscribed  quadrilateral  taken  three  ai  a  time,  form  a 
rectangle} 

12.  The  four  points  PSPiSi  lying  on  the  circle  (3/2,3)  (8),  form  a  rectangle 
(9),  hence  PiS^i  is  perpendicular  to  PS  at  P.  On  the  other  hand  forming  a 
rectan^e  (11),  the  perpendicular  to  PS  at  P  is  PQ,  hence  the  three  points  Q,  P, 
St  are  collinear.  Tlu^  three  points  R,  S,  P4  are  collinear  for  similar  reasons,  and 
the  two  lines  QPSi  and  RSPi  are  parallel,  as  opposite  sides  of  the  rectangle  PQRS. 
Considering  the  rectangles  PQPzQi  (8,  9)  and  Pi^RiS  (11),  it  may  be  established 
in  a  similar  way  that  we  have  the  two  parallel  lines  RQP2  and  8PQ1. 

RP4RiPi  and  PSP4S1  are  rectangles  inscribed  in  the  circles  (Ml,4)  and  (3/2.$) 
respectively  (8, 9),  hence  the  lines  PiRi  and  P4>S'i  are  the  respective  i>erpcndicidars 
to  the  lines  RP4  and  SP^  at  P^;  hut  the  three  points  /?.  S,  P4  are  coHinear  (12), 
hence  the  lines  /V^i»  J\Si  coincide,  and  the  three  points  P^,  Si,  Ri  are  collinear. 
Considering  the  two  rectangles  RP4R1P2  and  PQP>Qi,  it  may  be  shown  in  a 
similar  way  that  the  points  Pt,  Qu  Bt  are  ctrflinear. 

Thus  the  parallel  QPSi  through  P  to  the  side  RPt  of  the  rectangle  PiP.RiPi 
meets  the  side  P^Ri  of  this  rectangle  in  the  point  .S'),  and  the  panillcl  SPQi 
through  P  to  the  side  RP2  meets  the  side  P-iRi  in  the  point  Q\,  henee  PQ^R]Si 
is  a  rectangle.  In  an  analogous  manner  it  may  be  shown  that  we  have  the 
rectangles  QPtSiRt,  RQ^P^Sm,  SPiQiR4.  Consequently:  //  of  (he  four  irwnglet 
determined  by  the  vertices  of  an  inscribed  quadrikderal  taken  three  ai  a  timet  the 
thrre  Iridiu/Ii'.^  arr  fal-rn  having  n  gircn  rerfr:r  iv  common,  the  three  excenter^  rrfnfire 
to  this  n  rti'j.-  in  the  three  triangles,  are  tim  e  verticee  of  a  rectangle^  the  fourth  vertex 
of  which  is  ilie  incenter  of  the  fourth  triangle. 

« See  this  Mo.vthly,  Vol.  XXIV,  March,  1917,  p.  124. 
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13.  The  three  rectangles  PQiRiSi  (12),  PQP^i  (8|  9),  and  QPtStRt  (12) 

show  that  the  points      Qi,  Pi,  S2  are  collinear,  as  well  as  the  points  Si,  P,  Q,  Rz, 

and  the  two  lines  are  parallel.  Similar  considerations  may  he  npplied  to  the 
three  rectangles  FSPtSi  (8,  9),  PQRS  (11),  QHQsUt  fS,  9),  and  ajjain  to  the 
series  SPtQiR^  (12),  SRSiR^  (8,  9),  RSiP^Qi  (12).  Thus  wc  obtain  the  four 
parallel  lines  RiQiPtSt^  SiPQRt,  PiSRQt,  QiRtStPt.  Similarly  for  the  four 
parallel  lines  fiiSip4^4,  QiPSR,,  P^QRSz,  S.R.Q.P,.  Consequently:  The 
.riTfren  I-crvfers  of  ihe  fmir  ir'taiujlrs  determined  by  the  vertices  of  an  inscribed 
quadrUatrrnl  taken  Hirer  at  a  time,  lie  by  (]rnnpn  of  four  on  eitjht  straight  lines.  The 
eight  liiu's  consist  of  tivo  sets  of  four  parallel  lines,  and  the  lines  of  one  set  are  per- 
pendicular to  the  Hnea  0/  the  (dker. 


NOTE  ON  CONTINUOUS  FUNCTIONS. 

By  CAPTAIN  K.  P.  WILLIAMS. 

1.  The  class  of  continuous  functions  is  at  the  same  time  one  of  the  simjilest 
and  most  important  in  analysis.  On  account  of  the  character  of  physical  phe- 
nomena, quantities  whose  variation  is  of  a  continuous  sort  are  naturally  the 
first  considered.  In  the  more  recently,  developed  topics  in  analysis  other  classes 
of  functions  are  considered,  and  the  idea  of  continuity  does  not  play  sucl^  a 
fundamental  vCAe.  The  considerations  that  follow  are  intended  primarily  for 
those  who  have  just  hceome  familiar  with  the  properties?  of  continuous  functions 
as  developed  from  a  rigorous  point  of  view.  As  they  are  of  a  simple  nature  they 
may  serve  as  an  easy  introduction  to  the  study  of  classes  of  functions  where 
ou( starting  point  is  no  longer  the  idea  of  continuity. 

When  we  examine  the  properties  of  continuous  functions  we  find  that  they 
Fall  into  two  rather  broad  classifications.  There  are  tliosf  properties  that  have 
to  do  with  the  behavior  of  the  function  in  the  immediate  vicinity  of  a  point,  and 
those  that  relate  to  some  character  with  reference  to  the  interval  of  definition. 
We  could  call  them  propwties  "im  Ueinen,"  and  properties  "im  grossen." 
The  definition  of  continuity  itself  is  an  example  of  the  first  class  of  properties, 
and  the  theorem  that  every  eontinu(tus  function  has  actual  cxtrema  in  a  closed 
interval,  an  example  of  tiie  second.  Thus  we  see  how  strongly  properties  of  a 
function  "im  klcineu"  effect  its  behavior  "im  grossen."  Intimately  connected 
with  any  property  "im  kleinen"  is  the  question  of  uniformity;  that  Is  we  inquire 
.  whether  the  property  in  question  occurs  In  a  uniform  manner  throughout  the 
interval  of  definition.  Arid  in  an  analn'j:(Mis  manner  we  can  ask  whether  a 
projjcrty  "ini  ltosscii"  is  true  in  f\cry  >uli-inirrval.  Witli  sucli  ideas  before 
us  we  can  examine  easily  how  far  various  projiertics  of  continuous  functions  are 
uniquely  characteristic. 

2.  We  consider  a  function /(«)  which  approaches  a  definite  limit  at  every 
point,  but  which  is  not  necessarily  continuous  at  any  point  in  the  interval  (a,  6). 
Denote  hyf'(it)  the  limit  approached.   We  first  prove  the 
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-  Lemma.   Tkefundion  /'(x)  haa  a  definite  Undt  at  emy  poinL 
Let     be  any  point  on  the  interval  (a,  h),  and  c  any  positive  number.  By 
hypothesis  we  can  find  ij  such  that 

when  \xo  —  x'  \  <  If,  and  \  Xq  —  x"  \  <  rj  and  x'  and  are  both  dillerent 
from  xb.  Take  «i  and  xz  any  two  points  in  the  interval  |  z«  —  x  |  <  then  we 
can  find    and     so  that 

-  fix')  I  <  If  (a-j)  -  fix")  I  <  6. 

while  x'  and  m  rf>  also  both  in  the  interval  |  xo  —  x  [  <  9  and  are  different 
from  xo.   It  foliuws  then  that 

which  establishes  tlie  property  announced. 

"Wr  rnn      a  Step  farther  and  state 
Theorem,  i.    The  function  f\x)  is  continv/om. 
We  have 

I  m) -/(*)!<«,      for  |«,>-«|<», 

and  from  what  we  have  just  jirov  ed, 

-/'(««)  I  <«.      for      |a;«-ai|<v,  lafq-«»|<ij. 

Let  now  ^  be  the  smaller  of  77  and  5,  and  let  zi  and  z»  be  in  the  interval  |  X  —  a;o  I 
<  ^.  We  can  find  an   in  this  interval  sudi  that 

l/'(«i)-/<«)I<«. 

while  at  the  same  time  from  the  manner  of  choice  of  tj, 

If  (x«)  -/(«)  j  <  €,      If  (xi)  -f  (X,)  I  <  e. 

We  thus  have 

I  f  (a-o)  -  f'ixi)  |<  3<      for      [  xo  -  ar»  1  <  ^, 

which  shows  at  oiu  t?  thatf  (x)  is  a  coutinuous  function. 

Theorem  2.  If  fix)  approaches  a  limit  uniformly  on  (a,  6)  U  imU  beaconiinuouf 
funeHcn. 

Under  the  hypothesis  we  can  find  n  such  that 

i/'(x«)  -  fix)  \<€,      for      I  xo  -  X  I  <  7?, 

uniformly  for  xo  on  (a,  6),  the  number  c  being  arbitrary.  Take  xi,  xj  any  two 
points  in  j  X  —  Xo  [  <  J7/2;  then 

IM)-f(*o)l<6. 

But  we  also  see  that 

I        -  n^i)  l<  «.      I  /(«o)  -  f\xi)  I  <  e. 
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It  therefore  follows  that 

l/(«o)-/'(«o)l<3€, 

so  that 

f(xo)  =  /'(xo).  Q.  E.  D. 

Thus  in  place  of  the  ordinary  definition  of  continuity  we  could  adopt  the 
following:  A  continuous  function,  is  one  thai  possesses  a  limit  at  every  point,  and  in 
wMek  ike  Hmit  it  approached  ttn^amlp.  Thb  gives  tts  a  property  ''im  kleinen," 
if  existent  uniformly,  as  completely  characteristic  of  continuity. 

3.  We  now  put  5(.r)  =  /'uO  —  /(-r)  and  examine  the  nature  of  the  function 
thus  defined.  Let  5  be  the  greatest  lower  bound  of  the  function  [  d{x)  \  on 
{a,b).    We  prove 

Theorem  3.   The  quantify  6  is  equal  to  zero. 

Suppose  8  =^  0;  then  at  every  point  |  S(x)  j  >  >  0.  Then  for  any  sf  we 
can  find  a  (  such  that 

|/(«)-/(x')l>|.      when      ]x-z'l<i,  x^x\ 
Consider  now  a  point  zo*  Since /'(zo)  is  tiie  limit  approadted  we  have 

l/'(aro)  1  <  |,      when      |  ar  -  «o  l< 

I  being  a  sulficiently  small  positive  quaatily.  Therefore 

-/<«")  l<^.      when      |!r'-»«|<$.      and  |j:"-xo|<«. 

Now  consider  x'  as  fixed.  We  can  then  find  an  interval  in  the  interval  |  «  —  aro  1 
<  I,  containing  x',  and  such  that  when  x"  is  in  this  interval  we  also  have 

I/(x')-/(x")[>|, 

amf  liave  thus  reached  a  contradiction. 

Corollary.  In  every  sub-intercal  0/  (a,  b)  the  grealed  lower  bound  of  is 
tSfO* 

Denote  by  £  a  point  such  that  in  evcny  vicinity  of  it  the  greatest  lower  bound 

of  '  5^.r)  I  is  zero.    It  follows  that 

Theorem  4.    The  points  x  are  everywhere  dfth^c. 

4.  We  next  consider  a  property  "im  grosscn,  '  which  in  itself  is  not  sutiicient 
to  completely  charactnixe  continm'ty,*  but  which  we  shall  suppose  is  true  in 
every  sub-interval. 

Theorem  5.   Lei  f(x)  be  a  function  such  that  in  every  utfm»2  eotUaining  X9  U 

assumes  all  rahirs  J/,iiri-rn  amj  lira  nf  if.t  rahirs;  further  suppose  it  ossumes  ony  tolue 
only  once;  then  f{x)  w  euniinuous  at  .r  =  Xq. 

*  K.  P.  Willuuns,  Concerning  a  Certain  Totally  Diecontiouous  Function,  BuUetin  qf  Uf 
AmKTkan  Mathsmatkd  SadHyt  vol.  21, 1914,  pp.  117-120. 
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Let  (ai,  bi)  he  any  interval  oontahiing  x^,  and  let  Mu  mi  be  the  bounds  of 
the  function  on  (at,  bt);  then  the  function  assumes  all  values  between  fRi  and  Mi. 

Take  the  case  where  mi  <  /(xo)  <  Mi.  Continue  in  this  way  where  ai,  a?, 
fls,  •  •  •  approach  Xq,  and  likewise  61,  62,  63,  •  •  •.  Let  3/,,  to,  be  the  bounds  of  the 
function  on  (a»,  6,).  Then  both  Mu  Mi,  and  mi,  m-i,  ■■■  approach /(a-©). 
Suppose  for  instance  that  Mi,  Mi,  Mi,  •  do  not  approach  /(.ro),  but  have 
M  >  /(a^o)  as  greatest  lower  bound.  Ta]»  k,  wh»e/<«a)  <k<  M^  then  there 
is  one  value  f  on  (ou  bi)  such  that/(f)  ■«  k.  Let  i  he  large  enough  that  (a,,  hi) 
does  not  contain  £;  then  we  must  have  3/,  <  k,  or  otherwise  there  would  be  a 
root  f)f /(.r)  =  k  on  f<i,,  6,),  which  i?;  impossible.  But  this  contradicts  the  assump- 
tion that  M  is  the  greatest  lower  bound  of  Mi,  M2,  •  ■  .  Since  Mi,  J/j,  •  •  •  and 
Ml,  iKf,  •  •  *  both  t^  to/(a;o)  it  follows  that/(«)  is  continuous  atx^  z^. 

The  cases  other  than  that  where  7^1  <        <  Mi  follow  in  a  similar  way. 

CoroUaiy.  The  iheorem  it  inte  iffQc)  aanmet  an^f  value  at  ntoet  n  Umet,  n  a 
constaid. 

NOTE  ON  FDNCnONS  WlllCir  APPROACH  A  UMIT  AT  EVERY 

POINT  OF  AN  INTERVAL. 

By  E.  W.  CHITTENDEN,  Univmity  of  IlUnoii. 

Ill  the  foregoing  paper  Captain  Williams  has  discussed  properties  of  functions 
which  approach  a  limit  at  every  point  of  an  interval.  It  is  the  purpose  of  this 
note  to  present  the  following  theorem: 

Thkorem.  If  a  fimetion  fix)  hae  a  limit  f'(x)  at  every  point  x  of  an  interml 
(a,  b),  then  for  every  positive  number  a,  however  smaU,  the  niimhrr  of  points  at  which 
the  measure  0/  discontinuity  {saltus)  exceeds  a  is  finite,  and  tlie  mt  of  points  at  which 
f(x)  differs  from  the  continuous  function  f  (x)  is  at  most  enumerably  infinite. 

At  any  point  x  cS  the  interval  (a,  b)  there  is  for  any  small  positive  number  e 
an  open  interval  (segment)  Ss,  =  (ii;  —  A  <«'<«  +  A)  such  that  for  any 
point  xf  in  the  a^ment,  distinct  from  x, 

l/(x')  - /'(x) !  <|, 
and  also,  since /'(x)  is  continuous. 

Hence 

i«(x')i  =  im-/(x')i  <|. 

Therefore  the  oscillation  of  the  function  $(x)  on  the  set  obtained  from  Sx  by 

omiftin*:  the  point  .r  is  less  than  e. 

J  ]\  (Ty  })()int  of  the  interval  (a,  b)  is  enclosed  in  a  se;4;niL'nt  except  tiie  points 
a  and  b,  for  which  Sa  =  (a  ^  x  <  a  -{-  h),  St,  =  (6  —  /«  <  x  ^  6).    (It  is  to  be 
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understood  tliat  h  depends  on  both  x  and  e.)  From  the  Heine-Borel  theorem 
(s(>e,  for  instanrr,  Vphlen  arirl  Lennes,  Infinitesimal  Analyn$,  p.  34)  it  follows 
that  there  exists  for  every  e  a  finite  set  of  points 

a  «  ari  <  a?i  <  «»♦  •    ar»_i  <Zm^h 

such  that  every  point  of  the  interval  (a,  6)  belongs  to  some  segment  and  that 
for  every  i  {=  1,  •••,???)  the  oscillation  of  h{x)  on  S,^  is,  if  omit  the  point  .r,-, 
less  than  t".  Hence  if  at  any  point  a;  the  measure  of  discontinuity  of  the  function 
6(a-),  and  therefore  of /(jr),  exceeds  c,  x  is  some  one  of  tlie  points  Xj.  Assign  to  e 
successively  the  values  •  •  • ,  1/n,  •  •  •  and  denote  the  points  corresponding 

to  0  *  1/n  by  X,:,  ''i  -  1 ,  2,  3,  •  •  7n«)-  The  set  of  all  points  a*,,-  is  enumerable 
and  contains  the  set  of  all  points  at  which  the  saltus  of  5(.r)  is  positi\  c,  wliieh 
must  therefore  be  an  enumerable  set.  The  function  5(.r),  and  consequently 
the  function  f{x),  is  continuous  for  every  point  x  not  in  the  set  of  points 
since  such  a  point  belongs  (for  every  value  of  n)  to  a  s^ment  8^^  on  which  the 
oscillation  of  8(x)  is  less  than  1/n. 

Consider  the  classical  example  of  a  function  continuous  at  the  irrational 
points  of  an  interval  and  discontinuous  at  every  rational  point.  The  function 
fix)  =  0,  if  X  is  an  irrational  point  of  the  interval  (0,  1),  /(x)  =  l/'q  if  x  =  p/q 
(p  and  q  relativdy  prime  integers  and  p  <  q).  The  function  fix)  exists  and 
vanishes  identically.  Henoe  ^(a;)  —  f(x),  f{x)  is  disoontinuous  on  a  deme 
enumerable  set  and  possesses,  the  maximum  degree  of  discontinuity  permissible 
under  the  theorem. 

The  argument  of  this  note  can  be  extended  immediately  by  means  of  sm'tahle 
changes  of  the  terminology  so  as  to  apply  to  any  abstract  set  admitting  a  defini- 
tion of  distance  and  the  generalized  Heine-Borel  theorem. 


THE  NINE-POINT  CIRCLE  OBTAINED  BY  METHODS  OF 

PHOJECTiVE  GEOMETRY. 

By  H.  N.  WRIGHT,  WhiUier  CoNqk*. 

Place  a  mirror  of  zero  dimensions,  but  with  a  fixed  direction  at  a  point  .1. 
Then  any  line  a  through  A  reflects  into  a  line  a'  through  the  same  point,  and  a' 


Fio.  1. 


reflects  hack  into  a.  Moreover  by  considering  the  angles  of  reflection  it  is  clear 
that  the  pencil  described  by  a  is  projective  to  the  pencil  described  by  a'.  Thus 
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a  and  a'  are  a  pair  in  an  involution  of  lines  about  A,  whidi  we  may  call  a  mirror 

inroluiion.   The  double  elements  are  the  line  in  the  direction  of  l^e  mirror  and 

the  line  at  right  angles  to  it. 

Two  mirror  involutions  A  and  B  may  be  used  to  set  up  a  quadratic  transforma- 
tion* of  the  plane.  Any  point  P  by  reflection  from  A  and  B  goes  into  a  point  P' 
and  conversely.   In  general  a  straight  line  transforms  into  a  conic  thruut^li 


Fig.  2. 


A  and  B.  However  all  points  of  the  fine  AB,  otbtf  than  the  points  A  and  B, 
go  into  the  same  point  C.  Now  if  a  mirror  involution  is  placed  at  C  with  the 
direction  of  its  mirror  bisecting'  tiie  exterior  angle  of  the  triangle  ABC  at  that 
point,  it  may  be  shown  that  any  two  of  the  three  involutions  yield  the  same 
quadratic  transformation.'  Then  a  conic  which  is  obtained  by  transforming  a 
line  passes  through  A,  B  and  C. 

By  following  the  construction  of  the  transformation  it  is  seen  that  thv  \  ertices 
and  the  ortho-center  of  the  triangle,  whose  sides  are  the  directions  of  the  mirrors, 
are  the  four  invariant  points  /i,  h,  /»  and  /<.  Also  we  see  that  a  point  of  any 
one  of  the  lines  /«/y  transfonns  into  another  point  of  the  same  line;  thus  setting 
up  an  involution  of  points  on  IJf  in  which  /<  and  //  are  the  sdf-corresponding 

'  This  in  a  special  case  of  the  quadratic  tran^fonnation  discussed  iu  a  pai)er,  "On  the  Com- 
binatkm  of  Invgiutioos,"  by  D.  N.  Lchmer  in  this  Monthly  for  Marcli»  1911. 

*  See  proof  in  the  ^neral  case  in  paper  mentioned.  note  Mof  tkk  provM  th»  propotition 
that  if  ihrtt  hn,-,  our  ihrou^  coeft  <^  the  mtke»  of  «  frMintfZe,  ore  concurrent,       their  itogeml 

oo^fuiialet  are  concurretU. 
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elements.  Hence  the  midpoint  Mk  of  the  inner  segment      corresponds  to  the 

ideal  point  of  the  line  IJ,.  From  this  it  follows  that  iJw  ideal  Una  qf  the  plane 
transforms  into  a  conic  through  furh  of  the  midpoints  of  the  fix  tegmenta  Idt  in 
addition  to  passing  through  f,  B  and  C,  as  noted  above. 

We  may  now  show  tlmt  this  conic  is  a  circle.  If  is  an  ideal  point  the  lines 
a  and  ( joining  it  to  two  of  the  mirrors  are  parallel.  Then  the  sum  of  the  angles 
Of    and  y  is  four  nght  angles.  Now  as  P  moves  on  the  ideal  line  a  elmnge  in 


Fio.  3. 

the  angle  a  is  aooompanied  by  a  change  in  the  angle    of  the  same  magnitude 

but  opposite  in  sign.  Then  «  +  ^  is  constant  and  hence  7  =  360°  —  (a  -f-  ^) 
is  constant  and  P'  moves  on  a  circle.  It  follows,  then,  that  the  rank  ohfnhinl  hi/ 
trrnisform  1)1(1  the  ideal  line  of  the  plane  is  the  nine-point  circle  of  each  of  tfie  four 
triangles  IJjlk- 


THE  ROCKY  MOUNTAIN  SECTION. 

The  second  annual  meeting  of  the  Rocky  Mountain  section  of  the  Mathe- 
matical Association  of  America  was  held  at  Laramie,  Wyoming,  under  the  auspices 

of  the  University  of  Wyoming,  March  29  antl  30,  1918. 

The  meeting  opened  with  a  riinncr  in  Tloit  Hall  at  6  P.  M.,  at  which  the  address 
of  welcome  by  Acting  Presi'lcnt  Xelson  of  the  University  of  Wyoming  and  the 
response  b}-  Professor  O.  C.  Lester,  of  the  University  of  Colorado,  were  given. 
After  the  dinner,  an  adjournment  to  the  administration  building  was  made  and 
the  following  program  was  carried  out: 

1.  Special  Courses  in  Mathematics  for  Technical  Students.    PROFESSOR  S.  L* 

MA<  nn\ALD,  Colorado  A.  &  M,  College,  Ft.  Collins. 

2.  The  Theory  of  the  Mercury  Arc.   Professor  J.  W.  Woodrow,  University 

of  Colorado,  Boulder. 

3.  Tlie  Length  Integral  in  the  non-I'm  lidean  World  of  Poincar6.  Professor 

C.  E.  Stromqt'tst,  I'niversity  of  Wyoming,  Laramie. 
The  purpose  ol"  this  paper  was  to  derive  an  integral  for  lenjrtli  in  the  non- 
Euclidean  world  proposed  by  Poincare  in  his  "Foundations  of  Science,"  English 
translation  by  Halsted,  page  75.  The  shortest  distance  between  two  points  is 
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assumed  to  be  the  cirt  lo  through  these  points  mid  j)er])cn(li(  iilar  to  the  boundary 
sphere.  The  general  form  of  the  length  integral  under  this  assumption  is  then 
worked  out  for  tbe  case  oi  the  plane.  Under  the  further  restriction  that  trans- 
versals are  perpendicular  to  their  extremals^  the  length  integral  dong  a  curve 
If  —  f(x)  between  two  points*  Pixu  Ui)  and  P(xt,  Vt),  reduces  to  the  form 

f  ^^"^ 
J  + 

where  p  =  dyjdx  and  R  is  the  radius  of  the  bountlary  sphere. 

4.  The  Trend  Curve  for  the  Price  of  Copper.   PiioFEsaon  C.  S.  Sperhy,  Uni- 

versity of  Coloradoj  Boulder. 

5.  A  Problem  in  Geometry.  Mr.  J.  Q.  McNatt,  Colorado  Fuel  &  Iron  Co., 

Flnrrnre. 

The  author  gave  a  new  jiroof  for  the  relation  between  the  side  of  a  regular 
inscribed  pentagon  and  the  side  of  a  regular  inscribed  decagon. 

6.  Some  Systrais  of  Coordinates.  ISiofessob  G.  H.  University  of 

Colorado,  Boulder. 

This  paper  dealt  principally  with  intrinsic  coordinates  and  showed  the  ex- 
tremely simple  form  that  the  equations  of  some  well-known  curves  and  their 
evolutes  assume  when  expressed  in  terms  of  the^c  cuordiaates. 

7.  Mathematics  at  the  Fnmt.   Ms.  W.  H.  Hill,  Greeley  High  School.  Greeley. 

8.  Some  Functions  of  Solid  Angles.  Professor  J.  C.  Fittbrer,  University  of 

Wyoming,  Laramie. 

9.  The  Origin  of  the  name  "Rolle's  Curve."    The  Origin  of  the  name  "Mathe- 

matical Induction.  '  1*R0FESS0R  FuxKun  Cajori,  Colorado  Colleget 
Colorado  Springs. 

The  second  of  these  papers  by  Ptofessor  Cajori  appeared  in  the  May  num- 
ber of  this  Monthly;  the  first  will  appear  in  a  later  issue. 

10.  The  Sine  and  Cosine  Integrals  /  sin  x\r  dx  and  /  cos  ./•  '.)•  <lr  in  Electromag- 

netism.    Phofkshor  C.  C.  VaxXuys,  Colorado  School  of  Mines,  (lolden. 

This  paper  deals  with  interesting  physical  applications  of  the  functions  known 
to  mathmatidans  as  the  sine  and  cosine  integrals.  One  of  the  problems  dealt 
with  is  that  of  determining  the  equivalent  resistance  and  inductance  due  to 
radiation  of  electromagnetic  waves  of  a  long  straight  condud  r  a-ryjjitr  ;i  liar^ 
monio  alternating  current  of  single  frequency  such  as  is  employed  in  the  oscillation 
circuits  used  in  radio  telegraphy. 

Another  problem  discussed  is  that  of  the  electromotive  force  induced  in  a 
straight  vertical  conductor  by  an  oscillatory  current  in  a  parallel  conductor  at  a 
great  distance  from  it.  In  each  case,  the  results  are  obtained  in  terms  of  these 
series.  The  pnpcr  closes  with  an  analysis  of  the  five  integrals  given  below. 
y  in  thc^  series  is  Eulcr  s  constant. 

Six  =  J  sin  x-x  dx  =  X  —  jrV3I3  +  jr'yolo  —  ■  •  •, 
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Cm;  -  J*co8  x/zdx  ^  y  +  hgx  -  1BV2I2  +  a«Ml4  , 

Eix-  ('e-ixdx^y-{'logX'^x  +  x^l2}2-\  , 

Shu  =■  J  sinh  xlx  dx  =  x-{-  x^/3I3  +  3^lb\b  +  •  • 

CAw  =  J'coskxjx  rfa:  =-  Y  +  log  a:  +  x*/2I2  +  «V4t4  H  . 

On  account  of  the  length  of  the  program  and  the  interest  shown  in  the  papers  it 
was  found  neeessaiy  to  adjoorn  at  11  P.  M.  until  8:30  the  next  morning,  when 
the  program  was  c(nn]deted  and  officers  were  elected  for  the  ensiung  year  as 

follows: 

Chairman,  C.  C.  VanXuys,  Professor  of  Physics*.  Colorado  School  of  Mines. 
ViCE-CiiAiKMAN,  S.  L.  Macdonald,  Protessor  of  Mathematics,  Colorado  A.  &  M. 
College. 

■Secretabt-Trkasubes,  G.  H.  Light,  Assistant  Professor  of  Mathematics, 
University  of  Colorado. 

Five  visitors  were  present  and  the  following  fifteen  members:  C.  R.  Burger, 
Colorado  School  of  Mines;  I.  M.  DoLong.  I  'niversity  of  Colorado;  J.  C.  Fittrrpr, 
University  of  Wyoming;  W.  li.  iiiii,  Greeley  High  School;  O.  C.  Lester,  L  ui- 
versity  of  Colorado;  G.  H.  Light,  University  of  Colorado;  S.  L.  Maodonald, 
Colorado  A.  &  M.  College;  J.  Q.  McXatt,  Colorado  Fuel  &  Iron  Co.;  O.  A. 
Raii(ioli)h,  I'niA  tT.-^ity  of  Colorado;  C.  B.  Ridgaway,  University  of  Wyoming; 
II.  M.  Showman,  Colorado  School  of  Mines;  C.  S.  Sperry,  University  of  Colorado; 
C,  E.  Stromquist,  University  of  Wyoming;  G.  P.  Unseld,  Westminster  High 
School;  C.  C.  VanNuys,  Colorado  School  of  Mines. 

G.  H.  Light,  Secretary. 


THIRD  ANNUAL  MEETING  OF  THE  OHIO  SECTION. 

The  third  annual  meeting  of  the  Ohio  Section  of  the  Mathematical  Association 
of  Amwca  was  held  at  the  Ohio  State  University,  Columbus,  on  March  29, 
IMS,  in  connection  with  the  meetings  of  some  sections  of  the  Ohio  College 

Association,  and  the  Assoriation  of  Ohio  TeacluTs  of  Matlirrnatips  nnd  Science. 
Chairman  Forbes  B.  Wiley  occupied  tlic  chair,  being  relieved  by  Professor 
R.  B.  Allen  for  an  interval. 

The  following  thirty  persons  were  registered,  all  but  the  last  eight  being 
members  of  the  Association : 

R.  B.  Allen,  Kenyon  College;  W.  E.  Anderson,  Wittenberg  College;  G.  N. 
Armstrong,  Ohio  Wesleyan  University;  C.  L.  Arnold,  Ohio  State  University; 
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C.  B.  Austin,  Ohio  Wesleyan  University;  Grace  M.  Bareis,  Ohio  State  University; 
Ethdwyim  R*  Beckwith,  Western  Reserve  Univmty;  R.  L.  Borger,  CHiio 
University;  R.  D.  Bohannan,  Ohio  State  University;  W.  D.  Cairns,  Oberlin 
College;  "William  Hoovrr,  Columbus;  II.  W.  Kuhn,  Ohio  State  University; 
G.  W.  McCoard,  Ohio  State  University;  Charlotte  Morningstar,  Ohio  State 
University;  C.  C.  ^lorris,  Ohio  State  University;  Hortense  Rickard,  Ohio  State 
UniTenity;  S.  A.  Singer,  Capital  University;  K.  D.  Swartsd,  Ohio  State  Uni- 
vereity;  J.  H.  Weaver,  Otuo  State  University;  C.  J.  West,  Ohio  State  Univmity; 
R.  B.  Wildennuth,  Capital  University;  Forbes  B.  Wiley,  Denison  University. 
Non-members:  H.  M.  Beatty,  Columbus;  J.  C.  Boldt,  Dayton  (Stivers  High 
School);  Helen  Carl,  Columbus;  J.  E.  Evans,  Columbus;  Clarice  Plobensack, 
Columbus;  J.  E.  Newell,  Columbus;  H.  0.  Rugg,  University  of  Chicago; 
Miskd  Schaeffor,  Columbtis. 

The  following  program  was  carried  out  as  arranged  by  the  ezecutive  cod> 
mittee: 

1.  Chairman's  Address.    An  K.\ peri luent  with  Coordinates.   PltOF£8SOii  Forbes 

B.  Wiley,  Denison  University. 

2.  The  Possibilities  of  a  College  Course  in  Investment  Mathematics.  Ethel- 

WYNN  R.  Beckwith,  College  for  Women,  W'estern  Reserve  University. 

3.  Discussion  of  preceding  paper.   Professor  C.  J.  West,  Ohio  State  University. 

4.  A  Prevalent  Hyperbola.   Pbofessor  William  Hoover,  Columbus,  O. 

5.  A  non-Commutative  and  non-Associative  Linear  Algebra  with  an  Application 

to  Electricity.   PRorxssoR  R.  L.  Bobqeb,  Ohio  Univ^ty. 

6.  The  Equipment  and.  Administration  of  the  Mathematics  D^artments  of  the 

Colleges  of  Ohio.  Hobxbmbb  Rickasd,  Ohio  State  University. 

At  7:30  P.  M.  there  was  an  informal  meeting  at  the  Ohio  Union  in  the  nature 
of  a  round  table.  The  sut^ect  for  discusnon  was  the  following: 

7.  Statistical  Tests  in  Collegiate  Mathematics,  especially  in  College  Algebra. 
Leaders  of  Discussion,  Professor  H.  O.  Ruoo,  University  of  Chicago,  FROFESBOK 
W.  E.  Andersox,  Wittenberg  College. 

Twenty  of  those  present  dined  together  at  Oxley  Hall  on  Friday  evening. 
Many  remained  and  participated  in  the  meetings  of  the  Association  of  Ohio 
Teachers  of  Mathematics  and  Sdence  on  Saturday.  The  subject  ci  diirf  interest 
to  mat})(  tnaticians  on  this  program  was  the  paper  by  Ftofessor  H.  0.  Rugg  on 
Normal  Tests  in  High  School  Algebra. 

ASSIBACT  OF  FaPEBS. 

L  In  his  paper  on  An  Experiment  with  Coordinates,  Professor  Wiley  used  as 
axes  of  reference,  first,  parallel  lines  and  later  parallel  complex  planes,  {dotting 

pairs  of  numbers  as  straight  lines.    He  exhibited  the  graphs  for  the  linear  and 

special  cases  of  the  cjiiatlratic  functions  !n  two  variables.  Emphasis  was  placed 
upon  the  fact  that  tliis  to])ic  liad  proven  to  Ik'  of  interi'st  to  undergraduates  and 
had  opened  problems  none  too  advanced  for  their  investigation.    The  paper 
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aroused  interest  and  gave  rise  to  a  twenty-mmute  discussion  on  questions 

suggested  by  it. 

2.  In  spfakinc  on  tlie  Possibilities  of  a  rollepe  (^oiirsc  in  Investment  Mathe- 
matics, Mrs.  Beckwith  outlined  a  year's  work  Utr  a  three-hour  course,  covering 
the  subjects  of  compound  interest,  annuities,  bond  valuation,  depreciation  and 
life  insurance.  This  course  is  designed  to  provide  the  student  with  a  knowledge 
of  the  principles  of  conservative  investment  which  are  of  personal  as  well  as 
profossioiial  \  alue,  and  is  being  given  this  year  in  Women's  College  of  Western 
Heserve  University. 

'S.  Professor  West,  in  discussing  tlie  paper  of  Professor  Beckwith,  called 
attention  to  the  difficulty  of  deciding  on  the  contents  of  a  course  in  the  mathe- 
matics of  investment.  Such  a  course  may  be  developed  with  the  idea  of  furnish- 
ing illustrative  material  for  mathematics,  or  it  may  be  developed  as  a  component 
part  of  a  course  in  business  administration.  Prnf("<;snr  West  was  of  the  opinion 
that  a  separate  and  distinct  course  of  the  first  type  wai>  hardly  worth  while. 

4.  The  "prevalent"  hyperbola  alluded  to  by  Professor  Hoover  is  of  form 
axy  +  &r+a2/  +  e=0.  A  great  variety  of  instances  arising  in  the  teaching 
and  reading  of  pure  and  mixed  mathematics  over  a  considerable  range  were 
adduced  from  geometry,  mechanics,  etc.  To  illustrate,  tlie  locus  of  the  feet  of 
normals  from  a  fixed  point  in  the  plane  of  a  conic  i-;  nf  the  general  form  above. 

5.  In  Professor  Borger's  paper  there  is  defined  a  particular  non-associative, 
non-^mmutative  lin^ur  a^idbra  in  two  units  and  the  set  of  theorems  pertwning 
to  it.  It  furnishes  a  vector  treatment  for  the  theory  of  alternating  current 
phenomena.  Steinmetz  has  used  the  complex  number  system  of  algebra  to 
represent  current  and  eleetro-motive  force,  but  his  number  field  was  not  adapted 
to  that  purpose.  Professor  Borger  develops  the  algebra  that  is  demanded, 
assuming  the  Steinmetz  postulates  as  the  required  conditions  for  the  representa- 
tion of  the  entities  involved. 

6.  Miss  Rickard  read  a  paper  giving  information  in  regard  to  the  equipment 
and  administration  of  the  mathematics  departments  of  colleges  throughout  the 
state.  Material  was  ohtiunerl  by  mean??  of  a  questionnaire  sent  to  the  heads  of 
the  departments  of  umthcmatics  in  Ohio  colleges. 

Replies  had  been  received  from  only  a  small  proportion  of  the  colleges,  but 
the  information  proved  to  be  of  so  great  interest  that  the  Section  asked  Miss 
Rickard  to  continue  her  collection  of  data  and  to  make  a  complete  report  next 
year. 

7.  At  the  round  table  discussion  at  7:30,  attendeti  by  twenty-two  people,  the 
leading  feature  was  the  talk  by  Professor  Ru^  along  the  lines  of  his  well-known 
work  on  statistical  standardised  tests  in  teaching.  He  set  forth  the  aims,  results 

and  limitations  of  standardiml  tests  in  elementary  and  secondary  instruction 
and  indicated  their  pxten^inn  profitaljly  to  college  algebra.  \  clear  conception 
t»f  what  he  woultl  ha\ c  the  student  atluiii,  and  ability  to  see  the  subject  from  the 
student's  viewpoint,  must  be  possessed  by  the  successful  teacher.  Emphasis 
was  laid  upon  four  factors  entering  into  educational  tests:  the  pupil's  ability; 
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the  subject  of  instruction;  the  system  of  marking;  what  we  mark,  ability  verrus 
performance. 

The  discussion  was  opened  by  Professor  W.  £.  Anderson,  who  voiced  the 

dc'sirahllity  of  our  attemptinp  to  put  into  j^riH  tirc  the  snG:ge<tions  ')f  Professor 
liu^:g  in  }iis  outline  of  the  work  done  in  the  field  of  niiitliematics.  Tiie  desirability 
of  greater  uniformity  uud  iiigher  standards  was  emphasized. 

The  diacussion  was  continued  with  interest  until  adjournment  was  neces- 
sitated by  the  closing  of  the  building  under  the  war  deputment  regime. 

Secretary  Cairns  ga^•e  a  word  of  greeting  from  the  national  Association. 
A  hearty  expression  of  thanks  was  voted  Professor  Kugg. 

G.  N.  Armstkoxg,  Secretary. 


BOOK  liKVIEW. 
Sbnd  all  ooiaiuincA'noin  10  W.  H.  Bcaasr,  Unimtnty  of  Miaoewta. 

Elementary  MaihematirnJ  .\vnhj»i3.   By  John  Wesley  Young  and  Frank 
MiLLETT  IVIoRQAN.   The  Macmillan  Company,  New  York,  1917.   zii  +  548 

pages.  .?2.B0. 

Instructors  in  mathematics  who  are  in  sympathy  with  the  recent  discussions 
relating  to  the  advisability  of  unifying  the  mathematics  of  the  freshman  year  in 
college  will  be  pleased  to  see  this  new  text,  for  it  seems  to  satisfy  the  present 
detiiand  admirably.  It  places  more  emphasis  "on  insight  and  understanding  of 
fundamental  conceptions,  less  emphasis  on  algehraic  technique  and  facility  of 
maniptdation."  It  provides  for  the  general  cultural  aim  of  mathematica!  study 
by  arranging  the  course  to  "cover  as  broad  a  range  of  matliematical  concepts 
as  possible,'*  due  consideration  being  given  to  ^modern  mathonatical  disciplines." 
The  disciplinary  value  of  mathematics  is  sought  "primarily  in  the  domain  of 
thinking,  reasoning,  reflection,  analysis,  not  in  the  field  of  memory,  nor  of  skill 
in  a  highly  specialized  form  of  activity." 

The  text  is  distinctive  in  a  number  of  respects.  It  embodies  many  features 
which  make  for  economy  of  time  and  for  increased  efficiency.  It  employs 
progressive  methods  and  takes  advantage  of  recent  developments  in  teaching 
freshman  mathematics.  The  various  topics  of  analysis  arc  treated  as  belonging 
to  a  single  science,  and  the  emi)basls  placed  upon  the  notion  of  function  gives  the 
subject  a  real  educational  and  practical  \alue.  The  calculus  is  introduced, 
wherever  convenient,  by  considering  the  change  ratio  Ay^  Ax. 

The  book  is  divided  into  five  parts,  of  which  the  first  deals  ^th  intro- 
ductorj-  concepts.  The  student  is  made  acquainted,  in  Chapter  I,  with  the  funda- 
mental idea  of  a  mathematical  function  and  its  rci^re-entation  by  analytic,  tabular, 
and  graphic  methods.  This  is  followe<l  by  rhaj)tcr  II,  on  the  relation^  of  alge- 
braic principles  to  geometry,  which  includes  an  excellent  review  of  algebraic 
technique. 
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The  second  part,  the  longest  of  the  five,  consists  of  Chapters  III-X.  It 
discusses  algebraic,  trigoiMNmetric  and  «q|>oneiitial  functions.  The  graphic  treat- 
ment of  the  algebraic  function  somewhat  resembles  the  work  usually  left  to 
analytic  gcometr> .  Interesting  applications  ol  slopes  and  mairinniin  and  mini- 
mum points  are  made. 

Tlie  material  in  the  chapters  on  trigonometry  is  well  selected  and  admirably 
arranged.  Time  is  saved  by  developing  the  trigonometric  functions  from  the 
geiural  angle;  and  the  graphing  in  polar  coordinates,  another  subject  usually 
dcfrrrt'd  to  analytio  peometry,  adds  mnterially  to  a  clearer  roncnptinn  of  the 
variation  of  the  six  functions.  A  section  of  particular  interest  at  the  present 
time  is  one  which  discusses  the  use  of  angular  measurement  in  artillery  service 
and  gives  several  problons  oo  indirect  fire.  We  regret  that  space  did  not  permit 
more  such  applications  and  that  simple  probkms  in  aviation  were  not  included. 
There  is  an  excellent  chapter  on  the  use  of  logarithms  and  another  on  numerical 
computation;  in  these  are  considered  abs()lutc  and  relative  errors,  sisrnificant 
figures,  and  the  use  of  the  slide  rule.  Trigonometric  equations,  circular  measure, 
and  the  inverse  functions  are  well  treated,  and  throughout  the  chapters  on 
trigonometry  there  are  many  practical  problems  and  questions. 

Part  III,  Chapters  XI-XV,  takes  up  the  study  of  analytic  geometry.  The 
curves,  which  earlier  in  the  course  wore  studied  for  tlie  purpose  of  investigating 
properties  of  the  funetiftns,  are  here  studied  from  the  \  ie\vpoint  of  the  equation. 
Tiie  familiar  loci,  the  straight  line  and  circle,  are  treated  at  length.  The  chapter 
on  conic  sections  introduces  only  the  most  essential  properties  of  those  curves. 
Special  mention  should  be  made  of  the  excellent  chapter  on  parametric  equations. 

Topics  in  college  algebra,  including  the  elementarj'  work  in  the  theory  of 
equations,  permutations,  comhinations,  probahility,  the  binomial  theorem,  com- 
plex numbers,  and  the  elements  of  determinants,  occupy  Part  Chapters 
XVI-XX.  The  placing  of  these  subjects  after  the  work  in  trigonometry  and 
analytic  geometry  is  logical,  for  the  student  is  better  prepared  to  understand  their 
theory. 

The  last  part  of  the  liook.  Chapters  XXI  XXII,  takes  up  a  stndx  of  the 
elements  nf  solid  analytie  geometry.  The  idea  uf  a  function  of  two  \  aria!)le>  is 
emphasized  and  just  enough  is  given  to  enable  the  student  to  grasp  quickly  the 
applications  of  the  calculus  to  volumes  and  surfaces  of  solids  of  revolution. 
Four-decimal-place  tables  constitute  the  last  nine  pages. 

This  text  is  one  of  the  series  of  mathematical  texts  edited  by  Professor 
Hedrirk,  iitid  like  the  otluTs  is  an  example  of  exfellrnt  workmanship.  The  cuts 
and  print  are  clear  and  attractive  and  the  typographical  errors  are  remflrkably 
few.  The  text  is  used  with  much  success  in  liberal  arts  and  engineering  classes 
in  the  Universi^  of  North  Dakota.  Both  instructors  and  students  are  en> 
thusiastic  over  its  adoption. 

Ratmoko  R.  Hitchgock. 

U.SIVEKSITY  or  NOKTU  DAKOTA. 
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TROBLEiVlS  FOR  SOLUTION. 

Sbnd  all  coKWtnncAnoiNS  about  piombiib  lo  B.  F.  Fuoxl,  ^ningfiekl,  Ho* 
2709.    ProiMMed  by  E.  T.  ■mmNOKUf,  CtaM4|«^  MM. 

The  following  proV)leni  was  suggested  to  the  proposer  by  a  professor  of  bioln^ry,  who  has 
found  the  result  useful  in  certiun  problems  concerning  the  equililirium  uf  chemical  reattious. 

Starting;  with  +  y  —  i)(cj  —  i) •  •  •  (c,  —  i)  =  X(?m  4-  j  ;  i6:  +  x)-  •  -{bm  +  x),  where 
^icica-  ■  c  »  X6i&ida-  •  -bm  (&U  the  letteta  being  positive),  find  the  limit  oi  x/y  a»  y  approaches 
lefo;  and  show  tint  for  amtill  -rahMs  of  ir«  tlw  ▼ilue  of  x/y  is  sbraiya  ksa  than  this  Ihnit. 

271(1.  Fra|Nwedb7  Boon  KlimiBi;  11m  ITabsrsHyarWIseoiMfaL 

If  at"*  denotes  the  A'th  term  of  an  arithmetic  progression  of  order  r,  and  ct  denotes  the  ikth 
binomial  coefficieiit  in  the  expanaion  of  (a  —  6)*  (»  b^ng  a  positive  integer),  show  that 

iS  ■  s'  caot^  «  0»  if  n  >  r. 
2711.   Proposed  by  PAUL  CATBON,  U.  S.  Naval  Academy. 

Show  that  the  ourves  (a)  aVi*  =  x*(o'  —  (6)  o»yi*  =  i«(a*  —  x*)  bound  ton  areaa,  of 
which  two  are  each  (c^/iXir  —  i)  and  the  remaining  eight  are  each  di/24. 

Given  the  rnmv.  nr*  -f-  2hxy  +  ?>i/'  —  2x  =  0.  Find  the  lorus  o!i  which  lie  the  four  points  of 
interaectioQ  of  paira  of  tangents  to  the  conic  from  a  pair  of  points  on  the  x-axis  equidistant  from 
tbeorigm. 

271S.  FtafoadHqrCkrAASWBi;,  NciwTackatr. 

In  th«  dsstgn  of  ffxrity  retaining  walls  the  following  lebtion  sxistSi 

COB  («'  +  g  +  >)    «t  cos    see  g  ^  j 

t  an*  h  con  h  tan*  b  ' 

where  k,  tn,  ^'  arc  constants,  a  and  6  are  the  angles  formed  l>y  the  vertical  with  (IJ  the  diagonal 
of  the  section  running  from  the  lower  loft  of  the  miction  to  the  upper  right,  (2)  the  inside  (riglit) 
face  of  the  wall.  The  left  face  of  the  wall  is  vertical.  Solve  the  equation  for  a,  either  exactly 
or  by  a  good  approximation.  The  area  of  the  wall  is  given  by  A  =  (tan  a  +  tan  b)l2,  the  height 
of  the  wall  is  taJcen  as  unity.  With  the  first  equation  nivt  a,  determine  a  value  of  either  a  or  & 
which  will  minimize  this  area,  i.  e.,  what  reiation  must  cxiat  between  a  and  b  to  give  the  most 
•eononieal  seotion  of  woO? 

2714.  Propoeed     ■.  c  womimn,  PalfSisity  of  St.  Itaads  3bn1Cf'a  College,  Nova  Scolla. 

A  shuffif<i  pack  of  2(p  +  q)  cards  contains  2p  honors.  Show  that  tlic  chance  of  securing 
exactly  half  the  honors  in  taking  half  the  pack  is  \F{p,  4-  F(2p,  2q),  where  F(j»,  q)  denotes  the 
number  of  different  sets  of  p  cards  which  can  be  selected  from  {p  4-  q)  cards. 

Show  also  tluit  if  one  honor  is  removed  from  the  pack,  the  .  hancc  is  not  thereby  affected. 
Is  this  true  for  thr  i  hatirc  of  getting  any  other  assigned  nmnlx  r  i  f  honors? 

2715.  Proposed  by  H.  H.  Kl!N'r;sTON,  University  of  INIunitoba. 

A',  B',  C  are  poiu(d  on  the  sides  BC,  CA,  AB,  respectively,  of  the  triangle  ABC,  and  AA', 
BB\  CC  are  ooncunent  in  O.  X,  Y,  Z  are  the  three  collincar  point-s  in  which,  by  Desargues' 
theorem,  the  eorfeapondiog  sides  of  the  triangles  ABC  and  .1  'B'C  intersect.  If  A",  B",  C"  are 
the  vertaoes  of  Aa  tmngle  formsd  by  the  lines  AX,  BY,  CZ,  show  that  AA",  BB",  CC"  are 
concurrsnt. 

271S.  PMpsaed  by  CunoMi  tr.  MILU,  BrsoMags,  Sovlh  Dakota. 

To  a  pn.«!«'iiKer  in  a  trnin  mnvinir  rit  the  rate  of  40  n»iles  per  hour,  the  rain  appears  to  be 
rushing  downward  and  towards  hirii  at  an  angle  of  20  degrees  with  the  horizontal.   If  the  rain  is 
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nctually  falling  in  a  Tertical  direetionp  abow  that  the  vdoeitjr  of  the  nundniw  in  feet  per  Mcond 

ia  21.35. 

2717.   Proposed  by  EiVUii      wiTHm,  Sopbotftore  in  Fratikiio  and  Marshall  College. 

Determine  the  int^al  valu^  of  m  and  n  for  which  the  equation  +  tnx'y'  +  ny*  =  a* 
haa  non-trivial  BoluCiona.  ICSanniduMl'a  DiophantiM  Atvdyntp  Ftob.  18,  p.  63.) 

The  following  problems  in  volumes  XX  to  XXIII  giOl  lemain  lUMolved: 
Al^ra:  numben  406, 430,  461 ; 

Geometry:  nnmbera446,  470,  472,  478,  494,  .501,  510,  519,  523; 

Calculus:  numbers  339,  340,  342,  348,  353,  360,  385,  411,  415,  425,  429,  432.  434,  436,  440; 
Mechanics:  numbers  277,  279,  285,  287,  291,  308,  309,  313,  315,  322,  32h,  .i35,  343,  344,  348, 
360,  351,  ;i5»),  ;5.')7; 

Number  Theory:  numbers  189, 190, 191, 182,  200, 205, 231, 233, 234, 239, 245, 247, 260»  261, 
283,  270.  271.  273,  274,  275. 

The  editon  will  be  gbd  to  receive  eolutioiia  of  any  of  theee  lUHolvid  probbms. 


SOLUTIONS  OF  PROBLEMS. 

iVoitv.  1.  Ftonince  P.  Zjewis  mmt  in  a  solution  of  486  and  Albert  Babbitt  a  solution  of  493, 

Algebra,  after  selection  for  pul>lii  :i(ion  had  been  made  mtuI    nl  fa  t\iv  Kditor-in-Chii  f. 

2.  The  following  correction  should  be  made;  On  page  24,  of  the  January,  1918,  number  of 
the  MoMTHLY,  16th  line  from  bottom,  tot  (n*  + 1)  —  4fi,  read  (n  + 1}*  —  4ft.  Eorxom. 

42T  (Oaledne).  Frepoaed  by  BOOtt  s.  JOMiiaON,  Adalbert  Cellaffe.  aeveland.  O. 

Of  all  ellipHos  cinimscribed  about  a  given  parallelogram,  the  minimum  (maximitm)  with 
regard  to  area  has  aa  eonjugate  diameieia  the  daigonala  of  the  parallelogram. 

IL  SoLUTioir  BT  O.  D.  Kellogg,  University  of  Missouri. 

I  venture  to  add  my  solution  to  those  given  in  the  January  number  of  the  Monthly  because 

it  illustrates  the  fruitfulnt  ss  of  the  noticm  "shrnr,"  a  simple  transform;»tion  which  shriiild  doubtless 
find  more  use  in  elementary  mathenmtioti.^  The  ooordinale  axes  having  any  poaition  in  the  plane, 
the  transformation  x  =  i',  y  ^  y'  —  ax'  definea  a  ahear.  The  following  are  Invariants:  area, 
ellipee.  oonjugaoy,  panUlelism. 

Suppose  E'  and  B"  are  two  elUp«e«  eircunweribcd  about  the  parallelogram  P,  the  former 
luivinij:  the  iii;ik'<iri:ils  of  /'  ;is  rotijugatc  <!ininrtf  rs.  A  shear  may  be  found  which  carries  A"  over 
into  a  circle  C,  and  consequently  /'  into  a  square  H',  since  iia  diagonals  are  conjugate  diameters 
of  a  circle.  Using  the  letters  to  denote  areas,  we  have  P/E'  »  B'iC\ 

\  sornnfl  shc.ir  may  be  found  which  will  cany  E"  into  a  citde  C",  and  conaequetttly  P  into 

a  rcL'taaglf  Jl",  and  we  have  I'/E"  =  /^"/C"'. 

But  a  s(|uare  has  an  area  whose  ratio  to  that  of  the  circumscribed  circle  is  greater  than  that 
of  any  other  rectangle.  Hence  R'jC  >  A"/C">  and  the  above  equations  yield  £"  >  B',  ao 
that  J?'  ia  the  eireumacribed  ellipse  of  minimum  area. 

4SS  (Calcnloa).  PTepeaed  by  favl  catson.  U.  S.  Naval  Academy. 
Find  the  loeua  of  the  equatton 

/  - 3(tf  -       - 2a±V  +  3(a*  - a«)V  -  -       +tf«x«  -  (tf  -  *»)«  -  0, 

tot  ahowing  that  it  can  be  reduced  to  the  form 

l>  -  ib»  ±  (o^  — 

and  finding  the  pointa  of  maximum  abactsaa,  of  nuudmiun  ordinate,  and  of  inflection. 

*  In  fact  the  idea  ia  uaad  in  Young  and  Moigan'a  EUmtntary  Attalysia,  pages  132, 288,  and  289. 
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Solution  by  the  Proposer. 

Inspection  of  the  two  eqaatwDS  shows  thai  m  >  »  «  |,  and  once  the  fint  eqxiation  k 
bomogcneoua  in  (a,  x,  y),  k  •  <|V*.  The  given  equation  is  in  liiet  the  iCMlt  of  latWHMlising 


Let  xfa  ^dn9.  Then  pfa  -  nn*A «  ^ eoe «.  Hence,  y'/a  -  3/B ■in-<'V 7  tan  9,  since 
dO'dr  =  aec  9.  Henrr,  >j'"/j  =  -  2/0  sin-«'»  9  T  9cc«  tf.  When  y'  =  n,  tan  S  sin"»  $  =  2/3.  Solv- 
ing, 9i  =  38'  4.2',  X,  a  =  O.GliMi,  and  i/„a  =  .724.5  ±  .7873  =  1.5117  or  -  0.0628.  The  first 
value  gives  a  maximum  ordinate.  When  y"  =  0,  tan  *  9  sec  9  =  (2/9) •••  Sol\Tng,  =  17°  1', 
«a/a  •  0.2{»7»  and  Vi/a  » .4406  ^fe  J»S62  -  1^0  or  -  0.5154.  vi/a'  -  1.0011  T  ^1  »  0.fi081 
or  1.3102. 

The  gecond  value  fdves  an  inflection. 

The  curve  ia  readily  constructed  by  adding  ordinates  of  the  semi^bical  parabola  and  the 
dide. 

{a,  o)  ia  evidsntly  the  pcnat  of  maiiinuiii  abaci—. 

Also  solved  by  Adelb  Holtwick. 

(Calctdus).   Proposed  by  CLirrosD  N.  Mius,  Skvddags,  S.  Dak.  . 


Fbd  the  volume  of  tlie  greatest  rectangular  paralMopiped  tliat  can  be  inaciibed  in  the 
fVipiOid  a?la*  +  yyb'  +  z*/tf  -  1. 

Sohjmom  BT  C.  C.  Yek,  Tangshan,  North  Chins. 

IvCt  P  B  (x,  y,  t)  tho  vertex  of  the  rcctang;u1ar  paraJIelopiped  ^fing  in  the  filBt  Ootani  of 
the  ellipsoid.  Then  the  volume  of  the  parallelopiped  is  V  »  &£jf2. 

Since  P  lies  OH  the  ellipeoid,  the  eoflrdinatee  (x»  <)  satidy  the  equation  of  the  eDipeoi^  and 
therefore 

(1)  V  =  Sxj/z  =  8cx|/(l  -  T*/a»  -  y*/?**)'''  »  Sc-^'(x,  y), 

where  F(x,  y)  ■  X'y(\  —  x*/a*  —  y^ll^yt*  ia  maximum  when  and  only  when  V  is  maximum. 
DiffeientiBting,  we  get 

1^  -  yd  -  2*Va*  -  y»/6»;  -i-  (1  -  x*/o»  -  v»/6»)V», 

SF 

-  »(1  -  a(»/aP  -  2y«/li^  +  (1  -      -  ^fif^^, 

Ec^uatuig  to  seru  the  left-hand  menibtra  uf  (,2>,  we  have 
26*  j>  +  o  V  =  aV,      6V  +  2 

whidigive 

^-f      l^-|;  and^thenrfore, 
DifferentJatiikg  (2),  wc  get 

and 

^  { \  -  -t\u \  -  ^1  _ ?^^"'•4- ^ I _ 2-"7 1  _ _ t\~"^ 

dybx~\        a»'     fc»yl\       tt«     I?)     "^t»J      ir'  \       a»     fc*^  * 

2.0  6 
-  — =   when  «  -  -rs ,      l>  " 


a 

h 

^* 

— ■=   when  J 
a-VS 

a 

b 

when« 

a 

b 
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Therefore,  when 


X 


a 


and  since 


we  have  oil  the  cooditiona  for  a  in;iximum  value  of  F(x,  y)  fulfilled  at  {a/  \'3,  b/\3). 

Hence,  finally,  substituting  in  (1),  we  have  the  volume  of  the  greatest  rectangular  parallelo* 
piped  inBcribcd  in  the  ellipsoid  equal  to  8a6c/(3  nS). 

Also  solved  by  I..  E.  Lunn,  L.  E.  Mensenkamp,  0.  S.  Adams,  C.£.  Gituens, 
J.  L.  Riley,  Paul  Capkox,  and  H.  C.  Feemsteh. 

441  (Calculna).  Proposed  by  i.  L.  rllet,  Stephenville,  Texas. 
Find  tht  iwhiIm^h*  yalue  of 


This  problem  iis  iodeEoiie  and  uu  iiulution  is  possible,  until  the  conditions  that  the  end  points 
must  satisfy  are  stated.  In  fact,  if  we  take  y  -  mx  and  mtegrate  from  ir+«toSr  —  we  can 
make  tbe  integnl  as  small  as  desired  by  decreasing  e. 

It  w  not  difficult  to  find  tbe  equation  of  the  extremalfl.  Euler's  diffeiwtial  equation  is 

d(Fg')l<}x  —  =  0.  This  becomes  for  our  pnihli  in  ;/"  sin'  x  -f  y'  sin  x  0089  —  |f  «  «  —  smx. 
A  solution  of  the  equation  where  we  make  the  rii^ht-htuid  member  zero  is 


obtained  by  taking  2y'  as  an  obvious  integFatiog  factor.   Completing  the  solution  by  any  one  of 

several  methods,  there  results 


For  any  further  investigation  of  the  problem,  however,  a  knowledge  of  the  boundary  conditions  is 


Also  Stjlvi'd  by  Alexakdku  r)lLLIN(;IIAM. 

349  (.Mechanics).    Proposed  hy  h.  a.  COH.LX,  Albta,  iowa. 

A  9^poand  wei^t  is  attached  to  a  string  wbich  passes  o>Ter  a  smooth  fixed  pulley.  The 

other  end  of  {ho  sfriiig  is  f.istrncd  to  and  Ptipports  a  smooth  piillfv  Pi  of  weight  1  pound,  over 
which  p:u»3es  a  secouU  ulrmg  to  one  end  of  which  is  attached  a  ^i-pound  weight,  and  the  other 
end  of  which  is  attached  to  and  supports  another  smooth  pulley  Pt  of  weight  I  pound.  Over  the 
pulley  ^1  peases  a  third  string  supporting  weights,  2  pounds  and  Si  pounds. 

If  Iba  system  is  acted  on  by  gravity  alone  diow  that  tbe  accelerations  of  the  9-pound  weight, 
3i-pound  weight,  and  pulley      .ire  0,  V;,  and  ]g,  rf.-'i)":  nve]y. 

Determine  the  motion  of  the  weights  when  pulleys  are  not  smooth,  tliut  is,  when  friction  is 
present. 


Let  X  =»  distance  of  9-pound  weight  from  center  of  fixed  pulley,  y  =  distance  of  center  of  Pi 
from  ( i  rit(  r  of  Pj,  and  z  =  distance  of  .ij,-p.iund  weight  from  center  of 

Then  will  x     velocity  of  9-pound  weight,  —  i  »  velocity  of  Pi,  y  —  i  —  velocity  of  Pi 

—  ^  —  i  -  velocity  of  3-pound  wieigbt»  i  +  y  —  x    vdocity  of  3|-pound  wnght,  and  ^i^i 

—  i  *  velocity  of  2-pound  weight. 


Solution  by  Elijah  Swift,  lJnivert.ity  of  Vermont. 


y  "Ci  tan  (a:/2)  +  C,  ctn  (i/2). 


y  —  Ci  tan  (j,-'  i  +  Cj  ctn  ixrl)  —  x  -f-  ctn  (x/2j  Iok  f-ec-  (^,'2). 


SoLtrrroN  by  the  Proposeb. 
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If  T  -  kiiMlio  eiMitgjr  of  entin  moving  qntem,  and  if  m  wmiwont  naaB  of  l-pound  weight, 

we  have 

^  "  f  ^     ^  ~  ""^     ^  ^ '****'****"■  ^ 

+  2jtf  -  2ii)  +  2(i»  +  tf»  +  f  +  2»  -  2i*  -  3iy)  ] 

jJ|-^(29«-fi»-2iO  -(0-1 -8-1-2  

which  give  x  »  o'    =  J;;,  and  i  "  hf*  aod  «8tablifllM8  proof  aouipit  if  wo  aotiee  thttt  vdodty  of 

3i-pouod  weight  is  >/  -r  r. 

Inasmuch  &s  the  O-poiind  weight  always  remains  at  rest  if  the  system  attfts  fiom  vmt,  tllO 
presence  of  friction  in  the  fixed  pulley  would  not  alter  the  motion  of  the  system  aa  long  aa  no 
friction  be  present  in  the  movable  puUeya.  But  if  the  fixed  pulley  is  frictionlesis  and  friction  is 
present  in  the  movable  pulleys,  then  the  diminished  accelerations  of  the  weights  and  movable 
pulleys  on  the  one  side  of  the  fixed  pulley  must,  in  part,  be  offset  by  an  upward  acceleration  of  the 
9-pouiid  wei^t  on  tlie  otiiBr  udop  and  in  part  by  the  heat  of  friction  genented  aa  long  aa  the 
friction  ia  not  too  great  to  pnvral  the  lovolving  of  the  movable  puUcQra. 

352  (Mechanics).   Proposed  by  C.  N.  SCHMALL.  New  York  City. 

A  glass  (od  is  balanoed  partly  in  and  partly  out  of  a  cyliodhcal  tiuabler,  with  Imrar  eod 
leeting  againafc  the  vertical  irall  «  the  tummlar.  U  v  and  ^  ava  the  maihmim  and  minimiim 
angles,  rcspectivdy,  whidi  the  nd  oan  make  with  the  vertical  plane,  and  9  ia  the  aajg^ 
show  that 

«  -  4  tan-»        sin*  y  -  sin*  ^ 

Solution  by  William  Hooveh,  Columbus,  Ohio. 

Let  AB  =  2a  be  the  rud  with  its  lower  end  sit  A;  G,  its  middle  point;  F,  the  point  of  suitport 
in  the  edge  of  the  tumbler;  (7^,  the  element  of  the  surface  of  the  tumbler  in  which  A  lies;  and 
IF  s  the  wdght  of  AB,  Fnm  P  draw  a  perpendicular  to  CD  cutting  it  in  E,  and,  similarly, 
draw  cut. 

The  rod  in  rither  extreme  position  is  kept  in  equilibrium  by  its  weight  aetin^  vertieally 
downwards,  the  two  reactions  R,  S,  at  A  and  I'  respectively,  and  the  friction  at  A  in  the  direction 
of  the  element  CD  and  at  P  in  the  direction  of  the  rod. 

Besolving  verticaliy  and  horizontally  and  taking  moments  abuut  .4, 

W  +  S  tan  O-cos  ^  =  S  sin  p  —  Rtm9,  (1) 

Scoa^+SUxud-^iin    =  R,  (2) 

WLIK  =  :i'AP,  (3) 

or 

Wiia  -  x)  sin  «>  +  6}  ^S  x.  (4) 

fVom  the  geometiy, 

s  >  h/an  p,  (5) 

and  this  in  (4)  gives 

iraain<,>-(.  (0) 
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SubBtitutiog  ii  from  (2)  in  (I), 

W  -  <S{8m      -  tan' «)  -  2  cos  ^  tan  «}.  (7) 


(6)  +  (7) 

"  sin       —  tan*  $)  —  2  cm  <f       S'  ^  ' 

For  the  other  extreme  uiigli-  ^,  tan  0  changes  sign,  and  we  have,  by  analogj', 

■«iii*(l-taii«»)  +  2oo»ftMi«' 

(8)  -I-  (9)  giv«« 

2t«a»  «  am* » - «m» »  „ 

l-toii««"*"^"iiii«^eo.^  +  am«*oo.*' 

giving  tlic  required  angle. 

It  may  be  inloesting  to  note  that  when  the  upper  edge  is  smooib,  the  angle  of  friction  is 
twice  aa  great  as  that  in  (10). 

Also  solved  by  A.  M.  IIaboing  and  G.  Paabwell, 

3S8  (McdiBideB).  PrapoMd  by  CLDIWD  N.  ifiixs,  Brookings,  S.  Dak. . 

A  uniform  beam  of  uak,  10  feet  long,  15  inches  deep  and  10  inches  wide,  sustains,  in  addition 
to  its  own  weight,  a  load  of  5,000  lbs.  placed  at  the  center.  Find  the  greatest  bending  moment 
and  the  ^atest  strsss  In  tke  fibers.  Tdce  the  spedfle  gravity  of  oak  as  0.934. 


SoLimoN  BT  W.  J.  Thoue,  Detroit,  Micfaigaii, 

Let  6,  d  be  the  length,  brofi<!th,  and  depth,  respectively,  of  the  beam;  M  the  grratoft 
bending  moment ;  p,  the  greatest  stress  in  the  fibers;  and  S,  the  section-modulus  of  the  beam's 
cross  section.  Taking  the  inch  and  the  pound  as  units  and  the  wn^t  of  a  cubie  foot  of  water 
«s  02.5  pounds,  we  have 

M  •  KSOOOX  +  ft(M{  X  COM  X  ^)  I 

=  i(5000)10  X  12  +  I  [  10  X  16(10  X  12)  X  0.934  X  ^]  10  X  12 
»  159121  inch-poinuli. 
p  =  M/S  -  MlibiP  »  mibifi  -  6  X  159121/10  X  15*  -  424  Ifae.  per  sq.  ID. 

Also  solved  by  Paul  Capron. 

284  (Medianiet).  FNposed  bf  Q.  MAsmu,  New  TsA  GUr. 

The  acceleration  of  an  cJprtric  tr;un  is  coiisfanf  anrl  equal  fn  n  ft.  per  sec.  per  see.  Its  braking 
or  deceleration  us  variable  and  equal  to  the  square  n>ot  of  the  velocity.  If  the  distance  between 
stations  is  5,000  ft.,  show  that  the  acceleration  must  cease  and  bialdng  ensue  when  the  train  Is 
about  900  ft.  from  tlie  stopping  point;  also  that  the  velocity  attained  for  a  nunimum 

time  ran  is  88  m.p.h.  and  the  time  of  run  is  64  seconds. 

Solution  by  I'aul  Capron,  U.  S.  Naval  Academy. 

Under  a  constant  accelt^ration,  a  final  speed  of  88  mi./^.,  or  about  129  ft./sec.,  is  acquired,  in 
a  distance  of  4,040  ft.,  at  the  avmage  rate  of  64}  ft./sec.,  in  about  02.6  sees.  The  corresponding 

acceleration  is  2.fH'i  ft  .  'see.'.  Kvidently  the  numerical  values  are  incorrert .  It  will  appear  further 
that  (he  distance  to  be  run  under  acci'lnration,  the  greatest  velocity  atqiured  and  the  time  of  run 
are  all  dc|)endent  on  the  acceleration,  and  tiwt  the  time  of  nm  is  a  minimum  (aliout  30.15  sees.) 
when  the  acceleration  is  infinite,  its  duration  zero,  and  the  greatest  speed  about  261}  mi./hr. 

Let  the  corresponthng  valuer  of  time  in  seconds,  distance  in  feet,  and  speed  in  feet  per  second, 
be  /, «,  V  at  anjr  point  between  stations,  and  let  these  letters,  with  appropriate  subsciipts,  represent 
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the  particular  values  at  Pt,  the  starting  point,  Pi,  the  point  where  acceleration  ceases,  and  Pt, 
the  stopping  point.  It  is  aasumed  that  each  of  the  values  It,  ««,  vt  and  vt  is  lero,  aod  thai 
«•  «  £,000;  that  the  aeedemtibn  is  a  eoDatant,  o,  from  Po  to  Pi,  and  »  equd  to  —  ilSlw  from 
Pi  to  Pt,  ti)  having  the  units  ft./sec.*. 

From  f «  to  Pi,  dvjdt  =  v\dvlda)  ~  a,  ao  that,  under  the  initial  conditions,  [A]ti  m  Pi/a. 
[£]  «i  -  »i«/2o. 

Ftam  Pi  to  Ps,  (br/dt  "  v(d^/ib)  -  -  -Vniv;  wlMause, 

so  that,  imder  the  final  conditioQS,  it-  ti  "  (2/^^)vi'/*,  tt  —       (2/3'^)0tV>,  or 


Fiom  U1»  [B]>  [Cl» 


From  bJ, 


when  ct  =  w,  whkii  ia  impoastble  by  [^f\,  iboe  «i  k  finite,  and  when  vt  -  ii  *  (fi4m  ttj^. 
When  vi  =•  t  i,  moreover,  a  =  -  (6*j»n»)''',  «  -  3«ii  M  tbat,  as  e  aai  «i  must  be  pooitiTe, 
dlt/di'i  vanishes  only  under  impossible  conditions. 

Diffeientuting  [JV],  M  M>  M  «iMl  luins  IJf]  to  dim^ 


[III]  d«,  =  -  \'^d»i,  {rvi  dti~-(^  +  -7^) dfi- 

Since  each  of  the  values  a,  vi,  and  ifinv^  ia  pontivej  it  appeals  fnaa  d-IV]  that  aa  a  ii  incicaaed, 

Bi  increases  and  li,  si,  1%  decrease. 
From  (AT], 

ao  that,  aa  a  »  w  («■  being  finite)* 

and  from  [C], 

•    From  [A]  and  [/?;,     =  n  and  Si  =  0. 

Conaequently,  the  greatt-r  the  acceleration,  the  shorter  will  be  the  time  and  distance  through 
i^eh  it  lasto,  the  greater  will  the  velocity  become,  and  the  sooner  will  the  train  arrive.  For  the 
quickest  run,  the  train  should  be  shot  from  n  with  a  mm/.h  velocity  of  abfiut  'Jf5i;  mi./hr., 
braking  to  start  immediately  (with  an  uulial  lul-  uaity  of  about  1,362  lbs.  to  tlie  (long)  ton). 

If  \7i  =  X,  we  have  x*  +  (4o/3)x»  -  2ax,  =  10,000  a,  h  =  j*/a,  I,  =  (i»/a)  +  2x,  s,  =  (x^lSa), 
«t  -  «i  -  (m  -  1  ft./0ecA  0s  •  5,000  ft.].  ¥mm  theae  the  following  valuea  may  be  oom> 
puted: 
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a 

11  at-inK.) 

1)3.75 
1U7.2 
150.4 
351.0 
383.15 

in  (ml./hr.) 

i'j — h) 

(ft.) 

I 

2 
3 
1(X) 
« 

9.6825 
11.278 

12.264 
18.73.5 
19.573 

63.92 
StJ.72 
102.55 
2^^.1.32 
261.24 

93.754 
63.595 
50.13 

3.51 

0 

19.365 

22.555 

24.53 

37.47 

39.149 

113.12 

74.06 
40.98 
39.15 

4,394.9 
4.044.5 
3,770.3 
616.0 
0 

605.1 
956.5 
1,229.7 
4,384.0 
5.000 

S56  (Mechanics).  PniMMed  by  hoeace  olson,  Chicago,  ni. 

A  Bolid  spheroid,  asm  a,  <^  6,  ia  placed  with  its  azu  of  revolution  vertical.  From  its  higher 
point  a  pMtiele  is  projected  hoikmtaUjrmth  a  speed*.  WhmwfllU  leave  tIiiespli«ioid,Mniniiiig 
tiiat  it  didee  on  the  einfMe  without  bictibn? 


SoLimoN  BT  WiLUAM  HoovsB,  Columbiis,  Ohio. 

The  entire  motioin  ie  in  a  vetUoal  «entnd  MCtioa  of  tlie  apheroid  and  att  of  audi 

equal  ellipses. 

J>et  aV  +  We*    <A*  (1)  be  die  ei)ua4iott  of  any  one  of  them. 
Eeeolving  taagentiallgr, 

dv  dy 


Multipltinnt  by  i»  and  integraiing, 


When  «  "  «(,  y  •    and  C 


t>»  -  2i7tf  +  C. 

2^?;,  and  (3)  becomea 
-  v^-2g{b  -  y). 


an 

(3) 
C4) 


If  p  •  the  cadtus  of  curvature,  we  have,  at  the  point  where  the  particle  leavea  the  curve 


Now  feoin  (1), 


and 


p 

55 -""f 


{(o»  -  W  +  6*J**  + 


Substituting  (6)  and  (7)  in  (5)  and  reducing, 

(a»  -  &»;ify«  +  Wgy  +  6«(t'»*  -  2^6) 


0. 


m 
a) 

(8) 


a  cubic  for  y.  Now  put  a  -  o/2,  b  -  6/2,  vo  ••  «. 

In  (8),    ft  «  a,  and  »t*0,]r«}a,a9iB  well  known  for  a  cupdIb  of  rndiua  a. 


Also  solved  L»y  Tall  Capkon. 


QUESTIONS  AND  DISCUSSIONS. 

ti£XD  ALL  co\iMONiCATiOK8  TO  U.  G.  MiTCHELL,  Uoiversity  of  Kansas,  Lawrence.  , 

NEW  QUESTION. 

35.  Is  the  theorem  given  below  new  or  has  it  previously  been  published? 

TnEOKEM.  //  tv'o  parallel  planes,  ir  and  r',  cut  section!?  from  n  evJindrirnl 
»urface  S  and  two  splterical  surfaces  Si  and  S2,  and  if  the  sum  of  the  sections  of  62 
it  equal  in  arm  to  the  turn  0/  the  eeeHons  of  S  and  Si,  then  the  part  of  Sz  included 
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between  ir  and  tt'  u  equal  in  volume  to  the  sum  of  the  ixirts  of  6'  and  Si  included 
hdweenir  and  ir'* 

JVble.  In  eommnnieatiiiK  the  above  question  Mr.  Hbeit  O.  Bnnrar,  of  Ocero,  Illinois, 

saj'S  (in  subatancc):  "The  trutli  of  this  proposition  so  cisily  follows  from  a  con.sii!eratinn  of  the 
ordinary  formula  fur  getting  tiie  volume  of  a  spherical  segmeut,  that  it  is  difficult  tu  Huppo.se  that 
it  is  unknown;  yet  I  am  led  to  wonder  how  it  liappens  that,  if  known,  it  has  not  be<-n  accorded 
the  prominence  which  it  would  seem  to  dcsor\'e.  In  sending  it  to  the  MoMTHLx  1  wish  to  dfiter- 
mine  whether  or  not  it  is  original  with  myself." — U.  G.  M. 


D1BCD8SION& 

I.  RXLATIKO  TO  THE  TbAKBITION  CiIBVE. 

By  GKOKfiE  Paahwell,  Civil  Enpneer,  New  York  City. 

The  transition  curve  is  a  so-called  railroad  spiral  used  to  ease  the  approach 
to  a  circular  curve.  It  is  defined  by  its  intrinsic  equation  dipjds  =  2ks,  where  8 
is  the  distance  along  the  curve  measured  from  the  point  of  sero  curvature  and 
k'isa,  constant  determined  by  the  special  data  of  the  circular  curve  for  whidi  the 
transition  is  an  easement.  The  integration  of  this  equation  gives  <p  =  k3\ 
Taking  the  length  of  the  transition  as  L  and  the  radius  of  the  circular  curve  as  R, 
the  value  of  k  is  found  from  the  intrinsic  equation  to  be  lj2RL. 

From  the  geometry  of  the  infinitesimal  triangle  dy  =  d»sin^  and 
dx^  dtoK^tm,  substituting  from  the  above  the  values  of  ds  and  »,  we  have 

,         1    sin  <p  ,       ,         1    cos  ^  ,  1'    r*  sin  ^  , 

1      f*C03V>  , 

Exp.inding  the  integrals,  integrating  term  by  term  and  replacing  k  by  its 
value  V  <p:s,  we  get 

-     (-  1)  V"-*-^  _    A  (-l)V 

Defining  two  functions, 


»     r-  i)V"^^        .    '  '^T'  (-  i)V" 

tran   »  *     , .    ,     i  „    ■  i  *nd  cotran  ip  —  sz^       .  ,  > ,  „ 


— » 


we  have  y  —  s  tran  oe »  «  cotran  ^,  and,  maintaining  the  same  analogy, 
tatran  ^  ^  tran  ^/cotran  ^,  so  that  7j  =  x  tatran  tp.  It  may  be  advantageous 
to  make  up  tables  of  these  functions,  similar  to  the  trigonometric  tables,  and 
problems  in  the  transition  may  he  expressed  in  terms  of  these  new  functions. 
At  present  tiiere  is  no  rigorous  mathematical  discussion  of  this  curve. 
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It  may  be  intefesting  to  establish  tiie  coordinates  of  the  terminus  of  the 
transition.  Since 

the  cofijrdmates  become  x»  =  y„  =     7r/2A',  x  =  y  =  I  'frSL. 

The  coordinates  of  the  tranntion  are  rdated  to  the  Besael  functions  as  follows: 

whence  y  =  ^  vRL  S(v>)  and  x  •«  ViriiL  C(^).  (Cf .  Jahnke  and  Emde's  Tables, 
p.  23  seq.) 

II.  Relatino  to  the  Gbaph  of  a  Cubic  Equation  havino  Couflex  Roots. 

Bt  Edwin  S.  Chawlky,  University  of  Pennsylvania. 

The  note  on  "The  Graphical  Solution  of  a  Cubic  Equation  having  C<Hii[>!rx 
Roots,"  pp.  70-71  of  the  MoxTHLY  for  February,  1918,  recalls  to  my  iniud 
something  similar  whicii  1  learned  a  number  of  years  ago  anil  which  might 
possibly  interest  some  readers  of  the  Monthly. 

Every  cubic  with  one  real  and  two  imaginary  roots  is  eiqiressible  in  the  form 
(ar  —        —  2px    3?*  +  9*)  =  0,  and  the  graph  of 

(t.  e.,  oi  y  =  +  +  02^;  +  aj)  alway.s  has  a  form  more  or  less  like  the 
figure.  Then  it  is  easy  to  show  that  OM  =  p  and  tan  MA  where  li  =t  <7t 

Y 


are  the  imaginary  roots.  ^4  7*  is  the  tangent  to  die  curve  drawn  from  its  real 

intersection  with  OA'. 

For,  '^0A  =  k  the  line  y  »  X(«  —  k)  will  be  tangent  to  the  curve  if 

a*-2par+p>+g»-X  =  0 

has  equal  roots,  that  is,  if  X  =  q-;  an<l  y  =  (f{x  —  k)  touches  the  curve  at  x  =  p. 
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[Since  the  foregoing  was  put  in  type  the  editors  have  called  my  attention  to 
the  fact  that  the  same  construction  was  given  by  Irwin  and  Wright  in  the  Annah 
qf  MalhenuUicg,  Vol.  19  (1917),  pp.  157-158.] 

III.  Relating  to  the  Selection  of  Material  for  Class  Reviews. 

By  O.  R.  CLEaatmn,  United  States  Naval  Academy. 

I  would  like  to  sii^'gest  as  a  topic  for  discussioa  in  the  Monthly  the  best  use 
that  f  in  be  made  of  the  time  Hvailahle  for  reviews  in  courses  in  mathematics. 

It  seems  to  me  that  the  best  test  ot  a  student  s  mental  capacity  and  of  his 
mastery  of  a  particular  course  of  study  in  mathematics  is  his  ability  to  take  a 
pertinent  problem  and  analyze  it  to  see  what  prindples  are  involved,  to  select 
for  its  solution  the  most  suitable  tools  from  those  he  has  been  accumulating  during 
his  term's  work  and  to  use  them  intelligently  to  derive  and  discuss  the  results  that 
nnist  follow  from  his  data.  And  I  know  of  no  better  way  to  help  a  student  to 
correlate  his  material  and  get  a  comprehensive  grasp  of  it  than  to  set  him  to  work 
at  the  end  of  a  course  on  a  list  of  problems  carefully  selected  but  not  dosely 
graded. 

Whoi  I  was  teaching  at  the  University  of  Wisconsin,  we  seeured  better 
results  thnn  we  had  previously  obtained  in  the  course  in  mathematical  theory 
of  investments  by  going  rather  quickly  thrciugh  the  course  and  then  spending 
a  considerable  amount  of  time  on  just  such  a  list  of  problems,  where  the  student 
could  have  no  idea  in  advance  as  to  whether  the  solution  of  a  particular  problem 
involved  the  principles  of  the  first  ( hapter  of  his  text,  or  of  the  last  chapter,  or  of 
both.  I  have  followed  a  somewhat  similar  course  in  analytic  geometry,  assij^ning 
twice  each  term  a  list  of  problems  from  outside  the  text  (and  regarded  as  some- 
what difficult  by  the  students),  solutions  to  be  handed  in  at  the  end  of  two  weeks, 
the  daily  work  being  somewhat  lightened  in  the  meantime. 

The  increasing  list  of  separate  problem  teiEts  and  the  number  of  texts  that 
have  considerable  lists  of  general  problems  as  an  appendix  would  seem  to  make 
such  a  plan  rather  easy  of  introduction  so  far  a?  the  mere  selection  of  material 
is  concerned.  For  example,  Miller  and  Lilly's  Analytic  Mechanics  has  a  very 
considerable  list  of  miscellaneous  probl^ns,  and  I  can  think  ot  no  better  way  of 
reviewing  the  subject,  if  that  book  b  being  used  as  a  text,  than  to  set  the  students 
.to  mastering  a  selected  portion  of  this  list. 

T  hellc\  e  the  eritioisms  that  we  ourselves  and  our  colleagues  in  allied  depart- 
ments make  of  the  results  of  our  teaching  would  be  considerabl\  softened  if  we 
could  conclude  each  of  our  courses  by  going  over  its  subject  matter  a  last  time 
in  some  such  manner  as  I  have  suggested. 


Digitized  by  Google 


270 


UNDEKGRADUATE  MATHEMATICS  CLUBS. 


UXDKIiGliADUATE  MATHE:MATICS  CLUBS. 
EuiTED  Bv  H.  (".  ARCiiinALD,  Brown  University,  Providence,  R,  I. 

Tlie  editor  earnestly  desires  that  readers  should  make  suggestions  to  him 
whereby  this  department  may  better  serve  those  for  whom  it  is  designed.  Very 
general  cooperation  in  this  respect  would  surely  be  in  the  best  interests  of  all 
concerned. 

P>very  club  which  has  not  sent  in  a  complete  report  of  its  meetings  during 
1917-18  is  requested  to  do  so  as  soon  as  possible. 

CLUB  AcrmriES. 

The  Mathematics  Club  of  Connecticut  College,  New  London,  Conn. 

This  newest  club  at  the  newest  Xcw  England  college  was  orguniztHl  last 
December  through  the  in^iration  of  Professor  D.  D.  Leib.  Membership  is 
open  to  those  who  are  taking,  or  have  alreadx  taken,  a  course  in  mathematics 

beyond  the  regular  freshman  requirement.  "The  two-fold  purpose  announced 
by  the  chib  was  to  foster  in  the  college  a  proper  appreciation  of  the  claims  of 
mathematics  upon  students,  and  to  acquaint  its  members,  by  the  presentation 
of  formal  pap«s  and  by  infwmal  discussion,  with  tojMcs  of  n^JieinaticaJ  interest 
or  value  along  lines  not  likely  to  be  included  in  regular  class  work.  White  at 
least  one  paper  on  a  definite  topic  has  Ih  <  i  presented  at  each  meeting,  no 
attempt  has  l)ceii  made  to  confine  the  informal  di-russion  to  nny  one  topir,  and 
the  conchuiiug  Imlf  hour  or  more  is  enlivened  by  simple  'eats'  of  some  sort." 
The  club  had  seven  members  this  year. 

Officers:  President,  Ruth  F.  Avery  '19;  secretary,  Justine  McGowan  '20; 
treasurer,  Dorothy  Peck  *19.  These  officers  constitute  the  committee  on  program 
and  arranpemcnts.  The  absenre  of  st  iiiors  is  due  to  the  fact  that  the  c<»lli  ge  i^^ 
just  ill  ihv  third  year  of  its  histor\  and  the  first  class  will  be  graduated  in  11)19. 
The  programs  of  the  meetings  have  been  as  follows: 

December:  "Mathematics  and  Mathematics  Clubs  at  other  Colleges"  (particu- 
larly Women's  Colleges) — a  general  discussion;  artides  from  the  Monthlt 

and  other  sources  were  summariztHl. 
.Tamiary:  "The  Fourth  T>imensinn"  hy  Pre (fessor  Leib. 
February:  "Magic  Squares ''  by  Margaret  Maher  '19. 

March:  "Methods  of  Multiplication,  especially  with  the  Roman  Notation"  by 

Ruth  F.  Avery  '19. 
April  2():  "Zeno's  Paradoxes"  by  Ruth  F.  Avery  '19. 
May  10:  "The  Mathematics  of  Actuarial  Work  '  by  Justine  McGowan  '20. 

Th£  Univbrsiit  of  Saskatchewan  Matheuatical  Society,  Saskatoon, 

Saskatchewan. 

This  Society  was  formed  on  November  16,  1916,  with  an  initial  membership 
of  12.  The  average  attendance  now  is  about  14.  All  students  interested  in 
mathematics  are  eligible  for  membership. 
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Officers,  1917-18:  Hononury  president,  ProfeBsor  L»  L.  Dines;  president, 
Rhoda  S.  Russell  '19;  f^ecretary-treasurer,  Ndson  W.  Taylor  '18;  program  con- 
venor, John  II.  Simester  'ilO. 

The  following  meetings  of  the  Society  have  been  held: 
November  30,  1910:  "Flatland"  by  Nelson  W.  Taylor  '18. 
January  19, 1917:  ''Non-Eudidean  Geometry,  Lobachevsky's  System"  by  Roy 

E.  Shuttleworth  '18. 
February  0 :  "The  SqTianng  of  the  Circle  "  by  Edward  J.  Baldes  '18;  "A  Problem 

on  lU'fraction  of  Light''  by  John  II.  Simester  '20. 
February  20:  "The  Duplication  of  the  Cube  and  the  Trisection  of  an  Angle" 

by  Oscar  C.  Bridgeman  '18. 
March  15:  "A  History  of  Algebra"  by  J.  H.  Simester  '20. 
November  16,  1917:  Organization  Meeting. 

December  7:  "The  Construction  of  a  Honey  Bee's  Cell"  by  J.  H.  Simester  '20; 

"A,  B,  and  C— The  Human  Element  in  Mathematics/'  from  S.  Leacock's 

LUgmry  Lapses,  read  by  Nebon  W.  Taylor  *18. 
January  28,  1918:  ''The  Fundamental  Theorems  for  Geometric  Constrocttoos 

by  Means  of  the  Compasses  alone"  by  Oscar  C.  Bridgeman  '16. 
February  15:  "  The  History  and  Ctmiputation  of  Logarithms"  by  J.  H.  Simester 

'20. 

March  1:  "Application  of  the  Compasses  alone  to  certuia  Geometric  Coustruc- 
tions  induding  Regular  Polygons"  by  N.  W.  Taylor  '18. 

March  15:  "Interesting  Relations  between  Plane  and  Spherical  Geometry"  by 
Ghid ys  Shannon  '21 ;  "  Parallel  Postulates  and  Riemann's  System  of  Geom- 
etry "  by  Frances  Scbiltz  '14.  , 

Pi  Md  Epsilon  Fraternitv,  Syracuse  Uriiversity,  Syracuse,  N.  Y. 

The  .Mathematical  Club  of  Syracuse  University  was  founded  in  November, 
1903.  After  ten  years  of  successful  operation  it  was  reorganized  into  the  I'i  Mu 
Epsilon  FsHternity,  which  aims  to  promote  mathematics  and  scholarship.  On 
May  25, 1914,  this  fraternity  was  incorporated  under  tiie  laws  <rf  the  State  of 
New  York.  Among  the  powers  secured  in  accordance  with  the  artides  of  incor- 
poration is  that  of  granting  charters  to  other  chapters  to  be  organised  else- 
where. 

^lembership  in  the  chapter  is  ()\)vn  to  "members  of  the  mathematical  faculty, 
former  members  of  the  club,  any  person  whose  work  m  ilie  mathematical  sciences 
is  distinguished,  former  students  in  mathematics,  and  major  and  minor  students 
who  have  taken  certain  specified  courses  in  the  sul>ject  and  who  have  attained 
a  certain  standard  of  scholarship  set  by  the  cha|)ter."  There  are  44  members 
in  the  university  this  year.  1 H  of  tlie  faculty  and  graduates,  and  26  undergraduates. 
The  average  attendance  at  meetings  was  3U. 

Officers,  1917-18:  Director,  Phifessor  Warren  G.  Bullard;  vice-director, 
fessor  John  L.  Jones;  secretary,  Helen  N.  Hale  '18;  treasurer,  Howard  A.  DoBell 
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*19;  librarian,'  Cornelia  A.  Tyler '19,  Executive  cominittet':  tlir  above  officers 
and  riirlstalHl  A.  Christie  'IS,  Edna  R.  Howr  'IS,  Charles  D.  Hurd  'IS,  Rennie 
B.  Smith  "IS.  Scholarship  committee:  Professors  Floyd  F.  Deeker  aud  Louis 
Liudscy,  and  Helen  N.  Hale  '18,  M,  Gladys  Medbery  18  and  Lawrence  J.  Black- 
mar  'IS* 

October  23,  1916:  Election  of  new  faculty  members.  Professor  L.  Lindsey 
reported  concerning  the  summer  meeting  of  the  Mathematical  Asaodation 
of  America.    Other  members  reported  on  their  summer  work. 

November  13:  Report  of  scholarship  committee.'  A  committee  was  appointed 
to  cast  the  ballot  of  Pi  Mu  Epsilon  for  officers  in  the  ISIathematical  Awodar 
tion  of  America. 

December  4:  Initiation  of  new  members.  Committee  on  new  books  appointed. 
"  The  Development  oi  the  Use  of  Imaginary  Numbers"  by  Beatrice  Reynolds 
*17. 

December  18:  Report  of  the  committee  on  new  books.    Ciiristmas  Party. 
February  5, 1917:  "Integral  Equations"  by  Ftofessor  J.  L.  Jones. 
February;  Sleighing  Party. 

February  26 :  "  Aggregates  "  by  Johanna  B.  Guelsow  '17;  "  The  Brachistochrone" 

by  Harold  Hendershot  '17. 
March  19:  "The  bphere  in  Four-Dimensional  iSpace"  by  Mildred  McKay  17. 
March  31:  Annual  banquet. 

April  16:  "Noih-Eudidean  Geometry*'  by  Florence  Wilcox  '17. 
May  7:  "A  Discuraion  of  Some  New  Curves"  by  Leon  V.  Foster  '17. 

May:  Picnic. 

October  S,  1917:  Election  of  new  faculty  members.  Reports  of  summer  experi- 
ences by  Professors  Etlward  D.  Uoe  aud  Decker. 

Od»ber  30:  "The  Emblems  of  Pi  Mu  Epsilon"  by  H.  A.  DoBeU  '18;  ''The 
History  and  Ideals  of  Pi  Mu  Epsilon"  I)y  Professor  Roe. 

November  19:  "Representation  of  Complex  Loci"  by  Professor  lloe. 

December  10:  "Some  Applications  of  Mathematics  to  Modern  Warfare"  by 
Lawrence  J.  Blackmar  '18. 

February  11,  1918:  ''Applications  of  Mathematics  to  Economics"  by  Professor 
J.  L.  Jones;  the  scholarship  grades  of  the  undergraduate  members  of  the 
chapter  for  the  first  semester  were  read  by  the  scholarship  committee  and 
disci!^-''d  niid  the  grades  were  pnt  on  record  in  the  minutes. 

March  11:  The  Relation  of  Matliematirs  to  Physics  and  Theoretical  Chem- 
istry" by  Edna  Howe  'IS;  "The  Xuiure  of  the  Atom"  by  John  J.  Hopfield 
'16. 

'  .V  \:ir\ii-  number  of  Btaiidanl  mathematical  works  have  been  buu^t  by  the  chapter  and  are 
kept  ill  iti(  mathematical  niinary.  The  annual  dues  ate  one  dollar,  yet  as  much  as  f30  bM  beeo 
Bpent  for  books  in  a  sngle  year. 

*  The  Btudentfl  of  this  oonunittce  are  thoee  <^  highest  rank  in  the  senior  daas. 

'  After  (lisouRsion  the  miintnum  scholnr^hip  ?'trituiard  for  a  new  .student  mnmher  was  set  at 
"cum  laudc  for  general  work  and  ocar  to  magna  cum  laude  for  matiiematicul  work,  but  la  the  case 
of  siqihonMra  the  hitter  was  put  distinctly  above  magna  cum  taude." 
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April  S:  "The  Imposnbflity  of  Squaring  the  Cirde"  by  M.  Gladys  Medbery  '18; 

"  Geometric  Interpretations  of  Hyperbolic  Functions"  by  Hden  H.  Hale  *18; 

"Some  Ideas  nf  Statistics"  l)y  riirlstalH'l  A.  rhristie  '18;  reports  of  commit- 

tees  on  the  annual  banquet  and  on  new  bouks. 
April  29:  "Relativity"  by  Charles  D.  Hard  IS;  "Application  of  Mathematics 

to  Every  Day  Life"  by  Dwis  A.  Bourne  'IS;  Review  of  Skinner's  Theory  of 

/nwfdnmto  by  Ruth  Taylor  '18;  election  of  officers  for  1918-19. 
May  4:  Annual  banquet. 

"It  is  the  duty  of  every  memher  who  presents  a  paper  to  copy  it  in  a  Mank 
book  provided  lor  that  purpose.  We  have  three  large  volumes  of  such  papers 
in  our  library — covering  the  time  from  1903  to  the  present." 

The  Pentaoeam,  University  of  Texas,  Austin,  Texas. 

As  the  rendt  of  Fkofessor  Albert  A.  Bennett's  mittative.  The  Pentagram  vas 
organized  on  October  18»  1916,  "to  assist  in  promoting  the  interests  of  math^ 
matics  among  the  students  of  the  University  of  Texas."  Papers  and  problems  by 
both  the  students  and  staff  of  invtriKtion  constituted  the  program  of  Inweekly 
meetings.  "The  heaviest  duty  tell  of  course  on  Professor  Bennett,  who  sug- 
gested most  of  the  problems  as  well  as  the  subjects  of  most  of  the  papers.  His 
unwearying  enthusiasm  was  contagious  and  the  interest  never  flagged.  The 
club  counted  over  30  members^  and  at  the  close  of  the  tcarm  a  banquet  was  held."  * 

The  name  of  the  club  was  chosen  {)y  the  charter  members  for  two  reasons: 
"One  was  because  the  penta^'ram  was  intimately  eonneeted  with  the  beginnings 
and  early  growth  of  mathematics;  and  the  other  was  because  of  its  signihcance 
to  every  Texan,  Texas  being  called  the  Lone  Star  State,  there  being  five  letters 
in  the  word,  Texas  having  fought  under  five  flags  and  having  served  under  five 
govmunoits,  and  the  State  seal  being  a  five-pointed  star  artistically  wreathed 
and  engraved." 

Under  its  constitution  the  club  regards  a.s  eligible  to  membership:  (1)  "those 
students  who  have  completed  an  equivalent  of  five  terms  of  work  in  mathematics 
with  an  average  grade  (in  mathematics)  of  B;  (2)  all  graduate  students  in  mathe- 
matics and  persons  in  the  city  teaching  mathematics  of  high-school  ^'rade;  and 
(3)  those  students  who  Iiave  completed  matlieinatics  3  (first-year  ealculus)  or 
its  equivalent  and  are  continiiinj,'  the  study  of  mathematies.  Other  persons 
may  be  elected  to  membership  by  a  two  thinis  vote  of  all  members  present  at  a 
regular  meeting  and  with  the  approval  of  the  council  (whidi  consists  of  the 
president,  vice-president,  secretary-treasurer,  student  member,  and  faculty 
adviser).  All  members  of  the  mathematical  faculty  teaching  staff  are  invited 
to  join.    Other  members  nre  elected  after  an  invitation  by  the  council." 

The  Club  uses  printed  cards  of  invitation  (3X5  inches)  with  the  following 
inscription:  "The  Pentagram  invites  to  Membership  His  Club 

*  .\vcraKe  attendance  about  20. 

»"M;i.hriiialirs  CIulis"  The  T' S'ls   M„fhr,„ni;,:^  T< 'I'hcTs'  BvHOxn,  April  1,  1917,  Vol.  2, 

p.  33.   Professor  Bennett  is  oow  captoio  io  the  coast  artillery. 
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meets  twice  a  month  to  consider  math^atical  topics  interest  to  the  tindei^ 
graduate.  Dues,  one  dollar,  payable  in  the  winter  term.   Address  acoqitanoes 

to  Secretary," 

A  fju  siiaile  of  The  Pentagram's  certificate  of  membership  is  given  on  the 
uppt»Mto  page.    The  original  is  printed  on  cardboard. 

Officers,  1917-18:  President,  Charles  E.  Normand  '19;  vice-president,  Ruth 
Stocking  'IS;  seoetary-treasurer,  Dr.  Goldie  P.  Horton,  instructor  in  pure  mathe- 
matics; faculty  member  of  the  council.  Professor  Thomas  McN.  Simpson; 
student  meml>er  of  coiinciJ,  Llnyd  Kerr  '18. 

The  following  programs  have  been  given: 
October  IS,  1916:  Organization  meeting;  short  talk  by  Professor  Milton  B. 

Porter  on  "  What  a  Mathematics  Club  can  Accomirfish." 
November  1 :  "  History  and  Significance  of  the  Name  Pentagram,"  by  Clarence  E. 

Brand  '17;  "  The  History  of  Algebraic  Notation  "  by  Henry  H.  Hammer  *18. 
November  15:  "Intuition  in  Mathematics"  by  Professor  Porter. 
December  6:  "Some  Propositions  in  Number  Theory"  by  Amelia  K.  Benson  17. 
January  10, 1917:  ''Map-making"  by  Rufua  R.  Rush  16. 
January  24:  "Trigonometrical  Series"  by  Hyman  J.  Ettlioger,  instructor  [at 

this  time]  in  applied  mathematics. 
February  7:  "The  Computation  of  Logarithm  Tables  "  by  Thomas  B.  McCarter 

'16. 

February  21:  "Point  Sets"  by  Dr.  Goldie  P.  Horton. 

March  21:  Ro11h»11  program,  eadi  member  responding  to  roll-call  with  some- 
thing of  mathematical  interest:  an  incident,  quotation,  problem,  or  the  like. 
April  4:  "Some  mathematu  ;il  Instruments:  Planimeter,  Slide-Rule,  Inversors, 

Sextant"  by  Llewellyn  Notley  '17. 
April  iU:  "Some  mathematical  Problems:  The  Pythagorean  Relation,  Some 
Number  Relations,  Some  Analysis  Situs  Relations"  by  Professor  A.  A. 
Bennett. 

May  3:  "Philosophical  and  Mathematical  Views  of  Infinity"  by  Clarence  £. 

Brand  '16. 

October  17,  1917:  "Why  We  Study  Mathematics"  by  Professor  M.  B.  Porter. 
October  31 :  "  Newton,  Man  and  Mathematician"  by  Professor  T.  McN.  Simpson. 
November  14:  "The  Dimen«onality  of  Space  as  dependent  on  the  Choice  of  the 

Elements"  by  Lloyd  Kerr  '18. 
November  28:  "The  Equation  of  Life"  by  Ruth  Stocking  '18. 
December  1:  Open  meeting.  "How  we  aim  the  Big  Guu"^  by  Professor  A.  A. 

Bennett,  Captain  C.  A.  U,  C. 
December  12:  "Dialling"  by  Professor  Porter;  "The  Equation  of  Time"  by 

Professor  Simpson. 

Jatmary  10,  1918:  "The  Mathematical  Theory  of  the  Chemical  Balance"  by 

Charles  E.  Normand  '10. 

^Cf..  "  Remarks  on  luathcrnaticK  of  artiUery,"  by  A.  A.  Bennett,  in  Th$  Texas  Mathmatiu 

Teacktri  BttUclin,  May,  19 IS,  pp.  9-10. 
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January  30:  "The  Theory  of  Tlight"  by  H.  J.  Eltliuger,  adjuaet  professor  of 
applied  mathematics. 

February  13:  "Continued  Fractions"  by  Bertha  Potash  '18. 

February  27:  "Railway  Transition  Curves"  hy  Marvin  Nichols  'IS. 

March  20:  "The  Logarithm  as  a  Direct  Function"  by  Dr.  Paul  M.  Batchelder, 
instructor  in  apphed  mathematics. 

AfMril  4:  "lie  Uae  of  the  Mean-Value  Theorem  in  Findmg  Linear  and  Curvi- 
linear Asymptotes"  by  Robert  G.  Wulff  '20;  "The  Derivative  of  Surface 
Area"  by  Essie  Lip.scomb  '10. 

April  18:  "Elementary  Properties  of  Groups"  by  Ltila  Whitehoiise  '10.  [Miss 
Whitehouse  was  absent  on  account  of  illness,  and  the  topic  was  presented 
by  Dr.  Batchelder.] 

May  2:  **  Long  Division  as  Taught  in  the  Middle  Ages,"  by  Clara  Seymour  '18; 

"The  Development  of  Arabic  Numerals"  by  Phillis  Henry  '](). 
May  IG:  "Fitting  Curves  to  Biometrie  Data"  by  £dward  L.  Dodd,  adjunct 
professor  of  actuarial  mathematics. 

TOPICS  FOR  CLUB  PROGRAMS. 
11.  EULER  ImTBGBAU  AMD  EuLER'S  SPISAL-nSoHBTIMliS  CaLLBD  FbESNEL. 

Integrals  and  the  ClothoIde  or  Cornv's  Spiral.^ 
The  integrals  in  question  are 


These  were  considered  by  Kuler  at  least  as  early  as  174;i  in  a  problem  of  his- 
celebrated  work  on  the  calculus  of  variations:  Methodus  inteniendi  lineas  curvas 
maxime  mininme  propnetate  gaudmla?,  ,  ,  .  The  discussion  of  the  problem 
was  somewhat  as  follows:'  Consider  an  elastic  spruig  freely*  coiled  up  in  the  form 

'  For  historical  sketches  and  properties  of  this  curve  see  F.  Gomes  'l>ix«!ira,  TraiU  drs  courbes 
sp6ciak9  remarquabUs  pkam  el  gauehet,  totne  2,  Colmbre,  19U9,  pp.  102-107;  G.  Loria,  SpezieUe 
olfAmitehe  vnd  trantsendente  tbene  Kunen  ...  2.  A«ifliige.  Band  2,  Leipsig,  Teubner,  1911, 
pp.  70-73. 

'  Laiisnnnor  A  ticiicvii',  MDC'CXLIV,  pp.  276-7.  Cf.  VirzachaU  dtr  SchriJUn  Leoniiard 
Bulers  bcarbeitet  von  G.  Eiiejsfruin.  Erste  Lieferung,  Leipzig,  Teubner,  1910,  p.  16.  See  also 
P.  8.  Laplace,  "Sur  ia  rMucUon  des  fooclioiw en  tabl«a»"  Joumai  de  I'icok  Folj^echnique,  tome  8* 
cahier  15,  IS()9,  pp.  250-251. 

^  \3  Euler'ii  writings  to  which  refo  rm  r  mast  be  made  ore  veiy  scarce,  it  would  seem  beet  to. 
give  more  details  than  otherwise  would  be  actx^n&ry. 


and 


and  the  equations  of  the  spiral  are 
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of  a  spiral.  Let  us  suppose  that  the  interior  extremity  is  fixed  and  that  the  spring 
can  be  developed  into  a  horicontal  pontion  by  a  wdghtp  suspended  at  the  other 

extremity.  Under  these  conrlitions  the  action  of  the  weipht  nn  an  element  of 
the  sprinjir  placed  at  a  distance  .v  from  the  extremity  is  /w;  and  the  ehisticity  of 
tlie  element  preserves  it  iu  equilibrium.  This  elasticity  is  "  the  reciprocal  of  the 
osculating  radius  of  the  spring  in  its  unrestricted  state."  Setting  r  equal  to  thb 
radius  with  respect  to  the  part  9  isH  the  spring,  taken  from  its  exterior  extremity, 
we  have  ps  =  Ek-'r,  El^  being  a  constant  depending  upon  the  elasticity  of  the 
spring.  Let  Ek^jp  =  o*.  For  the  spring  in  its  natural  position  we  will  thus  have 
(1)  rs  =  a^,  "quffi  est  asquatio  naturam  curvee  .  .  .  complectens."  Whence, 
introducing  rectangular  coordinates. 


Enlcr  then  remarks:  "  From  the  fact  that  the  osculating  radius  steadily  decreases 
the  longer  the  arc  taken  it  is  evident  that  the  curve  is  not  produced  to  infinity. 
The  curve  therefore  will  be  in  the  nature  of  a  ajmrnl  so  that  when  the  spiral  a 
completed  it  is  rdled  up,  as  it  were,  in  a  certain  pmnt  which  may  be  called  the 

center.  Tho  point  seems  to  be  very  diflSeult  to  discover  by  this  construction. 
Therefore  we  must  admit  that  analysis  will  make  no  small  gain  should  anyone 
find  a  method  whereby,  approximately  at  lea55t,  the  value  of  this  integral  would 
be  determined  in  the  case  that  s  is  taken  to  be  infinite.  This  problem  doe:>  not 
seem  to  be  unworthy  the  best  strength  of  geometers." 

Euler  th(  n  expresses  x  and  y  as  converging  series  in  s  for  ajjproximating  to 
these  values  ]nit  adds  that  if  8  be  made  infinite  the  values  of  x  and  y  cannot  be 
determined  iu  this  way.   He  sets,  finally,  «^/2a^  »  e,  obtaiuiug 


and  shows  that  approximate  values  of  x  and  y  could  be  found  by  con«dering  the 
Intervak  •  =  0  to  r  =  t,  »  =  t  to  e  »  2ir,  •  —  2ir  to  t  »  3r,  •  •  and  certain 
converging  series  "requiring  long  operations  and  very  tedious  calcuhitions  to 

evaluate  them." 

Thirty-eight  years  later,  however,  Euler  hud  solved  the  problem  completely. 
This  solution  is  to  be  found  in  one  of  the  last  papers  which  he  wrote  (he  died  in 
17S5).  It  is  ^titled  "Be  valoribus  integralium  a  terminus  variabilis  ;r  =  0 
usque  ad  z  =  w  extensorum  "  and  was  preseiited  to  the  Academy  at  Petrograd 
on  April  30,  17S1.'  Again  he  considers  the  curve  the  radius  of  curvature  at  each 
point  of  which  is  inversely  proportional  to  the  arc  of  the  curve  and  is  led,  as 
before,  to  the  equati<m  r*  »  o'  from  which,  KiUer  says,  it  would  not  be  difficult 
to  discusi  the  form  of  such  a  curve.  He  refers  to  the  infinite  number  of  whorls 

^  Leonhardi  Euleri  I mtUutionum  cnlculi  infegralii^,  \'oI.  1,  Pftrojxjli,  1794,  pp.  337-345; 
«ditio  tertia,  Petropoli,  ISio,  pp.  337-31.^.  German  edition:  i'oU^tnndige  Anhitung  tur  integral- 
recKnung  .  ,  .  ttbeiBeUt  vou  j.  Salomon,  Wiuu,  lb3U,  pp.  321-328. 
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{infimUa  »pira»)  about  a  fixed  pmnt "  which  may  be  called  the  pole  of  thb  curve/' 

He  tlu'ii  proceeds  to  determine  the  coordmates  of  this  pole.  Introducing  the 
aiif^le  of  coiitinpence  (r)  he  is  led  to  the  form  (3)'  .f-  —  2rrv,  frnm  wliicli  lie  finds 
readily  the  equations  (2).  Coiurniinp:  the  evaluation  of  these  itilegrals  for  the 
coordinates  of  the  pole  he  remarks  that  he  had  "recently  found  by  a  happy 
chance  and  in  an  exceedingly  peculiar  manner"  that 


Eul^r'a  method  of  evaluation  is  based  upon  that  of  J  'dx  =  r(n> 

which,  in  turn,  leads  to 

f_»,^^   ,       Tjn)  cos  na       f  *             •      j       r(n)  sin  na  , 
x*~»rf-»*'COS  qxdx  =  ^  ,    J    x'^*^  am  qxdx  =       ^  ,* 

where  -p  —  r  cos  a,  q  =  r  sin  a.  Euler  then  seta  g  —  1,  p  =  0,  tt=»J  and  finds 
the  required  result.   He  notes  also: 

r€~**fSO&qxdx        It      a  ,  .     Q-^  ,  U  .  a 


•A  curve  with  an  equation  of  this  same  form  was  named  by  K.  C.  F.  Krause  "parabola 
originahs  longitutlinaris"  (Xora  Iheoria  Utiearwn  run  arum,  Monarhii,  aruio  MDCCCXXXV, 
pt'  79).  The  reason  for  the  name  is  clear.  Nooo  of  Krause's  discussion  of  the  curve  is  worth 
rrfofrisK  to;  Loria's  mention  of  it  seems  mislcarding  in  part. 

*  Thpftr  wrrc  tlio  intf  gnils-  invpstifCfttfH  by  Poisson  in  his  "  M^moirc  sur  Ics  int^alcs  d6finies," 
Journal  dc  I LwL  J'tdyUxhiuqui:,  Paris,  tonic  9,  cahier  16,  pp.  215-246,  1813,  especially  pp.  21.V219. 
.Sec  also  Poiason,  Xoufvau  Bulletin  dea  jSciV/ici  f  par  la  80ci6t6  philomathique  de  Paris,  3  ann^e, 
18U,  tome  2,  p.  261 ;  Lacroix,  TraUi  du  eaU.  di^.  et  inUg.,  tome  8, 2e  Parts,  1819,  pp.  486-490; 
Gnmeit,  GreUe*s  Jounud,  Band  8,  1832,  pp.  146-151 ;  J.  Plana,  "Sur  trois  int^gniles  d^fitttea," 
Acad.  Sci.  M6ni.,  BnixcUc-^,  Vol.  10,  1837;  A.  De  Morgan,  Dif'-n  jitntl  nn'I  Inta/ni!  C'nlculHS, 
I/ondon,  1842,  p.  630;  Schtumilch,  "Ueber  eioige  lut^rale  welchc  goniometrischc  Funkiioncn 
invoI\dereQ,"  An^  d.  Math.  u.  Phj^.,  1845,  Band  6,  pp.  200  ff.;  E.  F.  A.  Minding,  "Uober 

nnje^-jc-xd^  m  flt>n  >  0/'\4reft.  d.  MiOk.  tt.  PAyt.,  Band  30,  1858,  pp.  171-188;  W. 

Wiilton,  "On  a  Pair  of  Dofinitt'  IntogmLs,"  Qunr'rrb/  Journal  of  Mathcmatiai,  1S71,  Vol.  11, 
pp.  373-375;  J.  W.  L.  Glaishcr,  "On  oertiun  Definite  Integrals,"  Report  of  the  British  Anociation 
far  tht  Aioanetment  v$8^M»t  1871,  London,  1872,  Report,  pp.  10-12. 

*  For  p  •  1  and  9  »  0  we  find,  on  aubetituUng  1^  for  s,  that  J*        "        an  inteflpral 

(of  great  importanpc  in  tn.iny  parts  of  ;i[tplied  mathematips)  definitely  cv.-iluated  by  Laplace  in  a 
memoir  publj.shtxi  in  1781  {Mini.  Acad.  Paris,  1778;  (Kuvrci,  Varis,  Vol.  9,  "M<5uioire  .sur  les 
piobabilitfe").  The  Euler  integrals,  and  spiral  in  connection  with  tike  dastin  spring,  of  these 
notea  were  also  discussed  by  Laplace  in  ".Sur  la  reduction  dea  fonctiona  en  tables,"  Journal  d« 
V£eoU  Ptdyiechnique,  tome  8,  cahier  1.5,  pp.  229-26.5,  1809.  A  alip  made  by  Mascheroni  is  here 
corn  iril;  in  liis  .\di<olit!ioTte3  ati  oi'r-i'mn  ;/i!>-,;ntlen  Euhri  ci\  (Ticini,  Sl.DCCXC;  (aUo  L. 
Euler,  Opqra  Omnia,  series  1,  Vol.  12,  Leipzig,  Tcubnor,  1914])  Mascherooi  has  a  note  on  Cap.  V, 
Sect.  I,  Vol.  1,  entitled:  "De  iotegratione  Formvlanim  sin  x,  s'Vb  ooe  pp.  38>-07  [pp, 
454-4711.  ^  tbe  apeeial  caae  n  >  —  |  be  gives  (p.  53)  V2«-,  instead  of  Vir/2. 
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and  the  well-known  result 

rainar  ,  ir  . 
—  <ix  =  2'' 

tbe  evaluation  of  which  "up  to  the  present  has  defeated  all  known  artifices  of 

calculation." 

While  Euler  was  not  the  first  to  discuss  some  of  the  problems  mentioned 
above,  he  was  the  first  to  publish  any  results  of  importuncc  in  connection  with 
them.  In  1694  (at  the  close  of  bis  memoir  "Curvata  Laminae  Elasticxe"*) 
James  Bernoulli  (1654-1705)  mentions  among  problons  which  might  be  worked 
out:  To  find  the  curvature  a  lamina  should  have  in  order  to  be  straightened  out 
horizontally  by  a  weight  suspended  at  one  end.  Ill  the  posthumous  edition  of 
his  works,  in  1744,  there  is  a  reference  from  this  passage  to  a  fragment  entitled 
"Tnvenire  Curvarum,  eujus  curvedo  in  singulis  punctis  est  proiwrtionalis  longi- 
tudiui  arcus;  id  est,  qute  ab  appenso  pondere  fliectitur  in  rectam."  ^  Here  there 
is  the  equation  rs  =  a*  and  a  construction  for  points  on  the  curve;  but  there  b 
not  the  slightest  indication  that  Bernoulli  had  any  conception,  such  as  Euler 
had,  of  the  real  form  of  the  curve. 

In  the  nineteenth  century  the  Euler  integrals  and  spiral  became  of  special 
interest  through  discoveries  of  Fresnel  (1788-1827)  in  connection  with  the  ditlrae- 
tion  of  light.  By  making  certain  assumptions  and  approxiniations  Fresnd 
deduced  (in  1818)^  for  the  intennty  of  the  illumination  at  any  point  of  a  diffraction 
pattern 

I  «  1/ cos  iini»d»P  +  1/ sin 

For  this  reason  the  integrals  which  here  occur  are  often  called  Fresnel's  integrals. 
From  what  has  been  indicated  above  the  value  of  each,  for  the  limits  o  »  0  to 

V  =  «,  is  5. 

In  hb  Note  of  1818,  Freanel  gave  a  table  of  the  values  of  il  »  jf  00s  ^viMv 

and  B  =  \    sin  iTtrdc  for  values  of  v  (differing  by  0.1)  from  0.1  to  5.1  f later 
Jo 

extended  to  5.")),  to  4  ])Iaces  of  decimal;^.  This  table  is  reproduced  by  E.  Verdet 
in  hi.s  Lrrom  d'Optifiua  physiipic  (l.siiO).'  ^lore  (h'tailed  tables  (to  the  nearest 
hundredth)  were  calculated  by  Abria.'^  Modifications  of  Fresnel's  method  of 
evaluating  A  and  B,  and  criticisms  and  corrections  of  hb  results  wm  given  by 

'  See  G.  H.  Budy's  diBcuflBion  of  dev«ii  proofe  of  this  in  MoAtmaiioiA  Oawette,  July,  1910, 
Vol.  8,  pp.  301-303;  .s<  o  :iho  Vol.  5,  pp.  OS  103,         and  Vol.  6,  pp.  1912. 
»  Ada  Eruditorum,  1694,  p.  276;  Opera,  Lieuev*,  M.DCCXLr\',  tome  1,  p.  600. 
'  J.  Bemoolli,  Opera,  tome  2,  pp.  1084-1086. 

*  (Eumt  eomptHe$  d'AuetuOin  Preead,  tome  1,  Piuii,  MDCCCLXVl,  pp.  176-iai;  bce  also 

pp.  198-9,  315-352. 

*Pal>!i<'e-s  par  .\.  Lovistal,  tome  1,  Pari.s,  1860;  rf.  pp.  343  fT.  CiTiiiaii  *sliti-ni  1>y  K.  Exuer, 
Baud  1,  Braunschweig,  Vieweg,  1881,  pp.  236-30y;  Uiu  table  is  given  on  p.  240  and.on  p.  241 
A  aad  B  are  graphed  as  oacillating  curves. 

*  "  Sur  la  diffncUon  de  la  lumi^,"  Journal  de  nuUhimatiqm  pitres  d  appUquie*,  1839,  tome  4, 
pp.  24S-260. 
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Knodienhftuer,^  Cauchy,'  and  Gilbert.*  Kiodienhauor's  method  was  good  for 

small  values  aud  Cauchy's  for  large  values  of  v.  Peters  gives  (I.  c,  page  48)  a 
table  similar  to  that  of  Fresnel  but  slightly  more  extensive,  in  that  intervals  of 
0.01  are  considered  from  v  —  0.01  to  r  =  0.10,  and  intervals  of  G.Oo  from  v  =  0.10 
to  r  =  1.00.  This  is  the  table  most  frequently  quoted;*  but  it  should  be  re- 
membemi  that,  except  for  some  corrections  ami  slight  additions,  it  is  identical 
with  Fresnel's  given  some  forty  years  earlier. 

The  tal)lf.s  of  Ignatowsky*  give  (among  other  thing's),  from  r  —  0.0  to  v  =  S.o 
(for  int(T\  als  0.1),  the  values  of  .1  and  B  to  four  places  of  decimalSt  and  of 
log  .1  and  log  B  to  six  places.   Lommei  published*^  a  table  for 


from  2  =  0  to  2  =  50  at  unit  intervals.  From  z  =  0.0  to  2  =  50.0  at  intervals 
of  0.1,  and  to  four  places,  it  is  printed  in  Jahnke  and  Emde's  tables.* 

In  1874  Cornu  plotted  Euler's  spiral  accurately"  by  means  of  Petcrs's  tabic. 
(Eulcr  had  already  given  half  the  spiral.)  In  a  sketch  of  Cornu,  Poincare 
has  written  as  follows^  ''Au8si»  quiwd  il  aborda  l'€tade  de  la  diffraction,  il  eut 
bientot  fait  de  rwplacer  cette  multitude  rebarbative  de  formule  herissees 
d'int^grales  par  une  figure  unique  ct  harmonieuse,  que  I'oeil  suit  avec  plaisir  et 
oil  1 'esprit  ?e  dirijjc  sans  effort.  Tout  le  monde  aujourd'hui  pour  pr^voir  I'effet 
d  un  ecrau  quelconque  sur  un  faisceau  lumineux,  se  sert  de  la  spircUe  de  Cornu." 
The  expression  "  Coma's  spiral "  was  used  by  Preston,'  Wood/^  and  others  before 
Poinctu^^  employed  it  in  the  sketch  quoted;  but  the  term  is  evidently  highly 
inappropriate  in  the  light  of  Euler's  disc  on  cries  set  forth  above. 

Besides  the  works  on  physics  to  which  reference  has  been  made  already  in 

>  K.  W.  Kiio  liculKUu  r  (1)  "Vv\h:t  die  Oerter  der  Maxima  und  Miuium  des  gebeugten 
Lichtcs  nach  dtu  Frfsin  IVi  hen  BtubacUluiigen,"  Annalen  der  Physik  ujui  Chemie,  Leipzig,  1S37, 
Hand  41,  pp.  103-110;  "Uebcr  eine  bcsondcrc  Klassc  von  Beui;uim-.or>:<  lu  inuiitten,"  icbm, 
Vm,  Band  43.  pp.  2S&-292;  (3)  IHe  UnMatimitiuorit  de*  lAchiw,  Berlin,  1839,  p.  36f. 

*  A.  Cauehy,  Camplu  Rmim,  Phrii,  1842,  tome  15,  "Note  mir  la  difittetion  de  la  lumi^," 
pp.  854-<};  "Addition  A  b  Xofe  sur  hi  diffraction  de  la  luini^re,"  pp.  573-578. 

*  I'h.  Gilbert,  "Rccherchca  anaiytiques  sur  la  diffractioQ  de  la  lumiere"  (mdmoire  pr6seuU 
le  3  nni'it,  1801).  Mimrint  comnmU  .  .  .  «cad,  ray<  <l.  «c.  .  .  .  de  Bt^pigue,  1863,  tome  31, 
pp.  ISii, 

*  For  example:  E.  Jahnke  und  F.  Erode,  Fitrtklumerxlnfeln  tnit  Femutn  und  Kvrven,  Leipzig, 
1609,  pp.  23-26;  R.  W.  Woo<!,  Phijsiral  0/ifr<-.<,  N'cw  V.-rk,  Mncmillan,  1905,  p.  198. 

'  \V.  V.  Ignatowaky,  Anrudett  der  Physik,  191)7,  HmhI  328,  pp.  895-898. 
•E.  Lommei,  Abk.  Munch.  Ak.,  Band  15,  2.  Abllicilung,  ISSO,  p.  230. 

'  A.  Cornii,  (1)  "  M<5thode  nouvelle  pour  la  discussion  dcs  probldmos  de  diffraction  dans  le  cas 
d'une  ondc  cylindrique,"  Journal  de  physique  thiorique  ci  apyliqiUe,  Paris,  1874,  pp.  6-15;  (2) 
"(lltudcii)  Hur  la  diffraction;  meihode  g^m^trique  pouT  la  diaffluaion  des  probldmea  de  diifrBO- 
lion,"  CompUt  Bendus,  tame  7S,  1674,  pp.  113-117. 

*  H.  Poineaii,  Saemta  tt  icrummp  Paris,  FUumDarion,  [1910],  p.  106. 

» T.  Preston,  The  Theory  tf  lAght,  ad  edition,  London,  MaemiUan,  1805,  p.  274  [4tli  ed.,  1912, 

"  R.  W.  Wood,  Pftyiieot  Opejei,  Neir  Yoric,  Macmillan,  1905,  p.  158  and  on  the  plate  at  the 
end  of  the  volume. 

"  Lori*  eeema  to  be  in  error  here  {I.  c,  p.  71) . 
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connection  with  our  topic  we  may  note  those  by  Dnide/  Pockds,*  and  Chwolson.* 
Lommel  seems  to  have  been  the  first*  to  observe  the  connection  between  A\  B' 
and  Bessd's  functions: 

Amongst  the  many  methods  fm  evaluating  A  and  B  niexeace  may  be  given: 
(1)  to  the  method  of  Godefroy*  who,  by  a  slight  modification  <tf  Laurent's  dis- 

c~'^(]x  =  \ir/2  and  avoids  all  use  of  imaginaries;  (2)  to  a 

paper  by  ("aylev"  discussing  several  interesting  points  which  later  occupied  the 
attention  of  Glaisher,*  Jamet,"  and  Humbert;*"  (3)  to  other  methods  illustratetl 
by  Fierpont*^  and  d'Adhftnar;*'  and  (4)  to  Noumoff's  "Interpr^tion  geom^- 
riques  des  int%rales  de  Freaoel"  in  wfaidi  the  projection  of  helices  generated 
by  a  certain  parabola  rolling  on  a  right  circular  <grlindw  are  curves  the  sum  of 
the  areas  under  which  give  tlie  required  values.  The  latter  part  of  the  article 
contains  a  description  of  a  mechanical  integrator  for  calculating  the  integrals  ^4 
and  B. 

In  recent  times  Ce9iUt»  has  givm  to  Euler's  Spiral  the  name  Clothoide*^  and 

exhibited  a  number  of  remarkable  properties  of  the  curve."   Among  these  the 

>  P.  Dnide,  Lekrbuch  der  Oplik,  Leipzig,  Ilirzel,  1900,  pp.  174-187;  Ea^iflh  tmiifllBtiam  by 
C.  R.  Mann  and  R.  A.  MilUknn,  LoiMlon,  Longmans,  1902,  pp.  18&-202. 

*  F.  Pockeb,  pp.  10B1-I004  of  ffanibuch  ivr  Physik,  Zwdte  Aiiflage  hentugegeben  von  A. 

Wiokelmann,  Ihiud  fi:  Optik.  Leipzig,  Barth,  1906. 

*  O.  D.  ChowLsou,  Trade  dt  physique,  ouvrage  traduit  sur  Ics  Editions  russe  «t  alkinaude, 
tome  2,  Paris,  Hermann,  19C9,  pp.  652-050. 

*  ]].  Lommel,  "Ucber  die  AnwsDdung;  der  Bei^l'schen  Funktianen  in  der  Theorie  der 
BeuguHK,"  Zeit«chrift  far  MaOmuU^  tmd  Physik,  Leipzig,  1870,  pp.  141-160.  Cf.  A,  Gray  and 
G.  B.  Mathcw.-j,  TnniiM  on  Bv.-iscl  Fundion,':,  Lonrloii,  IS!)."),  ]).  41. 

*  A.  Crodefrov,  "fc>ur  les  integrales  de  Fresiiel,"  ^t'ouvt•lks  anTUxUa  de  malhlmdiiqucs,  1898  (3), 
Vol.  17,  pp.  205-206. 

*  H.  Laurent,  TraiU  d'analyse,  tome  3,  Paris,  1888,  p.  137. 

'  A.  Cayley,  "Note  on  the  Integrals  /     cosar'  dx  and  f         I'rfx,"'  Quartrrtij  Journal  of 

Mathematics,  Vol.  12,  1873,  pp.  118-120;  ako  CoUeded  Mathematiatl  Papers,  Cambridge,  \'ol.  9, 
1806^  pp.  66-68. 

*  J.  W.  L.  Qbiaher,  '*Onthe Integnb      ain  aMx  and      oosaMr,  QvforlMrigJoisrntii,  1676, 

Yd.  13,  pp.  343-349. 

•V.  Jamet,  "Sur  les  lntt»grale>>  de  Fresnel,"  NouvcUea  amiaka  de  viathhnaluiue^s,  ISUO  {^6), 
tome  15,  pp.  372-376. 

>"  G.  Uumbert,  Cour«  d'analye,  Paris,  Gauthier^ViUarB,  tome  1,  1903,  pp.  307-OS. 

"  J.  Pierpont,  Lectures  on  the  Thc-ory  of  Fundiong  of  Real  Variabks,  Boston,  Ginn,  \'ol.  1, 
1905,  pp.  499-500. 

'*  R.  d'AdiMimar,  Ezrrcises  el  Le(on$  d' Analyse,  Pahs,  Gauthier-V iliars,  1908,  pp.  23-25. 

"  Journal  de  -physique  tftiorifue  «(  appliqu^e,  Paris,  1847  (3),  tome  6^  pp.  281-280. 

>«  From  th>  f^rock  word  iDMninK  to  twist  by  qNAning— Hoce  the  curve  epinsortunu  about 

its  asj'mptolic  pouits. 

"E.  Cesiro,  (1)  "Les  lignes  barycentriquos,"  NoiwtUea  annak^  de  math/matxqiiej<,  1880  (3), 
tome  S|  pp.  511-^20;  (2)  "iSur  la  couirbe  repr^atative  dee  pheaom^es  de  diffraction,"  CompUa 
AmdM,  I860,  tome  110,  pp.  1119-1122;  (3)  iV^waelZee  oimalee  d»  maUdmatiqiiea,  1905,  4e  a£rie, 
tome  6,  pp.  670-676.  See  abo  VJnIermidiam  du  malhiiHatieitna,  1016,  tome  23,  pp.  187-189. 


Digitized  by  Google 


282 


NOTES  AND  N£W8. 


following  may  be  mentioned:  (a)  The  dotholde  is  the  only  curve  enjoying  the 
{woperty  that  the  center  of  gravity  of  any  arc  is  a  center  of  similitude  of  the  circles 
osctilating  the  extremities  of  the  arc;  (6)  when  a  clothoide  rolls  on  a  straight 
line,  the  loons  of  the  renter  f»f  curvature  correspondinp  to  the  point  of  contact 
is  an  equilateral  hyperbola  asymptotic  to  the  line  considered. 

Wieleitner  discussed  "Die  Parallelicurve  dor  Klothoide."^  For  different 
values  of  m  the  intrinsic  equation  =  a'  represents  a  clotho!de«  a  logarithmic 
spiral,  a  circle,  the  involute  of  a  circie,  and  a  straight  line. 


NOTES  AND  NEWS. 

Edited  bt  D.  A.  Kothbock,  Indiana  University,  Bloomington,  Indiana. 

Assistant  Fhrfessor  J.  L.  Cooiadob,  of  Harvard  University,  has  been  promoted 
to  an  associate  professorship  of  mathmatics. 

Dr.  Anna  J.  Pell,  of  Mount  Holyoke  CoUf ge,  will  fill  the  vacancy  at  Bryn 
Mawr  College  caused  by  the  resignation  of  Dr.  Olive  C.  Haslett. 

At  Leland  Stanford  Junior  Univernty  Dr.  H.  C.  Moreno  has  been  promoted 
from  an  assistant  to  an  associate  professorship  of  applied  mathematics. 

Dr.  Flora  E.  Lb  Stocbqbon,  of  the  Liggett  School,  Detroit,  Mich.,  has 
accepted  an  instructorship  in  mathematics  at  Motmt  Holyoke  CoU^. 

At  the  University  of  lUinms  Mr.  R.  F.  Bobden,  a  graduate  student,  lias  been 
appointed  instructor  in  niuthematics,  and  Mr.  JOSEPH  RoSENBACB,  of  the 
University  of  New  Mexico,  has  been  appointed  assistant  in  mathematics. 

Professor  R.  E.  Moritz,  of  the  University  of  Washington,  has  in  Sehocl  and 

Soriffjf.  April  27.  lOlS,  a  Reply  to  Ernest  C.  ^Ioore's  paper  "Does  the  study 
nf  niailuiiiatics  train  the  mind  speeifically  or  universally?",  which  was  published 
in  the  same  periodical  on  October  27,  1917. 

A  fnnd  of  1  oO, ()()()  crowns  has  been  donated  by  Mr.  (  '.  IIennkvic;  as  a  memorial 
to  X.  II.  AuKL,  the  income  from  which  is  to  be  used  to  encourage  niatheiuutieal 
research  in  Norway. 

I'rofessor  K.  V.  Huntinuton,  Trcsident  of  the  Mathemutical  Association  of 
America,  has  taken  leave  of  absence  from  Harvard  University  and  with  the  rank 
of  major  in  the  national  army  is  assigned  to  statistical  study  under  the  chief  of 
staff  with  residence  in  Washington. 

I'rofessor  W,  D.  f  'AijiXs,  of  Oberlin  r(,]leuc.  Secretary  of  the  Matlieinatical 
Association  of  Ann  rica,  is  giving  courses  in  the  fundamental  concepts  of  aluelira 
and  geometry  and  in  tlie  teaching  of  mathematics,  and  a  graduate  course  in  the 
calculus  of  variations  in  the  summer  session  of  Ohio  State  University. 

'  Archiit  (kr  MaUuimatik  utui  Phy^tik,  19U7  (3)  BaaJ  11,  pp.  ii76'67ii. 
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Three  men  received  the  doctorate  in  matheniAlics  at  the  University  of 
Chicago  on  June  11,  1918,  W.  G.  Simon,  E.  P.  Lanb,  and  I.  A.  Barnett. 
Announcement  was  made  last  month  of  the  appointments  for  next  year  of  Mr. 
SiMOx  and  Mr.  Lane.  It  may  now  be  added  that  Mr.  B.\rnett  has  been  ap- 
pointed to  an  instnictorship  in  mathematics  at  Wasbingtou  University,  St. 
Louis. 

Massacuusetts  Institute  of  Teconology.  Summer  Session,  beginning 
June  18, 1018.— By  Professor  C.  L.  E.  Moore:  Solid  analytic  geometry;  Calculus. 
—By  Professor  L.  M.  Passano:  Integral  calculus.— By  Professor  H.  B.  Phillips: 
Anahtic  geometry;  Elementary  calculus. — ^By  Ptofessor  N.  R.  Geobob:  Solid 
geometry;  Elementary  algebra. 

The  Summer  Session  of  the  University  of  Michigan  will  extend  from  July  1 
to  August  2.'],  1918.  The  following  mathematical  courses  will  be  offered:  Ele- 
mentary and  advanceil  calculus,  Diflerential  equations,  Advanced  algebra,  Pro- 
jective geometry.  History  of  mathematics,  Ilifathemadcal  finance  and  insurance, 
and  Theory  of  potential.  The  instructors  will  be  Frofessm  Bbbcan,  Fobd, 
Karpikski  and  Bradshaw,  and  Dr.  Aluen,  Dr.  NEutON,  Mr.  Rotob  and  Mr. 
Cob. 

Tn'diana  University.  The  mathematical  courses  announced  for  the  year 
1918-lOH)  are  as  followi^:  By  Professor  S.  C.  Davisson:  Differential  equations, 
three  hours;  Theory  of  investment,  three  hours;  IS  on-Euclidean  geometry,  two 
hours. — By  Prqfessor  D.  A.  Rothbock:  Advanced  analytic  geometry,  three 
hours;  Theory  of  equations  and  determinants,  two  hours;  Advanced  eakailus, 
three  hours;  History  of  mathematics,  two  hours. — By  Professor  U.  S.  HaNNa: 
Analytic  mechanics,  three  hours;  Higher  algeiura,  two  hours. 

Uhivbbsitt  of  Illinois. — The  foUowing  courses  in  mathematics  are  an- 
noiineed  for  the  year  1 91 S -1910,  all  courses  being  three  hours  (hiring  the  year 
except  as  iiniieated. — By  i'rofcr^sor  K.  J.  Towxskxd;  Fuiictions  of  a  complex 
variable;  Differential  equations;  Aiivancetl  calcuhis. — By  Professor  G.  A. 
MiLLBit:  Continuous  and  finite  gnmpis;  Theory  uf  equations  and  determinants 
(first  semester). — By  Professor  J.  Stebbins:  Least  squares  (two  hours,  first 
semester). — By  Professor  J.  B.  Sh.\w:  Fundamental  functions  (first  semester); 
Functional  transformations  (second  semester). — By  Professor  C.  II.  Sisam: 
Invariants  and  higher  plane  curves;  Solid  analytic  geometry  (second  semester). 
— By  Professor  R.  D.  Caiuiicuael:  Elliptic  functions. — By  Professor  A.  Emch: 
Projective  geometry. — ^By  Professor  A.  R.  Cbathobne:  Actuarial  theory. — ^By 
Dr.  E.  B.  Lttle:  History  of  mathematics  (two  hours,  second  semester).— By 
Dr.  G.  E.  Wahlin:  Theory  of  numbers. 

•  The  April  Bulletin  of  tfie  American  Moihematical  Socidp  reports  the  following 
university  and  college  teacliers  of  mathematics  as  liaving  entered  the  military 
service:  Mr.  J.  E.  Davis,  of  Pennsylvania  State  College,  Mr.  J.  J.  Taxzola,  of 
the  U.  S.  Naval  Academy,  and  Mr.  A.  L.  Wecusler,  of  Columbia  University, 
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have  joined  the  national  army;  Mr.  H.  M.  TkBBiLL,  of  Columbia  University* 
has  been  made  ensign  in  the  naval  reserve;  Professor  V.  H.  Wells,  of  the  Uni« 
versity  of  Pittsburgh,  has  been  commissioned  lieutenant  in  the  science  and 
research  division  of  the  signal  reserve  corps;  nnr!  Mr.  Frkd/uck  Wood,  of  the 
University  of  Wisconsin,  has  Ix  cn  appointed  lieuiciiaut  ia  ilie  field  artillery. 

Assistant  Professor  E.  S.  Smith,  of  the  University  of  rifieinnati,  has  been 
appointed  acting  commandant  in  addition  to  his  duties  in  the  department  of 
mathematics. 

At  Wdleslcy  College,  Miss  Roxana  H.  Vivian  inll  he  professor  in  the  depart- 
ment of  mathmatics;  she  has  also  been  appointed  director  oi  the  d^iartment  of 

hygiene.  Miss  Mary  F.  Curtis,  Ph.D.,  of  Radcliffe,  and  this  year  instnu  tnr  at 
Woman's  College  of  Western  Reserve  T'niversity,  has  been  appointed  instructor 
ill  mathematics  at  Wellesley.  For  the  year  1918-1919,  Professor  Clara  E.  Smith 
will  exchange  professorships  with  Associate  Professor  Florenck  P.  Lewis,  of 
Goucher  College. 

The  eighth  regular  meeting  of  the  Assodaticm  of  Matiiematics  Teachers  of 
New  Jmey  was  held  at  Asbury  Park  on  May  18,  under  the  presidency  of  Pro- 
fessor R.  H.  RlVSNBUltOj  of  Peddie  Institute.  In  addition  to  the  addresses  of 
welcome  the  program  as  annminccd  was  as  follows:  "Application  of  efficiency 
principles  to  n  reettation  in  aigchra,"'  hy  Dr.  F.  Di  hkll,  of  Lawrcnceville  School; 
"The  centers  of  circles  tangent  to  three  out  of  four  given  lines,"  by  Dr.  C.  R. 
MacInnes,  of  Princeton  University;  "Report  of  the  committee  on  first  jrear 
nuithematics,"  by  Mr.  A.  W.  Belcher,  of  Newark  High  School.  The  meeting 
closed  in  the  afternoon  with  the  president's  address  on  "In  darkest  algebra, 
analysis  of  problems,  and  locus  of  a  point/'  followed  by  the  aimuai  business 
un'(  tin^  and  election  of  officers. 

The  thirtieth  educational  conference  of  tlu^  acadi  niu  s  and  high  schools  in 
relations  with  the  University  of  Chicago  was  held  at  the  LI  ni versity  on  Thursday 
and  Friday,  May  9  and  10, 1918.  At  the  Thursday  Conference  for  principals 
and  superintendents,  Professor  H,  O.  Rlgg,  of  the  School  of  Education,  s]x>ke 
on  "Scientific  method  in  the  reconstruction  of  high  school  subjects,"  takingfor 
his  chief  illustration  the  courses  in  mathematics,  while  emphasizinf;  the  a]>pli- 
caljility  to  all  courses  in  ihe  high  school  curricula.  Jn  the  afternoon  the  cur- 
riculum of  the  Junior  high  school  was  discussed  by  several  speakers,  including 
Mr.  J.  R.  Clark  of  the  Parker  High  School,  Chicago,  who  presented  the  case 
for  mathematics.  On  Friday  afternoon,  thirteen  departmental  conferences  were 
held,  all  of  whicli  wore  attendt  il  liy  larire  numbers  of  tea(  hers.  In  the  mathe- 
matical conference,  Professor  liugg  s])nkc  in  greater  detail  as  to  proposed  reor- 
gaiiizMtion  of  mathemaiieal  work  in  the  high  school,  with  special  reference  to 
the  first  year.  His  topic  was  "  Ninth  grade  mathematics  on  trial,"  and  he 
forth  in  convincing  manner  the  plan  and  method  recently publi -la  d  by  the  Uni- 
vcr-.ii  y  of  Chicago  Press  in  a  Monograph  by  II.  O.  Ri  gg  and  J.  R.  Clark,  enti- 
tled "  Scientific  Method  in  the  Reconstruction  of  Ninth^Grade  Mathematics." 
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The  BoUeltitio  di  Bihliografia  e  Storia  delle  Scienze  Mathematiche,  wliich  iias 
for  some  yean  been  edited  by  Professor  Gim  Loria,  of  the  University  of  Genoa, 
is  about  to  begin  a  new  scries.  This  series  will  be  published  by  tlu-  scientific 
publishing  house  of  L).  Capozzi,  of  Palermo.  The  journal  has  filled  a  decided 
need  on  th(>  part  uf  the  mathematicians  interested  in  the  history  and  bibliog- 
raphy of  their  subject.  The  change  of  publisher  will  enable  Professor  Loria  to 
Sive  even  more  uaiatanoe  to  studmits  than  he  has  be«i  able  to  give  in  the  old  aeries. 

The  United  States  Bureau  of  Education  has  recently  issued  a  Union  List  of 
Mathematical     iodicals  prepared  by  Professor  Datid  Euornb  Smith  and  Dr. 

Carolinx  Eustis  Seely.   This  list  contains  the  leading  mathematical  periodicals 

needed  by  research  studonts  and  to  be  found  in  a  number  of  tho  larger  libraries 
in  various  parts  of  the  country.  Copies  may  be  sceurff]  by  addressing  the 
United  ^tat('s  ('otninissi(jner  of  Education,  Washington,  I).  C. 

The  second  number  of  Volume  3  of  the  Texas  Mathematics  Teachers'  Bulletin 
is  before  us.  The  Bulletin  is  edited  by  Associate  Professor  Calhoun  and  Adjunct 
Professor  Ettunoer,  of  the  University  of  Texas,  and  is  open  to, the  teachers  of 
mathematics  in  Texas  for  expression  of  their  views,  the  editors,  however,  assuming 
no  responsibility  for  statements  or  opinions  not  written  by  Themselves.  The 
content  of  the  present  number  is  intended  to  present  elementary  matter  of 
interest  to  the  teachers  of  mathematics  in  the  high  schools  of  the  state.  Among 
the  topics  discussed  are  "Mathematics  in  everyday  life,"  by  T.  M.  Simpson; 
**  High  School  Algebra/'  by  M.  B.  Porter;  "The  Length  of  the  Circle,"  by  J.  W. 
CAi.Ffoi  v;  "A  new  course  in  mathematics  at  the  University  of  Texas  (Introduc- 
tion t(»  statistics),"  by  E.  T/.  DoDD;  "The  factoring'  of  ])(>lynomials,"  by  P.  M. 
Batchlldek;  and  u  reprint  from  Schuol  and  Sociely  of  Professor  D.  E.  .->.mitii's 
"A  glimpse  at  early  colonial  algebra."  The  mathematical  department  of  the 
University  of  Texas  has  provided,  during  the  past  two  summers,  a  special  four- 
day  Mathematics  Teachers'  Conference  held  at  the  opening  of  the  Summer 
Sessicni  of  the  I'niversity.  Owinp  to  the  disturbed  conditions  of  the  country  it 
has  not  been  definitely  decided  to  hold  the  Conference  during  the  coming  summer 
term. 

Professor  R.  C.  Abchibald  of  Providwce,  R.  I.,  will  be  glad  to  learn  if  any 
library  in  America  contains  B.  E.  Cousinery's  GfomMrie  Hfmeniaire  du  compos 
(Paris,  1851),  or  vfhan  the  volume  may  be  purchased. 


THIRD  SUMMER  MEETING  OF  THE  MATHEMATICAL 
ASSOCLVTION  OF  AMERICA. 

The  third  summer  meeting  of  the  Association  will  be  held  by  invitation  of 
Dartmouth  College  at  I^wover,  New  Hampshire,  on  Friday  and  Saturday, 
September  6-7, 1918,  in  conjunction  with,  and  following,  the  summer  meeting 
of^the  American  Mathematical  Society.  A  joint  dinner  will  be  arranged  for 
Thursday  evening,  September  5,  and  at  a  joint  session  on  Friday  morning  the 
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subject  of  the  matliematics  of  warfare  is  to  be  treated  by  men  now  actively 
engaged  in  government  service. 

During  the  sessions  of  the  Association  on  Friday  and  Saturday,  PTofeSSOr 
I'^inTaAX  Ca-toht,  of  the  University  of  California,  avIII  dehver  his  address,  as 
rctiriiit:  j)r(  si(lciit,  on  "  Phins  for  a  History  of  Matliematirs  in  the  Xiiietci'iith 
Century  '";  Professor  VV.  F.  Osgood,  of  Harvard  L'niversity,  will  speak  "  On  the 
Mathematical  Fonaulation  of  Physical  Concepts  and  Laws  as  treated  in  the 
Calculus";  and  Professor  F.  L.  Kennedy,  of  Harvard  t'iii\ ersity»  will  give  a 
paper  on  "  Some  Kxperiments  in  the  I'caehinp  of  Drscri[)tivc  Geometry,"  the 
disf-nssioii  bein^  k^l  hy  Dean  O.  E.  ]\ani)all,  of  Hrowii  University.  Other  fea- 
tures of  the  Association's  program  will  be  announced  later. 

For  a  se»ion  on  Friday  members  are  invited  to  submit  papets  cm  topics 
of  their  own  choosing.  Abstracts  of  such  papers  in  a  form  suitable  for  pub> 
lication  in  the  Secretary's  report  of  the  meeting  should  be  sent  to  Ftofessor 
R.  r.  AKcmTTAi.D,  Rrown  T^niversity,  Chairman  of  the  Program  Committee,  not 
later  than  August  first,  in  order  to  he  approved  hy  the  committee  in  time  for 
publication  in  the  printed  program;  authors  will  please  state  the  time  necessary 
for  reading  their  papers.  No  other  announcement  will  be  made  until  the  pro- 
gran)  Is  mailed  to  members  about  the  middle  of  August. 

The  Committee  on  Arrangements,  Professor  J.  W.  Yoi;ng,  Chairman,, 
announces  that  Dartmouth  Collepc  will  open  one  of  its  dormitories  for  the 
accommodation  of  attending  members.  A  separate  entrance,  or  at  least  a  sepa- 
rate floor,  win  be  provided  for  ladies  or  married  couples.  Meals  wiU  be  himbhed 
under  the  auspices  of  the  college  at  reasonable  rates.  The  rates  for  the  occu- 
pancy of  dormitory  rooms  will  probably  be  one  dollar  per  day  per  person. 
Pf  T^ons  desiring  to  stay  mer  Sunday  and  Monday  for  the  purpose  of  making 
excursions  into  the  neighboring  bilb  and  mountains  can  probably  be  accom-^ 
modated. 

Hanover  is  on  the  Passumpric  division  of  the  Boston  and  Maine  Railroad^ 
five  miles  north  of  White  River  Junction,  Vt.  The  railroad  station  is  known 
as  '*  Hanover,  N.  H.-Xorwich,  Vt."  Junction  points  for  trains  from  the  west 
are  White  liiver  Junction,  Vt.  (Grand  Trunk),  Greenfield,  Mass..  and  Spring- 
field, Mass.  The  White  Mountain  Express  is  a  daily  through  train  from  New 
York,  which  passes  through  Hanover.  An  announcement  of  details  regarding^ 
train  connections  will  be  made  in  connection  with  the  program;  it  should  be  said 
here  that  the  trains  from  the  east,  south  and  west  reach  Hanover  between  2  and  5 
in  the  afternoon,  DO  morning  trains  arriving  in  Hanover  in  time  for  a  morning 
session. 

It  is  very  important  that  members  keep  the  Secretary  informed  as  to  their 
sununer  addresses,  so  that  the  program  may  be  received  promptfy,  as  it  will  be 
mailed  under  second-class  postage. 
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STANDARD  BOOKS 


Plane  and  Spherical  Trlgfonometry 

Revised  and  Enlarged  edition 

By  George  N.  Bauer  and  W.  £.  Bbooee,  Univeisity  of  Minne- 
sota. 

■^HE  new  editinn  rnntains  more  problems  and  embodies  such 
modificatioiiij  a;i  have  been  suggested  by  experienoe  in  the 
classroom.    There  have  also  been  added 

Logarithmic  and  Trigonometric  Tables 

Including  a  few  three-place,  four-plaoe,  and  complete  fiye-place 
tables.  The  tables  fill  140  pages.  Price  of  Trigonometiy  with 
Tables,  $1.60.  Tables  separately,  64  cents. 


Analytic  Geometry 

By  W.  A.  WoflON  and  J.  I.  T^acbt,  Department  of  Blathematics 
YaJe  UniverBity. 

^HIS  book  piesents  in  a  abort  comae  those  parts  of  Analytic, 
Geometiy  which  are  essential  for  the  study  of  Calculus.  The 
material  hss  been  so  arranged  that  topics  which  are  less  important 
may  be  omitted  without  a  loss  of  continuity.  The  text  is  there- 
fore adapted  for  use  in  classes  whieh  aim  to  cover  in  one  year  the 
fundamental  principles  and  applications  of  both  Analytic  Greom- 
etry  and  Calculus.   Cloth.  x+ 212  pages.   Price,  $1.28. 

Fite's  College  Algebra 

'^HE  okamess,  brevity,  and  rigor  of  this  book  won  for  it  widely 
extokded  use  fidn  the  day  of  its  publication.   Its  perfect 
adaptation  to  the  needs  of  college  classes  is  indicated  by  its 
steadily  increasing  sale.  289  pages.  $1.48. 

Miller  and  Lilly's  Analytic  Mechanics 

^  course  that  is  distinctly  toacliable,  practical,  rigorous,  and 
adaptable.  Abundant  problems  and  exercises  are  included. 
312  pages.  $2.00. 

Correspondleiice  invited 

D  C   HEATH  &  COMPANY,  Publishers 

Boston  New  York  Chicago  London 
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WILEY  PUBLICATIONS 

MATHEMATICAL  MONOGRAPHS 

A  series  of  volumes,  each  independent  of  the  others, 
on  topics  in  pure  and  applied  mathematics 

EdIUd  By 

MANSFIELD  MERRIMAN  wd  ROBERT  S.  WOODWARD 


Mimitt  */  Amtfltmn  MttktmalUal  5ccMr 


No.  1.  HISTORY  OF  MODERN  MATHEMA- 
TICS. By  David  Evosm  Smith.  IVofeaor  of 
M*thaiDftUM  in  TMebm  CoUese,  Columbia  Uni- 
venity.  81  pagw.  0  by  9.  Cloth.  tl  OO  net- 
No.  2.  SYNTHETIC  PROJECTIVE  GEOM- 
ETRY. By  GkonoK  BnrcE  HALaraD,  Prole*- 
■or  of  Matbamatica  in  Colonulo  Stata  Teaohera' 
CoUaga.  63paa«a.  ibyt.  Uluatialad.  Cloth, 
•1.00  Mt. 

No.  S.  DETERMINANTS.  By  LAXMAa  GmroHD 
Wblo,  Fonnarly  ProfcaMT  of  Matbcntatioi  in 
tJba State Uniranitjr of lowm.  Mpaoa.  ObyS. 
Cloth,  tl.OO  net. 

No.  4.  HYFERBOLIC  FUNCTIONS.  By  Jam** 
McMaron,  Piofeaaor  of  Mathematioa  in  Cor- 
Dall  Unirenity.  77  pai«a.  0  by  S.  UluatratmL 
il.00  net.  »—  ' 

No.  S.  HARMONIC  FimCnONS.  ByWnuAM 
F..  Btbklt.  Late  Profe«or  of  MatbemaUca  in 
Hanrard  Uoiveraity.  60  pacea.  0  by  0.  Cloth, 
tl.OO  net. 

No.  «.  GRASSMANN'S  SPACE  ANALYSIS. 
By  Eowaho  W.  Htdv,  Aotiiaiy  of  the  Coltunbia 
IiMrunui«e  Company.  W  pacta.  6  by  9.  Illua- 
itrated.    Cloth.  S1.00  net. 

No.  7.  PROBABILITY  AND  THEORY  OF 
ERRORS.  By  Rosxht  8.  Woopwaiid,  Pieai- 
d«nt  of  the  Carnegie  InatitutioB  of  WaahingtoQ 
IBpagaa.  ObyB.  lUuatrated.  Cloth,  tl«i  net' 

No.  B.  VECTOR  ANALYSIS  AND  QUATERN-' 
IONS.  By  Albxakdkh  MACXAnLANa,  Late 
Preaidani  of  Intarnational  Quatarnion  Aa»oeia> 
lion,  to  paaea.  0  by  0.  lUuatmed.  Cloth. 
tl.OO  net. 

No.  •.    DIFFERENTIAL  EQUATIONS.    By  W. 
WooLaxT  JoBwaoM,  Profeaaor  o<  M  ' 
in  the  United  Statea  Naral  Aradeoty.  7S  | 
0  by  9.    rUuitrated.    Cloth.  tl.00  net. 

No.  10.  SOLUTION  OF  EQUATIONS.  By 
MANariELD  Mehjumak,  Member  of  Amarieaa 
Mathematical  Booiaty.  47  pagaa.  0  by  9. 
aoth.  tl.00  aat. 


No.  II.  FUNCTIONS  OF  A  COMPLEX  VARI- 
ABLE. By  Thomab  S.  Fnaa,  Profaawr  of 
Mathematioa  in  Columbia  Univondty.  99  ] 
0  by  0.    Uluatrated.    Cloth.  tl  OO  nM- 

No.  11.  THE  THEORY  OF  RELATIVITY.  By 
RoBSiiT  O.  Cawmicmaml.  Aaaietant  Profoumr  of 
Ma»hamattea  in  tha  Dnivanitar  of  Illinoia.  74 
pagea.   0  fay  9.   Cloth,  tl.00  naM 

No.  13.  THE  THEORY  OP  NUMBERS.  Biy 
RoacitT  D.  Carmtckaei,,  Aaaiatant  Profeiaor  of 
Mathematica  in  the  Unirendty  of  Illinoia.  94 
pagea.    6  by  9.    Cloth,  tl.OO  net. 

No.  14.  ALGEBRAIC  INVARIANTS.  By 
.LaoNAno  EuoaNB  DiCKaoM.  Profeaaor  of 
MatbamatioB  in  the  DnivaraiM  of  Chieago.  100 
ipagea.  ^  0  by  9.   Cloth,  tl.35  net.j 

No.  15.  MORTALITY  LAWS  AND  STATIS- 
TICS. Hy  KoBCflT  IIkmdbmom,  Actuary  <A 
'the  Equitable  Life  Aaeuranee  Sooiotv  of  the 
United  Statea.    Ill  pagea.  eby9.  lliuattated. 

(Cloth,  tl.25  Oct. 

No.  It.  DIOPHANTINE  ANALYSIS.  By 
RonaiiT  D.  CAittuoHACL,  Aarietant  Profeaaor  ai 
Mathematiea  in  the  Univeraity  of  Illinoia.  118 
paxea.    0  by  9.    Cloth.  %\M  net. 

No.  17.  TEN  BRITISH  MATHEMATICIANS 
OF  THE  NINETEENTH  CENTURY.  By 
fALKXAKMM  MAcrAfiLAKC,  Late  Preaideot  of 
Khe  International  Aaaooiation  for  Promoting  tha 
Study  of  QoatemiaM.  148  pacaa.  6  1^  9, 
[Cloth,  tl.35  net. 
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DEFINITIONS  OF  THE  DISCRIMINANT  OF  A  RATIONAL  INTEGRAL 

FUNCTION  OF  ONE  VARIABLE. 

By  G.  A.  MILLER,  Univeisly  of  Illinda. 

Many  students  meet  the  term  discriminant  for  the  first  time  in  the  discttSsioD 
of  the  solutions  of  the  quadratic  equation  r7.r  -f-  &.r  -f  c  =  0.  It  is  here  com- 
monly definefl  as  the  expression  —  4ac  and  it  is  usually  noted  that  the  vanishing 
uf  this  expression  is  a  necessary  and  sufficient  condition  that  the  given  quadratic 
equation  has  equal  roots.  As  the  vanishing  of  tlus  ezpiemon  implies  the  vanish- 
ing of  many  other  expressions  and  vice  versa,  it  is  dear  that  the  given  expression 
is  by  no  means  the  only  one  whose  vanishing  is  a  necessary  and  sufficient  condition 
that  the  quadratic  equation  under  consideration  has  equal  roots.  I\Tost  of  tliese 
other  expressions  might  be  said  to  be  less  simple  but  they  include  4ck;  —  6^  which 
appears  to  be  just  as  simple  as  the  eaqtreasion  defined  above  as  the  discriminant 

We  emphasise  these  evident  facts  because  the  mathematical  student  is  apt 
to  meet  in  his  more  advanced  work  definitions  of  the  term  discriminant  which 
are  either  vague  or  contradictory  with  his  earliest  use  of  the  term.  As  an  instance 
of  the  latter  t^-pe  of  definitions  we  may  cite  the  one  given  on  page  9tt  of  the 
Theory  of  Equalivm  by  i\  Cajori,  1912.  The  discriminant  of/(j)  is  here  defined 
as  the  resultant  of  fix)  and  f'{x).  If  we  find  this  resultant,  when 

fix)  =  ax^  -i-  bx  -\-  c, 

in  accord  with  the  illustration  of  the  term  resultant  found  on  the  same  page, 
we  obtain  the  following  determinant: 


a     b  c 
0  2a  6 
2a    b  0 


as  0^  —  4a^. 
287 


Digitized  by  Google 


288 


BATIONAL  INTEQBAL  FUNCTION  OF  0N£  VA&IABLS. 


wfakii  is  a  times  the  discriminaiit  of  this  quadratic  as  deBned  in  the  preceding 
paragraph. 

In  order  to  agree  with  the  special  case  under  consideration  the  discriminant 
of  fix)  might  therefore  be  dc6ned  as  the  resultant  off(x)  and/'(x)  divided  by  the 
coefficient  of  the  highest  power  of  z  in  the  rational  integral  function  of  x  denoted 
by  fix),  provided  we  would  adopt  the  definition  of  resultant  implied  in  the 
illustration  noted  above.  This  definition,  as  wdl  as  the  one  given  on  page  196 
of  B6cher's  IntroduUion  to  Higher  Algebra,  1907,  is,  however,  not  in  accord  with 
that  found  in  some  other  standard  works.  In  particular,  these  defifiitions  do 
not  coincide  with  the  one  found  in  the  Encyciopedie  des  Sciences  Mathematiques, 
tome  1,  volume  2,  page  75,  but  the  resultants  obtained  according  to  these  various 
definitions  may  differ  only  with  respect  to  sign.  Thb  difforenoe  actually  presents 
itself  in  the  spedal  case  considered  in  the  preceding  paragraph,  as  can  easily  be 
verified. 

We  thus  see  tlint  the  reader  may  be  considerably  perplexed  when  he  tries  to 
barmonize  the  delinitions  of  the  term  discriminant  found  in  more  advanced 
works  with  tiie  earliest  example  of  a  dtscrtminant  with  which  he  became  ac- 
quainted, unless  he  is  forewarned  that  the  current  definitions  relating  to  this 

term  are  not  in  perfect  agreement.  The  definition  given  on  page  250  of  Bdcher's 
Inirnd-uction  to  Higher  Algebra,  1907,  does  not  clear  up  the  matter  since  it  applies 
only  to  the  case  when  the  coefficient  of  the  highest  power  of  the  unknown  is  unity. 
It  may  perhaps  be  taken  for  granted  by  many  readers  that  the  definition  found 
in  the  large  mathematical  enQrdopedias*  will  eventually  be  universally  adopted. 
If  this  will  be  done  we  shall  have  to  say  that  the  discriminant  of  aa^  +  io;  +  c  is 
4ac  —  6*  instead  of  6*  —  Aac. 

The  question  arises  whether  this  change  is  desirable  in  view  of  the  fact  that 
fc*  —  Aac  appears  under  the  radical  sign  in  the  common  solution  of  the  equation 
oa^  +  (a;  4-  c  =  0  and  hence  it  seems  convenient  to  call  it  the  discriminant 
of  the  quadratic  equation  rather  than  to  say  that  this  expression  multiplied  by 
—  1  is  the  discriminant  of  the  given  equation.  On  the  other  hand,  uniformity 
in  definitions  is  so  desirable  that  this  sHght  convenience  might  well  be  sacrificed 
for  the  sake  of  avoiding  the  confusion  caused  by  contradictory  definitions  of 
mathematical  terms. 

Another  solution  of  this  difficulty  would  be  secured  if  nurthematictans  could 
agree  on  not  following  the  large  mathematical  encyclopedias  in  this  particular. 
In  fact,  such  a  well-known  authority  as  the  second  etlition  of  Pascal's  Ileper- 
torivm  der  hdheren  Maihematik  has  thrown  its  weicjht  in  favor  of  this  movement 
by  acioptiiig  u  definition  according  to  sviiich  the  discriminant  of  J{x)  is  the  resultant 
of/(x)  and/'(x)  midtiplied  by 


'  Encyktop&die  der  Mathetnalischen  WiasenschqfUn,  Vol.  1,  p.  251;  Encyclopidie  da  Sdenee* 
MaMmatituM,  tome  1«  Vol.  2,  pp.  97, 100. 
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where  Oo  is  the  coeiiident  of  the  highest  power  of  x  infix)  and  n  is  the  degree  of 
tbb  foiictioii.^  n  th»  definition  and  the  usual  d^nition  o!  Ksuhant  aie  adopted 
the  diacfiminant  oiaa^-^hx'^e 4ae,  which  agrees  with  common  usage 

in  our  textbooks. 

When  J.  J.  Sylvester  first  used  the  term  discriminant  as  a  technical  mathe- 
matical term,  Fhilosophical  Magazine,  1851,  page  406,  he  added  the  following 
«qdanatoiy  iwnark:  "Diseriminaat  because  it  fiords  the  discrimen  or  test  for 
ascertainiiq;  whether  or  not  equal  bctors  enter  into  a  function  of  two  variables, 

more  generally,  of  the  existence  or  otherwise  of  multiple  points  in  the  locus 
ropre?<Mitod  or  characterized  by  an  algebraical  function."  Several  authors  have 
used  somewhat  similar  explanatory  words  as  a  definition.  Thus  we  find  in  the 
Theory  of  Equations  by  F.  Cajori,  1912,  page  96,  "  The  discrimuiant  of  an  equa- 
tion/Co;) as  0  may  be  otherwise  dinned  as  the  simplest  function  of  the  coeffidenta, 
or  of  the  roots,  whose  vanishing  ngnifies  that  the  equation  has  equal  roots." 
Such  a  definition  is  clearly  too  vague  to  determine  a  definite  expression  as  the 
discriminant  of  a  given  function.  This  is  also  true  of  such  definitions  as  the 
following:  "The  discriminant  of  an  equation  involving  a  single  unknown  is  the 
nmplest  function  of  the  coefficients  in  a  rational  integral  form,  whose  vanishing 
eatresses  the  conditioa  for  equal  roots,"  Theory  of  Equations  by  Burnside  and 
Panton,  volume  2,  1904,  page  83;  cf.  Thtory  qf  EquatAofM  by  F.  Cajori,  1912, 
page  97. 

These  observations  may  suffice  to  forewarn  the  young  mathematician  in 
regard  to  the  different  meanings  assigned  to  eommon  mathematical  terms  by 
various  authofs.  Although  the  term  discrimuiant  is  sixty-eevm  yean  old  and 
has  found  a  place  in  many  elementary  textbooks  it  is  still  being  defined  differaitly 

by  eminont  authorities,  so  tliat  it  would  even  now  be  difficult  to  determine  by  the 
process  of  comparing  authorities  what  expression  should  be  called  the  discriminant 
of  the  general  quadratic  equation  in  one  unknown.  In  addition  to  the  noted 
difficulties  in  the  way  of  such  a  determination  we  may  add  that  on  page  315  of 
the  first  volume  of  Boid's  Die  ElmeniU  der  Mat^ma^  translated  by  P.  StSdcd, 
1908,  it  is  stated  that 

4 

is  sometimes  called  the  discriminant  of  the  equation  az^  -f-  &.r  +  c  =  0. 

It  is  a  very  singular  fact  that  the  definition  of  the  discritnnirnit  of /(x)  con- 
tained in  what  arc  now  universally  regarded  as  our  foremost  works  of  reference, 
vis.,  the  large  mathematical  encyclopedias  in  course  of  publication,  is  not  in 
accord  with  the  common  textbook  use  of  this  term  in  tiie  special  case  when 
f(x)  =  cw^  bx  -\-  c.  The  main  objects  of  this  note  are  to  direct  more  general 
attention  to  this  fact  and  to  save  the  beginner  from  the  perplocities  into  which 

*  Pascal's  Repertorium  der  hdheren  Malhematik,  Vol.  1  (1910),  p.  274.  In  the  1900  edition  of 
this  work,  p.  88,  the  definition  of  the  diaoriminant  of  /(x)  agiees  with  that  found  in  the  Jaife 
matheniBtlcal  encyclopedias. 
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he  is  naturally  led  by  definitions  found  in  some  o!  our  reliable  American  textbooks. 
In  a  previous  note  published  in  this  Monthly,  volume  24, 1917,  page  106,  we 

directed  attention  to  desirable  changes  in  the  definitions  of  the  term  discriminant 
found  In  two  of  our  standard  dictionaries  and  in  the  Internailonal  Encyclopedia. 

In  view  of  the  fact  that  such  eminent  authorities  give  different  definitions  of 
the  term  discriminant  of  J{x)  it  may  appear  almost  presumptuous  on  the  part 
of  the  pres^  writor  to  eiQwesB  an  (qpinkm  in  rq;aid  to  vhat  appears  to  him  as  the 
most  desirable  definition  to  adopt.  The  advantages  of  imiformity  along  this  fine 
impel  him,  however,  to  say  that  he  would  adopt  the  definition  found  in  the  second 
edition  of  Pascal's  Repertorinm  noted  above,  and  hence  he  would  not  follow 
the  large  mathematical  encyclopedias  in  this  particular  case.  He  would,  oii  tiie 
other  hand,  follow  these  encyclopedias  as  regards  the  definition  of  the  resultant 
of  two  functions  of  a  single  variable,  and  hence  he  would  digress  abo  in  this 
instance  from  the  definition  adopted  in  Bdcher'a  Algdm  cited  above.  These 
conclusions  are  based  mainly  on  what  appears  to  the  writer  as  the  most  feasible 
steps  towards  securing  uniformity. 

Dr.  A.  J.  Kempner  recently  directed  my  attention  to  the  following  definition: 
"  By  the  renUUmt  of  two  equations /(a;)  —  0  and  4^(x)  0  b  meant  that  integral 
function  of  the  coefiicients  of  f(x)  and  <f>(x)  whose  vanishing  is  the  necessary  and 
sufficient  condition  that /(.r)  =  0  and  <j>{x)  =  0  iiave  a  common  root'*;  CoUcrje 
Algebra  by  II.  B.  Fine,  1904,  page  512.  The  fact  that  this  definition  appears  in 
one  of  our  most  advanced  American  algebras  may  justify  a  reference  to  it  here, 
especially  nnce  the  definitions  of  the  terms  discriminant  and  rewltant  are  so 
dosely  related.  It  is  difficult  to  see  how  sudi  a  vague  definition  can  fail  to  em- 
barrass the  serious  student. 

In  this  connection  it  may  he  of  interest  to  refer  to  another  term  (real  cune) 
which  is  used  in  college  mathematics  with  a  meaning  differing  from  that  assigned 
to  it  in  some  of  our  best  reference  books.  To  illustrate  this  fact  we  may  note 
that  in  the  Enejfdopidie  de»  Seienees  Matkimaiiquet,  tome  3,  volume  3,  page  261, 
it  is  stated  that  "a  real  curve  n- 1  !  not  contain  any  real  point;  as  happens,  for 
insf.'Ti  ( ,  in  the  case  of  the  real  conic  +  +  I  =  0."  On  the  contrary,  it  is 
customary  to  call  such  a  conic  in  our  textbooks  an  imarjinnry  curve  notwith- 
standing the  fact  that  all  the  coefficients  of  its  ecjuation  are  real,  and  tliis  usage 
seems  to  be  also  in  accord  with  the  tenmnology  employ  ed  on  page  71  of  the 
volume  just  motioned.  The  use  of  the  term  real  curve  for  an  imaginary  dlipse 
in  analytic  geometry  does  not  appear  desirable,  and  hence  it  is  the  more  ques- 
tionable whetlier  this  use  should  be  sanctioned  in  more  advanced  subjects. 
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WHAT  IS  THE  ORIGIN  OF  THE  NAME  "ROLLERS  CURVE"? 
By  FLOfilAN  CAJORIf  Univetnty  of  QOifanua. 

It  18  a  curious  curcumstanoe  that  the  two  tafia  of  mathematical  intmst  for 
which  Michad  Rolle  is  now  best  known — " RoUe's  theorem"  and  "Rolle's  curve " 
— are  the  ones  which  modern  readers  havp  been  experiencing  difficulty  in  finding 
in  Rolle'.s  published  books  or  articles  and  in  lej,Mtimately  associating  with  his 
name.  As  late  as  1903  A.  v.  BraunmuhP  declared  that  "Roile's  theorem" — 
the  theorem  according  to  which /'(x)  «  0  has  at  least  one  real  root  lying  between 
two  successive  real  roots  of  fix)  —  0 — had  not  been  found  in  Rolle's  works  and 
was  therefore  wrongly  attributed  to  him.  The  present  writer*  was  finally  able 
to  show  that  the  theorem  is  rightly  attributed  to  Rolle,  it  being  found  in  an  out- 
of-the-way  publication  of  Rolle  bearing  the  title  Dimonstration  d'une  Methods 
pour  rlaottdfv  U»  EioUltez  dB  long  U»  degrez,  Paris,  1691. 

As  regards  "RoUe's  curve/'  historians  have  been  thus  far  less  fortunate. 
Some  years  ago  Gino  Loria!  frMoldy  admitted  that  he  had  not  been  able  to  asoei^ 
tain  the  reason  whv  the  cubic  curve  rif  =  a(y  -\-  x)^  or  zy^  =  a(y  —  ma;)' 
should  be  named  after  iiolle.  F.  G.  Teixeira'  speaks  of  "Rolle's  curve"  and 
fully  describes  its  properties,  but  gives  no  information  as  to  Rolle's  connection 
with  the  curve.  Nor  does  Felix  Midler,*  who  simply  mentions  its  name.  The 
earliest  appearance  that  we  have  seen  of  this  name  in  print  is  1808,  when  Elgfi*  • 
wrote  nn  article  "Sur  la  courbe  de  RoUe.  Sa  construction  par  points  et  par 
tangents." 

In  1898  Gino  Loria^  published  a  note  of  inquiry  regarding  the  origin  of  the 
name,  and  said  that  de  Longchamps  bdieved  he  had  seen  the  name  earUer  in  the 
EdvaOional  Tiaui.  As  this  note  elicited  no  response,  it  was  republished  ten 
years  later*  with  an  annotation  by  H,  Brocard  who  states  that  the  discussion 

carried  on  between  Saunn  and  Rolle  on  the  "{)robl&me  L'^n^ral  des  tangcntes" 
in  the  Journal  des  Scimtut  in  the  years  1702  and  ITOii  seemed  to  be  a  promising 
place  for  search,  but  that  it  is  not  given  there;  Brocard  admits  that  he  was  not 
able  to  find  any  justification  for  attributing  the  curve  to  Rolle.  No  greats 
success  rewarded  the  efforts  of  the  present  writer  who  examined  the  booklet 
quoted  above,  which  contains  "Rolle's  theorem,"  also  Rolle's  Traiti  d'Algehrc, 
Paris,  1690,  and  the  different  volumes  of  the  Histoire  dr  VAcadhau  royale  des 

*■  A.  y.  BmuninQhl  in  BibUoOteea  Mathemaiica,  3.  F.,  Vol.  4,  p.  399. 
•F.  Cajori  in  Bibiiefheea  MathemaHm,  3.  F.,  Vol.  11,  iOlO-lOll,  pp.  300-313. 
'G.  I/>ri:i,  SpizuHi'  olgrhrnL-ich,-  nnd  tromendoUt  SbtM  Kwvm.  Deatteh     F.  Sebtttte, 
Leipzig,  1»02,  p.  75;  2*1  ed.,  1910,  p.78. 

*  F.  O.  Teixeira,  Traiti  des  ecwbn  tpidakB  remar^udbiea  pIoiiM  «(  fOHcAet,  in  Obnu,  Vol.  4, 
Coimbra,  1908,  pp.  115,  134. 

»  F.  MtiUer,  Maihematischea  Vokabularium,  Leipzig,  1900,  "Curve."   See  also  F.  MUller 
in  imiuihcm  Mathematica,  3.  F.,  Vol.  2,  1901,  p.  302. 

•  £]giS  in  Jottmal  dk  matitimatiquet  tpidaie*,  4  H.,  Vol.  5, 1896,  pp.  32-34.        alao  p.  55. 
>  UJntennidkHn  det  moAMM^,  Vol.  5, 1808,  p.  78.  No,  13S7. 
^L'ltOemiikdn  ie$  mafMrnaMaint,  Vol.  10^  1906^  p.  244. 


Digitized  by  Google 


292 


THB  MATHEMATICS  OP  AfiHODTNAMICS. 


mienceB  ftt  Paris.  The  curve  and  its  graph  are  given  without  name  in  Cramer's 
Introdudion  h  Vmuijtu  de»  Hgnea  eourhef,  1750,  pp.  188,  478,  and  in  O.  Gherli's 

Elementi  teorico-praHeideUematematicke  pure.  Vol.  IV,  Modena,  1773,  pp.  343, 345. 

The  question  still  remains  to  be  solved,  who  first  used  the  name  "Rnllc's 
curve"  for  xy^  =  of ?/ 4-  ar)*  and  what  connection,  if  any,  Ilolle  had  with  it.* 
Who  can  throw  further  light  on  this? 


THE  MATHEMATICS  OF  AERODYNAMICS.* 

By  EDWIN  BIDWELL  WIIi90K,  MaMsdiinetts  Institute  of  Teelmology. 

1.  In  the  development  of  a  branch  of  engineering  there  are  several  stages, 
sometimes  long  drawn  out  and  pooriy  diiferentiated,  sometimes  brief  and  sharply 
d^ned. 

There  is  the  stage  in  which  the  bold  inventors,  trying  one  way  and  anothtt, 
often  with  personal  danper  or  even  disaster,  accomplish  the  first  crude  beginnings. 
In  ship  construction  tliis  epoch  is  prehistoric;  in  steam  engineering  it  starts,  at 
least  in  story,  with  Watts;  in  electrical  engineering  it  lies  within  the  memory  of 
men  still  living;  in  aeronautics  it  stretches  over  a  long  period  admirably  described 
by  A.  F.  Zahm  in  his  book  Airial  Namffofion*  The  first  esaays  in  aironautics, 
if  we  overlook  the  legendary  Icarus,  were  the  balloon  and  the  balloon-t^'pe 
machine;  progress  with  the  hea\ ier-thaii-air  type  may  well  be  dated  from 
Langley  and  the  Wrights,  though  experiments  with  gliders  are  known  for  some 
time  previous  to  them. 

There  is  another  stage— that  in  which  the  properly  equipped  mathematidan 
and  physicist  coi»trttct  a  theory  to  correspond  to  the  bruich  of  engineering 
and  by  the  indications  of  that  theory  aid  materially  in  hastening  the  development 
of  improved  types  of  machines,  or  at  least,  if  they  arrive  too  late  to  help  in  the 
major  development,  tiiey  a-ssist  in  codifying  the  fundamental  scientific  principles 
which  underlie  the  subject  and  make  possible  systematic  training  of  the  youth 
to  carry  on  the  advance  in  details.  The  development  of  mathematics  and  physics 
was  sufficient  before  the  advent  of  electrical  engineering  to  enable  major  advances 
to  be  made  by  William  Thomson  (later  Lord  Xelviii),  by  Oliver  Heavisrde,  and 
by  M.  I.  Pupin,  to  mention  only  three.  In  the  ease  of  the  simpler  parts  of 
mechanical  engineering  and  of  naval  architecture,  the  pressing  necessities*  of 
prehistoric  and  early  historic  man  wete  such  that  the  art  far  outstriiq>ed  the 

*  As  far  as  I  ttow  know,  the  only  earve  whidi  inior  to  18M  may  be  said  to  hsTV  baen  sssoewted 

with  the  name  of  Rollf  is  incntioiioil  hy  J.  Rernoutli  in  u  kftcr  fo  TAibnis,  dated  May  7,  ITM« 
Bernoulli  there  refers  to  the  "ultima  liuiu  curxn.  :\  VuriKuonio  lieiiueata 

y  =  2  +  M,4  +  + 

Chtt,  Gul.  Letbriitii  el  Johan.  bermmllii  Vommercium  Phihsophicum  el  Mathematicum,  Tomua 
MQundus,  LaiMUHUc  &  Oeneve,  MDCCXLV,  pp.  41,  42,  44. 

>  Addrnra  read  hAon'  the  Mathematical  ABSociation  of  .\mecka  at  Its  annual  meeting,  at 
Columbia  Uuiveraity,  New  York,  Saturday,  Dccemiier  30,  1916, 
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science;  indeed  the  limitations  of  our  ronthematiqJ  and  physical  knowledge  of 
the  behavior  of  liquids  are  still  so  serious  that  when  we  wish  a  cup-defender  we 

have  to  rely  alin(»t  entirely  upon  the  fine  sense  of  a  genius  like  Herreshoff  instead 
of  upon  the  theories  and  calculations  of  en^eers  like  Professor  C.  H.  Peabody 
and  Rear-Admirai  Taylor. 

In  the  development  of  the  airplane,  however,  since  the  early  experimental 
and  inventive  successes  of  the  Wrights  and  their  oomprtitoni  and  followers  in 
France,  much  has  been  accomplished  in  a  single  decade  by  the  mathematician 
and  physicist,  in  particular  by  G.  H.  Bryan,  whose  book  Stabiliiy  in  Atidfirm 
was  epnrhal,  and  by  L.  Bairstow,  of  the  National  Physical  Laboratory,  Tedding- 
ton,  England,  whose  experimental  and  theoretical  work  has  done  su  much  toward 
rendering  Bryan's  ideas  directly  and  surely  applicable  to  actual  flying  machines. 
I  have  been  fortunate  enough  under  commission  from  our  government  to  add 
my  mite  to  the  theoretical  advance  (Motion  of  an  Airplane  in  Gusts),  and  we  in 
this  country  should  all  do  much  homage  to  the  pioneer  work  which  Lieut.  J.  C. 
Hunsaker,  U.  S.  X.,  performed  at  the  Massachusetts  Institute  of  Technology. 

There  is  a  third  stage,  a  rdatively  late  stage  in  this  uprearing  of  a  branch  of 
engineering.  Here  we  find  the  scientific  and  technical  knowledge  so  codified  in 
tact4K)d(8  and  manuals  that  it  is  not  particularly  hard  for  a  school  of  tedmology, 
pvoperly  equipped  with  laboratories  and  teaching  staff,  to  take  in  as  raw  material 
average  young  fellows  and  turn  out  as  mantifactured  product  tolerably  competent 
engineers,  able  to  design  and  make  minor  improvements  iu  standard  macliines. 
Tbas  stage  is  not  yet  quite  attained  in  aeronautics,  but  with  the  obviously  great 
techniod  advances  which  have  come  about  with  such  perplexing  rapidity  during 
the  past  two  or  three  years  under  the  pressure  of  war  necessities  in  Europe  and 
in  thi :  country,  and  with  the  presuma})iy  great  theoretical  advances  which  have 
accompanied  tliera,  it  certainly  will  uot  take  lung  after  the  war  shall  have  termi- 
nated and  after  the  present  belligerent  governments  shall  have  ventured  to 
divulge  the  ways  and  means  and  wda  in  aeronautics  which  th^  now  guard  so 
sedulously — it  certainly  wJl  not  then  take  long  to  work  down  the  science  and 
art  of  aeronautical  engineering  to  the  point  wIutp  it  takes  its  place  in  tbis  third 
stage  with  mechanical,  civil,  and  electrical  engineering.  Already  a  preliminary 
codification  may  be  found  in  the  course  prepared  by  Messrs.  Klcmin  and  Huff,  on 
the  basis  of  the  course  given  by  th«r  former  teadier.  Dr.  Hunsakw,  which  is  now 
appearing  serially  in  the  recently  estabibhed,  interesting  and  unportant  journal 
Aviafion  and  At'ronauiical  Euffineering. 

My  subject  as  announced  by  your  program  committee  is  the  "Mathematics 
of  Aerodynamics,"  and  if  1  have  been  long  in  my  preamble  it  is  merely  because 
I  fed  that  before  we  examine  one  iq>edal  phase  of  aeronautics,  the  phase  that 
interests  us  here  most  neariy,  we  should  first  take  a  broad  view  of  the  whole  field 
to  acquire  the  perspective  necessary  for  a  just  appraisal  of  the  value  and  of  the 
limitations  of  mathematics  in  engineering.  Mathematicians  as  investipatons 
are  concerned  chiefly  with  but  a  single  stage  of  the  work.  They  cannot  aid 
much  in  the  first  hardy  adventures;  they  cannot  help  greatly  in  the  final  codifica- 
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tion — except  as  they  strive  as  teachm  better  to  prepare  the  freshman  and  the 
sophomore  in  his  mathematical  courses  for  thp  technical  work  to  which  he  looks 
forward;  they  can  help  materially  iu  the  intermediate  .stage,  provided  they  have 
schooled  themselves  in  that  style  of  mathematics  which  is  suited  to  the  treatment 
of  engineering  problems,  that  is  in  mecbamcs  and  mathematiGftl  physics. 

2.  In  discussing  aeronautical  machines  mathematically,  or  otherwise,  a  sharp 
distinction  must  be  made  between  the  lighter-than-air  and  the  heavier-than-air 
types — the  balloon  and  the  plane  types,  as  we  may  briefly  designate  them. 

For  the  balloon  type  the  first  mathematical  work  will  naturally  be  very 
elementary,  dealing  with  buoyancy,  with  the  expansion  and  contraction  of  gases 
owing  to  rise  and  fall  in  the  levd  of  flight  and  to  changes  of  temperature,  ^th- 
metic  and  algebra  alone  or  the  simplest  portions  of  the  calculus  will  suffice. 
If  the  coefficients  of  resistance  to  motion  are  known  or  assumed  for  different 
shapes  of  balloon,  simple  calculations  will  determine  the  j)ower  necessary  for 
uniform  rectilinear  motion.  As  resistances  are  supposed  to  vary  with  some  power, 
generally  the  square,  of  the  velocity,  easy  problems  In  the  calculus  may  be  made 
regarding  stopping  and  starting  with  no  further  use  of  differential  equations  than 
the  "variables  separable"  type. 

In  discussing  the  airplane  some  small  use  of  trigonometry  is  necessary.  The 
pressure  P  in  a  plane  surface  of  area  which  is  taken  as  a  first  approximation 
to  a  wing,  is  assumed  to  be  normal  to  the  plane  (the  viaoous  tangential  drag  being 
neglected),  and  erf  the  form  P  kS^  sin  i,  where  t  is  the  ang^e  between  the  wing 
and  the  directbn  of  motion.  This  is  resolved  vertically  and  horizontally  to  give 
the  "lift"  X  and  "drift"  D  as 

L    kS^  sint  cost,     i)  »  kSi^  sin'i. 

In  unifonn  Innisontal  flight  X  »  fF,  the  weight  of  the  machine,  and  D  ^  F, 
the  thrust  of  the  propeller.  (To  a  first  approxunation  the  resistance  of  all 
surfaces  other  than  the  main  wing  (tf  the  monoplane  or  the  paur  of  wings  of  the 
biplane  are  neglected.)  The  power  necessary  to  drive  the  wing  through  the  air 
is  then  nearly 

550  *  550jt5r* 

This  shows  that  for  a  given  machine,  the  power  is  inversely  as  the  velocity. 
The  apparent  anomaly  is  explicable  by  virtue  of  the  fact  tliat  at  higher  velocities 
the  machine  flies  at  smaller  angles  of  incidence  «.  A  pretty  exercise  may  be  had 
by  assiuning  that  the  resistance  other  than  that  due  to  the  wings  may  be  lumped 
together  in  a  term     added  to  the  drift  D  so  that  the  poww  becomes 

the  minimum  power  may  then  be  determined  with  its  corresponding  speed;  and 
the  further  result  that  for  the  speed  which  minimizes  the  power,  the  weight  per 
horaq>ower  varies  inversely  as  the  speed. 
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There  are  a  number  of  such  simple  applications  of  trigonometry  and  calculus 
which  may  be  introduced  in  many  a  course  in  mathematics  for  the  purpose  of 
enlivening  the  work.  One  particularly  interesting  calculation  is  found  by  con- 
trasting the  expressron  for  the  poww  which  has  been  obtained  from  the  assump- 
tion (known  to  Euler)  that  the  pressure  varies  with  the  sine  of  i  with  the  expres- 
sion which  would  be  obtained  from  the  erroneous  assumption  fgenerally  attributed 
to  Newton)  that  the  pressure  varies  with  the  square  of  the  sine  of  i.  Tliose  of 
you  who  are  interested  in  the  application  of  elementary  mathematics  to  the 
airplane  will  find  a  great  deal  of  suggestion  in  Painlev^  and  Boiel's  VAnaHan* 

I  wish  next  to  mention  those  parts  of  advanced  mathematics  which  are  used 
by  writers  on  aerodynamics.  Beginning  with  Kirchhoff  and  Lord  Rayleigh  and 
reaching  its  culmination  in  recent  work  by  Sir  George  Greenhill,  the  theory  of 
functions  of  a  complex  variable  has  been  indispensable  in  deriving  tiicorctical 
foimulas  for  the  preaaure  P  of  a  stream  of  air  on  a  wing,  Ftobl^s  in  hydro- 
dynamics which  takt  account  of  eddy  (or  vortical)  motion  or  of  internal  friction 
(viscosity)  are  80  difficult  to  solve  that  one  may  with  reasonable  accuracy  say 
that  for  theoretical  work  in  aerodynamics,  eddies  and  friction  must  be  dis* 
regarded ;  and  for  similar  reasons  the  fluid  motion  is  ordinarily  restricted  to  plane 
motion.  There  are  to  be  sure  "end-effects"  when  a  wing  moves  through  the  air, 
but  owing  to  the  Iragth  of  span  an  approximation  of  value  may  be  had  by  neglect- 
ing the  ''end-effects"  and  assuming  that  the  motion  of  the  air  in  all  planes 
perpendicular  to  tlu*  edge  of  thr  wing  is  identical.  Xow  by  the  method  of 
"conformal  representation"  of  the  theory  of  functions  the  pressure  exerted  on  a 
plane  wing  of  various  shapes^  by  the  motion  of  the  air,  may  in  some  cases  be  calcu- 
lated, and  the  center  of  pressure  may  also  be  found. 

These  theoretical  determinations  of  pressure  and  cmter  of  pressure  are  not 
precisely  verified  when  experimentally  measured  in  the  wind  tunnel  and  it  is 
now  customary  to  use  the  experimental  values  in  place  of  those  theoretically 
calculated.  Nevertlieless  no  student  of  theoretical  aerodynamics  can  afford  to 
be  ignorant  of  the  elements  of  hydrodynamics,  including  the  theory  of  the  re- 
actions of  streams  on  given  contours,  and  this  means  that  he  must  have  some 
knowledge  of  the  theory  of  functions  of  a  com{)lex  variable,  or  rather  let  me  say, 
some  knoult  of  the  means  of  applying  the  i)rinciple  of  conformal  mapping 
to  the  setting  up  of  the  functions  which  gives  the  map  of  one  boundary  and 
enclosed  region  upon  another  boundary  and  enclosed  region.  It  is  unhappily 
true  that  many  extended  and  beautifid  couTses  on  the  theory  of  hmctioiis  Imve 
the  student  wholly  unable  to  carry  through  the  applications  necessary  to  the 
solution  of  these  practical,  or  at  least  aOBli-praetical,  problems  in  hydromechanics. 
Might  I  suggest  to  all  who  teach  the  complex  variable  and  the  conformal  map 
the  possibility  of  drawing  on  unipianar  fluid  motion  as  a  source  of  instructive 
exercises? 

3.  Owing  partly  to  the  divergence  between  theory  and  experiment  in  fluid 

motion  in  simple  cases  and  partly  to  the  impossibility  of  obtaining  a  theoretical 
hydrodynamic  solution  for  the  motion  of  so  complicated  an  object  as  an  airship 
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or  airplane,  it  is  necessary  in  the  main  to  treat  the  ship  or  plane  as  a  rigid  body 
to  whidi  toe  an^ied  oortain  forces  (resultant  fluid  preaauxes  and  moments  ci 
pressures)  determined  by  wind  tunnel  eiQKriments  upon  models.  The  problem 
of  the  motion  of  the  machine  then  becomes  one  in  the  dynamics  of  a  rigid  body 
free  to  move  in  space  (?'.  e.,  with  six  degrees  of  freedom)  subject  to  known  forces. 
It  is  customary  to  refer  tiie  motion  to  axes  fixed  iu  the  machine  and  moving 
with  it.  Now  unfortunately  moving  axes  are  regarded  as  belonging  to  really 
advanced  rigid  dynamics.  Routh  in  bis  two  volumes  Elementary  and  Athaneed 
Rigid  Mechanics  leaves  moving  axes  to  the  beginning  of  the  Advanced  Part. 
Single  volume  treatises  «i!r  li  T.'uu  y's  Dynamics  of  a  Particle  nn^J  ff  Rigid  Bodies 
are  apt  to  stop  before  n  :i<  Inn-  mnving  axes.  It  is  not  at  all  uniikely  that  the 
present  intereist  in  the  dyuamic-s  uf  flight  wiU  force  us  so  to  altcT  our  texts  and 
our  courses  as  to  indude  the  tiieory  of  moving  axes;  for  we  cannot  expect  students 
to  prolong  their  studies  of  mechanics  unduly  before  entering  iqion  the  motion 
of  aerial  machines. 

Whether  referred  to  moving  or  flxed  axes  the  equations  of  motion  of  an  air- 
plane or  airship,  with  the  forces  represented  by  empirical  equations  experi- 
mentally determined,  are  too  difficult  to  integrate  without  appro.ximation.  The 
first  case  treated  is  that  of  motion  in  a  line  nearly  straight  and  indined  to  the 
horizontal  at  a  nearly  constant  angle.  By  considering  the  motion  as  made  up 
of  small  departures  from  uniform  flight  in  straight  lines,  the  differential  eqtiations 
of  the  motion  become  linear  equations  with  constant  coefficients,  and  their 
solution  is  therefore  a  matter  of  well-known,  though  sometimes  very  tedious, 
routine.  And  right  here  allow  me  to  intercalate  the  remark  that  we  must  not 
ourselves  disdain  arithmetic  nor  allow  our  students  to  be  discouraged  by  it; 
there  is  current  all  too  much  of  a  feeling  that  only  the  beautiful  general  theories 
of  mathematics  are  worthy  the  attention  of  real  mathematicians  and  their 
students;  the  art  and  the  science  of  getting  a  sufficiently  accurate  numerical 
soluticm  of  a  numericsl  prdblon  are  of  equal  importance  and  dignity  with  general 
theory  in  ail  applications  of  mathematics. 

The  utility  of  the  solution  of  the  nearly  uniform  nMtion  of  the  machine 
is  found  in  the  discussion  of  dynamical  stability.  The  approximate  equations 
are  solved,  as  a!l  linear  equations  with  constant  coefficients  are  soh  eil,  in  terms 
of  exponential  functions  with  or  without  tombinatiun  with  trigonometric  terms. 
If  a  machine  dynamically  stable  is  slightly  disturbed  from  uniform  motion  the 
small  departures  from  that  standard  state  will  die  out  as  time  goes  on,  t.  s.,  the 
exponential  functions  must  have  negative  exponents  like  e~^K  It  is  a  pretty 
and  none  too  easy  algebraic  prnlilem.  solved  in  Ronth's  Rirfid  Dynamics  but 
not  in  many  books  on  algebra,  to  determine  the  conditions  under  which  an 
algebraic  equation  has  its  real  roots,  and  the  real  parts  of  its  imaginary  roots, 
negative.  The  practical  importance  of  dynamical  stability  in  a  machme  is  that 
under  normal  atmospheric  conditions  and  for  short  periods  of  time  the  machine 
may  safely  be  flown  "hands  ofT"  and  the  i)i!ot  has  therefore  some  freedom  to 
attend  to  other  matters  than  the  guiding  of  his  craft. 
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I  have  been  toM  that  the  theory  of  Bryan,  recast  by  Bairstow,  and  supple- 
mented by  data  of  wind  tunnel  experiments,  has  enabled  a  machine  tp  be  designed 
and  constructed  which  actually  has  been  flown  "hands  off/'  If  this  be  true  it 
marks  a  great  triumph  for  mathematical  pliyMcs;  whether  it  n  true  or  not,  we 

can  confidently  assert  that  to  the  English  training  in  mathematical  physics  b 

in  no  small  degree  due  the  great  and  sudden  nrlvance  in  airplane  design  and  the 
great  success  in  aircraft  warfare  which  have  been  realized  in  England  in  relatively 
few  months. 

4.  I  have  shown  you  that  the  mathematics  of  aerodynamics  leads  from  ele- 
m^taiy  algebra  and  arithmetic  to  the  theory  of  functions  of  a  complex  variable 

and  to  the  solution  of  linear  differential  equations  with  constant  ropfficients.  I 
have  shown  tiow  the  theoretical  work  has  come  in  that  stage  of  the  development 
of  aeronautical  engineering  where  it  has  been  of  real  help  in  rapidly  advancing 
tiie  art.  There  are  always  with  us  brandies  of  engineering  and  physics  in  which 
the  i^ht  kind  of  mathematics  is  of  great  value  for  the  rapid  advance  of  those 
branches.  This rifl^ kind  of  mathematics  h  the  good  idd  traditional  Cambridge, 
England,  type,  the  mathematics  of  Xewtoii,  of  Green,  of  Maxwell,  of  Kelvin, 
of  Raylcigh,  a  type  of  mathematics  which  in  this  country,  owing  jierhaps  to  our 
preponderance  of  German-trained  mathematicians,  has  all  too  little  prestige. 
I  sometimes  wonder  whether  we  do  right  to  aim  so  exdusively  at  the  continental 
type.  It  is  worthy  of  note  that  Our  two  great  native  mathematicians,  Geoige 
W.  Hill  and  J.  Willard  Gihhs,  were  concerned  with  the  applied  side.  May  it  not 
be  that  we  in  this  country  have  such  a  natural  bent  toward  the  practical  that  a 
diligent  cultivation  of  the  British  sort  of  mathematics  would  find  a  readier 
response  among  our  students? 

We  are  here  not  as  research  mathematicians  but  as  teadios  of  coll^iate 
mathematics.  Our  country  has  great  industrial  problems  of  peace  and  war  to 
solve,  and  every  one  of  us  must  help  as  he  may.  As  we  bend  the  mathematical 
twig,  so  will  the  tree  incline.  Let  m  w  ithout  prejudice  consider  our  curricula  and 
with  open  mind  introduce  any  necessary  changes  to  make  sure  that  the  type  of 
math«natic8  which  we  place  before  our  students  is  that  wliidi  will  contribute 
most  to  the  victfny  of  our  country  in  time  of  stress  and  to  her  prosperity  in  times 
of  peace.   


SPRING  MEETING  OF  THE  MINNESOTA  SE(  TION. 

The  regular  spring  meeting  of  the  Minnesota  Section  of  the  Mathematical  • 
Association  of  America  was  held  at  (^arleton  (^ollege  on  May  4,  1918.  Seventy- 
eight  people  attended,  including  Edla  G.  Berger  of  College  of  St.  Catherine, 
Father  W.  £.  Etsel  of  St.  Thomas  College,  C.  H.  Gingrich  of  Carleton  College, 
diairman  of  he  section,  Jessie  G.  Qu^ey  of  CoUege  of  St.  Teresa,  G.  N.  Bauer, 
W.  H.  Bus  ey,  R.  R.  Shumway,  H.  L.  Slobin,  R.  M.  Barton  of  the  University  of 
Minnesota,  members  of  the  Association.  All  in  attendatice  at  the  meeting  were, 
as  the  guests  of  CarletoQ  College,  most  hospitably  entertained  through  the  day 
and  at  luncheon. 
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The  program  was  arranged  to  give  place  to  a  paper  from  a  subject  closely 
allied  to  matlManatics  and  it  was  the  very  good  f(»tuiie  of  the  section  to  be 
able  to  have  Profeasor  H.  C.  Wtlaon  of  Carleton  CoUege  set  b^ore  them  with 
lant«m  dides  the  principal  matter  of  his  paper  in  the  May  number  of  Papidar 

Agronomy  upon  the  eclipse  of  the  sun  of  June  8. 

ProfcvSsor  Slohin  presented  a  paper  upon  integration.  He  trawl  the  develop- 
ment of  the  theory  of  integration  corresponding  to  the  development  of  the 
function  concept,  dironologically,  from  the  work  of  L^bnits  and  Newton 
through  that  of  Cauchy,  Dirichlet,  Fourier,  Riemann  and  Lebesgue,  and  estab- 
lished the  relation  of  the  Lebesgue  integral  to  the  preceding:  notions  of  integration. 

Professor  G.  N.  Bauer  gave  a  talk  ui)on  the  progress  of  the  campaign  for  war 
savings  stamps.  He  explained  the  meaning  of  the  war  savings  stamp,  its  worth 
to  the  Government  and  to  the  purdiaser  and  outlined  the  plan  of  the  campaign, 
giving  the  amounts  to  be  raised  in  the  state  and  the  method  of  reaching  all 
people  of  the  state. 

It  appeared  to  the  program  committee  that  it  would  he  well  to  have  some 
discussion  of  work  which  while  not  included  in  the  regular  text  might  he  intro- 
duced in  the  class  room  at  times.  To  this  end  Father  Etzel  was  to  discuss  the 
quadratic  involving  a  nngle  parameter.  Due  to  the  fact  that  the  early  papers  of 
the  program  had  taken  so  much  time  it  became  necessary  that  Father  Etzel 
simpl}'  present  the  subject  of  discussion  and  postpone  the  full  discussion  to  the 

next  meeting. 

The  Section  wishes  to  cooperate  la  ail  possible  ways  with  the  Association  and 
to  this  end  arranged  a  discusnon  of  the  advisability  of  introducing  the  study  of 
Descriptive  Geometry  into  the  college  course  in  mathematics.  This  subject  was 
discussed  at  the  annual  meeting  of  the  Association  w^ith  the  general  idea  of  having 
material  on  the  program  of  direct  interest  in  secondary  school  mathematics; 
it  had  the  same  purpose  in  the  meeting  of  the  section.  This  discussion  was 
introduced  by  Professor  W.  H.  Kirchner  of  the  University  of  Minnesota.  Pro* 
fessor  Kirdiner  gave  a  historical  outline  of  the  study  of  the  subject  and  the  pttb> 
Ibhed  tost  books;  he  showed  how  the  subject  could  be  a  definite  help  to  .OUT 
present  courses  in  mnthemntics  and  how  the  study  would  serve  to  clear  up  much 
of  our  present  work  which  is  difficult  for  the  student  to  see,  hy  giving  him  the 
power  to  visualize.  He  believes  that  if  the  subject  were  intrudueed  into  the 
present  course  in  cdlege  mathematics,  not  as  a  distinct  subject  by  itself  but  as 
related  to  other  matter  customarily  treated,  there  would  be  a  decided  gain  in 
clearness  of  understanding  of  mathematics  and  that  the  increased  amount  of 
time  required  for  this  work  would  not  he  appreciable.  Profes^^or  Kirchner  gave 
several  illustrations  of  his  discussion.  The  subject  was  discussed  at  considerable 
length  by  the  section. 

R.  M.  Barton,  Seerdary. 
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SPRING  MLhiING  01'  THE  MARYLAXD-VIRGIXIA-DISTKICT  OF 

COLUMBIA  SECTION. 

The  spring  meeting  of  the  Maryland-Virgiuia-District  of  Columbia  Section 
of  the  Mathematical  Aasodatioa  of  America  was  held  at  Catholic  Univerrity, 
Washington,  D.  C,  on  May  4,  1918.  Among  the  thirty-two  persons  in  attend- 
ance were  the  following  members  of  the  Association:  O.  S.  Adams,  U.  S.  Coast 
and  Geotk'tic  Survey;  Clara  L,  Bacon,  Goucher  College;  C.  C.  Bramble,  U.  S. 
Xaval  Academy;  J.  A.  Billiard,  U.  S.  Xaval  Academy;  Paul  Caprou,  U.  S.  Xaval 
Academy;  6.  R.  Clements,  U.  S.  Naval  Academy;  A.  Cohen,  Johns  Hopkins 
University;  Alexander  Dillingham,  U.  S.  X'^aval  Academy;  Angdo  Hall,  U.  S. 
Xaval  Academy;  W.  M.  Hamilton,  U.  S.  X'autical  Almanac  Office;  Wm.  E. 
Heal,  U.  S.  Bureau  of  Plant  Industries;  L.  S.  Hulburt,  Johns  Hopkins  University; 
W.  W.  Johnson,  U.  S.  Naval  Academy;  A.  E,  Landry,  Catholic  University; 
Florence  P.  Lewis,  Goucher  College;  Frank  Morley,  Johns  Hopkins  University; 
O.  J.  Ramleft  Catholic  University;  H.  M.  Roesor,  U.  S.  Bureau  of  Standards; 
R,  E.  Root,  U.  S.  Xaval  Academy;  W.  F.  Shenton,  U,  S.  Naval  Academy; 
C.  E.  Van  Orstrand,  U.  S.  Geological  Snrvey  and  George  Washington  University. 

The  annual  election  of  officers  of  the  Section  resulted  as  follows:  Chairman, 
Professor  A.  E.  Landry,  Catholic  University;  Secretary-Treasurer,  Professor 
R.  E.  Root,  U.  S.  Naval  Academy;  Third  member  of  the  Executive  Committee, 
Professor  L.  S.  Hulburt,  Johns  Hopkins  University. 

The  president.  Professor  A.  Cohen,  presided  at  both  sessions  of  the  meeting. 
The  program  was  opened  l)y  a  cordial  and  inspiring  address  of  welcome  by  Rev. 
Dr.  Edward  A.  Face,  of  Catholic  University.  In  the  interval  between  the  two 
seHdons  those  attwding  vert  the  guests  of  Cathdic  University  at  a  Biost  enjoyable 
luncheon,  served  in  Graduates  Hall. 

Titles  and  authors  of  papers  read  were  as  follows: 
On  the  problem  of  elimination."  Professor  Frank  Mobust,  Johns  Hopkins 
University. 

"The  doubly  periodic  functions  connected  with  the  curve  -\-  i^  =  1." 
Mr.  O.  S.  Adams,  U.  S.  Coast  and  Geodetic  Survey. 

"Some  results  rt  lating  to  the  in-  and  circumscribed  triangle  of  the  rational 
quartic."    Prr.fessor  A.  E.  La.vdry,  Catholic  T^niver-sity. 

"On  Duluimel's  theorem.''  Professor  L.  S.  Hulburt,  Johns  Hopkins  Uni- 
versity. 

''On  the  Missouri  system  of  grading  students."  Professor  Flobxhcb  P. 
Lewis,  Goucher  College. 

"A  college  training  course  in  secondary  mathematics.*'  Dr.  H.  C.  Gosbard, 

U.  S.  Naval  Academy. 

"The  use  of  polar  line-coordinates."  >lr.  Paul  Caprox,  U.  S.  Naval 
Academy. 

"A  general  system  of  approximate  integration  formulas."  Mr.  M.  Sabult, 
Bureau  of  Standards  (introduced  by  Mr.  Harry  M.  Boeser). 
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"Matrices  connected  with  the  iuvanauts  of  the  equation  of  the  second 
flegtee/'  Dr.  J.  A.  Bullard,  U.  S.  Naval  Academy. 

Ralpe  E*  Root,  Stenlmy, 


MEETING  OF  THE  KENTUCKY  SECTION. 

The  Tenth  Annual  Meeting  of  the  Mathematics  Section  of  the  Kentucky 
Colleges  and  the  Second  Annual  Meeting  of  the  Kentucky  Section  of  the  Mathe- 
matical Association  of  America,  was  held  at  Georp^etown  College,  Georgetown, 
Ky.,  May  11,  1918,  in  the  Physics  Lecture  Room,  Physics  Building,  The 
chairman,  Prof.  A.  L.  Rhotou,  iu  a  few  words  welcomed  the  members  and  visitors. 
The  program  with  brief  abstracts  foUovs. 

"nittstrated  Lecture  on  Snowflakes."  D.  W.  Martin,  Frofeasor  of  Phyiics, 
Georgetown  College,  assisted  by  Mr.  C.  V.  Mullins. 

Prof.  Martin  gave  a  brief  account  of  the  earliest  work  in  snowflake  photog- 
raphy by  J.  G.  Greeiiough  of  Jericho,  Vermont.  Many  slifles  were  shown  and 
attention  was  especially  called  to  the  pronounced  hexagoiuii  ^iiiupe  of  the  flakes, 
there  being  only  one  exception  to  this. 

"Photogrammetry."   Mr.  V.  G.  Grove,  University  of  Ky. 

Photographic  principles  were  first  enunciated  by  Beautemps-Beaupr6  in 
1791-1793.  Following  the  invention  of  the  sensitized  plate,  Colonel  A.  Laussedat 
in  1864  published  the  first  work  on  photographic  surveying.  In  1865  A.  Meyden- 
bauer  puUished  applications  to  architecture,  Guido  Hauch  then  (1884)  gave  a 
graphical  ccmstruction  of  a  third  perspective  from  two  given  ones.  S.  Fluster^ 
walder  laid  tlie  foundation  of  photogrammetry.  Besides  these,  practical  sur- 
veyors used  jihotdgrammetric  methods  to  aid  them  in  mapping  mountainous 
regions.  The  two  i-ases  (jf  (jne  and  two  perspectives  were  discussed;  the  f)er- 
spective  being  either  vertical  or  inclined.  Tlie  problems  of  orientation,  graphical 
construction,  reconstruction  of  an  auxiliary  figure,  were  given.  An  analytical 
expression  for  the  coordinates  of  the  space  point  in  terms  of  the  codrdinates  of 
the  images  was  obtained.  G.  Hauch's  construction  of  a  third  perspective  was 
then  discussed  and  it  was  shown  that  this  subject  has  a  very  wide  application. 

"The  Decipherment  of  Military  Code  Messages."  H.  R,  Phalen,  Berea 
College,  Berea,  Ky. 

The  speaker  showed  by  some  dosen  large  printed  sheets  the  various  methods 
of  enciphering  military  code  messages.  All  messages  are  divided  into  two  great 
classes:  transposition  and  substitution.  In  the  first  case  the  letters  nvf  simply 
rearranged  according  to  some  predetermined  sehenie,  ljut  each  Iciicr  represents 
itself;  that  is,  "a"  means  "a"  and  "  k"  means  "k"  wherever  ihey  are  found. 
Consequentiy  the  vowel  and  consonant  frequencies  will  be  the  same  in  this  type 
of  message  as  they  are  in  any  ordinary  page  of  reading  matter.  Of  this  trans- 
position type  messages  were  presented  in  the  simple  vertical,  diagonal,  spiral, 
keyword  and  route  ci{)hcr  methods  involving  English,  German,  French  and 
Spanish  texts.   The  other  great  class  is  the  substitution  class  where  letters  are 
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interdianged  in  their  alphabetical  position  and  where  the  vowel  and  consonant 

frequency  tables  are  useless.  Under  this  type  the  most  interesting  point  was  the 
construction  of  a  military  message  by  the  method  of  the  famous  Playfair  Cipher 
of  the  British  army. 

"A  Geiieralizatioa  the  Mean  Value  Theorem."  H.  H.  Downing,  University 
ofKy. 

The  conditions  of  0  <  ^  <  1  and  0  <  h  were  removed  and  se\'eral  functions 
were  examined  to  find  a  relation  between  6  and  h.  For  the  function  a«*  +  fea? 
+  CSC  4"  <i  we  set  ^  =     and  substitute  the  function  in 

 1  =  /  (a:  +  f), 

and  obtain  the  equation 

aA»  -  Za^i'  +  (3a«  +  h)h  -  2(3a«  +  6)*>  =  0. 

This  is  seen  to  be  an  ordinary  hyi)erbo]a  with  transverse  axis  vertical  and  the 

hyperbola  passing  through  the  origin.  (^>-axis  vertical,  i/-axis  horizontal.) 
The  straight  lines  =  0,  ^  =  IjS  h,  <p  =  2/3  h,  <p  =  h,  ^  ^  4/3  ik,  are  the  loci, 
respectively,  of  a  focus,  vertex,  center,  vertex  and  focus. 

Prof.  E.  L.  Bees  was  elected  chairman  for  the  year  1918-1919  and  the  present 
secretary  was  rejected.  The  secretary's  report  was  then  given.  Regret  was  ex- 
pressed at  the  absence  of  Prof.  W.  H.  Gamett,  Wesleyan  College,  AVinchester, 
Ky.,  and  Prof.  Henry  Lloyd,  Transyh  ania  College,  Txxington,  Ky.,  both  caused 
by  illness.  Regret  was  also  expressed  that  Prof.  H.  H.  Phalen  was  leaving 
the  state. 

Those  present  during  the  meetings  were:  A.  L.  Rhoton,  David  W.  Martin, 

Georgetown  College;  G.  C.  Crooks,  Center  College;  H.  R.  Phalen,  Berea  CoUegOi 
J.  M.  Maxey,  Asbury  College;  P.  P.  Boyd,  J.  M.  Davis,  £.  L.  Rees,  V.  G.  Grove, 
H.  H.  Downing,  University  of  Kentuclcy. 

H.  H.  Downing,  Secretary. 


BOOK  NOTICES. 
8k N»  ALL  couMUNtCATiONS  ABOOT  u<K)Ks  TO  W.  H.  BC8BBY,  University  of  Minnesota. 

The  number  of  books  in  the  English  language  on  the  theory  of  functions  of  a 
complex  variable  continues  to  grow.  One  of  the  latest  is  "Functions  of  a  Com- 
plex Variable,"  by  Thomas  M.  Macrobert,  Lecturer  in  Mathematics  in  the 
University  of  Glasgow.  It  is  published  by  Macmillan  and  Co.,  London.  The 
book  is  derigned  for  beginners  who  have  acquured  a  good  working  knowledge  of 
the  calculus.  In  order  to  make  the  subject  not  too  difficult  for  beginners,  the 
author  has  abstained  from  the  nse  of  strictly  arithmetical  methods  and,  while 
endeavoring  to  niake  his  ;)r(x>fs  sufficiently  rigorous,  he  has  based  them  mainly 
on  geometrical  coneeptiuiis. 

"Has  mathematics  a  lealm  apart  from  human  life,  fitting  daily  experiences  in 
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places  closely  ehou^  to  be  of  use,  but  still  not  at  all  identical  with  it;  or  is  it, 
indeed,  the  very  same  a?  the  rcahn  of  human  life?  Is  the  difTerciitifll  equation 
only  a  refinement  upon  the  real  law  of  piiysics,  the  irrational  only  an  approxima' 
tioii  to  the  actual  number  of  nature?  Is  the  universe  stable  or  will  it  some  day 
disappear,  wind  its  way  back  into  chaos,  leaving  nothing  but  the  truths  of  mathe- 
matics still  standing?  Is  it  true  that  chance  does  not  exist  really  but  only  in 
seeming,  or  is  everything  purely  chance,  and  are  the  laws  of  the  unh  erse  merely 
the  curves  which  we  have  drawn  through  a  random  few  of  an  infinitely  compact 
set  of  points?  The  consideration  of  these  problems  is  what  we  mean  by  the 
phi  osophy  of  mathematics."  A  new  book  on  this  subject  baa  recently  been 
pubiislwd  by  the  Open  Court  PuUishing  Company,  122  South  Midiigan  Ave., 
Chicago,  Illinois.  It  18  entitled  "Lectures  on  the  Philosophy  of  Mathematics" 
and  is  by  James  Bymie  Shaw  of  the  Department  of  Mathematics  of  the  Uni- 
versity  of  Illinois. 

The  number  of  trigonometry  text  books  on  the  market  is  so  \  ery  large  that 
the  author  of  every  new  one  feds  called  upon  to  explain  in  his  preface  just  why 

he  has  addetl  to  the  list.  The  preface  to  the  new  "  Plane  and  spherical  trl^'onom- 
etry"  by  Professor  Leonard  M.  Passano  of  the  Massachusetts  Institute  of  Tech- 
nology says  that  the  chief  aim  of  the  text  arc  brevity,  clarity  and  simplicity. 
The  text "  aims  to  present  the  trigonouietry  in  such  a  way  as  to  make  it  interesting 
to  students  approaching  some  maturity,  and  so  as  to  connect  the  subject,  not 
only  with  the  mathematics  whidi  the  student  has  already  bad,  but  also  mth.  the 
mathematics  which,  in  many  cases  at  least,  is  to  follow."  The  book  a'ms  to 
avoid  the  tendency  to  amplification  which  the  author  says  trifronometry  texts  of 
late  years  have  shown.    The  liook  is  published  by  the  Macmilian  Company. 

One  of  tiie  most  interesting  chapters  in  the  first  course  in  calculus  is  the 
chapter  on  nuudma  and  minima.  The  many  practical  problems  that  can  be 
solved  by  the  simple  criteria  given  in  the  ordinary  calculus  text  book  interest  the 
student  rxrredinply.  They  make  him  feel  that  the  calculus  has  power.  Mathe- 
maticians ha\e  always  h(X'n  interp?!ted  in  problems  of  maxima  and  minima. 
Those  of  the  present  day  who  are  especially  interested  in  the  subject  and  who  want 
a  somewhat  full  treatment  rather  dian  the  hnd  inadequate  treatment  given 
in  the  current  text  books  will  welcome  the  193-page  book  on  "The  Theory  of 
Maadma  and  ^linima,"  by  Professor  Harris  Hancock,  of  the  University  of 
Cincinnati,  published  by  Ginn  and  Company. 


PROBLEMS  FOR  SOLUTION. 
Send  au.  coMmnncATiom  about  psobuuis  to  B.  F.  Fwxbi;.,  8t«iiigfidd,  Mo. 

2719.  FnvowdliyB.p.BAKB,1JnlTBnil7efIowa. 

Sliowthat,  23r(logx)*  -  xQc  -       +  3)  logs  +  («  -  1)*(3»  - 1)  k  negative  for  !<«<«>. 

2720.  VrapoMd  bjr  carr.  a.  a.  aMiiiiwrr,  ca jm;.,  Gahrefton,  Tesaa. 

Civ(  n  three  point'?.  A,  B,  C,  in  a  plane,  draw  fmrti  an  arbitrary'  fourth  point  D  the  somnents 
AD,  bU,  CD.   Ahso  draw  rayii  A.'i',  BW,  CC,  making  equal  (small)  aDgles  respectively  with 
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■iftiiMiiito  AD,  BD,  CD.  The  triaogle  detennin«d  by  the  three  n.jB  does  or  does  not  contiin 

the  point  D  according  aa  the  original  triangle  ABC  does  or  does  not  contain  D. 

Prove  the  theorem,  confiideriug  ako  the  case  in  v  liich  A,  B,  C,  D,  are  concj'clic. 

2721.  ProfMsed  by  G.  PAASWHiL,  New  York  City. 

A,  B  arc  the  termini  of  a.  horiionta!  line  of  length  w.  At  a  point  C  in  this  line,  at  a  rlistance 
k  from  A,  is  applied  a  force  P  making  an  angle  v  with  the  vertical.  Determine  the  family  of  curves 
extending  from  A  to  B  (and  below  AB)  such  that  an  equal  nonnal  duttibution  of  loading  p  per 
unit  Ibd^  of  eam  aimmd  the  perii^ieiy  ef  the  curve,  will  hold  in  equilibrium  the  force  P. 
The  paaaMter  of  the  UmOj  to  deteRDtoed  irill  be  p. 

2722.  Propneed  by  nuNK  bwin.  VrdnnUf  ^  CaUforniA. 

The  number  of  terms  in  the  general  polynomial  of  the  nth  degree  in  m  variables  and  in  that 
of  the  mth  degree  in  n  variables  is  the  same.  It  would  be  interesting  to  devise  achemes  wliich, 
without  assuming  this  results  should  eshibtfe  the  tenus  of  these  polynomiab  m  one-to-one  flone> 

spondenoe  with  each  other. 

2723.  Proposed  by  gbobge  t.  sosnow,  Newark,  N.  J. 

The  feet  of  the  perpendiculars  from  the  intersection  of  the  diagonals  on  the  sides  of  a  cyclic 
quadrilateral  M  are  joined  to  form  a  aeoond  qoadtflateial  JV^.  Move  that  JV  is  a  quadxihteral 
<Mf  minimimi  perimeter  inacrilied  in  If. 

2724.  Proposed  by  nUNK  mwiN,  University  of  California. 

Show  that  there  is  a  unique  set  of  real  mlues,  xi,  r?,  rj,  •  •  •,  x,,  that  satisfy  the  equation 
«!»        +  •••         -«i*t  -agjfi  -X|X4  -  •••  -  x,^,  ~**  '*'2(»  +  l) 

2725.  Proposed  by  8.  A.C)QUr,AIU«*Is«a. 

Establish  the  identity, 

(nri  +  CtV*  +  ViT'  +  e«Osr)ri}(atat  +  Ciojo^  +  cja»a«  4-  ciCjOjOi) 

«■  (r.r,orurit)'/*  +  Ciiruri^ruTu)^  +  Ci(rijri,ri»r„)'«  +  c,C'Jrnrvir„ruy'* 

where  r»  -  a»ri  —  ctoirt  —  ct(V«  +  cuBtourt,  fw  -  oirt  —  eioufi  —  e«a*r«  +  ac^irt,  m  -  fltri 

-  Citm  -<w»+eiC*o»ry,  rn  -  «ntn    etturt  —  eta^  +  e^^t,  ru  -<m  +  ain  -ewrf*  —  dotrr, 

ru  ■=  a*rt  +  aiU  —  cjOjr*  -  cto-.r,,  ru  =  ajri  -^  nj/-,  —  ctOsri  —  Czchti,  nt  =  ntr,  -i-  otri  —  Cja,r» 

-  e^t,  rn  "  <Hfi  +  CiOrr*  +  Oir*  +  Cio^r?,  r„  =  o»r,  -f-  ciOtT*  +  dr*  +  Ctatr»,  nt  -  a«ri  +  CiOtfi 

»>•  -  «rt  +        Hh oifli  +  «i fti  -  —  Cif J  +  OiTi  -  oiri  +  aiTi,  fa  -  -  OfTi 
4- Wt  -  Oim  +  0*ri,      -  —  Ogn  +  *r»  -  a4r»  +  Oiri,  and  rn  «  —       +  Ojr*  —  o«  +  Otr*. 

2726.  Proposed  by  E.  H.  MOOSE,  The  University  of  Chicago. 

Let  oii(x,  y),  ai(x,  y),  aiCv»  v).  cu{x,  y),  ki(z,  y),  Kt(x,  y)  be  six  real-valued  continuous  funotiOQ* 
of  (x,  y)  over  the  unit^square  S:  (0  ^  x  £  1;  0  ^  v  ^  1).  Let  ai,  at,  oi,  at  be  aymmetrie 
functions  and  of  paative  tgrpe^  L     lor  evmy  ieat>valued  oontinuoua  function  |(«)(0  £  s  £  1) 

{(^)af(«,  v)t(y)iMy  S  0.  the  inequsli^: 

Hws  on  the  Irft  thwe  are  four  terms  of  whidi  the  fint  is 

thus  the  eight  variables  of  integration  Ur  •  -Wb  are  in  order  the  eight  arguments  of  the  four  func- 
tions KiMKiKt  while  the  "intogratim"  igrmbols  J  indicate  how  the  variables  are  to  t>e  .supplied  as 
argumenta  to  the  four  functions  ct|OMtini»  e.  g.,  Jn"  indicates  that  at  (the  superscript"  determining 
the  snbatxqit  2}  hsa  the  argumenta  mu*.— ludtcate  another  inequality  of  this  type  and  determine 
the  number  of  such  inequalities. 
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II.  Solution  bt  A.  M.  HABDiNOt  University  of  Arkansas. 

Hm  qiwntitiw  X,  Y,  V,  V,  W,  defined  by  the  equations 

«X  -  ojK  -  huU  +  abvV  =  -  xW, 
yX+  xY  -  bvU  -  buV  -  yW, 
uX  +  avY  +  xU  cyV  -  uW, 
vX-  uY  +  yU  -    xF  -  -  »JF, 

are  proportional  to  the  five  deterauMnta  taken  in  order. 

It  canbeeaflilydisirailiBttlieliBtdblienBiDaiilbllieMtB^^ 
is  eqiial  to  MTO  for  dl  TiIlUB  of  X,  9,  u,  Pt  a*  b,  HeQoe  the  above  equatiMM  nuor  be  written  in 

the  form 

Yx  +  a-W}9  -  Wv'O, 

Ux  -i-(Z-1F)u+  «F»-0, 

I7y  -  yi»  +  (X  +  TF)»  -  0, 


Hie  qiUMtities  x,  y,  u,  v,  eon  ntiefy  tiiia  «yetem  ef  homoceneonis  Imen  eqMetkai  if,  end 
only  if,  the  detenuinant 

\x  +  w    -  or    -bu  0 
r  jc  -  If       0    -  bu 

U  0  X-W  aV 

0  U      -  Y  X  A^W 

is  equal  to  zero.   It  can  be  showa  that  the  vaJut;  of  this  detcTiianwt  is  h^,  where 

Jt  -  (.Y*  -  TF»)  +  or«  +  bU*. 

Hence  i'«  +  oF»  +  -  JF»,  or,  since  V  -  0,  i»  +  aF*  +  W;«  +  akP  -  >P.  That  is,  the 
relation  itated  hi  tiie  prohleni  holde  for  all  vahies  of    y, v,  a,  h. 

NoTC.  Wc  are  publi-shinK  a  seronil  i=olii1i(in  of  Ihis  problem  for  t-no  TPi\snr\^:  Fir<t,  because 
the  solutiou  abuvu  'u>  essentially  different  irom  the  one  published  in  the  iMarch  number;  and 
second,  because  the  oondii8io&  di»im  in  that  eolutKtn  thet  the  identity  does  not  ehrays  esist 
is  inconecU  EenoBs. 


271  (Number  Tiieoiy).  rwpeeed  by  ■Obace  olson.  Chicege,  DlfaieiB. 

Prove  that  if  z,  v,c,v,p,  and  IV are integoB such  that  X*  +  y*  ^vf,3fi  •v',y*  +  c*  ~u*, 
then  the  product  xyzuiw  is  divisible  by  518400. 
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Solution  bx  the  P&opos£R. 
I  shall  first  inrove  some  lemmas. 

1)  If  s,  Vt  and  V  m  integen  mich  that  s*  4*  tf*  ~  t»*  tfaea  eKber  x  or  y  is  ^visible  l>y  8. 
This  foUows  from  the  fact  that  any  perfect  square  is  congruent,  modulo  3,  to  either  0  or  1. 

2)  If  X,  y,  and  u  are  integers  such  that  +  u*,  then  either  z  or  v  is  divisible  by  4;  for 
any  perfeot  sqiun  is  Mngnienty  modulo  16,  to  0,  i,  4,  or  9. 

8)  JtSf  |r»  and  v  are  integsnmdi  thafea^  4-  y*  -  u^,  then  at  least  one  of  the  number* c»  y,  tt 
is  ilvisiUA  by  6;  for  any  perfect  square  is  congruent,  modulo  5,  to  0,  1,  or  4. 

Hence,  fn  i[i  I'l'-'  hypotheses,  at  leiist  two  of  the  nurnhcra  x,  y,  z  are  dlvisihle  by  3.  If  the 
notation  be  sv  clifnicn  that  these  are  x  and  y,  the  first  equation  shows  that  u  also  is  diviiiible  by  3. 
We  can  then  divide-  both  terms  of  this  equation  by  9;  it  then  foUom  HuA  Mther  z/3  or  y/Z  is 
divisible  by  3.  Thus  the  product  gysmw  i»  divisible  by  8*.  In  the  aune  my  it  can  be  proved 
thai  the  product  is  divisible  by  4«. 

By  lemma  3,  at  h'ast  one  of  the  numbers  x,  y,  it  is  di^•iRiblc  by  5.    Similarly,  at  least  one  of 
I  ol  the  sets  x,  z,  v  and  y,z,wia  divisible  by  5.   Thus  at  kast  two  of  the  numbers  x,  y,  z,  u,  v,  w 
I  divisible  by  5. 

Therefofe  the  product  xyzuvw  is  divisible  by  3*-4<*9,  or  SlSiOOk 
Also  solved  by  H.  C.  FsxusTiiB  and  J.  L.  Rilbt. 


8m.  Vnftmd  by  AWiAg  mmi,  WeeMligtoi*  P.  a 

Fbd  a  penlldeipipBdon  whose  edgei^  and  the  diagonals  of  its  fsces,  an  eli  ntional  irfaole 

numbets. 

Soi-ITION  BY  THE  pROPOSER. 

Denote  the  edges  by  x,  y,  and  z;  then 

X*  +  r  =  □,   X'  -r    =  n,      +  *»  -  (1, 2,  3) 

Assume  z  —  2pq,  y  ~     —  q-$  then  by  substitution, 

T«  +  y»  =  (2p9)«  +  (p«  _  gt)t  =  (p«  +  gt)i, 

Asquaie; 

x'+z»  =  (2p9)»+a»,   y»+«« -(li»-a»)«+«»,  (4,6) 

which  must  be  made  squares. 
Put 

vuicQ  srvcs 

pg(r»  -  a») 

Snbithiitaag  in  (6)  the  value  of  s  found  above, 

r»«*(p*  -  «»)«  +  i>V(f«  -  «•)«  -  (6) 
in»pAfwling  (0)  it  may  be  written 

which  will  be  the  case  when 

By  tranvoeitioQ,  (7)  becomes 

-  4a«i»  -       -  *»(48»  -  J*")  -  «» (^^  -  SJj)', 

say;  and  we  get 

g       4iill>  r    2(m«  -  n»)  , 
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»  -  2p9  =  Smnim*  +  n«),      y  -  p«  -     -  (inn)*  -  (ot«  +  n«)», 
pg(r*  -  <»)     2mnl4(i>^  -       ~  (m«  +  »«)«| 

R(><JuLiiiK  the  foregoing  nJnm  of  «,  y,  «  (0  «  eommon  duomiiwtoir  mf  —  tif  tad  ihm  die* 

carding  it,  we  linally  h&ve 

X  "  8mn(m*  —  n^K"»"  + 

y  =  (m»  -  n»)((4mn)«  -  (m»  +  n»)«l, 

«  =  2mnI4(jn»  -  n')«  -  (m«  4-  n»)»l. 

TUl«  m  ■  3,  n  >  1  mmI  wo  get  s  -  210,  y  *  117,  t  -  44,  the  smallest  values  known. 
The  dbimab  of  tlM  fam  an  267,  M4, 135. 

Also  solved  by  C.  B.  Haldeican  and  L.  £.  Lunn. 
2Mi.  PMpotei  br  «.  w.  mcBOUoir*  BalMi  Roafe,  It* 

FW  the  som  of  the  «fc^  I  -  A  +  A  -  •  •  •  +  (- 1)-- ^27i^i;;2^qr^ 

SoLwiON  BY  S.  W.  Reates,  University  o!  Oklahoma. 

The  ovpotu  nt  of  -  1  in  the  genmH tem aboiddobnoaily he »  + 1.  Biaik^thit eometioD, 

the  geoeral  term  may  be  nTitten, 

^"       (2»-i) (211  +  1)  "  (s»^  " ftTTi )  • 

Let  5  denote  the  lequired  sum.  Thm 

''■-Ui.'-""2i^-i+ii<-'""2<+i] 

i  [('-»  +  »-•••  +  <-«•*' 2^) +  (»+«-•••  + (-"""SSTrx)] 

If  11  be  even,       4^    2  ~  ^  whu  11  ia  infinite, 
if  ft  be  odd,  S  »  ^       »  i  when  n  is  infinite. 

Also  solved  by  Bancroft  H.  Brown,  E.  H.  Worthington,  E,  B.  Escott, 
George  F.  Wilder,  Paul  Capron,  Horace  Olaon^  Elijah  Swift«  and  Arnold 
Dresden. 

2665.   Proposed  by  CLiFroaD  N.  mills.  Brookings.  S.  Dak. 

A  telegraph  wire,  which  weighs  1/10  lb.  per  yard,  is  stretched  between  poleB  on  a  level  ground 
flo  that  the  greatest  dip  of  the  Wire  is  3  feet.  Find,  approximately,  the  dtttaneo  between  the  polee 
when  the  tennoa  at  the  loweet  point  of  the  wire  ia  140  potinda. 

Solution  by  G.  Paaswell,  New  York  City, 

MaeMahoo's  MypeiMk  Vunctiints,  pages  47  to  fil  diaouaaes  the  two  eases  here,  (a)  wben  the 

wire  in  taken  as  inc\t<  iisilJr',  and  (b)  as  r\t.  n>ihl.\  Under  (a)  yic  =  sec  c;  ^  "  =  i/i  '  v  =  log, 
tail  ()r/4  f  ^/2).  lliu  origin  ia  the  pomt  midway  l>ctweea  the  poles  and  a  distiuice  c  beiow  the 
lowest  point  of  the  wire.  Use  the  yard  aa  the  unit  of  length,  c  =  Il/ur.  =  140/0.1  -  1400. 
y  .  1    c  -  1401.  Whence,  r  -  2"  9'  54".  Thence,  x  -  52.913  and  ainoe  L  -  2c,  the  le- 
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quired  length  is  105.826  ysnb.  Note  b«re  that  if  the  weig^  is  taken  u  distritnited  akng  the 

borisontal,  i.  e.,  along  the  x-axLs  instf  i  !  ^  alonR  the  wire  there  ia  obtained  by  simple  momenta 
cdy  —  z  dc  and  with  the  origin  as  before  except  that  the  low  point  is  taken  instead  of  a  point  c 
below,  there  is  obtained  the  parabolic  relation  x  —  V2cv,  with  y  ^  I.  Hence,  z  ■-  V2800 
=  52.915  and  L  =  105  83  yds.,  which  is  sufficiently  close  for  this  problem.  As  a  matter  of 
inttrfj<t ,  it  is  soon  that  since  y/c  —  cosh  x/c,  the  origin  a  distance  e  below  the  low  point,  by  expand- 
ing the  cosh  to  two  term.s,  1  4-  r'/2c',  and  replacinft  y  by  y  —  c  the  parabolic  rfiation  above  is 
obtained,  which  is  a  measure  of  tbe  approximation  of  this  method  of  solving  the  catenary. 

(6)  H««  y/c  —  see  ^  +  I'M  tan*  p;  xfe  •  ^  4-  m  tan  «»•  m  IH,  where  1  is  the  unit 
extension  of  the  wire.  Since  the  wii^  weighs  0.1  pound  per  yd.,  taking  steel  as  weighing  10.2 
pounds  per  sq.  in.  per  yd.,  and  the  modulua  of  elasticity  as  30,000,000  pounds  per  sq.  in.,  we  have 
since  1  =  f/M£,  where  a  is  the  area  of  the  section  of  the  wire  and  £  the  modulus,  m  ~  6664  x  10^. 
Eipiwiiint  the  y  equation  as  a  quadratic  in  sec  and  solving  f or  |p  -  2°  5'  54".  Substituting 
this  Tahie  in  the  eqaation  for  x  and  again  replacing  the  gudennaniaa  by  its  logaritbnue  equrnklent 
we  get  X  =  54.74  and  L  =  109.58  yds.  Do  not  mistake  the  different-e  Ix'tween  this  value  and 
the  above  as  the  extension  of  the  wire.  Ixa  meaning  is  that  when  ailowtuice  m  made  for  extension 
it  i>  necessary  to  spread  the  supports  above  the  difference  ami  in  order  to  maintain  the  defieetHMl 
of  one  yard.   The  parabolic  expression  for  this  case  is  moie  complicated  than  the  exact. 

Also  solved  by  J.  V.  BaUCB,  HoIULCS  OlSON,  A.  R.  NaCBB,  PaUL  CaFBON, 

and  Louis  G.  Fooler. 

2666.   Proposed  by  W.  WOOLSET  iohnsott,  Annapolis,  Md. 

Ten  equations  between  five  quantitit^,  Xi,  x»,  xt,  xt,  x*  being  written  as  follows:  zi  »  i  —  x«xt 
and  four  others  formed  by  the  ojrelie  inten^ange  of  tbe  suffixes;  idso  xiXiSt  —  xi  4*    ~  1  and 

four  others  formed  by  the  eyelic  interchange;  prove  that  only  three  of  these  equations  are  inde- 
pendent. In  other  words,  the  values  of  X|  and  Zi  being  assumed  at  pleasure,  Zi,  xi,  and  xi  can  be 
so  detannined  aa  to  aatirfy  all  ten  equations. 

I.  Solution  by  Arnold  Dresden,  University  of  Wisconsin. 

Denote hyl?( the  fanctKmx{+x.'4»r,>4  -•landligr^fthefiiBBtions^Si^ffa  —  X(  — x<^  +  l. 
Then  the  proposed  equations  may  beimtten  ID  the  form  JF<  -  0,  ^«  ■  0,  {<  -  X,  •  • 5),  the  tub- 
scripts  being  reduced  modulo  5. 

We  hvv«  the  foUowiog  identitiea: 

1  Xt^tEt  —  Etta  m  Ei^i 

00  that  the  equations      —  0  are  dependent  upon  the  equations  Ei  «  Q, 
But  from  the  relation  (1),  we  derive,  moreover,  the  following 

(5)  J?i-t  +  Xi-iEt  m  z<+,£<+i  +  £<+t. 

Hence  from  any  three  of  the  equations,  Ei  »  0,  the  remaining  two  must  follow. 

II.  SoLtmoN  BT  HoR.\cE  L.  OlsoNt  Heidelberg  University,  Tiffin,  Ohio. 

Tbe  ten  equations  ment  ioned  are 


2* 

1 

(6) 

XtfittPH 

-  »»  +  X,  - 

(2) 

Xi 

1 

-  x«x» 

(7) 

XiIiX, 

X|  +  x»  — 

(3) 

Xi 

1 

—  XfcX, 

(8) 

^        +  X4  - 

(4) 

x« 

1 

—  XiX» 

(9) 

X»X«Xt 

=■  X|  +  x»  — 

(5) 

Xs 

1 

—  TjXj 

(10) 

=  X<  +  X|  - 

Let  us  assume,  first,  that  XiXj  *  1.  Then  from  equations  (4),  (2),  aud  (3^,  respectively, 
we  find  that, 

««  -  1  —  siark»     xt"  (I  —  xi)/il  —  zisck),     ai  -  (1  —  ai)/(l  —  ca). 


Digitized  by  Google 


308 


QUESTIONS  AND  DISCUSSIONS. 


To  show  that  the  remaining  eqtiatioiis  an  dqMiideBt  upon  tlun  thne,  we  note  tiiAt  eqoatioiM 

(3)  ,  (4),  (2)  lead  respectively  to 

1  —  avi  -  1  —  xj  +  xiJTjXi,       1  —  xtii  —  1  —  ii  +  x»(l  —  Xi),       1  ~  ijTi  =  It. 

This  last  equation  ia  equation  (5). 
fiimOarlj  we  have 

1  "S^m  I —9t+3faau     1 -SBA  «  1 -ae« +  ai  — l-«!i«i«xit 

This  last  equation  Is  (1). 

Multiplying  (4)  by  Xt,  we  have  x^tZt  =  x»  —  x^i  and  then  x^iXt  =  x^  +Xi  1  from  (2). 
TluB  last  equation  is  (6).  Since,  then,  equations  ^)  to  (5)  and  (7)  to  (10)  are  obtained  from 

(1)  and  (6)  by  cyrlir  permutation  of  the  sufBxeH,  it  follows  that  upon  equations  (2),  (3),  and  (4) 
aU  the  others  depend.    Thi.s,  we  note,  is  true  whether  or  not  xtxt  =■  1.    If  XiXt  ~  1,  we  fiiid  from 

(4)  ,  (1),  and  (2),  respectively,  x,  =  0,  xi  -  1,  -  1.  Equations  (3)  and  (5)  then  both  become 
Xt+xt-  I.  Under  those  conditions  equations  (6)  to  (loj  are  satiafiied  identically,  and  Xt  and  £• 
an  not  detennined* 

Also  solved  by  Eluah  Swift,  P.\uline  Sperrt,  C.  C.  Yen,  and  Herbert  N. 
Cablbton.   

QUESTIONS  AND  DISCUSSIONS. 
Baa>  AU,  cononmioAinnn  to  U.  O,  TAnaavL,  Univenity  «f  Kmum. 

DISCUSSIONS. 

1.   CONCEHMNG  DlUKCTIOX  CoSINES  AND  HksSE's  NoRMAL  FoRM. 
By  Maxime  B6chkr,  Harvanl  I'nivorsity. 

For  many  years  I  have  felt  that  Hesse's  form  for  the  equation  of  n  line  is  out 
of  iiliK  (•  in  a  course  on  cleinentary  analytic  geometry'  and  have  omitted  it  from 
my  own  course.  1  am  glad  to  hud  the  same  view  expressed  by  two  writers  in 
recent  numbers  of  die  Monthlt  (p.  476, 1917  and  p.  181, 1918)  who  give  proofs 
of  the  formula  for  the  distance  from  a  point  to  a  line  which  do  not  involve  the 
use  of  Hesse's  form.  Perhaps  I  may  be  permitted  to  call  attention  to  a  proof  of 
this  kind  which  I  have  published  elsewhere-  and  which  seems  to  me  to  have 
two  advantages  over  those  recently  given  in  the  Monthly,  namely,  first,  that  it 
requires  no  rrfensnce  to  the  figure  with  the  consequent  necessity  (if  we  wish  to  be 
complete,  that  is,  really  to  give  a  proof)  of  examining  ezhaustively  the  various 
forms  the  figure  may  take  on ;  and  secondly,  that  it  admits  of  immediate  extension 
to  the  corresponding  problem  in  solid  analytic  geometry. 

It  is  perha])s  not  (juite  so  clear  that  Hesse's  form  for  the  equation  of  a  plane 
in  solid  analytic  geometry  should  be  removed  from  the  pages  of  elementary 
text  books  or  relegated  to  small-type  sections,  since  this  form  is  commonly 
used  not  merely  in  connection  with  the  formula  for  the  distance  from  a  point  to 
a  plane  but  also  as  the  primary  form  of  the  equation  of  a  plane  from  which  the 
other  forms  are  deduced.  I  will  indicate  how  I  am  accustomed  to  dispense  with 
it  altogether,  and  at  the  same  time  to  relegate  the  too  jjervasive  direction  cosines 

*  It  has  its  deOoite,  though  very  limited,  place  in  higher  work. 
■  BAcher,  Pfane  Anei^  Qeometfy,  Henxy  Holt  &  Co.,  1915,  p.  3& 
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of  the  ordinary  treatment  to  the  subordinate  position  in  which  I  think  they 
belong. 

The  directioii  of  a  line  in  space  is  detennined  by  the  ratios  I ;  m  :  n  of  the 

projections  of  any  segment  of  this  line  on  the  coordinate  axes.  These  ratios  are 
called  the  dir^rfinn  milosoi  the  line.  They  are  the  natural  generah'zation  of  the 
slope  of  a  line  in  plane  analj'tic  geometry.  These  direction  ratios  may,  of  course, 
be  regarded  as  the  ratios  of  the  direction  cosines/  and,  conversely,  the  direction 
ooaines  may  be  expressed  in  tmns  of  the  direction  ratios  by  means  of  the  fotmule 


VP  +  nr  -h  A^-  +  W"  +  +     +  n* 

If  two  lines  have  the  direction  ratios  (2i  :  flii ;  Mi)  and  (4  :  in«  :  ffO  respectively, 
the  condition  for  parallelism  is 

and  the  condition  for  perpendicularity  is 

The  line  connecting  the  points  {xi,  f/i.  Si)  and  {ztt  V*»  %)  evidently  has  as  its 

direction  ratios  (x^  —  Xi  :  ih  —  Vi  '■  ^  ~~  Zi)- 

By  the  direction  ratios  of  a  plane  we  understand  the  direction  ratios  of  its 
normals. 

It  now  easily  follows  that  the  equations  of  the  line  dirough  {xi,  4}  with 
direction  ratios  (I :  m  :  n)  are 

which,  if  none  of  the  quantities  I,  m,  n  are  zero  may  be  written 


05  —  aci 


y—  jfi   «  — sj 


I          nt  n 

On  the  other  hand,  if  we  have  a  plane  through  (arj,  yi,  Zi)  with  direction  ratios 
(1  :m  :  n),  the  point  (x,  y,  z)  lies  in  this  plane  when  and  only  when  the  line  con- 
necting it  with  {xiy  yi,  zr)  is  perpendicular  to  the  normals  to  the  plane.  Con- 
sequently the  equation  oi  liie  plane  is 

l(x  —  «i)  +  miy  —  ift)  +  n(a  —  «i)  =  0. 

From  this  it  b  easy  to  prove  that  every  equation  of  the  first  degree 

i4x  +  %  +  C2  +  D  «  0 

represents  a  plane  whose  directicjn  ratios  are  (A  :  B  :  C),  The  further  formules 
concerning  lines  and  planes  are  now  easily  obtained. 

*  £xcept  ia  the  case  of  isotropic  iiues  which  have  uu  directiuu  cm^es  but  do  have  direction 
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The  method  of  presentation  here  sketched  not  only  dispenses  with  Hesse's 
normal  form  entirelyi  but  is  to  my  mind  simpler  and  more  approiviate  than  the 
one  ordinaiily  gtveo.  Direction  cosines  can  be  introduced  by  means  of  (1) 
whenever  they  are  wanted,  hut  there  are  very  few  occasions  where  there  is  any 
advantage  in  using  them,  the  formula 

cos  an  cos  Ok  +  COS  A  cos  jSs  +  cos  7i  cos  Til 

for  the  cosine  of  the  angle  between  two  lines  being  one  of  the  few  formule  whidi 
are  a  little  simpler  when  direction  corines  are  used  than  when  written  in  terms 

of  direction  ratios. 

As  an  introduction  to  more  advanced  work  the  method  here  suppested  has 
the  advantage  of  being  applicable  to  isotropic  lines  and  planes  as  well  as  to  others. 

II,  CoNCEBNLVc:  A  Method  of  Coxsthucting  the  GRArii  op  AS  EQUAnOM 
IN  Which  the  Variables  May  Be  Separated. 

By  E.  L.  BsBSy  Umvenity  «l  Kenttidiar. 

If  an  equation  can  be  put  in  the  form  =  ^(t/),  i.  e.,  if  the  variables  can 
be  separated,  the  graph  may  be  constructed  in  the  following  simple  manner: 

Construct  the  graphs  of  the  equations  y'  «  <p{x)t  ^  =  ^^^Cy).   Draw  an  ordinate 

of  the  first  curve  and  an  abscissa  of  the  second  curve  equal  to  the  ordinate  of  the 
first.  The  intersection  of  this  ordinate  and  abscissa  is  a  point  on  the  required 
curve.   In  this  manner  any  desired  number  of  points  may  be  rapidly  constructed. 

The  following  theorems^  giving  the  properties  of  the  graph  as  determined 
from  those  of  the  auxiliary  curves  are  easi  1  y  d  educed.  Indeed,  the  truth  of  most 
of  them  may  he  inferred  from  geometric  intuition. 

1 .  Tf  j'  and  ?/'  are  lioth  increasing  or  both  decreasing  functions  in  correspond- 
iog  intervals  the  curve  will  rise  in  those  intervals. 

%  If  one  function  increases  and  the  other  decreases  the  curve  will  fall  in  the 
GMreqKiiiding  intervals. 

3.  A  vortical  line  of  symmetry  of  the  first  or  a  horizontal  line  of  symmetry 
of  the  second  auxiliary  curve  is  a  line  of  symmetry  of  the  required  curve. 

4.  A  turning  point  for  a  multiple  turning  point)  on  either  auxiliary  curve  in 
general  corresponds  to  a  turning  point  (or  multiple  turning  point)  on  the  required 
curve. 

5.  Two  corresponding  turning  points  give  a  node  if  both  are  maximum  or 
both  minimum,  or  a  conjugate  point  if  one  is  maximum  and  the  other  miniraum. 

6.  A  double  turning  po  nt  and  a  corresponding  turning  point  jjive  a  cusp. 

7.  A  triple  turning  point  and  a  corresponding  turning  point  if  both  are 
maximum  or  both  minimum  give  a  point  of  osculation. 

'  In  the  statement  of  these  theorems  it  is  to  be  understood  that  turning  points  and  multiple 
turning  points  on  tin*  !"(  (-( <nd  curve  are  those  points  at  which  the  taagsnt  IS  vertical^  wbite  thflW 
temui  M  apiilied  to  the  firvt  curve  have  their  usual  meamag. 
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Other  theorems  of  a  similar  nature  could  be  added.  These  theorems  may 
be  iUustnted  1^  the  ft^owing  simple  equations,  the  niimbm  in  the  parenthnes 
indicating  the  theorems  which  the  equations  are  intended  to  illustrate. 

r  -  1  =  a:»  -  3z,  y2  -  1  =  xHl,  2, 8, 4);  -  2  =  sr»  -  3«, +  2  =  a*  -  3« 
(5);  if  =  .r' m:  ^/  =      -  x*  (7). 

It  is,  of  course,  true  that  the  advantages  of  this  method  of  constructiug 
graphic  are  greatest  for  the  more  couipiicated  forms  of  equations. 

This  principle  may  also  be  applied  in  the  construction  of  graphs  of  parametric 
equations.  For,  if  the  patametiie  equations  are  :r  »  ^{t),  y  =  ^{t)  we  may 
use  as  our  auxiliary  equations  x  «  ^^jf),  y  »  ^{9f)  and  proceed  as  before. 

UNDERGRADUATE  MATHEMATICS  CLUBS. 

B^RBD  BT  R.  C.  AaCHOuiA,  Brown  UniTeraity,  Pkovideiioe,  R.  I.  • 

In  so  far  as  information  is  obtainable  the  December  issue  of  this  Monthly 
will  contain  a  directory  of  undergraduate  mathematics  clubs  which  have  been 
in  operation  during  at  least  a  part  of  1917-18.  Certain  statistics,  and  general 
discussion  of  club  interests,  will  be  introduced  also.    It  is  hoped  that  those  clubs 

which  have  either  failed  to  discover  themselves  tn  th^  editor  or  neglected  to  reply 
to  his  repeated  solicitations  for  information,  will  report  to  him  as  soon  as  possible 
and,  in  any  case,  not  later  than  October  6. 

CLUB  ACflVlTIBS. 

Mathbkaticb  Club  of  Iowa  Statb  Teachess  College,  C^r  FaUs,  Iowa. 

Hiis  dub  was  organised  in  December,  1909,  "to  further  the  work  in  mathe- 

ma'ics  in  the  college  and  in  the  state."   The  officers  for  1917-18  were:  President, 

Ira  S.  Condit,  head  of  t!^e  department  of  ma  hematics:  seeretarv,  Trma  Hemphill 
'18;  executive  committee,  Trofessor  Peter  Luteyn  and  Grace  Hillier  '18,  who 
prepare  programs  and  decide  on  dates  of  meetings  The  programs  between 
June,  1916,  and  March  1918;  were  as  foUows: 

June  28,  1916:  "Teaching  factoring"  by  Professor  Robert  D.  Dougherty. 
July  12:  "Standard  test  "  by  Professor  E.  E.  Watson,  of  Parsons  College. 
Augu^^t  2:  "The  problem  and  the  process  of  analysis  in  arithmetic"  by  Professor 
Condit. 

August  16:  "Ratio  and  proportion,"  by  Professor  Charles  W.  Wester  of  Iowa 
State  College  and  Rodney  W.  Babcock,  instructor  in  mathematics  at  the 

University  of  Wisconsin. 
October  !S:  "The  place  of  inatlieniatics  in  education"  by  Professor  Wester. 
November  1."):  Report  of  Committee  on  Elimination,  of  Iowa  State  Teachers 

Association,  by  Euth  Smith  '18  and  Tracey  Hodson  'IS. 
April  24»  1917:  "Methods  of  statistical  study"  by  Professor  Wester. 
Ma^  16:  Consavation  in  mathematics — "Conservation  of  time  and  energy  by 

the  development  of  algebraic  symbolism"  by  Irma  Hemphill  '18;  ''The 
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metric  system"  by  Alice  O'Comior  '18;  "Short  cuts  in  arithmetic"  by 
Mae  Howell  '18;  "Short  cuts  in  high  school  mathematics"  by  Doris  de  Bar 

'18;  "Conservation  in  geometry"  by  Ruth  Smith  MS. 
July  11:  "Elimination  in  mathematics'"  by  Professor  Emma  L.  Lambert. 
July  2o:  "  Elimination  in  mathematics  "  by  Professor  Luteyn. 
March  6,  1918:  "Contents  of  a  course  in  arithmetic"  by  Professor  Wester. 

Junior  Matheuahcb  Club,  University  of  llfinnesota,  lifimieapoIjSi  Minn. 

Hie  first  meeting  of  this  dub  was  held  on  Deoraiber  9, 1914.  All  students 

who  have  completed  the  course  in  integral  calculus,  end  srniiors  who  are  majoring 
in  mathematics,  are  eligible  for  membership.  The  staff  of  instruction  in  the  de- 
partment of  mathematics  and  astronomy  is  also  invited  to  attend  the  meetings 
of  the  club.  The  number  of  its  members  was  20  last  year  and  the  average 
attendance  at  meetings  was  15. 

Ofheers,  1917-18:  President,  Jemima  Olson '18;  secretary,  ISisabeth  Carlson 
Gr.    These  ofhcers  constitute  the  program  committee  also. 
November  S,  1917:  "The  drawing  of  a  circle  having  five  times  the  area  of  a 

given  circle  "  by  Jemima  Olson  '18. 
November  22:  "How  to  draw  a  straight  line  without  the  use  of  a  ruler"  by 

Adelina  Anderson  '18. 
December  6:  ''The  Russian  peasant  method  of  multiplication"  by  Elma  F. 

lJnr\n  '18. 

December  13:  Joint  meeting?  with  the  T'niversity  Mathematical  Club^ — "A 
generalized  form  of  mathematKai  induction"  by  Professor  William  H. 
Bussey;  "A  note  on  the  eight  queens  problem"  *  by  FrofesscHr  Bussey. 

January  17, 1918:  "The  reduction  of  a  quadratic  form  to  the  sum  of  squares" 
by  Vera  Wright  Gr. 

March  7:  "Mag:ic  squnref?"  by  Hildegardc  Swenson  '18. 

March  28:  "Wallace  lines  '  by  Roger  A.  Johnson,  Professor  of  Mathematics  at 
llamline  University,  St.  Paul,  Minn. 

AptH  10:  "Calculating  machines"  by  Ralph  M.  Barton,  instruetw  in  mathe- 
matics, and  Professor  Bussey. 

April  18:  Annual  banquet. 

April  24:  "The  educational  value  of  the  history  of  mathematics"  by  William  0. 
Beal,  assbtant  astronomer  to  the  university. 

Mathematics  Club  op  Mount  Holtoke  Couxoe,  South  Hadley,  Mass. 

This  club,  whvAi  has  just  completed  the  tenth  year  of  its  existence,  was  founded 
for  the  purpose  of  "presenting  to  its  members  a  broader  view  of  mathematics." 
Last  year  it  had  38  active  and  15  associate  members,  the  average  attendance  at 

'  This  club  IS  coniposci  of  fnriihy  member?  and  praduate  studrnts.  Ita  prognnu  an 
luu&Ily  of  tou  advanced  a  character  for  members  of  the  Junior  Mathematics  Club. 

*  C/.  W.  W.  H.  BkU,  MatlUmalicti  Reereatiwu  and  f  ms*,  fifth  «dHian.  London,  ManuOlAn, 
1911,  pp.  iii-m. 
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meetings  being  20.  Junior  and  senior  students  who  are  doing  major  work  in 
mathematics  are  eligible  for  active  membership  and  nidi  studaits  beeome 
membtts  by  signing  the  oonstittition.  Any  sophomore  who  has  dected  mathe- 
matics as  one  of  her  major  subjects  may  become  an  associate  member  by  a 
majority  vote  of  the  members  present  at  any  meeting.  Any  member  of  the  staff 
of  the  mathematics  department  and  any  graduate  student  in  mathematics  is 
eligible  for  either  active  or  associate  membership.  Only  active  members  may 
vote  cr  hold  office.  Active  members  are  charged  a  tax  of  fifty  cents  a  year. 

Officers  1917-18:  IVesident,  Alice  Weeks  '18;  vice-president,  Evelyn  Clift 
'19;  secretary-treasurer,  Jeannette  Bickford  '18j  executive  board:  Ruth  Car- 
penter '18,  and  Profes'ior  Kmilie  N.  Martin. 

October  21,  1916:  Social  meeting;  the  club  was  entertained  by  guessing  various 

mathematical  puzzles. 
November  17:  "Mathonatical  theory  d  probabitities  and  its  application  to 

games  of  duwoe"  by  Ruth  Carpenter  '18;  "Magic  squares"  by  Alice  Weeks 

'18. 

December  16:  "Poincarc"  by  Helen  Hughes '17;  "Feim  it,  l  ermat's  Theorem, 
and  Painlev6"  by  Florence  Allen  *17;  an  article  on  boxija  Kovalevski  read 
by  Ethel  Anderson  '19. 

January  16, 1917:  A  talk  on  the  modds  of  surfaces  owned  by  the  college,  and  an 
exhibition  of  photographs  of  snow  crystals  by  Professor  Martin. 

Februarv  17r  "Tankages**  by  Margaret  Wilcox  '19  and  Kvelyn  Clift  '19  (illus- 
trated by  inodeib  which  they  had  constructed  for  the  occasion) ;  selections  from 
Cassias  Keyser's  "Essays  and  Addresses"  '  read  by  Ruth  iiemenway. 

March  24:  "Continued  fractions"  by  Jeannette  Bickford  '18. 

April  21:  "Photogrammetiy  an  l  its  use  in  the  present  war"  by  Charles  h, 
Bouton,  associate  professor  of  mathematics  at  Harvard  University* 

May  22:  Election  of  oflBojrs  for  1917-18. 

In  1917-18  the  number  of  meetings  was  reduced  to  five  on  account  of  war- 
work  in  whidi  the  members  were  engaged. 

September,  1917:  Social  meeting  to  receive  new  members* 

November:  "Training  in  mathematics  in  a  Russian  artillery  schoor'  by  Mr. 
Alexander  Pell  of  Soutli  TTadley. 

February  IG,  1918:  "Mathematics  in  the  present  war"  by  Captain  Peter  F. 
Field,  professor  at  tlie  University  of  Michigan. 

Aforch  9:  "Applied  mathematics  in  the  laboratory  work  of  a  great  electric  com- 
pany" by  Agnes  Eastman  '13. 

May  25:  "Mathematics  of  insurance"  by  Helen  Hughes '17;  electi<m  of  officws 
for  1918-19. 

Tbb  Matsematical  Clxtb  of  the  UmvEBSiTT  OF  NbbbaskAi  Lincoln,  Neb. 

This  dub  was  organized  in  1915  "to  stimulate  the  mathematical  interests  of 
its  members  by  presenting  illuminating  and  varied  phases  of  mathenwtics  in 

'  The  sclactiona  were  taken  from  two  essays:  "The  human  worth  of  rigoroui  thinldng'* 
and  "  The  human  significance  el  mathematice." 
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pure  and  in  applied  fonn."  According  to  the  prduninary  organization  circular: 
"Many  absorbing  topics  that  can  hardly  be  dealt  mOi  in  the  class  room  wSi  find 
a  natural  place  in  this  club.   It  is  hoped  tlmt  the  members  will  gain  a  new  and 

valuable  insight  into  the  beauty  and  wealth  of  the  mathematical  realm  and  a 
greater  knowledge  of  the  many  ways  in  which  mathematics  touches  life." 

The  charter  members  were  recommended  by  the  faculty.  Thereafter  members 
have  been  elected  by  the  dub  on  the  recommendation  of  its  executive  committee 
which,  as  a  matter  of  established  custom,  first  consults  the  faculty.  "  As  a  rule 
the  faculty  recommends  to  membership  those  students  who  have  shown  distinc- 
tion in  their  first  year  matliematics  courses  (through  analytic  geometry)  " 

Officers,  1917-18:  President,  Julia  L.  Torrence  '18;  vice-president,  Elmo  G. 
Fimke  '19;  aecretary-tnasurer»  Frances  Botldn  '10;  faculty-adviser,  Prof^sor 
H«iry  Blumberg.  These  officers  constituted  the  executive  committee* 

The  club  meets  once  a  month,  7.30-9  00  p.m.;  the  number  of  members  in 
attendance  has  varied  from  20  to  GO,  with  an  average  of  about  35.  All  members 
are  expected  to  contribute  to  the  topir-;  of  the  evening.  Interesting  problems 
are  posted  on  the  club's  bulletiu  board  and  these  problems  are  later  discussed  at 
the  meetings.  During  1916-17  three  prizes  were  awarded  by  the  dub,  mainly 
for  activity  in  connection  with  the  bulletin  board.  The  programs  for  1015-18 
have  been  as  follows: 

October  14,  1915:  Organization  meeting;  talks  by  different  members  of  the 

faculty. 

November  11:  "Various  definitions  of  v"  by  James  H.  Taylor  '16;  "The  game 

of  nim'*  by  Professor  Blumberg. 
December  9:  "Some  problems  from  analyris  ntus"  by  Edward  M.  Kadlack  '16; 

"Selected  facts  from  the  theory  of  numbers"  by  Professor  William  C.  Brenke. 
January  13,  1910:  Social  meeting,  log  fire,  refreshments,  everybody  expected 

to  bring  an  anecdote  about  a  famous  mathematician. 
February  10:  "Cantor's  famous  contribution  to  the  study  of  the  infinite"  by 

Professor  Blumbog;  "The  cycloid"  by  Herb^  Grumman  '15. 
March  9:  "Euclid's  fifth  postulate"  by  Olive  Bayles  '16;  "Soap  bubbles  and 

mathematics"  by  Professor  Oliver  Gish. 
April  13:  "Lightning  calcul-itor^ "  by  Ezra  Aadreson  IS;  "The  method  of 

Archimedes"  by  Professor  Albert  L.  Candy. 
May  11:  "Some  unsolved  problems  in  mathematics"  by  Ftofessor  ESlory  W. 

Davis;  social  hour. 
October  12:  Election  of  officers;  social  hour. 

November  0:  "Summation  of  certain  series"  by  Walter  F.  Weiland  '18;  "His- 
tory of  i)crsj)cctive  drawing"  by  Professor  Blumberg. 

December  14:  "Certain  problems  of  interpolation"  by  Professor  W.  C.  Brenke; 
bulletin  board  probkms. 

January  11,  1917:  Social  meeting;  mathematical  games;  everybody  otpected 
to  bring  a  geometric,  algebraic  or  logical  paradox. 

February  15;  "History  of  logarithms"  by  William  F.  Joachim  '18. 
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March  15;  "Selected  topics  from  the  theory  of  probability"  by  Professor  Davis; 

biiUetiii  board  problems. 
AprU  15:  "The  roots  of  unity  "  by  Alva  L.  Sikes  '19;  "History  of  the  Arabic 

numerals"  by  Professor  Candy. 
October:  Election  of  officers;  social  hour. 

November  9:  "Selected  topics  from  projective  geometry"  by  Frances  Botkin  '19; 
"Mathematical  curricula  in  different  countries"  by  Professor  Candy. 

December  13:  "Magic  squares'*  by  Joeefa  Seely  '18;  "Graphical  methods"  by 
Professor  Lulu  Runge. 

March  14,  1918:  Bulletin  board  problems;  social  hour  with  mathematical  pames. 

April  11:  "Seleetod  facts  from  the  tlieory  of  numbers"  by  Professor  Blumberg; 
bulletin  board  problems;  mathematical  games. 

May  9:  "Devdopment  of  mathematical  symbols"  by  Bemice  Dovning  'IS; 
bulletin  board  problems;  social  hour  with  mathanatical  games  and  mathe- 
matical conundrums. 

The  2^1atukma'jic.s  Club  op  the  Univeilsity  of  Oklahoma,  Norman,  Okla. 

At  a  moetlnfT  oti  October  26,  1916,  a  group  of  students,  who  bad  decided  to 
organise  a  uiaLhcmutics  club,  appointed  a  committee,  with  Professor  Samuel  W. 
Reaves,  head  of  the  department,  as  dnirmuij  to  draw  up  a  constitution.  This 
constitution,  adopted  at  the  following  meeting,  was  as  follows: 

PaSAJklBLE. 

We,  the  imdofligned,  appreeUting  the  admitagee  to  be  derived  from  sn  aasoeUtioii  whieh 

Bhall  give  opportunity  for  tlio  presfntntion  and  discussion  uf  mathematical  subjects  of  interpsl, 
do  hereby  orgaoiie  ourselves  into  a  DiatikeDiatieal  club,  and  we  agree  to  be  governed  by  the  follow- 
ing GMMtitlltiou. 

Articlk  I.  Name. 

Section  1,  This  ossotriation  shall  bo  ailh-d  The  Mathematics  Club  of  the  Univcnuty  of 
OklahoDtt, 

Art  I  CLE  II.  Members. 

SecHon  1.  Mcmbcrsliip  in  this  Club  is  limited  to  such  students  and  teachers  in  the  Uni- 
VMSity  of  Oklahoma  as  are  interested  in  the  subject  of  mathematics. 

jia0t69n  S,  fropoeals  for  membership  shall  be  in  writing  and  may  be  submitted  at  any 
regular  meeting. 

Section  8.  Voting  upon  memben  ah«n  be  by  ballot,  a  majority  vote  bdutg  neoeaeacy  for 

election. 

Asncui  in.  Offieen^ 

Stclion  1.  Tilt'  uPiffrs  of  this  club  slmll  hv  ii  Prf'sident,  h  Viro-Presidcnt ,  and  a  Recrttary- 
Treasurer,  which  oihcers  shall  be  elected  from  among  the  students  majoring  in  mathematics. 

<S«eHon  f  .  Otfieevs  of  the  ehib  aball  be  elected  by  ballot  at  the  fiist  vegolar  meeting  of  each 
semeeter. 

Section  S.  Each  officer  shall  serve  until  Ids  successor  is  duly  elected.  Vacancies  may  be 
filled  tctnponirijy  by  p^<■^id<■nt^al  appointment  until  tJir-  next  ref!;ulnr  nnotinp  of  tiic  cln'.j. 

HeclUm  4'  The  three  officers  mentioned  in  Section  1,  together  with  one  faculty  member 
sdeeCed  by  the  faeuUy  members  of  the  dub,  shall  ooosUtute  the  Program  Committee. 

Asncu  IV.  Meetittgt, 

Section  1.  Regular  meetingn  of  the  dub  shall  be  bdd  on  the  second  and  fourth  Thondays 
of  each  month. 
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Asncia  V.  Bfitedlaneoiu. 

Stetion  1.  This  club  shall  have  the  ^K)W('r  (o  mitke  rules  for  its  meetings,  levy  a8S68BID6nto 
upon  its  members,  and  perform  other  acU  uot  mcuQ&uteut  with  this  constitution. 

Section  2.   One-third  of  all  the  members  of  the  club  shall  constitute  a  quorum. 

StKtMin  9.  Amendnwnto  to  tlits  oonatitution  abaU  be  offered  in  writing,  shall  lie  upon  the 
table  for  two  weeks,  and  shall  require  for  wloiilion  ft  two-thirds  vote  of  all  memben  present. 

Stciwn  4-  In  all  cxses  not  t  i  i  r  viae  providnf  for  this  dub  abaU  be  lOTMniecl  by  "Roberts's 
Rules  of  Order"  as  parliamentary  guido. 

During  1916-17  the  following  meetings  (with  an  avtfage  attendance  of  15  ^ 

members)  were  held: 

November  9, 1916:  "How  we  have  learned  to  count"  by  Dr.  Nathan  Altshiiier, 

instructor  in  mathematics. 
December  14:  "Finger  oountmg"  bjr  Harold  Gimeno  '18;  "Finger  calculation*' 

by  Enoch  B.  Ferrell  '18. 
Januaiy  16,  1917:  "Mathematical  wrinkles"^  by  Thomas  L.  Sotey  '18  and  > 

HuRh  S.  Lieber  '18. 
February  13:  "Some  properties  of  triangles"  by  Professor  Heaves. 
March  13:  "Paper  folding"  by  Ella  Mansfield  '18. 
March  27:  "lafe  of  Descartes"  by  Earl  Bonham  '17. 

April  10:  "Invention  of  logarithms"  by  Professor  Edmund  V.  R.  Duval;  "If  at 
tlie  beginning  of  onr  vt:\  one  cent  had  been  placed  at  four  per  cent  compound 
interest,  what  would  be  tlic  radius  of  the  gold  sphere  equivalent  to  the  capital 
accumulated  to  date?"  by  Margaret  Coleman  '17. 
April  17:  "Mathematics  and  astronomy"  by  Professor  Harry  C.  Goasard. 

"Owing  to  the  fact  that  most  of  the  advanced  students  in  mathematics, 
including  both  presidents  of  the  club  (Thomas  L.  Sorey  '18  and  Enoch  B.  Ferrell 
'18),  entere<l  military  service,  while  the  others  left  college,  tn  fill  the  vacancies  f 
created  by  the  military  draft,  it  was  decided  to  suspend  the  activities  of  the  club 
for  the  year  1917-18." 

topics  for  club  programs. 
12.  Geometkt  of  Four  Dimensionb. 

By  Henry  P.  RlANNma,  Brown  Xfniverslty. 

If  but  a  single  meeting  is  to  be  devoted  to  this  subject  tlie  most  interesting^ 
way  to  take  it  up  is  to  give  a  simple  statement  of  tlieorems  and  proofs  after  the 
mamier  in  which  plane  and  solid  geometry  is  studied  in  the  schools.  Most  of 
those  who  belong  to  mathmatics  dubs  have  heard  tales  of  strange  things  that 
are  to  be  found  in  hyperspace,  and  what  they  would  lite  to  know  is  the  geometry 
itself  and  the  mysterious  paths  by  which  these  things  are  found.  Probably  the 
best  topics  to  take  up  would  be  perpend ictilarity  and  various  kinds  of  angles, 
and  then,  if  there  is  time,  some  of  the  theorems  about  parallel  lines,  planes  and 
hyperplanes,' 

•  X  book  uuiuli'd  Mathematical  wrinkles  for  teachtrn  and  pruate  leanurs  \v;u-i  publi^licd  by 
8iunuel  I.  Jones  at  Gunter,  Texas,  in  1912. 

*  A  list  of  theorcnw  as  1  have  taken  them  up  oo  two  or  three  occasions  ia  given  in  The  Malht- 
ffotiet  Ttacka-,  Vol.  7,  Dec.,  1914,  pp.  49-58. 
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Such  a  treatment  ought  to  be  the  central  or  main  part  of  any  study  of  this 
subject,  but  if  there  is  time  to  look  at  it  from  other  points  of  view  <Jie  following 
topics  (arranged  under  7  headings)  may  be  considered.^ 

1.  The  history  of  the  idea  of  a  fotirth  dimension.  It  will  be  convenient  to 
think  of  three  periods:  down  to  1827,  from  1827  to  1S70,  from  1870  to  the 
present  day. 

In  the  writings  of  Aristflftie  (384-322  B.C.),  Fappus  (end  of  tbe  third  century), 
and,  acooiding  to  Simplictus  (sixth  century  A.D.)«  of  Ptolemy  (about  150  A.D.) 
there  are  ^peculations  about  the  number  of  dimensions  of  space  and  the  possi- 
bility or  impossibility  of  there  being  more  than  three.  The  same  matter  is  re- 
ferred to  by  the  English  philosopher  Henry  Moore  (1614-1687),  and  by  Kant 
(1724-1804).» 

In  the  development  of  algebra,  whidi  at  first  ascribed  a  geometrical  meaning 

to  all  of  its  terms,  there  came  about  a  reluctant  extension  of  these  terms  beyond 
those  wliich  desorihe  figures  of  two  and  three  dimensions.' 

Finally,  there  is  a  suggestion  by  d'Alembert  (1717-1783),  and  after  him  by 
Lagrange  (1736-1813),  that  time  might  be  regarded  as  the  fourth  dimension.^ 

In  the  second  period  otttein  leading  mathematicians  took  up  particular  parts 
of  hypergeometry  and  proved  theoiems  or  developed  formulae.*  These  de- 
vdopments  were  moady  by  analytical  methods,  but  sometimes  synthetic  methods 
were  used,  and  in  them  all  the  geometrical  conceptions  were  made  quite  clear. 
There  was  also,  however,  mucli  work  done  in  pure  analysis  with  equations  and 
algebraic  forms  in  n  variables,  where  the  language  of  geometry  is  sometimes 
used,  but  tiie  conceptions  of  geometry  are  almost  aitirdy  absent.* 

*  Mcrtof  thematerMfaftMgwotk  wffll»fouitduithe«athortQw 

Macniilli.'n ,  New  York,  1914,  anJ  in  a  book  of  fourth  dimension  essays,  The  Fourth  Dimension 
Simply  h.xpiained,  Muuu,  New  York,  lUlO.    These  will  l>c  referred  to  as  Gtonuitry  aud  Euays, 

*  Pappus,  after  speaking  of  the  three-line  and  four-line  locus  (see  Heath's  A-poUoniwt,  Cam- 
bridge, 1896,  IntroducttoD,  diap.  v)  sasrs  that  we  cannot  say  of  more  than  nz  lines,  "the  ratio  of 
the  content  of  four  to  that  which  is  contained  hy  the  rest,  since  there  is  nothing  contained  by 
njorc  than  throe  di.sf nnce;!.  Men  a  little  before  our  time  have  allowfvl  themselves  to  inter[)ret 
8ucb  things,  signifying  nothing  at  all  comprehensible,  speaking  of  the  product  of  that  which  is 
eoDtained  by  sueh  Unes  into  tin  square  of  tUs  or  tlra  content  of  ttuxe.  These  things  might, 
however,  be  stafcil  and  shown  generally  by  means  of  compound  ratioB"— Hultach  ed.f  Vol.  11, 
Berlin,  1S77,  p.  tiSO.    For  other  references  sec  (Jtomdrsj,  pp.  l-'6. 

*  Geometry,  pp.  2  .i. 

*  Geometry,  p.  4;  R.  C.  Archibald,  "Time  «a  a  Fourth  Dimenuan/'  Bidktin  qf  the  Ameriean 
Mathematieal  Soeiety,  Vol.  20, 1914.  p.  409. 

i  Mobius,  D(T  onnjrenMsrh.'  Calcul,  Lcipsig,  1S27,  §  140,  p.  IHi;  Cayley,  "Snr  quelques 
theortune-s  dc  la  g6oinetrie  de  position,"  Crelle'a  Journal,  ^'ol.  31,  pp.  213-226,  in  purticuhir, 
pp.  217-218;  Sylvester,  "On  the  Centre  of  Gravity  of  a  Truncated  Triangular  Pjramid,''  I'ln!<>- 
topkical  Magazine,  fourth  series.  Vol.  26,  Sept.,  1863,  pp.  167-183  or  Mathematical  Papers,  Vol. 
11,  No.  65;  CUflford,  Educational  Time^,  Jan.,  1866,  or  Matheriiatical  Reprints,  Vol.  6,  pp.  83-87, 
or  M (like maiical  Paprrs,  Ltindoii,  1SS2,  j).  t'lOl, 

*  Green,  MaUusmatical  Papers,  edited  by  N.  M.  Ferrers,  Loudon,  1S71,  p.  188;  C.  G.  J. 
Jacobi,  ''De  bbie  qtubuslibet  funetionibus  bomageneiB,"  Crelle's  Jounuif  Vol.  12,  1834,  p.  1; 
Cayh:'}',  two  papers  published  in  the  Camhridgr  Xfathematical  Jr  •  ;  Vol.  3,  1841,  or  Mnfhrmntical 
Papers,  Vol.  1,  Nos.  2  and  3;  Schliifli,  (1)  "  Uebcr  das  Miauiiuiu  dcs  Integrals,"  etc.,  CrcUe's 
Journal,  Vol.  43, 1862,  pp.  23-86;  (2)  "On  the  IntegnU,"  etc.,  Quarto^  /ourmri,  Vob.  2  snd  3, 
1858-1860. 

For  farther  detaOe  lee  Geemetry,  pp.  4r8. 


Digitized  by  GoOglc 


318 


UNDSBGRAOUATE  MATHEMATICS  CLUBS. 


Since  1870  we  have  witnessed  a  very  rapid  growth  of  the  subject.  References 
are  given  in  the  Oeometry  to  Veronese,  Hdpfaen,  Jordan,  Strin^am,  Hathaway, 
Cole  (p.  142),  Keyser,  Craig,  and  others.  Nearly  every  meeting  of  a  mathe- 
matical society  has  some  paper,  and  nearly  every  volume  of  a  mathematical 
journal  contain^)  some  article  bearing  on  this  subject. 

2.  The  many  curious  phenomena  in  space  of  four  dimeni>ions  make  a  descrip- 
tion of  this  subject  especially  intmsting,  even  to  those  who  do  not  care  for 
mathematics.  An  account  of  these  phenomena  after  the  manner  of  the  numerous 
"non-matliematical"  articles  tliat  have  been  written  would  furnish  an  enter- 
taining pajxT  for  a  mathematics  club.  It  is  easy  to  write  such  a  paper  because 
almost  everything  in  this  geometry  is  analogous  to  things  of  plane  and  solid 
geometry.  In  fact,  the  mathematician  in  developing  and  establishing  its  theorems 
is  aD  the  time  consciously  or  unconsciously  unng  these  analogies.  Even  the  proofii 
are  often  analogous  to  the  proofs  of  the  lower  geometries,  although  the  analogy 
itself  is  never  a  proof.* 

3.  The  analoiiy  with  two-dimensional  beings  has  been  used  very  freely  to 
show  our  relation  to  four-dimensional  space.*  In  particular,  this  idea  has  been 
developed  in  the  form  of  a  romance  by  E.  A.  Abbott,  in  FkUland,  and  by  C.  H. 
Hinton  in  An  Epuoie  FlaUand,  A  report  on  these  books  is  sometimes  made 
the  subject  in  a  meeting  of  a  mathematics  dub.  The  former  has  also  been 
dramati5;ed,' 

The  question  whether  anyone  is  able,  or  can  acquire  the  ability,  to  form  a 
conception  of  space  of  four  dimensions  may  depend  partly  on  what  we  mean  by 
the  word  conc^tion.  It  is  certainly  possible  by  practice  to  acquire  a  facility 
in  describing  figures  of  such  a  space  and  in  stating  and  proving  the  theorems  of 
this  geometry.^ 

*  The  fnllnwing  are  some  of  the  phenomena  referred  to.  Thoy  arc  explainwi  many  times 
in  the  Esmys  and  in  all  articlea  of  a  similar  nature.  The  new  perpendicular  direction,  Estaya, 
pp.45, 71, 82, 122.  Ptoing  out  of  a  closed  room,  fMqf*,  pp.  116, 123, 138, 149, 180,188.  Making 
iyminetrical  figureK  ooincide  by  tumiog  one  of  them  over  tbrough  hyperspace.  Essays,  pp.  48, 76, 
OS,  139,  158,  213.  IVimlng  a  flexible  hollow  shell  inside  out,  Essays,  pp.  49,  170,  249.  Knots, 
links  of  a  chain,  Ess.ii/s.  jip.  oO,  1 4".  Planes  meeting  onl v  in  a  point,  goiiiK  arouiul  a  iilane,  Essays, 
pp.  23,  24,  49.  Tlitj  iiyp«  ri  ul>o,  E.^^say^,  pp.  46,  72,  88,  92,  113,  147.  Cutting  apart  a  polyhedroid 
and  epreftdingit  out  in  a  hyp<TpI:in(>,  Essays,  p.  74,  Geon-elry,  pp.  68,  238, 240, 248.  Some  of  these 
subjects  are  mentioned  by  Profeasor  Newcomb,  "Philosophy  of  Ilypcrpparc"  fprc'sid<  iiti:il  ad- 
dress), Bulklin  of  the  American  Maikematical  Society,  Vol.  4,  Feb.,  pp.  187-195;  "Fairy 
land  of  Geometry,  "  Harprr.s  Magazim,  Vol.  104,  Jan.,  HHij,  pp.  249-262,  npiiatad  in iStdtliffAtt 
on  Atlrmon^,  New  York,  Harper  and  Brothers,  1906,  pp.  165-164. 

There  is  a  storj'  by  Charles  Johnstone,  "Jones  and  the  Fourth  Dimension,"  Harper's  MagO' 
zini\  Vol.  120,  Jviiic,  1014,  pp.  117  122,  that  is  ratluT  auuising,  though  not  quite  MeUIStO  in  its 
rcprcsst'iilaiiuu  of  a  Un  k  of  ditttuiico  in  space  of  four  diinciiiiuns. 

»  Essays,  pp.  78,  81,  96,  115,  127,  155. 

*  Abbott,  flatland,  London,  1884,  Little,  Biown  and  Company,  Boston,  1907.  Hinton,  An 
KpUode  of  FhUland,  London,  Swan,  Sonnenschefn  and  Co.,  1907.   In  the  Mathematiedl  (SoMtte, 

Vol,  7,  Jan.,  1014,  pp.  'J-'S  2M,  is  an  ai  iomi:  of  a  drainatii'  iK-rformanee  of  Flatland  by  a  girts' 
school  in  Acton,  England.  Tiiis  is  reprinted  lu  Schtn^  Science  and  MaUientalics,  Vol.  14,  Oct., 
1914,  pp.  583-587. 

*  S<  c  discussion  of  this  question  by  C.  J.  Kc>'8cr,  "Mathematical  Kman' ijiaUnn?,"  Monisl, 
Vol.  10,  I'JMj,  pp.  65-83,  particularly,  pp.  81-S2;  reprinted  iu  Tlie  Human  Worth  oj  Rigorou* 
Thinking,  New  York,  Columbia  UoivBisity  IVcss,  1018^  pp>.  101-121.  See  also  Oeomdrif,  n». 
15-16  and  the  last  footnote  on  p.  9. 
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4.  If  the  various  topics  suggested  aie  taken  up  and  sevml  meetings  axe 
devoted  to  tlie  geometry  of  four  dim«iMODS,  the  treatment  of  the  geometry  itself 
by  synthetic  methods  as  explained  at  the  beginning  of  this  artide  should  come 

at  this  point. 

5.  The  analytical  geometry  of  four  dimensions  with  formulee  for  distances 
and  angles  of  various  kinds,  the  equations  of  hypcrplanes,  planes  and  lines,  and  a 
brief  account  oi  the  hypersurfaces  of  the  second  degree,  the  hyperoonicoids.^ 

6.  Some  particularly  puzzling  subjects  may  be  suggested  for  further  study. 
Kinematics  and  mechanics  of  four  dimensions  promises  to  he  very  interesting. 

The  cross  section  of  a  rope  would  be  a  sphere,  not  a  circle.  It  would  have  to  be 
fastened  to  a  spherical  ring,  not  to  a  circular  ring.  A  chain  could  not  be  made 
of  links,  but  alternate  links  and  hollow  spheres  could  be  put  together  to  form  a 
chain.  Instead  of  a  two-dimensiomtl  wheel  and  a  one-dimensional  axle  we  must 
have  a  three-dimensional  wheel,  or  a  two-dimensional  axis.- 

If  we  lived  on  tlie  tliree-diinensional  boundary  of  a  hy{)ers{)here,  j\.[9,t  as  we 
actually  live  on  the  earth,  held  to  it  by  an  attraction  towards  the  center,  we  could 
move  in  three  directions.  We  might  study  the  problem  of  changing  pressure 
into  motion  (like  that  of  the  locomotive),  or  the  problem  of  constructing  a  mill 
that  will  saw  a  hypersolid  block  into  two  pieces,  just  as  we  saw  a  log  into  boards. 

Surfaces  in  hyperspace  is  another  subject  that  needs  to  be  studied  a  great  deal. 
A  curve  in  any  khid  of  space  extends  only  forwards  and  backwards  and  seems 
very  much  the  same  as  in  a  plane  as  long  as  we  confine  our  attention  to  the  curve 
itself.  It  is  only  when  we  consider  the  space  about  the  curve  that  we  hnd  in 
space  of  three  dimoisions  the  phenomena  of  knots  and  of  torsion.  So  surfaces, 
oonsidored  by  themsdves,  are  very  much  the  same  in  any  space.  As  long  as  we 
confine  our  attention  to  the  surface  itself  we  find  it  two-dimensional  and  we  move 
about  on  it  very  much  as  we  do  on  a  simple  plane.  There  is  no  difficulty  in 
understanding  at  least  a  small  portion  of  an  ordinary  surface  in  any  kind  of  space. 
But  when  we  investigate  the  space  about  the  surfacei  if  the  space  b  of  more  than  . 
three  dimenncms,  we  begin  to-  be  mystified.  Rotation  on  an  aids^plane  and  the 

*  Hiis  tieatiMBt  is  taken  up  by  Jouffret,  GionUtrie  d  quatre  dijwrmons,  Paris,  1908,  and  (for 

the  casp  of  an}*  nnn^h'-r  fUinonmon^)  hy  Sdunite,  Mthrdimtn.nonale  Geometric,  Sammlung 
Schuberl,  XXX \'  and  JvXX'v  i,  Leipzig,  19U2  aud  r.H)5,  I,  §  G,  pp.  125-180.  Certum  puru  are 
worked  out  also  in  the  following  articles:  F.  N.  Cole,  "  ( >ii  Rot ations  in  Space  of  Four  Dimensions," 
Americati  Journal  <^  MtUhmatic9f  Vol.  12, 1890,  pp.  191-210;  T.  Craig,  '*Duq;)laoem«iit8  Depeod- 
ing  on  One,  Two  tnd  Three  Parameters  in  a  Spam  of  Poor  DmmnaoBi"  Ammem  Journal  <if 
Malhemaiics,  Vol.  20,  1898,  pp.  135-156;  J.  G.  Hardy,  "Curves  of  Triplr  Curvature,"  American 
Journal  of  Malhettiaiics,  Vol.  24,  1902,  pp.  13-38;  C.  J.  Keyser,  ''Concerning  the  Angles  and  the 
Angular  Determination  of  Planes  in  4-Space,"  BiUldin  of  iht  Ammean  Mathmatte^  Saaetyf 
Vol.  8,  1902,  pp.  324-^29.  Two  articles  in  the  Ambkcan  Mathematical  Moimn.Y  may  be 
mentioned  here:  B.  H.  Brown,  "Centres  of  Similitude  and  their  iV-Dimensional  Analogies," 
Vol.  23,  May,  1916.  [.p.  15.-)  l.y),  mid  M.  H.  Siuyter,  "fiumv  Metrical  Properties  ef  the  Fmti^ 
hedroid  in  a  Space  of  Four  Dimensiuus,"  Vol.  24,  Mar.,  1917,  pp.  113-119. 

*See  EtBOffB,  p.  31,  Hinton,  The  fourth  Dimension,  Swan,  Sonncnschcin  and  Co.,  liondon, 
IWI,  pp.  ^1  .mf!  71-73.  The  nntiirc  nf  rot.ilion^  is  t.-ikcn  up  l)ri('flv  at  llic  vn<\  of  an  artirlp  by 
Hrliniiiu,  "Formulas  fundament;Jle^  tie  eiueumlique  daus  le»  e»pm.«j  de  courbure  cuiuiluuie," 
BuUitin  dea  sciences  malh^icdiques,  Vol.  U,  1876^  pp.  283-240,  OjMtW,  MlJall,  Vol  Ili,  1911,  pp. 
23-29,  »nd  veiy  fully  by  Cole,  Ik,  cit. 
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fact  that  we  can  go  around  a  surface  just  as  in  ordinary  space  we  go  around  a 
line  make  one  of  its  mysteries.  Hie  emuidentioD  of  an  «itire  surface  titat  does 
not  lie  in  any  one  three-dimensional  space  abo  involves  peculiarities  of  hyperspaoe. 
An  ezamide  is  the  surface  of  double  revolution,  a  surface  on  which  the  ordinary 
plane  geometry  of  Euclid  holds  true  if  we  take  for  lines  certain  systems  of  circles. 
The  study  of  surfaces  is  important  in  what  is  called  analysis  situs.* 

7.  The  object  and  value  of  the  study  of  this  subject  may  be  considered  from 
three  points  of  view:  any  direct  applicatimis  that  it  may  have,  its  relation  to 
the  science  of  geometry  and  to  matiiematics  in  general,  and  any  {diiloaophical 
discussions  that  it  may  involve. 

We  can  use  it  to  give  simple  proofs  of  certain  theorems  of  ordinary  geometry, 
such  as  the  equivalence  of  symmetrical  figures,^  and  theorems  about  certain 
figures  that  are  sections  or  projections  of  simpler  figures  of  hyperspaoe.*  New 
figures  have  also  been  discovered  in  tlus  way.  Thus  application  has  been  made 
to  architecture.*  In  mechanics  it  has  been* found  useful  to  represent  time  as  a 
fourth  dimension.  In  this  wav  flic  tTieory  of  relativity  finds  its  simplest  form  of 
expression.^  It  can  be  used  soinctitnes  to  give  us  graj>liical  solutions  of  problems*. 
It  helps  us  to  visualize  certain  complicated  groups  of  objects,  such  as  determinants 
of  more  than  three  dimoi^ons.^  Th^  are  many  interpretations  of  this  geometry 
in  which  some  other  figure  than  the  point  is  taken  as  element.  These  interpreta- 
tions have  been  put  f  rv  ird  to  help  us  understand  the  geometry,  but  the  relation 
can  be  reversed  and  the  geometry  applied  to  the  study  of  these  figures.*  Its 
most  important  direct  application  lies  in  its  furnishing  names  and  concrete  terms 
for  certain  complicated  ideas  and  expressions  of  analysis. 

In  the  neict  place  we  get  a  broader  view  of  the  nature  of  geometry  by  a  study 
of  geometry  of  four  dimensions,  and,  as  far  as  we  can  carry  it,  of  higher  dimen- 
sions. There  are  many  theories  In  geometry  that  we  hardly  notice,  if  at  all,  in 
studying  only  plane  and  st)li(l  geomftry.  We  understand  better  the  foundations 
of  geometry  and  we  get  an  invaluable  training  in  mathematical  reasoning.' 

I^nally,  the  study  of  this  geometry  throws  light  on  certain  questions  of 
philosophy,  as,  tot  «cample,  the  nature  of  space  itsdf.  The  fact  that  we  are 
able  to  develop  other  kinds  of  geometry  besides  the  plane  and  solid  geometry 
f>f  nnr  experience  is  put  forward  n ;  disproving  the  theories  of  Kant  on  the  sub- 
jective nature  of  our  geometrical  intuitions. 

'  See  Gtometry,  p.  219  and  the  reference  there  to  Puincar^. 
>  Chometry,  p.  149. 

»S<'(>  Ciomrtry,  p.  n,  liiid  the  rt'forctu  fri  (hero  (o  Caylry  and  Veronese. 

*  Claude  Br:iK<loii,  Pruj>xlivc  Ornaimtit,  Maniw  Presa,  Kochcatcr,  N.  Y.,  1915. 

*  Geomftry,  p.  11. 

*  An  cxampif^  ia  Clifford's  solution  oi  a  problem  in  probi^ty  referred  to  in  QeomMryt  p.  0» 

and  in  footnote  above. 

'  S<'o  .lost  met  of  pa;>(T  by  L.  H.  Rife.  "  D«'((>rniiiunts  of  Muy  DimeuionB,"  AtiBefto  i|f  Ac 
American  MalkemeUical  Sociely,  Vol.  23,  1916,  p.  69. 

*  Gla^mifry,  p.  10. 
•Oleomefry,  p.  14. 
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COLLEGIATE  MATHEMATICS  FOR  WAR  SERVICE. 

The  chief  aim  of  this  department  will  be  to  gather  and  publish  information 
concerning  mathematical  courses  in  preparation  for  war  service.  The  editor 
invites  the  oontribution  of  suitable  artides  and  notes,  and  hopes,  rince  timeliness 
will  be  important,  that  appropriate  material  v  ill  1  e  sent  in  as  soon  as  it  becomes 
available.  If  an  article  is  such  that  the  Editors  of  the  Moxthlt  deem  its  early 
publicntion  siifficiently  pressing,  preprints  of  it  v-ill  be  prepared.  The  editor  of 
this  departmcut  will  also  midertake  to  furnish  to  the  extent  of  his  means  material 
and  infonnstion  desired  by  individoal  leaden.  Address  Dr.  Henry  Blumberg, 
University  of  Illinda,  Urbana,  HI. 

001IBSBS  IN  COUfGE  IN  FBEPABATION  FOB  1HB  NAVT.» 
Bt  R.  G.  D.  RjOTAiweoit,  Brown  Univwaity. 

The  Need.  To  the  colleges  no  call  of  the  country  in  its  war  program  is  more 
urgent  than  that  of  the  uavy  for  commissioned  officers.  Besides  the  need  of  line 
officers  for  the  new  ships  of  the  navy  proper,  the  department  has  announced  that 
it  needs  22,000  conunis^oned  offioras  to  man  the  new  mercantile  marine  whidi 
the  [  :r  y  will  operate.  Very  few  enlisted  men  have  the  education  necessary  to 
qualify  for  an}i:hinR  beyond  the  rank  of  petty  officer.  The  Naval  Academy  can 
graduate  at  most  a  few  hundreds  yearly.  The  many  auxiliary  schools  are  filled 
beyond  capacity  but  are  turning  out  only  a  fraction  of  the  niunber  required. 
llVhile  a  minimum  of  tiuee  to  six  months'  sea  «qpaienoe  has  been  a  prerequisite, 
a  large  part  of  the  theoretical  training  for  candidates  for  the  ensign's  commission 
has  in  many  instances  been  given  in  academic  institutions.  Since  all  candidates 
for  commission  as  en'jicrn  must  have  the  preliminary  education  rerpiired  for  admis- 
sion to  college,  it  is  natural  that  the  navy  should  look  to  us  in  increasing  measure 
to  supplement  the  efforts  of  the  other  agencies  by  giving  courses  which  will  aid 
in  preparing  men  fw  this  examination. 

All  college  men  who  are  physically  fit  must  look  forward  to  being  called 
by  ^eir  country  to  some  arm  of  the  service,  aiMl  e%'ery  college  recognizes 
the  imperative  necessity  of  giving  its  students  some  technical  preparation. 
Many  men  will  prefer  the  navy  to  other  branches  of  the  service,  and  it  devolves 
upon  each  school  to  ascertain  how  it  can  give  the  elements  of  the  necessary 
tramiiM;  by  adapting  its  inesmt  courses  or  adding  new  ones.  Hiis  will  in  part 
anticipate  any  action  wliich  the  government  may  deem  it  wise  to  take  in  directing 
the  instruction  in  mathematics  in  those  colleges  whose  students  are  furioughed 

for  iiistrurhon. 

What  is  Already  Bemg  Done.    The  experiences  of  other  institutions  t'unu.-li 

This  brief  sketch  haa  been  prepared  very  hastily  and  is  subject  to  cbatges  of  ioadequateness 
and  inaecnrnqr.  ItsonlyexaofleitthatitmarserTetoeallaitentiMtotbei^^ 
pragnmsfbrlJieaiMdeinM^nArsraiiuuleup.    B.  Q.  P.  RidiardaontChwago,  Augurt  8>.  ms. 
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a  basis  for  judgment  as  to  what  may  he  aceomplished.  Various  types  of  work  are 
already  under  way  of  which  some  examples  may  be  cited. 

Several  institutioiis  sudi  as  'Bmmad  and  Peimsylvaiua  have  loaned  to  the 
government  thtk  facOities  for  instruction  and  housing.  Enlisted  men  who 
have  the  necessary  basis  of  education  and  are  deemed  to  possess  the  reciulsite 
pffsonal  qualifications  are  piven  training  by  officers  of  the  navy  to  fit  them  for 
an  ensisTn'"  commission  or  for  the  radio  service. 

In  another  group  are  institutions  such  as  Yale,  Princeton,  Brown  and  the 
Universities  of  Michigan,  Califoraia,  and  Washington  which  have  regularly  or- 
ganised Naval  Units.  The  formation  of  such  Units  is  encouraged  by  the  Navy 
Department  but  in  most  instances  no  official  recognition  has  as  yet  been  given. 
The  units  differ  widely  in  the  work  they  are  attempting.  While  some  students 
in  a  few  engineering  schools  are  being  trained  for  the  engineering  branch,  the 
greater  number  are  headed  for  commissions  in  the  line.  In  some  cases  a  retired 
officer  is  assigned  to  swvioe  as  head  of  the  Unit  and  petty  officers  detailed  to 
take  charge  of  the  drills.  The  greater  "ptat  of  the  theoretical  instruction,  liow- 
ever,  is  given  by  members  of  the  regular  faculty.  Candidatr^  for  nmniissions 
in  the  line  take  courses  in  Navigation,  Seamanship,  Navj'  Regulations,  Ordnance, 
and  Gunnery.  Among  the  drills  are  day  and  night  signalling  of  all  \Linds, 
handling  of  boats  under  oars  and  sail.  School  of  the  Company,  Manual  of  Arms, 
School  of  the  Section  and  Battery  in  Artillery,  and  Battledbip  Drills.  Men  who 
have  enrolled  in  the  Naval  Beswe  axe  givoa  opportunity  for  practical  work  by 
means  of  week -end  cruises  or  summer  serv^ice  on  battleships  or  converted  yachts. 

Besides  tlicse  two  types  of  instruction,  many  institutions  are  adajjting  present 
courses  or  are  introducing  new  ones  with  a  view  to  giving  preliminary  training 
for  future  officers.  Others  are  cooperating  widi  outside  agenries  by  furnishing 
mathematical  instruction.  The  University  of  California  supplements  courses 
given  to  its  undergraduates  by  courses  in  extension  covering  part  of  the  same 
field  as  the  naval  units.  During  the  present  summer  members  of  the  Faculty 
of  the  University  of  Chicago  and  Northwestern  University  have  been  giving 
courses  for  those  men,  enlisted  in  the  mercantile  brandi  of  the  service,  who  have 
not  yet  been  called  to  the  school  at  Munidpal  Pier,  Chicago.  The  Command* 
ant  of  the  station  has  detailed  petty  office  to  supplement  by  drills  the  theoretical 
instruction  in  mathematics  and  astronomy. 

Navigation.  There  seems  to  be  no  reason  why  a  course  in  Navigation  should 
not  constitute  a  part  of  the  mathematical  program  of  every  institution.  Not  only 
is  the  present  demand  very  urgent  but  the  new  merduint  marine  will  continue 
to  call  for  officers  in  large  numbm  after  the  present  war  is  won. 

Prerequisite  to  such  work  is  a  course  in  Trigonometry  with  special  em- 
phasis on  the  derivation  of  those  formulas  used  in  computation  and  on  the 
computation  itself.  The  first  topic  to  be  discus.scd  is  the  determination  of  posi- 
tion by  Dead  lleckoning  including  the  methods  of  Plane,  Mid-latitude  and 
Mercator's  Sailings.  Double  interpolation  must  be  taught  in  connection  with 
the  Traverse  Tables  to  be  used  in  these  computations.  As  a  preliminary  to 
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the  study  of  the  nautical  astronomy  involved,  the  student  should  possess  a 
knowledge  o£  tiie  elements  of  splierical  geometry  and  spherical  trigonometry.^ 
Of  the  latter  the  essentials  indude  the  formulas  for  right  and  quadrantal  tri- 
angles and  the  Laws  of  Sines  and  Cosines  together  with  the  modifications  of  the 
latter  used  in  calculating  the  havers! ne  of  a  side  or  the  haversine  of  an  anple. 
lhav  X  =  ^  versin  x  =  ^(1  —  cos  x).]  An  introduction  to  some  of  the  funda- 
mental notions  of  astronomy  is  also  necessary  at  this  point. 

Since  from  the  standpoint  of  the  student  the  most  difficult  ideas  are  those 
grouped  about  the  notioD  of  time  connderable  emphasb  should  be  laid  on  this 
tofMC.  One  of  the  most  important  problems  tlir  (  oniplete  detemuDatton  of 
the  position  at  sea  hnm  altitude  observations  of  celestial  bodies.  This  is  bt-:  r 
accomplished  by  finding  the  intersection  of  two  Sumner  lines.  A  Sumner  ime 
or  line  of  position  is  a  small  cijrcle  on  the  earth  from  any  point  of  which  the  ob- 
flwved  body  will  have  the.  same  altitude  at  the  same  instant.  The  cotter  of  the 
ctrde  will  be  the  point  which  has  the  obs^ed  body  in  its  a^th,  Perhqw 
the  simi^est  application  of  nautical  astronomy  is  die  determination  of  latitude 
from  a  meridian  altitude  by  mean^  of  tlu'  \  firious  corrections.  For  a  meridian 
altitude  the  Sumner  line  will  then  be  ttui>;ent  to  the  parallel  of  latitude,  and  for 
a  prime  vertical  observation,  it  will  be  tangent  to  the  meridian.  The  most 
favored  scheme  for  the  reduction  of  the  Sumner  line  observations  is  that  of  St. 
Hilure.  Out  of  such  a  computation  comes  as  an  almost  inmiediate  by-product 
the  azimuth  of  the  observed  body.  This  gives  at  once  the  oompass  error  which 
is  another  important  problem  of  nautical  astronomy. 

The  standard  texts  for  this  course  will  be  cited  in  the  specific  instance 
bdow.  Many  books  on  navigation  have  been  published  within  the  past  four 
years  but  most  of  them  give  nde  of  diumb  methods  rather  than  a  mathematical 
treatment.  A  standard  British  text  is  by  Gill  (Longmans,  Green  &  Co.)  and 
from  the  standpoint  of  college  instruction  the  last  edition  is  very  useful.  Among 
other  books  to  be  recommended  for  the  instructor  are  Martin's  Navigation 
(Longmans,  Green  &  Co.),  iiall's  Navigation  (W.  B.  Clive,  London),  jMuir's 
Navigation  and  Compass  Deviations  (U.  S.  Naval  Institute,  Annapolis,  Md., 
$4.20). 

The  use  of  the  compass,  pelorus,  vernier  and  chronometer  and  of  the  sextant 
with  the  real  or  an  artificial  horizon  is  necessary  and  to  these  may  be  added 
other  instruments  used  at  sea.  It  is  essential  that  the  student  become  familiar 
with  the  nature  of  charts  of  various  kinds.  Mercator  Charts,  Great  Circle 
Charts  and  Position  Plotting  Sheets  can  be  bought  at  cost  from  the  HydrograpMc 
Office  (a  catalog  of  all  the  publications  of  this  office  may  be  obtained  for  30  c). 

If  time  is  limited,  fifty  hours  in  Navigation  with  twice  as  much  outside 
preparation  on  the  part  of  the  student  will  serve  as  a  \aluablc  introduction. 
In  that  time  the  central  features  can  be  covered.  But  it  would  be  preferable 
to  extend  the  course  to  ninety  hours  in  order  to  take  up  the  greater  part  of  tiie 
topics  covered  by  Bowditch,  to  acquire  accuracy  and  facility  in  computation  and 

*  flli^Nincsl  TrigoDODMitiy  is  now  a  prerequUto  for  the  wnX  wJiool «(  Balliam  Bay,  L.  I. 
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in  handling  the  instruments,  and  to  learn  the  use  of  the  Kelvin-Aquino  method 
for  aolving  oblique-angled  triangles  by  tables.  The  nature  of  the  standard 

maintained  by  the  Navy  Departmwt  can  be  ascertained  in  this,  as  in  other 
subjects,  hy  an  examination  of  the  papers  set  fyr  the  ensign  commission.  Copies 
may  be  obtained  on  application  to  the  Bureau  of  Navigation,  Washington,  D.  C. 

Other  Courses.  Since  for  the  navy  the  target  is  generally  in  view,  the 
problems  of  Ordnanee  and  Gummy  are  quite  different  from  those  of  the  army. 
From  such  books  as  Curtin's  Naval  Ordnance,  Alger's  €^und  Woric  of  F^actiod 
Naval  Gunnery  (U.  S.  Naval  Institute,  Annapolis,  $4.85,  S4.50)  and  the  Bureau  of 
Ordnance  pamphlets  the  instructor  could  work  up  a  few  lectures  on  this  topic. 
The  elements  consist  largely  in  praetirnl  applications  of  arithmetic  and  trigono- 
metry, and  considerable  practice  in  examples  is  necessary  to  insure  correct  under- 
standing of  the  problems  involved  and  to  acquire  fadlity. 

The  larger  part  of  the  training  for  officers  is,  of  course,  non-mathematical. 
While  instructors  competent  to  give  extended  courses  in  seamanship  are  not  in 
general  available  and  while  many  institutions  will  not  find  it  practicable  to  obtain 
petty  officers  for  the  drills,  some  text-book  work  could  in  many  cases  be  given  to 
advantage.  Instruction  in  the  reading  of  charts  may  be  supplemented  by  Buoy 
and  light  Lists  and  the  Coast  Pilot  Charts  on  large  and  smaQ  scale  obtain- 
able from  the  Coast  and  Geodetic  Survey  are  useful  in  laying  out  courses  and 
in  the  study  of  the  coast  and  harbors  of  some  particular  locality.  Actual  in- 
spection of  light-houses,  buoys,  and  ships  in  process  of  construction  would  be  a 
valuable  auxiliary  to  instruction  from  the  text.  Elementary  instruction  in  prac- 
tical seamandiip  may  be  iUustrated  by  means  6t  models  and  by  ^actise  irith 
small  boats  under  oars  and  sail.  Lectures  on  marine  meteorology  are  valuable. 
Beside  the  Blue  Jackets  Manual  (T^  S.  Naval  Institute,  75  c.},  which  the  men 
should  know  from  cover  to  cover,  students  might  be  given  parts  of  the  U.  S. 
Navy  Regulations,  Watch  OflRccrs  Manna!  (U.  S.  Naval  Institute,  SI. 10)  and 
uu  elementary  text  in  piloting,  buoys,  rules  of  the  road,  such  as  Chapman's  De- 
partment Notes  on  Seunanship  (U.  S.  Naval  Institute,  $1.00)  contains  valuable 
supplementary  matter.  Such  work  might  extend  to  ninety  hours.  For  more 
extensive  instruction  Knight's  Seamanship  is  the  standard  text.  Since  company 
drill  in  the  army  is  not  essentially  different  from  that  in  the  navy  (Landing 
Force  Manual,  U.  S.  Navy,  1918,  $1.00)  it  may  be  substituted  wlien  no  naval 
drill  is  possible.  Swimming  and  naval  calisthenics  are  possible  substitutes  for 
the  r^nilar  gymnasium  work. 

A  Specific  Instance*  As  a  specific  instance  of  what  is  being  done,  the  courses 
to  be  given  to  the  Brown  Naval  Unit  during  1018-19  may  be  cited.  An  ele- 
mentary year  course  in  .Seamanship  (Naval  Science  A,  B,  C)  based  on  Chnp- 
man's  Practical  Motor  Boat  Handling  i^Motor  Boating,  New  York  City,  51.00) 
and  Knight's  Seamanship  (Van  Nostrand,  $3.00)  is  required  for  the  new  men. 
Fot  those  who  have  had  thb  elementary  work,  a  year  course  (Naval  Science 
D,  E,  F)  is  given  including  further  topics  in  Seamanship,  lectures  and  problems 
in  Ordnance  and  Gunnery,  and  lectures  by  Rear  Admiral  Edwards,  the  Com* 
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mandant  of  the  Unit,  on  engineering  features.  Men  in  this  course  will  serve  as 
officers  in  tiie  drills.  Material  for  the  drills  such  as  cutters,  rifles,  machine  guns 
and  artillery  has  been  supplied  by  the  government.  The  time  devoted  to  dus 
wwk  together  vith  the  oirtaide  pxepantioii  and  tiie  drills  (vhidi  are  required  of 
all)  will  in  each  of  these  courses  exceed  ten  houis  per  week  and  three  hours  credit 
will  be  given  toward  the  dej^ee.  All  men  are  required  to  wear  a  uniform  and  if 
eighteen  years  of  age  will  in  all  cases  be  enrolled  in  the  Naval  Reserve.  Students 
thus  enrolled  wUl  be  taken  for  week-end  cruises  on  naval  vessels  of  various  types. 

A  third  oourae  given  for  the  Unit  three  hours  throui^out  the  year  is  Naviga- 
tion A,  B,  C.  Thb  is  open  to  those  who  have  taken  the  freshman  course  in  mathe- 
matics and  by  special  permission  to  others  who  have  had  Plane  Trigonometry. 
Bowditch's  American  Practical  Navigator  (U.  S.  Hydrographic  Office,  1918, 
Washington,  D.  C,  $2.25  +)  is  tlie  text  and  the  student  must  have  the  American 
Nautical  Almanac  (Nautical  Almanac  Office,  Naval  Observatory,  Washington, 
D.  C,  15  e.  +)  and  the  Altitude,  Aramuth  and  line  of  Position  Tables  (published 
by  Hydrographic  Office  No.  200,  60  c. +).  The  first  term's  work  consists  of 
a  study  of  the  instruments  involved,  Dead  Reckoning,  Spherical  Trigonometry 
and  an  introduction  to  Astronomy.  In  the  second  term  determination  of  posi- 
tion at  sea  by  observations  on  celestial  bodies  is  studied,  while  in  the  third  the 
nunaining  parts  of  Bowditcb  axe  covered  and  the  Kelvin-Aqumo  method  learned. 

It  i»  probable  that  for  those  mea  who  can  remam  but  one  or  two  tmns  an 
abbreviated  course  in  Navigation  will  be  given.  In  that  case  only  the  main  topics 
will  he  covered  and  the  student  will  not  have  the  opportunity  to  acquire  the 
desired  accuracy  and  facility. 

All  the  distinctive  text-books  used  at  the  Naval  Academy  and  others  of  a 
nmilar  character  are  in  a  special  library  open  to  the  student.^  Through  the 
courtesy  of  the  Yale  authorities,  men  from  the  Brown  Unit  were  invited  to 
attend  the  Summer  Nautical  Training  School  which  was  held  for  the  Yale  Unit 
at  Madison,  Conn,  in  this  school  the  students  were  under  rigid  naval  discipline 
and  received  theoretical  and  practical  instruction  in  Navigation,  Seamanship, 
Naval  Regulations,  and  Ordnance  and  Gutmery  during  the  months  of  July  and 
August. 

I  Thenamee  of  ths  teact-bookauied  at  AanapoGB  are  giTen  in  the  Annual  Registeir  IT.  8.  Naval 

Academy  (Government  Printing  Officp,  Washington,  D.  C.)  a  copy  of  which  may  be  obtained  on 
application  to  the  Academy.  ¥oi  the  DepartmeuUi  ul  Mathematics  (beyond  the  calculus),  Navi- 
gation, Seamanship,  Ordnance  and  Gunnery  the  following  are  the  texts:  H.  £.  Siuith's  Analytic 
Mechanics,  Alger's  Hydromechanics,  Smith'*  Stiengtlt  id  Materials,  Bowditch's  American  Prao- 
tical  Navigator,  WUte's  Astronomy,  Naiitied  Almanac,  Azimuth  l^les,  Muir's  Navigation 
and  Ojtupaas  Deviation,  Lcj^nn's  Marine  Siirve\Tng,  Practical  Manual  of  tht  Coinpas.M,  Sioi  kton'ri 
Manual  of  International  Liiw,  Kuiglit'g  Seamanship,  The  Deck  and  Boat  Book,  Signal  Book 
U.  S.  Navy,  Forma  Procedure  U.  S.  Navy,  U.  S.  Naval  Kegulations,  OnnVs  Schodi  of  the  Ship, 
Alger's  Exterior  Ballistics,  Curtin  and  Jolmson'^*  Njival  Ordiuincf"  Raneo  and  Hallistic 

Tables  1915,  Gunnery  Instructions  I9l3,  I^urt-nu  of  Urtinance  Pamphlets,  Official  Publications. 

The  list  of  hooks  i)ubli.^hed  for  camp  lilmirifs  by  the  .Vnu'rir  an  Library  Association  Library 
War  Service  (Washington,  D.  C.)  ooutaine  many  titles  in  navigation  and  naval  engineering,  but 
itianotdiseriminatmK. 
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MATHEMATICAL  INSTBUCTION  AT  THE  GREAT  LAKES  NATAL  STATION. 
Bt  L  A.  Baxneit,  Waabingtoii  Univwaitsr,  81.  UoA} 

The  work  in  mathematics  at  the  Great  Lakes  Naval  Station  is  at  present 
under  the  auspices  of  the  Y*  M*  C.  A.  as  one  of  the  phases  of  the  Association's 
general  educational  program.  Among  the  40,000  enlisted  men  there  were,  at  the 
time  the  writer  left  the  station  (August  15,  191S),  about  800  studying  mathe- 
matics. Their  previous  training  ranged  from  u  grammar-school  to  a  college 
education.  Attendance  in  the  Y.  M.  C.  A.  classes  was  ratirely  voluntary. 
About  half  of  those  who  attended  were  preparing  themselves  for  the  competitive 
entrance  examinations  of  the  Ensign  School  with  a  view,  after  four  months'  stay 
in  this  school,  to  an  Ensign's  commission.  The  subjects  of  examination  are 
Geography,  English,  American  history  (with  special  emphasis  on  uaval  history), 
arithmetic,  algebra  (through  quadratics),  plane  geometry  and  plane  trigonom- 
etiy.  The  remaining  half  consisted  of  men  in  the  aviation  sdhool  who  wanted 
to  learn  some  mathematics  as  an  aid  in  their  required  studies,  and  to  a  smaller 
extent,  of  those  who  desired  chiefly  to  advance  their  education. 

There  are  now  about  35  Y.  M.  C.  A.  classes  in  aritlimetic,  algebra  and  trig- 
onometry. The  topics  discussed  are  as  follows.  Arithmetic  (chiefly  review,  G 
hours  including  outade  preparation):  multiplication,  dividon,  g.c.d.,  l.c.m., 
fractions,  decimals,  mensuration,  foreign  mon^r.  Algebra  (partly  review,  15-20 
hours):  general  nature,  fundamental  operations,  linear  equations  and  apf^U 
cations  to  problems,  factoring,  fractions,  simultaneous  linear  equations,  extrac- 
tion of  square  roots.  Trigonometry  (mainly  new,  10-12  hours):  the  right  tri- 
angle and  applications,  logarithms,  the  general  angle;  no  proofs.  Outlines  of 
these  courses  were  mimeographed  and  distributed. 

There  are  numerous  difficulties  in  connection  with  the  work.  The  teachm 
must  be  selected  from  the  enlisted  men,  are  usually  inexperienced,  and  are  not 
provided  with  extra  time  for  the  preparation  of  lessons.  The  classes  are  hetero- 
geneous. No  6]>ecial  rooms  are  pro\  ided  for  instruction,  which  is  given  in  the 
barracks,  the  Y.  M.  C.  A.  huts  or  tlie  regimental  headquarters,  the  men  often 
ntting  on  the  floor.  Usually  there  is  no  time  for  study  except  between  6:30 
P.M.  and  8KK)  P.M.,  and  almost  all  the  work  must  be  concentrated  during  these 
hours.  The  men  work  hard  during  the  day,  and  only  those  especially  ambitious 
and  energetic  attend  tlie  classes. 

The  most  obvious  and  efl'ective  way  of  overcoming  these  difficulties  would 
be  to  secure  official  recognition,  by  the  naval  authoritws,  of  the  Y.  M.  C.  A. 
instruction.  The  writer  has  been  recently  informed  that  a  start  in  this  direc- 
tion has  already  been  made. 

THE  NATAL  UNIT  AT  THB  VNITEBSmr  OP  CAUFOHNIA. 

For  the  proposed  naval  unit  at  the  University  of  California,*  the  fdlowing 

outline  of  courses  preparatory  for  naval  service  has  been  provisionally  made. 

■  [  Dr.  Bamett  was  engaged  for  a  period  of  7  woelu  in  tbo  ois«iiis»tk»  and  flnpervimn  of  the 
work  here  deacribed.  Eoitobs.] 

*Weuttiiukbted  to  Ptof.  T.  M.  Putnam  for  ihe  infonnatum  about  thswtf  eoiUMeat  tbe 
UniT«niliy  of  Oalifoniia. 
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(a)  For  Hflcft  Offietr:  Plane  and  Spherical  Trigonometry  and  Elementary  Theory 
of  Map  Construction,  Introduction  to  Plane  and  Solid  Analytic  Geometry, 
Navigation  and  Nautical  Astronomy,  Naval  History,  Oceanography  and  Marine 
Meteorolnpy,  Seamanship,  Naval  Regulations,  and  Physical  Education.  With 
the  exception  of  Physical  Education,  each  course  is  given  3  hours  weekly,  \ 
year.  There  are  abo  drills  and  practical  work  at  sea,  arranged  with  the  coopera- 
tion of  naval  offioors.  (6)  For  Enginm  Qffieer:  As  set  forth  muier  Course  of 
Instruction  on  pp.  277-281  of  the  Annual  Register  of  the  U.  S.  Naval  Academy, 
Annapolis  (1917-lS),  and  in  addition,  Naval  Architfcture  and  Marine  Engi- 
neering. Only  such  work  of  the  Annapolis  curriculum  can  not  be  provided  for 
as  requires  the  actual  use  of  Navy  equipment  not  available  to  the  University* 
This  W€tk  might  be  arranged,  hcmwtae,  in  eofiperatbn  irith  tiie  Commandant  <rf 
the  Twelfth  Naval  District 

The  course  in  Navigation  and  Nautical  Astronomy,  which  has  been  planned  to 
conform  as  closely  as  possible  to  the  standards,  methods,  and  genera!  procedure 
employed  by  the  U.  S.  Navy,  incKide^  the  following  topics:  timf  and  the  chro- 
nometer; the  sextant  and  its  adjustments;  the  compass  i^vanation,  deviation, 
Naples  diagram,  various  methods  of  springing  a  ship  for  deviation,  etc.) ;  piloting; 
the  sailings;  latitude  by  meridian  altitude,  by  Polaris,  and  by  circum-meridian 
altitudes;  longitude  and  time  sights;  azimuth  and  amplitude  by  tables  and  by 
computation;  the  New  Navigation  (Sumner  line,  method  of  St.  Ililaire);  full 
day's  work  at  sea.  Bowditch's  American  Practical  Navigator,  and  addition- 
ally, the  American  Nautical  Almanac,  azimuth  tables,  tide  tables,  charts,  etc., 
are  used.  Sextants,  a  liquid  compass,  and  othor  apparatus  are  available  Ujt  the 
practical  aspects  of  the  work. 

In  the  Seamanship  course,  Kniglit's  Seamanship,  the  Blue  Jackets  ISTannal 
and  the  Seamanship  Dej)artment  Notes  of  the  U.  S.  Naval  Academy  are  used. 
In  the  course  ou  Naval  History,  the  text-books  formerly  used  by  the  U.  S.  Naval 
Academy  were :  (1)  Short  Histwy  of  the  U.  S.  Navy,  by  Clark,  Stevens,  Alden.  and 
Krsfft;  (2)  Famous  Sea  Fights  from  Salamis  to  Tsushima  by  John  R,  Hale  and  (3) 
World  Politics  at  the  End  of  the  Nineteenth  Ct  ntury  by  Paul  S.  Reinsch.  Next 
term,  Naval  Powers  in  the  Present  War  by  Gill,  Charles  and  Daran  (1917) 
will  be  substituted  for  (3).  Besides,  the  instructors  frequently  refer  to  such 
authors  as  Mahan,  Curbett,  etc. 

To  assist  the  U.  S.  Naval  Reserve  Force  in  preparing  men  to  pass  the  examinai- 
tion  for  the  ensign's  commission,  The  University  of  California  has  been  conducting, 
since  September,  1917,  extension  courses  in  (a)  Navigation  and  Nautical  Astron- 
omy, (6)  Seamanship  and  Ordnance  and  (r)  Naval  Regulations.  The  equivalent 
of  a  high-school  education  has  been  a  prerequisite;  course  (a)  presupposes  Trig- 
onometry.  A  rough  approximation  of  the  total  enrollment  is  800. 

NOTES. 

At  the  request  of  the  Commanding  Officer  of  the  United  States  Naval 
Auxiliary  Reserve  School  at  the  Chicago  Muni(i|)al  Pier,  the  Department  of 
Mathematics  of  the  University  of  Chicago  has  during  the  summer  conducted 
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four  consecutive  courses  in  Navigation  for  enlisted  men  awaiting  their  call  to  tlie 
Pier  School,  which  oodperates  with  the  Ensign  School  at  Pelham  Bay  Park,  N.  Y. 
For  enlbtment  at  the  Pier,  men  were  required  to  be  between  the  ages  of  21  and 
31  and  expected  to  have  had  at  least  a  brief  course  in  Trigonometry.  The  course 
in  Navigation,  given  three  hours  daily  for  three  weeks,  covered  Dead  Keckonlng 
and  selected  topics  of  Nautical  Astronomy  ( snrli  as  the  determination  of  latitude, 
longitude,  altitude,  azimuth  and  time).  Bow  ditch's  American  Practical  Na\a- 
gator  was  used  as  a  basis,  and  numerous  problems  teken  from  a  specially 
prepared  Kst^  were  assigned  for  outude  work.  After  July  9,  a  course  of  one  hour 
on  signalling  was  added,  instruction  being  given  by  a  man  detailed  by  the  Com- 
manding Officer  of  the  Pier  School.  The  total  enrollment  for  the  four  courses 
was  approxiniati'Iy  550. 

Similar  courses  of  four  weeks  each  were  given  by  members  of  the  Department 
of  Mathematics  of  Northwestern  University  to  a  total  of  approximately  600  men; 
but  on  account  of  the  hurried  preparation  of  insertions  in  this  department, 
further  details  could  not  be  accurately  obtained  for  the  present  issue. 

The  following  extract  from  a  letter  sent  to  the  Editor  of  the  Montpily  by 
an  esteemed  correspondent  contains  suggestions  that  may  prove  helpful  to  those 
seeking  college  instructors  in  mathematics  at  the  present  time:  "(1)  There  is 
practically  no  vimble  supply  of  young  instructors  of  ordinary  qualifications  for 
instructorships.  (2)  Other  university  teachers  may  be  willing  to  t(  uc  h  at  least 
trigonometry;  but  care  should  be  exercised  to  see  that  (a)  the  oflVr  of  help  is 
really  final  and  not  to  be  presently  withdrawn  (I  have  sutfered) ;  (6)  tliat  the  same 
teacher  can  proceed  with  higher  courses  as  we  reach  them;  .  .  .  (c)  that  the  pro- 
posed teacher  will  not  himsdf  be  overloaded  with  classes  and  hence  be  unable 
to  help  in  mathematics.  (3)  A  source  ci  mpply  of  teachers  that  may  be  over- 
looked lies  in  those  high-school  teachers  of  university  training  who  would  ordi- 
narily (a)  not  accept  on  account  of  low  salaries;  (b)  not  be  acceptable  as  univer- 
sity teachers.  Tliis  situation  i??  now  quite  upset,  and  teachers  may  l)e  available 
because  (tt)  ordiuarN  requirements  cannot  be  insisted  upon  by  university  author- 
ities  (e.g.p  Ph.D.  degree  mtut  be  waived);  ...(()  there  b  a  strong  patriotic 
motive  for  the  high-school  teacher  to  accept  lower  salary,  since  S.  A.  T.  C.  work 
is  essentially  war  service;  (c)  school  boards  and  superintendents  will  release 
men  more  readily  for  what  is  essentially  tmr  work." 


NOTES  AND  NEWS. 

Edited  by  D.  A.  Rothrock,  Induiua  Uuiversii y,  Bloomington,  lu<i. 

Dr.  F.  S.  NowLAN,  of  Columbia  University,  has  been  appointed  instructor  in 

mathematics  at  Bowdnjn  College. 

Prnfes^ior  T.  O.  Walton,  of  William  and  Vashti  College,  has  been  elected 

professor  of  mathematics  at  the  Colorado  School  of  Mines. 

>  Copies  of  this  list  can  be  obtained  by  applyixig  to  Prof.  £.  H.  Moore,  University  of  Chicago. 
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Associate  Professor  D.  D.  Leib  has  been  promoted  to  a  professorship  of  mathe- 
matics at  Connecticut  College. 

Professor  IT.  R.  Pii  vLEN,  of  Berea  College,  has  been  appointed  instructor  in 

mathcmaticii  at  Armour  Institute  of  Technology. 

Mr.  G.  H.  Scott  has  resigned  the  principalship  of  Benzonia  Academy  to 
accept  the  professorship  of  mathematics  in  Doane  College. 

Dr.  Cj.  W.  Smith,  instructor  at  Beloit  College,  has  been  appointed  instructor 

in  mathematics  at  the  L"ni\  ersity  of  Kentucky. 

Assistant  Professor  Louis  Lindsey  has  been  promoted  to  an  assodate  pro- 
fessorship of  applied  mathematics  at  Syracuse  University. 

Professor  F.  E.  Chapman*  has  resigned  his  position  at  Southern  University 
to  become  hear!  of  the  department  of  mathematics  in  the  Gulf  Coast  Military 
and  Naval  Acatiemy  at  Gulfport,  Mississippi. 

Professor  11.  E.  IIawkes,  who  has  been  acting  dean  of  Columbia  College,  has 
been  appointed  dean  of  the  college,  consequent  upon  the  resignation  of  Dean 
Keppel  who  has  become  third  assistant  secretary  of  war. 

At  Colorado  College,  Professor  C.  H.  Risam,  of  the  University  of  Illinois, 
has  been  appointed  profesHor  of  mathematics  and  head  of  the  department,  and 
Dr.  W.  V.  LoviTT,  of  Purdue  University,  has  been  appointed  assistant  professor 
of  mathematics. 

Plrofessor  H.  L.  Rietz,  of  the  University  of  Illinois,  has  accepted  the  appoint- 
ment as  professor  and  head  of  the  department  of  mathematics  at  the  University  of 
Iowa,  succeeding  the  Inte  Professor  A.  G.  Suith,  whose  deftth  occurred  in  1916. 

Aasod^  E.*W.  Chiitiumden  of  the  Unlvmity  of  niinds  has  been  appointed 
asMstant  professor  of  mAthonatics  at  the  Univermty  of  Iowa. 

Mr.  J.  W.  Laslet  has  been  promoted  from  instructor  to  assistant  professor 
of  mathematics  at  the  Univeni^  of  North  Carolina,  and  granted  leave  of  absence 
to  study  at  the  University  of  Chicago. 

At  the  University  of  California,  Associate  Professor  D.  N.  Lehmeb  has  been 
prcHuoted  to  a  professorship  of  mathematics  and  Instructors  B.  A.  Bebnbtein, 

Thomas  Buck  and  Frank  Ibwin  have  been  promoted  to  assistant  professorships. 
After  forty-five  years  of  8n>vice,  Professor  G.  C.  £owards  has  been  made  pro- 
lessor  emeritus. 

.\t  the  T^niversity  of  Illinois  tlu  I  II  wing  promoti  have  been  made  in  the 
department  of  mathematics:  Associate  i*rofessor  J.  li.  Shaw  to  become  full  pro- 
fessor; Assistant  Professor  K.  1).  Cakmichakl  to  becouie  associate  professor; 
Associates  G.  E.  Wahun  and  A.  J.  Kbufneb  to  become  assistant  professors; 
Asnstant  R.  F.  Borden  to  become  instructor.  At  the  same  institution  the 
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following  new  appointments  havp  befn  made:  Associate  Professor  A.  B.  CoBLE 
of  Johns  Hopkins  University  to  be  proiessor  of  mathematics;  Associate  Professor 
H.  Blumbbro  of  Nebmska  to  be  aasociAte  in  mathematics;  Instnictor  Jobuph  B. 
RosBNBACH  of  New  Menco  to  be  assistant  in  mathematics. 

Dr.  Horace  Lamb,  professor  of  mathematics  at  the  University  of  Manchester, 
has  been  appointed  Halley  lecturer  at  Oxford  Univer^ty. 

Professor  11.  D.  Carmichael  has  placed  in  the  iiuiids  of  the  Secretary  of  the 
Association  his  resignation  as  editor-in-chief  of  the  Monthlt,  the  same  to  take 
effect  immediately  after  the  publication  of  the  Dee^ber,  1918,  number.  His 
resignation  grows  out  of  his  desire  to  have  a  greater  portion  of  his  energies  free 
for  the  pursuit  of  his  researches  A  committee  consisting  of  TT.  E.  Slaught, 
R.  D.  Carmiculvel  and  E.  R,  Hedrick  lias  been  appointed  to  select  his  successor. 

Dr.  R.  S.  Heath,  professor  of  mathematics  at  Birmingham  University,  has 
retired  from  active  service  on  account  of  ill  health. 

Mr.  Chahles  E.  Flanagan,  actuary  of  the  Conservative  Life  Insurance 
Company,  Wheeling,  W.  Va.,  a  charter  member  of  the  Association  and  a  con- 
tributor to  the  MoNTHLV,  died  on  April  22,  at  the  age  of  03  years. 

It  is  annoTinoed  in  Science  that  Professor  MAXUifi  B6CH£&  of  Harvard  Uni- 
versity has  (lied  at  the  age  of  fifty-one  years. 

Professor  A.  L.  Daxiels,  Williams  professor  of  mathemntirs  at  the  University 
of  Vermont,  died  on  Jtily  18,  at  tlic  age  of  (i'J  years.  After  a  service  of  twenty- 
nine  years.  Professor  Daniels  was  retired  in  1914  as  professor  emeritus  on  the 
Carnegie  Foundation. 

The  following  items  have  been  received  concerning  teachers  of  mathematics 
who  have  entered  the  service  of  the  government: 

Professor  W.  E.  Milne,  of  Bowdoin  College,  has  joined  the  ordnance  reserve 
corps  with  the  rank  of  first  lieutenant. 

Dr.  Paul  li.  Ridek,  of  the  department  of  mathematics  at  Washington  Uni- 
versity, has  entered  the  national  service. 

Mr.  TiiKonouF.  Doi.l.  who  lias  heen  a  ft-llow  in  mathematics  in  Northwestern 
University,  and  a  member  of  the  Association,  is  now  enlisted  in  the  service  and 
assigned  to  Camp  Grant. 

Dr.  J.  N.  Rice,  instructor  in  mathematics  in  the  Catholic  University  of 
America,  is  now  on  leave  of  absence,  serving  in  the  National  Army. 

Mr.  J.  J.  X.\sSAU,  instructor  in  mathematics  at  Syracuse  University,  is  a 
member  of  the  303rd  regiment  of  engineers  now  in  France. 

Professor  V.  H.  Wells,  of  the  University  of  Pittsburgh,  has  been  commissioned 
a  lieutenant  in  the  science  and  research  division  of  the  signal  corps. 
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Dr.  T.  M.  Simpson,  Jr.,  of  the  University  of  Texas,  lias  been  granted  leave  of 
absence  for  work  with  the  Y.  M.  C.  A.  in  France  until  tlie  end  of  the  war. 

Miss  Lucy  T.  Dougherty,  a  charter  niember  of  the  Association  and  teacher 
of  mathematics  in  the  Kansas  City  (Kansas)  High  School,  has  gone  to  France  to 
engage  in  Red  Cross  work. 

Dr.  E.  G.  Bill,  assistant  professor  of  mathematic::>  ul  JJartmouth  College, 
has  been  granted  leave  of  absence  in  order  that  he  may  r^uler  sw^ce  to  the 
Canadian  gov«mment  on  the  staff  of  the  Military  Service  Council  at  Ottawa. 

Associate  Professor  J.  E.  Rows,  of  Pennsylvania  State  Coll^,  is  dobg 
mathematical  research  for  the  National  Advisory  Committee  for  Aeronautics  and 
has  been  detailed  to  the  Bureau  of  Standards. 

At  the  University  of  Wisconsin  special  intensive  courses  in  trifsonometry, 

navigation  and  gunnery  are  to  be  offered  during  the  coming  year.  A  course  in 
practical  gunnery  will  be  given  by  Assistant  Professor  II.  C.  WoLFF,  who  is 
spending  the  summer  at  Fortress  Monroe  in  special  preparation  for  this  work. 
Professor  C.  S.  Slicbtes  will  give  a  course  in  ballistics. 

The  concluding  number  of  Volume  24  of  the  BuUelin  oj  the  American  Mathc' 
mOtieeA  Soet^  contains  tiie  twenty-seventh  annual  Ibt  of  papers,  giving  the 
authw,  title  and  idace  of  publication  of  the  108  papers  presented  to  the  Society 
and  published  during  the  year  1917-18. 

The  name  of  Ptofessor  Fbldc  Klbut,  of  the  University  of  Gottin^en,  together 
with  those  of      other  German  educators,  has  been  cancdled  from  the  rdl  of 

honorary  members  of  the  National  Education  Association  in  resi)0nse  to  a  per- 
^^istent  ilemand  from  active  members  of  the  association,  from  members  of  the 

Council  of  National  Defense,  and  from  others. 

The  American  Association  for  the  Advancement  of  Science  will  hold  its 
seventy-first  meeting  in  Baltimore  from  December  27  to  31,  191S,  under  the  aus- 
pices of  the  Johns  Hopkins  University.  Dr.  John  Merle  Coitlteb  of  the  Uni- 
versity of  ChicagOf  will  pcende.  The  address  of  the  retiring  president  will  be 
given  by  Dr.  TnF.ODOHE  W.  RicnARDS,  Director  of  the  Wolcott  Gibbs  Memorial 
Laboratory,  Cambridge.  This  .seventy-first  meeting  of  the  American  Associa- 
tion, which  was  established  in  1»48,  will  be  marked  by  the  importance  of  its 
program  and  by  the  incrused  interest  manifested  in  all  brandies  irf  tlw  natural 
and  applied  sconces.  It  will  embrace  a  program  devoted  very  largely  to  definite 
working  problems  related  to  the  winning  of  the  war.  When  the  Association  met 
last  in  Baltimore,  ten  years  ago,  the  membership  of  the  A.*^s(>f'i!>.rion  was  less  tluin 
6,00(».  The  membership  of  the  Association  at  present  numbers  nearly  15,0(X} 
and  the  coming  meeting  will  be  one  of  the  most  important  gatherings  of  scientific 
men  hitherto  held  in  this  country  or  elsewhere.  The  officers  in  charge  of  Sectbn 
A,  nuitiiematics  and  astronomy,  are  members  of  the  MATHEMATICAL  AssOCIATlOll 
OF  Amf-rica.  They  are  Professor  G.  D.  Birkhoff,  of  Ha^^•ard  University,  vice- 
president,  and  Professor  F.  K.  Moulton,  of  the  University  of  Chicago,  secretaiy. 
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NOTES  AND  NEWS. 


The  following  graduate  students  have  been  granted  the  Doctorate  in  mathe- 
DMlics  St  Awericsn  Uuvenities  sbce  June,  1917,  presenting  disertstioiis  ss 
indicated: 

UNIVERSITY  OF  CALIFORNIA:  Frank  R.  Mobms,  "Qaf  Ifi  .tion  of 
involutory  cubic  space  transformations;"  Mary  Helen  Sznyter,  "The  hyper- 
surface  of  the  second  degree  in  four-dimensional  space;"  James  S.  TayloB, 
"A  set  of  five  postulates  for  Boolean  algebras  in  terms  of  the  operation  'excep* 
tion."' 

CATHOUC  UNIVERSITY  OF  AMERICA:  Otto  J.  Ramlkr,  "Thfee- 
cusped  hypocydoids  fulfilling  certain  assigned  conditions." 

UNIVERSm'  OF  CHICAGO:  Isreal  A.  Baknett,  "  DifTerential  equations 
with  a  continuous  infinitude  of  variables;"  Jacob  M.  Kinney,  "The  general 
theory  of  congruences  without  any  preliminary  integrations;"  Ernest  P.  Lane, 
"Conjugate  systems  with  indeterminate  axis  of  curves;"  Jambs  £.  McAtbb, 
"Modular  invariants  of  a  quadratic  form  for  a  prime  power  modulus;"  Wiluam 
P.  Ott,  "The  general  problem  of  the  type  of  the  brachistochrone  with  -  ariable 
end  points ; "  lyEvi  S,  Siiively,  "  A  new  basis  for  the  metric  theory  of  congruences;" 
Webstek  G.  Simon,  "On  the  solution  of  certain  types  of  linear  differential  equa- 
tions in  infinitdy  many  variables." 

COLUMBIA  UNIVERSITY:  Glenn  Jambs,  "Some  theorems  on  the  sum- 
mation of  divergent  series." 

CORNELL  UNIVERSITY;  H.  H.  Dalakeb,  "On the  otomorphic  functions 
of  the  group  (0,  3;  2,  4,  6)." 

UNIVERSITY  OF  ILLINOIS:  Raymond  Fk an klin  Borden,  "On  the Lap- 
lace-Pobson  mixed  equation;"  Hobart  Dickinson  Frart,  '*The  Green's  func- 
tion for  a  plane  contour;"  ^^Ierun  Grant  Smith,  "On  the  zeros  of  functions 
defined  by  homogeneous  linear  differential  equations  containing  a  parameter." 

UNIVERSITY  OF  PENNSYLVANIA :  Gkohge  H.  Hallett,  "  Linear  order 
in  three  dimensional  Euclidean  and  double  elli]jtic  space;"  Harry  M.  Shoemaker, 
''A  generalized  equation  for  vibrating  membranes." 

SYRACUSE  UNIVEBSITY:  Mrs.  Edward  Dbakb  Roe,  Jr.,  "Interfunc- 
tional  expvessibOity  problems  of  symmetric  functions." 
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FERMAT'S  METHOD  OF  INFINITE  DESCENT. 
B7  W.  H.  BU88Eir»  UniTenity  of  lliiiiiewtft. 

The  method  of  infinite  desct-ni  and  tlie  method  of  matbematicul  induction, 
"which  may  appropriately  be  called  the  method  of  iniiuite  asceut,  botii  came  into 
use  in  the  8ev<aiteeiith  oentiny  in  that  productive  period  made  famous  hgr 
Descartes,  Cavalieri,  Pascal,  Wallis  and  Fermat.  Mathematical  induction  was 
first  brought  into  prominence  by  Pascal,  although  it  was  in\  entt'd  by  Maurolycus^ 
and  used  in  his  arithmetic  which  was  published  in  1575.  It  is  a  method  of  infinite 
ascent  from  a  special  case,  for  which  the  theorem  to  be  proved  is  veritied  by 
means  of  the  argument  from  n  to  n  +  !•  The  method  of  infinite  descent,  which 
was  invented  by  Fermat,  is  not  so  widely  known.  Permat's  own  aeeount  of  it 
is  to  be  found  in  a  letter  ^titled  "  Relation  des  nourelles  dScouvertes  en  la  science 
des  nombres**  wliich  he  wrote  to  Pierre  de  Carcavi  in  1659.*  In  this  letter  he 
tells  Carcavi  that  he  has  discovered  a  new  method  of  demonstration  and  applied 
it  successfully  to  the  solution  of  a  considerable  number  of  problems  in  the  theory 
•of  numbers.  He  caUs  it  the  method  of  infinite  or  unlimited  descent  (descmte 
infinie  ou  ind^finie)  and  says  that  at  first  he  applied  it  only  to  negative  propositions 
auch  as  these  two: 

"No  mimher  of  the  form  3A:  —  1  can  he  of  ihe  form     +  •^.v^" 

"  There  is  no  right  triangle  whose  tides  are  integers  whose  area  is  equ(d  to  the 
square  of  an  integer." 

He  ^en  gives  the  following  abstract  of  his  proof  of  the  latter:  *'The  proof  u 
made  by  dmryArr^i'  cct  AAmkren^  in  Hub  manner:  If  there  is  a  right  triangle 

1 W.  H.  Biuaey,  "The  Origin  of  Mathematinel  Industioii/'  thia  M omnLr,  vol.  24,  pp.  ISO" 

307. 

■  Oranm  de  Fenitai,  Vol.  2,  pp.  431-438. 
*  Qieck  for  rtdmetio  ad  abturdtm, 
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with  integral  «des  and  with  an  area  equal  to  tt^  square  of  an  integer,  th«i  there 
is  a  second  triangle,  smaller  than  the  first,  whieh  has  the  same  property;  and  if 
there  b  a  second,  smaller  than  the  first,  which  has  the  same  property,  then  there 

is,  by  like  rcM^f^nincr,  n  tliird  sinallfT  tliari  the  second;  and  then  a  fourth,  a  fifth, 
and  so  on  ad  iutiuitum.  But  there  is  not  an  infinite  number  of  integers  less  than 
a  given  integer.  From  which  one  concludes  that  it  is  impossible  that  there  should 
be  a  rig^t  triangle  with  integral  ndes  and  with  an  area  whidi  is  the  square  of  an 
integer."  In  the  next  paragraph  Fermat  says:  ''It  was  a  long  time  before  I 
was  able  to  apply  my  method  to  affirmative  questions,  because  the  way  and 
manner  of  getting  at  them  is  much  more  difficult  than  that  which  I  employ  with 
negative  theorems.  So  much  so  that,  when  I  had  to  prove  that  every  prime 
number  of  the  form  4Jk  1  is  made  up  of  two  squares,  I  found  myself  in  much 
torment.  But  at  last  a  certain  reflection  many  times  repeated  gave  me  the  neces- 
8ar>'  light,  and  affirmative  questions  yielded  to  my  method  with  some  m  w  prin- 
ciples by  whicli  sheer  necessity  compelled  me  to  supplement  it.  This  deveh)pment 
of  my  argument  in  the  case  of  affirmative  questions  takes  the  following  line.  If 
a  prime  number  of  the  form  4k -\-  I  selected  at  random  is  not  made  up  of  two 
squares,  tfam  will  odst  another  prime  number  of  the  same  sort  but  leas  than  the 
given  numbw,  and  again  a  third  stUl  smaller  and  so  on  descending  ad  infimtnra 
until  one  comes  to  the  number  5,  which  is  the  smallest  of  all  numbers  of  the  kind 
in  question  and  which  the  argument  would  require  not  to  be  made  up  of  two 
squares,  aitliough  in  fact  it  is  so  niarle  ujj.  From  whieh  one  must  infer,  by 
reducliu  ad  absurdum,  that  all  numbers  of  the  kind  in  question  are  in  consequence 
made  up  of  two  squares." 

The  foregoing  is  a  good  account  of  Fermat's  method  although  it  leaves  out 
all  details  of  the  proof.  Fermat's  proof,  like  so  many  others  of  his,  is  not  extant. 
The  proof  was  actually  made  by  Eulcr.* 

The  American  college  student  It^ariis  the  luethod  of  mathematical  induction 
by  means  of  theorems  on  the  summation  of  such  scries  as 


and  of  the  theorems  about  the  algebraic  divisibility  of  ±  y"  by  «  ±  y.  The 
proof  involves  the  verification  of  the  tlicorem  in  a  special  case  and  the  ascent 
arpmnent  from  //  to  n  -\-  1.  But  the  proof  can  l)e  nuule  just  as  easily  by  means 
of  the  verification  in  a  special  case  and  a  descent  argument  from  n  to  n  —  1. 
For  «umple  the  theorem  that  a;"  —  y*  is  div^bfo  by  x  —  y  for  all  integral 
values  of  n  may  be  proved  as  follows :  Suppose  that  there  is  an  integer  n  for  which 
the  theorem  is  not  true.  Then  the  identity 


obtained  by  ordinary  long  di\ision,  jjrovcs  that  .r"  '  —       'is  not  divisible  by 

*  For  a  prcK)f  ot  this  theorem,  in  a  form  wiiich  is  u  nioditioalion  of  the  proof  described  by 
Fertmt,  we  U.  Wnsa  «aid  J.  WiusrstN,  BneyeiopadUiUr^mnenlat-MiMmalik,  Vol.  1,  p.  285.. 


1«  +  2»  +  3»H  +  n»  =  in2(»+  1)' 
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a-  —  y;  that  is,  the  theorem  is  not  true  for  n  —  1.  This  descent  argument, 
repeated  a  finite  ntimW  of  times,  requires  that  the  theorem  be  not  true  when 
n  »  2;  in  other  words,  that  a*  —     be  not  divisible  by  s  —  y.  This  furnishes 

the  contradiction  needed  to  complete  the  proof  by  reductio  ad  absurdum.  The 
descent  is  not  an  infinite  descent  but  rather  a  finite  descent  to  the  special  verified 
case  of  tlie  theorem.  It  is  really  a  proof  l)y  mathematical  induction  turned 
around.^  Any  proof  by  mathematical  induction  c  an  be  put  in  this  descent  form. 
The  proof  is  wdl  characterised  by  the  description  which  Fermat  gave  of  his 
method  in  connection  with  the  theorem  that  every  prime  of  the  form  4ik  +  1 
equals  the  sum  of  two  squares.  But  Fermat's  proof  of  this  theorem  does  not 
involve  an  argument  from  n  to  n  —  1.  Xor  is  the  descent  in  this  case  one  from 
a  prime  number  to  the  next  smaller  prime  number.  The  essential  feature  of  his 
method  is  not  any  such  regular  descent  as  that  given  by  the  argument  from  n 
to  n  —  1.  It  b  rather  a  descrat  from  an  integer  n  invdved  in  the  theorem  to 
some^'smaller  integer;  just  how  much  smaller  may  not  be  known.  This  is  very 
well  illustrated  by  the  proof  tiiat  .r*  ?/'  —  z*  has  no  solution  in  integers  different 
from  zero.  The  proof  in  outline  is  this:  If  +  =  ~*  has  a  solution  in  such 
integers,  so  has  +  =  s^;  if  there  exists  a  solution  {xi,  yi,  zi)  of  this  equation, 
there  exists  another  sdlution  (xj,  pz,  zq)  in  which  «  is  an  integer  less  than  zii 
and  by  the  same  argument  another  sdution  (zt,  2rs>  «s)  in  which  m»  is  less  than  x^; 
and  so  forth  ad  infinitum.  The  contradiction  needed  for  the  completion  of  the 
argument  by  reductio  ad  absurdum  is  furnished  by  the  fact  that  there  is  not  an 
infinite  number  of  positive  integers  less  than  a  given  one.  But  the  contradiction 
may  just  as  well  be  obtained  from  the  special  case  a'  -jr  =  V,  which  by  inspec- 
tion has  no  solution  in  integers  different  from  zero.  The  descent  argument  that 
<  Zi  holds  without  exception.  But  in  the  proof  that  z"  —  y*  is  divisible  by 
X  —  y  the  descent  ar^^  imr  nt  fails  when  n  =  1.  The  fact  that  it  fails  makes  the 
proof  a  finite  descent  proof  rather  than  an  infinite  descent  proof.  But  it  should 
be  said  in  this  connection  that  the  proof  that  x*  y*  =  has  no  integral  solution 
may  be  thought  of  as  a  finite  descent  to  the  special  case  x*  -\-  y*  =  V  mentioned 
above. 

The  proof  that  x*-^  y*  =  z*  has  no  integral  solution  may  also  be  put  in  this 

form,^  Let  it  be  assumed  that  x*  -\-  y*  =  :r  has  one  or  more  solutions  and  let 
i-'i,  l/u  ^i)  be  a  solution  in  which  2i  is  the  smallest  possible.  Then  tlie  descent 
argument  proves  that  there  is  a  solution  (a-j,  ^,  Zi)  in  which  Z2  is  less  than  Zi. 
The  required  contradiction  is  furnished  by  the  fact  diat  thwe  is  thus  proved  to 
be  a  smaller  than  the  smallest.  In  any  true  infinite  descent  proof,  that  is  in  a 
proof  iti  which  the  descent  argument  holds  without  exception,  the  contradiction 
needed  for  the  reductio  ad  absurdum  argument  in:}y  be  obtained  in  any  one  of 
the  three  ways  mentioned,  namely  from  the  fact  that  tliere  is  not  an  infinite 
number  of  integers  less  than  a  given  integer,  or  from  the  descent  to  a  special 
verified  case  of  the  theorem,  or  from  the  fact  that  there  is  not  a  smaller  than  the 
smallest.  But  when  the  descent  argument  does  not  hold  without  exemption,  as 

*  See  H.  WsBSS  aiid  J.  Wkujrsik,  L    p.  284. 
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in  the  proof  that  x"  —  is  divisible  hy  z  —  y,  the  contradiction  must  be  obtained 
from  the  descent  to  a  spedal  verified  case  of  the  theovem.  It  is  thu  finite  descent 
proof  which  is  mathonatical  induction  turned  around.  In  thinking  of  these  two 
type3  of  descent  proof  one  wonders  if  there  is  not  another  type  of  ascent  proof 
than  the  regular  ascent  from  n  to  n  +  1  of  mathematical  induction.  The  well- 
known  proof,  due  to  Euclid,  that  there  is  no  greatest  prime  is  one  such.  The 
argument  is  that  if  p  is  any  prime,  the  number  iV  =  y  •  +  1  is  a  greater  prime  or 
else  one  of  its  prime  factors  is;  that  is,  if  p  is  any  prime,  there  is  a  greater 
prime. 

It  Is  hard  to  account  for  Fermat's  trouble  in  applying  his  method  to  positive 
or  affirmative  propositions.  His  method  is  to  assume  the  opposite  of  what  he 
wants  to  prove  and  to  show  that  the  assumption  leads  to  a  contradiction.  Some- 
times the  statement  of  a  proof  by  reductio  aid  absurdum  is  awkward,  but  it  may  be 
just  as  awkward  tar  a  n^^ve  proposition  as  for  an  affirmative  one.  His  diffi- 
culty reminds  one  of  the  student  who  can  prove  by  mathematical  induction 
that  ar*"  —  y*"  is  divisible  by  a:  +  y  but  i.s  at  a  loss  to  know  how  to  use  the  Same 
method  to  prove  that  x^"  +  y'"  is  not  divisible  by  a*  +  y- 

Fermat,  in  his  letter  to  Carcavi,  says  or  implies  that  his  method  of  infinite 
descent  is  applicable  to  the  following  propositions,  some  of  them  having  already 
been  mentioned  in  this  paper: 

1.  There  b  no  number  of  the  form  3k  —  1  which  is  also  of  the  form  3]^. 

2.  There  is  no  right  triangle  whose  sides  are  integers  and  whose  area  equab 
a  square  number. 

3.  Every  prime  of  the  form     -i-  1  is  equal  to  the  sum  of  two  squares. 

4.  Every  number  is  eithw  a  square  or  the  sum  of  two,  tlvee  or  four 
squares. 

5.  —  ay'  =  1  has  an  infinite  number  of  int^ral  solutions  if  a  is  not  a 
square. 

6.  There  is  no  integral  solution  of  ar*  -f     =  z*. 

7.  There  is  one  and  only  one  integral  solution  of  +  2  =  y^,  namely,  x  =  5, 
y«  8. 

8.  There  are  two  and  only  two  integral  solutions  of  2*  +  4  =  y*,  namely, 

ar  =  2,  7/  =  2  and  t  =  1 1 ,  t/  =  fj. 

9.  K\  ery  number  of  the  form  2^"  +  1  is  a  prime  number. 

10.  There  are  only  two  integral  solutions  of  (2^-*  —  1)*  =  2y*  —  1,  namely, 
«  »  1,  y  =  1  and  «  «  2,  y  =  6. 

Fermat  does  not  say  explicitly  that  he  succeeded  in  proving  all  of  these  propo- 
sitions  but  his  language  gives  one  that  impression.  He  does  say  Aat  he  proved 
Xos.  1 ,  2,  .3,  4,  5,  10.  Of  Nos.  0,  7,  S,  0  lie  says:  "  T  afterwards  considered  certain 
propositions  which,  although  negative,  present  very  great  difficulty,  the  method 
of  applying  the  descent  being  altogetlier  difierent  from  that  of  the  preceding 
cases."  Of  No.  9  he  says  further:  "This  is  a  very  subtle  and  very  ingenious 
research  and,  although  it  is  Stated  affirmatively,  it  is  negative,  since  to  say  that 
a  number  is  prime  is  the  same  as  to  say  that  it  cannot  be  divided  by  any  number." 
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This  Proposition  No.  9  is  not  true.    For  wlien  /!  =  5  the  number 

2-"  +  1  =  4,294,967,297  =  641  ■G,700,417.» 

It  is  often  stated  that  Fermat  did  not  claim  to  have  provwi  this  theorem. 
This  statement  is  based  on  the  fact  that  in  a  letter  to  Paseal*  in  August,  lO.^l, 
he  says  that,  although  he  is  convinced  of  its  truth,  he  has  not  been  able  to  find 
a  valid  demonstration;  and  that  in  a  letter  to  Digby'  in  June,  1668,  he  says  that 
he  is  seeking  a  demonstration  of  this  beautiful  theorem.  But  ^e  quotation 
given  above  is  from  the  1659  letter  to  Carcavi  and  in  it  Fennat  seems  to  say  that 
he  iias  proved  it  by  the  method  of  infinite  descent. 

For  a  brief  account  of  Fermat's  method  of  infinite  descent,  especially  of  its 
relation  to  the  solution  of  Diophantine  equations,  the  reader  is  referred  to  R.  D. 
Cabmigbabl's  "DwphanHne  Analyna"  pp.  14-21.  The  reader  is  also  refened 
to  the  supplement  of  Sir  Thomas  L.  Heath's  "Diophantus  cf  AlexandriOf" 
Cjim^ridge  University  Press,  2d  edition,  1910,  which  contains  a  number  of 
references  to  the  method  of  infinite  descent. 


THE  EXPONENTIAL  AND  LOGARITHMIC  FUNCTIONS. 

By  JOSEF  NYBERG,  Hyde  Park  High  School,  Chicago,  111, 

In  a  previous  papcr^  I  showed  how  the  study  of  the  Hue  in  analytic  geometry 
could  be  presented  from  the  viewpoint  of  funetions  and  relations  between 
variables.  The  present  article  explains  how  logarithms  and  exponential  relations 
are  introduced  on  the  same  basis. 

I  begin  the  work  by  solving  some  problem  leading  to  an  expon^itial  relation 
between  two  variables.  Most  such  problems  taken  from  physics  or  chemistry 
k'ad  to  a  negative  exponent,  which  is  undesirable  at  the  beginning  of  the  work. 
However,  a  suitahh;  problem  is  that  of  determining  the  ntimber  N  of  bacteria 
in  a  solution  at  a  time  t,  knowing  the  number  iVo  present  at  ^  =  0  and  knowing 
the  rate  of  increase,  liie  conditions  are  similar  to  those  for  finding  the  length 
of  a  rod  with  increasing  temperature/ a  problem  studied  under  linear  functions, 
but  different  in  that  the  coefficient  of  expansion  of  the  rod  is  independent  of  the 
temperature  while  tlie  bacteria  increase  at  a  rate  dependent  upon  L  If  the 
bacteria  increase  r  per  cent,  in  a  unit  of  time,  then 

+  !-«))'• 

•  Tliis  wiw  [)r()Vf(l  by  EuIlt  in  17^2.  Fur  tliin  and  other  conimt'ritd  on  the  theorem  see  W.  W. 
R.  Ball,  MallienuUicid  litcreuiioiut  and  Essays,  5th  edition,  p.  39.  Also  see  R.  O.  Archibald's 
Remarks  on  "Klein's  famous  problems  of  dmtuntarif  fVOMMfry,"  thil  MowniLiT,  Vol.  21,  p.  248. 

>  Oeum-es  de  Fermal,  Vol.  2,  p.  307. 
» Ihid.,  p.  402. 

*  "The  Linear  Function  and  the  LIih  ,  "  in  this  Monthly,  Not.,  1917,  pag^  406.  This  WM 
the  third  of  a  series  of  related  papers  of  which  the  other  two  are: 

"The  Unificatioii  of  Freshman  M aOniiiaties,"  April,  1918»  pafS  101; 
"Th«  Fresentatton  of  the  Notion  of  Funetioii,''  Sept.,  1917,  p.  309. 
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The  next  work  consists  in  drawing  carefully  a  graph  ot  y  =  a'  taking  a  =  2 
as  the  most  convenient.  We  find  points  on  the  curve  by  geometrical  construc- 
tions using  the  line  y  =  ojc  and  interpolating  points  by  using  the  lines  y  -=  Vaj-, 
If  "  "Sax,  etc.  (remembering  that  the  logarithms  increase  in  arithmetic  progres- 
sion  when  the  numbers  increase  in  geometric  progression).  At  once  curves  like 
p  «  y^a'  can  be  sketched  ])y  a  proper  multiplication  of  the  ordinate*,  and  y=y^^ 
by  a  multiplication  of  the  abscissus.  Since  the  latter  curve  is  the  same  as  y=yjb' 
where  b  =  o",  any  exponential  curve  can  be  sketched  from  the  one  fundamental 
one.  Moreover  a  satisfactory  value  of  n  can  be  found  from  the  graph  of  y  =  o' 
inasmuch  as  n  is  the  abscissa  of  the  point  whose  ordinate  is  h*  We  call  n  the 
logarithm  of  fr  to  the  base  a. 

Having  seen  how  the  exponential  function  arises,  and  how  it  differs  from  the 
linear  function  in  its  rate  of  increase,  graphed  it,  and  introduced  the  word  log- 
arithm, we  are  ready  to  study  the  properties  of  tlie  function.  It  is  at  once  evident 
that  negative  numbers  have  no  real  logarithms  since  the  curve  by  our  construc- 
tion can  never  get  below  the  x  taaa,  that  the  logarithm  of  the  base  is  1,  that 
log  I  »  0,  and  that  ntmibers  less  than  1  have  negative  logarithms.  Progres- 
sively we  prove  the  fundamental  relations  for  log  (iVj/JVt),  log  NiNz,  and 
logs  N  =  logi,  log^  b.  For  exerrise=;  \^^  drill  I  use  numbers  whose  logarithms 
can  be  taken  from  tiie  graph  wliich  the  student  has  drawn,  or  else  use  integers 
less  than  40  whose  logarithms  I  have  written  on  the  blackboard.  The  student 
computes  log  3,  log  .04,  etc.,  from  the  properties  of  the  function.  At  this  point 
the  stu<h'nt  also  solves  8udl  exponential  equations  aS  p^^q^-  =  r  (p,  f ,  <  40). 
The  difficulties  in  this  equation  which  Mr.  Simpson'  pointed  out  can  never 
arise  under  this  method  of  treatment  because  negative  logarithms  are  no  less 
common  than  positive  ones,  and  because  the  notion  of  the  characteristic  and 
mantissa  have  not  yet  been  introduced.  Mantissas  and  characteristics  are  in 
fact  unnecessary  until  we  begin  using  tebles. 

Before  proceeding  to  the  use  of  tables  I  like  to  explain  at  this  point  the 
significance  of  the  constant  f  as  a  base.  Tlie  fact  that  y  =  has  at  any  point 
a  slope  equal  to  the  ordinate  at  that  point  does  not  apj>ear  to  be  unusually  sig- 
nificant, not  even  to  a  student  of  calculus;  nor  can  the  student  appreciate  its 
significance  as  the  limiting  value  of  a  certain  saies  unlets  we  show  him  hew  and 
wkjf  this  particular  series  is  unaooidtMe  in  the  proUems.  This  can  be  done  by 
returning  to  the  original  problem  of  the  bacteria  which  led  to  the  relation 

when  the  rate  of  increase  is  r  per  cent,  per  unit  of  time,  if  the  unit  of  time  is  cut 
in  two,  then 

>  "Rdatiag  to  the  Tetehing  of  Logarithm^*'  in  this  Monthlt,  Sept.,  1916,  page  284. 
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and  if  divided  into  q  parts,  then 


We  wish  to  derive  the  expression  for  A'^  when  7  is  increased  indefinitely  (».  e,, 
when  the  unit  is  decreased  in  size).   Put  r/KKJf/  =  1/u  so  that 


We  may  then  show  that  lim„««(l  +  1/u)"  is  a  definite  oonstaat>  which  we  denote 
by  e.  This  work  may  be  done  with  as  much  rigor  as  the  individual  teacher 
prefers.  Thereafter  similar  problems  are  a.s^'igned  from  physics,  as  for  example, 
the  amount  of  light  coming  through  a  pane  of  glass,  or  problems  from  chemistry 
oa  the  decomporition  cl  elements,  r  is  negatiye  fm  most  of  these  problems, 
but  this  fact  is  not  now  ft  disturbing  element  to  the  student.  These  problems 
also  have  the  advantage  that  the  constants  ff»  and  n  in  the  rdation  p  = 
have  a  definite  physical  association. 

Not  until  the  previous  theory  is  clear  do  I  consider  logarithms  in  their  applica- 
tion to  computing.  There  are  two  new  ideas  that  need  to  be  impressed  on  the 
Student:  (1)  the  conventions  of  the  computw  of  dividing  a  logarithm,  irrespective 
of  whether  it  is  positive  or  negative,  into  two  parts,  an  integral  characteristic 
and  a  decimal  mantissa;  (2)  the  conventions  of  the  printer  used  in  abbreviating 
the  work  of  printing  the  table.  Considering  also  the  definition  previously 
given,  we  are  dealing  with  a  logarithm  from  three  distinct  aspects:  first,  what  it 
actually  is,  as  log  .6974  =  —  .15658;  second,  what  the  printer  puts  into  the  table, 
as  84342;  third,  what  the  computer  puts  on  his  paper,  as  .843<^  —  1. 

The  textbooks  do  not  clearly  differentiiin  (]  (  (•  tliree  steps,  and  yet  every 
error  of  tlie  beginner  is  due  to  the  confusion  of  tliese  notions.  It  alone  is  respon- 
sible for  the  error  that  Mr.  Mmpson  mentions;  it  leads  to  the  usual  errors  in  hand- 
hng  numbers  less  than  unity,  and  to  errors  in  finding  the  antilogarithm.  The 
first  point  4san  be  emphasized  by  having  the  student  diedc  his  logarithms  (if  he 
b  workmg  the  customary  esmdses  d  finding  the  logarithms  of  an  assigned  list 
ot  numbers)  from  his  graph.  Under  the  second  item  I  frequently  resort  to  the 
homely  method  of  making  the  student  put  a  decimal  point  before  each  mantissa 
in  some  column  of  his  table.  This  cures  him  permanently  of  any  inclination  to 
write  .08i.i4  instead  of  .8434  —  1  for  log  .0974,  or  of  writing  212.7  instead  of  3.2127 
for  log  1632.  The  abbreviation  of  the  printer's  work  is  also  the  justification  of 
10  as  a  base  in  computing,  whereas  we  use  e  as  a  base  for  exponential  relations 
arising  in  problems  other  than  computing.  This  the  student  will  readily  see  if  he 
computes  log^  1.2:54,  log^  12.34,  etc.  In  fact  there  is  scarcely  a  better  way  for 
learning  the  rules  for  liandling  logarithms  than  by  comparing  the  similar  rules 
for  e  as  the  base.  Under  the  third  idea  of  what  the  computer  puts  on  his  paper, 
the  teacher  can  «q>lain  the  advantage  of  cdogarithms,  the  necessity  of  writing 
2.4133  -  3  instead  of  .4133  -  1  for  log  .259  in  finding  its  cube  root,  and  similar 
matters. 
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This  tripartite  analysis  of  a  logarithm  is  more  powerful  than  may  appear  at 
a  first  reading.  We  learn  by  contrast;  and  the  value  of  this  particular  explana- 
tion lies  in  temng  logarithms  from  the  viewpoints  of  the  computer,  the  printer, 
and  the  graph.  Most  teachers  are  inclined  to  believe  that  the  best  instruction 
consists  in  presenting  to  the  student  only  one  irlea  at  a  time.  Psydiologlcally, 
however,  it  is  equally  sound  to  keep  together  two  closely  related  ideas,  and  teach 
by  contrast  and  comparisons.  Ordinarily  logarithms  are  taught  solely  for  their 
use  in  oomputing;  later  in  analytic  geometiy  the  student  dravs  perhtqis  a  few 
eqwnential  iwves;  and  then  in  calculus  he  leams  about  the  base  «.  The  intro- 
duction of  both  bases  simultaneously  impresses  the  agnificant  facts  about  eadi; 
the  mind  is  put  in  a  receptive  mood  when  it  sees  the  necessity  of  the  rules.  The 
writer  believes  the  present  paper  affords  a  good  illustration  of  how  various  parts 
iiitherto  separated  in  the  curriculum  by  years  can  be  taught  sequentially  when 
organized  on  the  bans  of  functions*  In  addition  to  unity  of  subject  matter,  we 
also  obtain  an  unusual  degree  of  coherence.  Each  day's  work  is  intimatdy 
linked  with  the  preceding  and  prqMres  for  the  f<^owing. 


NOTE  ON  LAGBANGE'S  LIKE-PRODUCING  QUADRINOMIAL.' 

B7  Sir  TBOMAS  MUIR,  Soath  Africa. 

1.  From  an  identity  originally  due  to  Lagrange  we  know  that  the  product 

(jTi*  +  W  +  eaxt*  +  06*4*)  (yi*  +  hctH*  +  eatft*  +  aby^ 

can  be  expressed  in  the  same  form  as  either  factor,  namely,  in  the  form 

Pi«  +  6cP,«  +  eaPt*  +  abPiK 

For  the  case,  however,  where  the  second  factor  is  the  same  as  the  first,  the  formula 
is  nugatory,  all  that  it  then  tells  us  being  that  (z^  +  bext*  +  eaxt*  +  (if^^ 
is  equal  to  itself.  It  seems  therrfore  not  a  little  interesting  to  know  that  without 
introducing  any  new  principle  we  can  show  that  the  product  of  the  cube  of  the 
first  fac  tor  by  the  second  factor  can  be  simply  express^  in  the  particular  form 
in  question. 

2.  We  recall  in  the  first  place  that 

■ 

Xi     hcxi     eaxi  abxi 


—  Xt  Xi     ^  0X4  ttX% 

—  Xf      hxt       Xi   ~  bxi 

—  «♦  —  car»      exi  xt 


and  that  eacii  primary  minor  of  this  determinant  contains  the  square  root  of  the 

'  Part  of  the  object  of  this  paper  m  U>  iliruw  a  little  ii^hi  on  the  aubjcci  ul  Froblcra  4i»d  oi 
this  MoMTBLT  for  Not.  1917. 
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determiaant  as  a  factor,  tke  adjogate  of  the  determinant  being 


94Q 

—  hex^ 

cxzQ 

—  caxiQ 

xiQ 

—  obXiQ 

—  ax»Q 

* 

hxiQ. 

if  we  put  Q  for     +  hcx^  +  cax^  4-  06x4', 

3.  From  this  it  follows  tliat  if  we  take  any  three  columns  of  the  said  deter- 
minant along  witb  any  fourth  column  xchateter  to  form  a  new  determinant,  the 
latter  must  have  Q  for  a  factor.  A  special  interest  attaches  to  the  choosing  of 
yu  Vif  yi,  Vi  f(Mr  tlie  fourth  cdumn:  for  the  new  detttminants  and  ^bs&t  factors 
then  are 


bcxi 

caxi 

abxi  1 

Xl 

—  axi 

axt 

y* 

hxi 

Xl 

y« 

—  CZ| 

exi 

Xl 

Xl 

caXi 

abx4 ' 

—  Xi 

—  axi 

axz 

—  Xi 

Xl 

-  6x5, 

y* 

—  Xa 

CXt 

Xl\ 

Xi 

bexi 

cAxt 

-  Xi 

Xl 

axi 

y> 

—  Xz 

hxi 

—  bjfl 

—  «4 

Ih. 

Xl 

bexi 

eax» 

-  Xt 

Xl 

—  02*4 

yt 

—  Xg 

hXi 

Xt 

y4 

—  «4 

—  CXt 

CXt 

=  -  6x43/2  +  xiyz  +  6x2^4), 


=  Q(-  x«yi  -  cx8|/,  4-  cxiyi  -  Xii/O, 


where  the  cofactors  of  Q  turn  out  to  be  values  of  Pi,  Pti  Ps,  P4  in  §  1  as  given  by 

Lagrange's  rule.  The  consequence  is  that  if  in  the  equality  of  §  1  we  substitute 
for  each  P  the  quotient  of  the  appropriate  determinant  by  Qt  we  obtain  the 

following  theorem : 

//  by  I  Tstu  I  be  denoted  the  determinant  whose  columns  are  the  rth,  sth,  tth, 
«th  columns  of  the  array 

Xl  bcxi  caxz  abxi 
Jft  —  Xt  Xl  —  0x4  oxa 
|ft  ~  x$      bxt       Xl  hxt 

ffi        Xi    ~  CXt         CXt  Xl 
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then 

(xi*  +  W  +  eaxt*  +  abx4-)'  ■  iyi'  +  hcy^^  +  cay,'  +  aby^) 

»  1 1345  j  >  + 6c  1 1245  j  >  + ca  j  1235  j  >  + a6 1 1234 1  >. 
4.  From  Lagxmi^'s  result  it  of  course  follows  that 

+  tea** Hh  oaz^  +  abx^)(jij^  +  icifti^  +  •  •        +  fcca^^  +  •  ••) 
can  be  eaqtressed  in  the  same  form  as  any  one  of  the  factors^  say  in  the  form 

and  there  thus  arises  the  problem  of  finding  the  Ts  in  terms  (rf  the  z's,  y\  x*9 
and  a,  h,  c.  The  simplest  way  of  writing  the  four  expressions  obtained  is  by  means 
of  the  notation  for  bipartite  functions,  according  to  which 

X  y  z 

^,  ^  ^  stands  for  ax^  +  by^ -\-  cz^ dxrj  +  eyrj  +  Jzn  +  g^^  +  %f  +  iz^, 
a    e  J  II 

g  h  tit 

each  elauent  of  the  square  array  being  talcen  along  unth  the  outside  elem«it 
in  the  same  column  and  at  the  same  time  along  with  the  outside  dement  in  the 
same  row.  We  then  have 

m   ^       ^  ^» 

yi      hcyi      cayi     abyt  Zi 

—  y%       yi  —  ay*      ays  bczt 

—  yt      byi        ifi   —  byz  cazi 

—  y*^m     m      yi  abn 

and  thp  other  T's  differing  frotn  it  nu-rcly  in  having  for  tliuir  outside  column  a 
diliereut  row  of  the  determinant  equivalent  for  {zc  +  bcz^-  +  cazj-  4"  abzi-y. 


QUESTIONS  AND  DISCUSSIONS. 
Sbmo  all  coMMUMiCATiONB  TO  U.  G.  MiTTHFT  L,  University  of  Kansas,  Lawrence. 

DISCUSSIONS. 

We  believe  that  those  of  our  readers  who  have  followed  the  diseussions  of 
certain  solutions  of  cubic  equations  as  published  in  the  February  and  June 
numbers  of  the  Monthly  will  be  especially  interested  in  the  method  given  bdow 
for  approzimatiDg  nearly  equal  roots  of  a  cubic 
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I.  Hblatikg  to  Affbozoiatioxs  to  Nearly  Equal  Roots  of  a  Cttbig 

Equation. 

By  Tavu  Gatbon,  U.  S.  N«v«1  Academy,  AnnaiKdts. 

If  ^  =  f(^)  =     —  3a^  4-  2^10^,  tin  equation  y    0  has  three  real  roots 

when  TO*  >  I,  has  a  double  root  ±  a  when  m  =  ±  1,  and  has  two  roots  nearly 
equal  to  i  a  wlien  m  is  ii*  urly  equal  to  ±  1 .  The  discussion  that  follows  is 
confined  to  the  case  in  w  liich  the  nearly  equai  roots  are  positive;  it  is  applicable 
to  negative  toota  if  the  signs  of  hoth  m  and  a  are  reversed,  or  if  the  equaticm  ia 
leplaoed  by  y  «  —  /(—  x)  —  0. 

The  method  of  arriving  at  the  approximation  is  as  follows: 

Let  the  larger  of  the  two  roots  be  xi,  the  smaller  .To,  and  let  the  graph  of  f(x) 
be  a  curve  *  of  which  the  points  Pi,  Pi  correspond  to  the  roots  ^i,  Xj.  As  the 
roots  are  nearly  equal,  Pi  and  Pj  are  joined  by  a  relatively  short  segment  of  *, 
which  indudes  the  minimum  point,  X,  and  does  not  include  the  inflection. 
(These  conditions  define  the  restriction  implied  by  the  words  "nearly  equal.") 
Suppose  a  quadratic  parabola  having  the  equation  y\  =■  fi(x),  to  intersect  the 
cubic  parabola  *  three  times  at  L,  three  times  at  it^finity  in  the  direction  of  the 
y  ajiii,  and  consequently  nowhere  else.  Then  crosses  s  at  L,  and  as  it  is  not 
as  steep  as  8  for  large  values  of  x,  keeps  to  the  right  of  *  where  z  >  a,  to  the  left 
where  x<a,  (At  £j  z  »  a.) 

Let  the  roots  determined  by  j/i  =  0  be  xi',  x^,  of  which  zi*  is  the  larger. 
Then  Xi  >  Xj,  x/  >  a*2-  Pi'  and  P/  being  the  points  of  s'  corresponding  to  the 
roots  Xi',  X'l,  let  ordinates  to  the  cubic  s  be  drawn  through  Pi  and  P^',  meeting 
*  at  Q\  and  Qt.  Now  let  tangents  to  *  at  Q\  and  (^t  meet  the  x-axis  at  P\"  and 
Pt'f  of  which  the  abscissas  are  %%'  and  xx".  As  the  curvature  of  9  does  not 
change  sign  from  Pi  to  Pt,  it  is  evident  that  xx**  >  xi,  xt"  <  xt  and  also  that 
/(a)  <  0./(xi')  >  0,/(xi")  >  0,/(x,0  <  0,/(x2")  >  n. 

The  values  (xi  —  X\")  and  {1%  —  Xn")  to  be  subtracted  from  X\'  and  x-/, 
are  the  quotients  of  flu"  ordinates  of  *  at  Qi  and  ^2  by  the  slopes  of  s  at  tliese 
points;  it  will  be  found  convenient  to  use  a  smaller  divisor  than  the  actual  slope 
at  Qi,  and  a  (numerically)  larger  one  at  Q2,  with  the  result  that,  the  corrected 
roots  thus  found  being  Xx'"  and  Xt'",  f(xi'»)  <  0  and  f(xt*")  <  0;  that  is,  Pi"' 
and  P2'"  being  the  points  of  the  x-axi»  having  the  abscissas  Xi"  and  Xj'",  Pi'" 
is  enough  to  the  left  of  Pi"  to  be  to  the  left  of  Pi  and  Ft"  is  enough  to  the  ri^it 
of  P2"  to  be  to  the  right  of  Pj- 

Thus,  of  the  successive  approximations  to  Xj,  viz.,  o,  Xj',  Xj",  X|"',  the  first 
and  last  are  too  small,  the  others  too  large.  In  each  case,  u  the  more  con- 
venient of  the  closer  approximations,  and  the  error  in  using  it  is  less  than 
|x"  —  x"'\  .  In  case  the  error  is  undesirably  large,  a  closer  approximation, 
but  without  limits  of  error,  is  obtained  by  finding  the  ratio  (practically  the  same 
in  all  cases)  in  which  the  segment  P"P"'  is  divided  by  the  chord  joining  the 
points  of  9  diat  have  the  abscissas  xf*  and  x"'. 
'  The  resulting  approximation  may  be  formulated: 
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If  in  the  equation  o?  —  3a'x  -f  27/ia''  =  0,  is  nearly  equal  to  1,  let 
^(1  —  m)  =  ft,  V|(l  —  m)  ■=  X;  then  the  nearly  equal  roots  are 

»  =  a(l  st  X  —  m) 

with  an  error  less  than 

w 

the  larger  approximation  being  too  small,  the  smaller  tuu  large.  If  this  limit  of 
error  is  unsatisfactory,  much  closer  results  may  be  obtained  by  applying  five- 
nxtlis  of  its  value  as  a  conection  to  increase  the  larger  appronmation  or  decrease 
^e  amaUer  approznnatioii. 

As  an  iUastnttion  of  the  method,  considw  the  equation 

8a!*-36a*  +  39a;  +  3»0. 

When  the  roots  are  diminished  by  3/2,  this  equation  is  transformed  into 
a*  -  •^g'^x  +  II  =  0.  Here  a  =  i  MO,  m  =  ^  VlO,  X  =  V|(l  -  m)  =  0.1S4962, 
;t »  id  -  m)  »  0.005702; 

«  -       (1  d=  0.184962  -  0.006702)  =  0.93229  or  0.63964.  * 

Adding  1.6,  we  have  2.43229  (too  snuill)  and  2.13984  (too  large). 

iX         VlO  0  09"^o 

The  errors  are  <     •  ,  '      =  —rX  0  0<>57  X  T-Tn  noo?  <  0.0005. 

If  the  results  are  not  as  close  as  desired,  wc  may  compute  the  errors  more 
carefully  (they  are  0.00038  +  for  the  larger  root,  0.00046  —  for  the  smaller), 
and,  increasing  the  larger  root  by  ^  X  0.00038  —  0.00032,  and  decreasing  the 
smaller  by  j[  X  0.00046  =  0.0O038,  we  may  say  that  the  roots  are  probably 
2.43261  and  2.13946.  (To  six  decimals  the  roots  are  actually  2.432617  and 
2.139465.) 

In  Wentworth's  College  Algebra,  the  equation  —  515j^  +  1155x  —  649  =  0 
a  shown  to  have  two  very  nearly  equal  roots,  appnndmately  1.1230914  and 
1.1270002.  If  we  muhip^  the  roots  of  this  equation  by  3  and  diminish  the  roots 
of  the  transformed  equation  by  515  we  have 

2*-  7852809-  267845848  »  0. 
Here  _ 

a  «  8V4090,  m  »  -  66961462V^  -S-  (65440)*. 

V4090  =  64(1  -  p), 

where 

p  -  0.0007326902925323856, 
(1 H-  m)  «  (65440)-*(-  3139968  +  4285533568p)  «  (65440)->(0.8435952782), 

(1  +  w)  =  1.969762300  X  lU"'";  /*  -  id  +  w)  =  2.188623S4  X  10"", 
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X  -  V|(l  +  m)  =  (65440)-^  ^.5e23968521 

»  0.7499312316  -»-  65440  »  1.14d9&2933  X  10r«, 

-a(l±X-M)-  -512(1-p)(1±X-m) 

-  -  512  +  512]>  +  512(1  -        X  + 

x  +  515  «  3  +  0.3751374297765814  +  511.624862570223418()(T  X  +  fi), 

l(x  +  515)  »  1.123091428324  or  1.127000184062. 

The  error  is  less  than 

W  ^-^^^  <  i  X  512(1  -  p)  X  2.19  X  l(r"  X  1^  5  73  ^       <  ^.14  X  ir» 

In  this  case,  the  approzunation  might  safdy  have  been  carried  one  or  two 

places  further. 

The  derivation  of  the  formula  follows: 

Given  y  =  f{x)  s  (x*  —  3o'x  +  2ma');  transforming  the  origin  of  coordinates 
to  Ihe  minimum  point,  L,  (o,  2(m  —  l)a^),  we  obtain  j/i  =  xi^  d=  Sazi^.  The 
desired  quadratic  approzimation  to  yi  near  X  is  |^  »  Zaxi*.  Transformed  to  the 
original  system  of  codrdinntes,  the  latter  becomes  yt  ■»  3aa*  —  6o*ar+  (1  +^2m)a^. 

Solving  ya  =  0  we  find  j-,'  =  a(l  +  Vf  (1  -  m)),  a-,'  =  o(l  -  Vf  (i  -  m)). 

Substituting  in  y  =  /(x)  s  a:*  —  3a'x  +  2iiio*,  we  obtain/Carj')  =  o^lid— t»)l*'*, 
fix,')  =  -  a»[f (1  -  m)'% 

The  derivative  ia/Xj)  ^  3(a-  -  x-};  /'(Xi')  =  2a'(l  -  m  +  >0(1  -  m})  >  0, 
/'(X2')  =  2a*(l  -  «  -  V6(l  -  to))  <  0. 


similarly 


/W)      2[1 + 3-^1(1 -j»)l    9  l  +  ii/i(l-itt)' 

a  1  —  m 

a*'  -  ar»"  =  r 


.^'.«[i-Via.w-i.-^^;":^]. 

Neglecting  the  radical  in  the  denominator,  we  have: 

sri'"  -  0(1  +  Vfd  -  m)  -  id  -  w)]  <  an"; 
=  all  -        - w)  -  i(l  -  m)l  >  Xi". 


Digitized  by  GoOglc 


346  QiTEsnoNs  and  discubbionb. 

Also 

/(»i"0  «  ^  (1  -         5  +  ^(1  -  m)  -  iVd  -  *»)]  <  0. 

M'")  =  ^  (1  -  ^^n-  6  -  ^(l  -  m)  -  ,V<1  -      <  0. 
Therefore  the  errors  are  lesa,  respecUvelyi  than 

w  L      1  +  i  \3(i  —  w)  J    y  1  +  ^  ^ I U  —  wi) 

Ll~3\j(l  — m)      J     y  1  — — m) 

Hence  the  rule  given  earlier  for  nearly  equal  positive  roots.  For  nearly 
equal  negative  roots  (m  nearly  —1),  if  1(1 -\- m)  =  fi,  (1  +  m)  =  X, 
X  =  —  a(l  ±  X  —  /u),  with  an  error  less  than  a/i-  (|X/(1  ±  ^X)),  the  numerically 
larger  root  being  too  small  numeric&Ily,  the  other  too  large  numerically. 

Whether  the  approxiinate  roots  are  positive  or  negative,  the  one  furthw  from 
the  inflection  is  too  small,  the  one  nearer  the  infle(  tloii  too  large;  in  other  words, 
both  are  on  the  portion  of  the  2-axis  intercepted  by  the  adjacent  arch  of  the  graph 
of  y  =  0. 

If  we  let  ^fi  =  z,  we  have  f(xi"')  =  -  UahH^  -  2  "v'Sz  -  G2)  a  already 
seen,  and  furtlier,  J\xi")  =  i2a'z-{l  -  -  -j z  +  ^Is*  +  83(1  -  22)  \3s); 

fixz")  and  f{x2')  differ  only  in  the  sign  of  V^.  Consequently 

-/(ari'"):/(ai'0-6:l 

very  nearly,  for  either  root.  Approximating  by  means  of  the  chord  of  the  graph, 
we  thiB  olitain  a  closer  result,  for  v.  liicli,  however,  no  limits  of  error  are  fixed. 
If  the  limit  of  error  of  the  earlier  approximation  is 

(£1  taking  the  upper  sign,  Et  the  lover) 

X  =  ail  ±  \  -  lizk  lEu  2) 

if  the  roots  are  positive; 

if  the  roots  are  negative. 

The  chief  advantap;es  of  the  approximHtion  are  that  It  gives  an  easy  means 
of  locating  two  roots,  luul  of  separating  tlicin  if  they  are  very  nearly  equal,  and 
in  the  latter  ease  gives  an  approximate  soluiiuii  more  conveiiieut  tlian  Horner's 
method  and  more  accurate  than  the  trigonometric  solution.  The  formulas  for 
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the  trigonometric  solution  toe  cosZB  —  —  m,  x  ^  2a  cos  6;  if  \  m\  is  neariy 
unity,  the  value  of  $  is  not  very  aocuntd^  determined.  The  first  of  the  ezftmples 
cited  above  is  near  the  border-line;  five-place  tables  will  give  nearly  as  accurate 
results  by  the  trigonometric  method  as  by  the  apprnximation,  but  with  more 
labor.   LThe  roots  by  this  method  are  -  0.0721,  2.432t),  2.1394.] 

n.  RbLATINO  to  SOIIB  ReIATTONS  IK  A  RiOHT-AKOLED  TbIANOIS. 

By  Albkht  Babbitt,  University  of  Nebraska,  Lincoln. 

In  the  rifrht-angled  triangle  ABC  {with  right  angle  at  C)  draw  CD  perpen- 
dicular to  AB;  also  draw  CE,  CF,  BM  and  AN  bisectors  of  the  angles  ACD, 
BCD,  ABC  and  CAB  respectively. 


We  have  then  the  following  theorems: 

Tbsobeu  I.  Ths  hiHctof  qf  ike  angle  B  is  perpenHeulttr  lo  CE,  ami  ike  hi- 
sedor  ih  an^^  A  t»  pgrpenHeuhsr  to  CF.  Monomer,  CE  i»  hiteeted  hy  (Ae 
biteeior  of  the  an^  B  (in  poini  a)  and  CF  i»  hiteelei  6jf  the  hisedar  cf  ike  angle  A 
{in  ■pt.  h) ,  and  cfynsequenily  ab  it  paralM  io  AB  and  it  equal  to  ^EF, 

Proof.  Since 


bence  dbO  —  9(f,  and  AN  is  perpendicular  to  CF,  Similarly,  it  may  be  proved 

that  BM  is  perpendicular  to  CE. 

From  the  equality  of  the  right-angled  triangles  FbA  and  AbC,  we  ha\e 
Fb  —  bC,  i.  e.,  CF  is  bisected  by  the  bisector  of  the  angle  A.  Similarly,  Ea  —  uC, 
and  it  follows  at  once  that  ab  is  parallel  to  AB  and  is  equal  to  \EF. 

TnKOKKM  TL  The  bisectors  CF  and  CE  cut  off  on  the  hypoteiiute  AB  tegmentt 
AF  and  BE  which  are  equal  to  the  sides  AC  and  BC  respccHcely. 

Proof,   From  the  equality  of  the  right  triangles  FbA  and  AbC,  it  follows  that 
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AF  =  AC,  and  from  the  equality  of  the  right  triangles  BaE  and  BaC  it  foUows 
that  BE  =  BC. 

Theorem  III.   The  radiua  r  of  ike  circle  ineeribed  in  the  triangle  ABC  ie  equal 

to  ^EF  =  ab. 

Proof.  Since  CO  =  OF  (ACOF  is  isosceles)  and  CO  =  OE  {ACOE  is 
isosoeles),  OE  =  OF;  and  oonsequ^itly  EFO  b  an  isoscdes  triangle. 

Moreover,  \FOE  m  2  \FCE  -  9<f .   Whence,  OP  =  r  -  lEF  -  ofr. 

Tbbobbm  IV.  The  radius,  r^  edf'^,  t. the  radiue  i»  equal  to  (he  dde  cf  a 
equare  whose  diagonal  is  cd. 

Prwff.   From  the  similarity  of  the  triangles  aOb  and  dOc,  we  have 

£6_Oa_05_.  -o_J_ 
cd~0e~0d~  ''"'^^  " 

ed 

Hence  (Theorem  III),  r  —  ab^-^* 

Theork!\i  v.  TAe  line  of  centers  of  the  circles  imcrihed  in  the  triangles  ADC 
and  BDC  is  perpendicular  to  the  bisector  of  the  right  angle  C,  i.  e.,  cd  ±  CG. 

Proof,  Since  in  the  triangle  cdC  two  altitudes  and  da  pass  through  the 
point  0,  CG  ±  cd. 

Theorem  VI.  The  centers  of  the  circles  inscribed  in  ihc  triangles  ADC  and 
DEC,  i.  e. ,  the  poinia  e  and  d  are  equidietant  from  ike  pmrU  P  and  their  distancee  ore 

equal  to  or  =  r. 

Proof.  From  the  equality  of  triangles  OFd  and  Oc.E  it  follows  that  OD=Ec^ 
and  hence  follows  the  equality  of  OPd  and  PEe  and  consequently  eP  =■  Pd» 
Moreover,  \OdF  ^  ISXf  -  (a  +  0)  =  I8(f  -  IBS'*.   Hence,  if  a  ciide  be 

drawn  with  P  as  the  center  and  OP  —  PF  —  f  ta  the  radius  \OdF  will  be  aa 
inscribed  angle  and  Pd  —  eP  »  r. 


UNDEKGKADUATE  MATHEMATICS  CLUBS. 
EoiTKo  BY  K.  C.  AacBiBALD,  Brown  Uoivenity,  Ftovidence,  R.  L 

ADDEESS.1 

By  Hbbbbkt  E.  Hawkw,  Oolanilii*  Univeirity. 

In  the  remarks  which  I  have  to  make  this  monung,  I  do  not  propose  to  go 
into  details  regarding  the  history  of  Mathematics  Clubs  or  to  (lls(  tiss  the  function 
of  such  clubs  under  ideal  condition?.  I  wisli  rather  to  tell  briefly  of  my  own 
experience  with  sticIi  clubs  which  may  po^silily  serve  as  n  practical  help  to  those 
who  have  conducted  or  are  about  to  organize  such  organizations  in  their  own 
institutions. 

^  Delivered  at  the  second  suuuner  meeting  of  the  Mathematical  Aasociatioii  of  America^ 
at  CaftyelBtid,  KMa,  September  6, 1917. 
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At  the  very  start  let  me  say  that  the  kind  of  club  I  have  in  mind  is  not  the 
kind  which  is  of  interest  merely  to  the  two  or  three  ablest  men  in  college.  The 
exceptional  man  who  even  In  his  undergraduate  days  shows  promise  of  unusual 

scientific  enthusiasm  and  ability,  the  kind  of  man  who  appears  once  in  several 
years  in  the  small  college,  and  of  whom  there  is  only  one  in  a  class  in  the  large 
college,  must  be  taken  in  charge  by  his  instructor  in  any  case,  and  should  have 
careful  penoinl  direction  so  if  1m  is  the  Idnd  erf  man  who  diould  be  advised 
to  study  mathematics  inwfessionally,  he  may  be  brought  in  contact  with  the  real 
thing  in  mathematical  investigation  as  early  as  practicable.  Such  a  man  ought 
to  be  a  leader  in  the  club,  but  if  the  club  is  geared  for  this  man,  it  will  be  a  flat 
failure.  The  pace  will  certainly  he  too  hot  for  his  less  gifted  fellows,  and  the 
esult  will  be  a  mutual  admiration  society  of  about  three  somewhat  unworldly 
spirits. 

The  kind  of  dub  I  am  talking  about  is  one  in  which  the  able  freshman  can 
find  some  interest,  and  every  student  who  is  interested  in  interesting  things  and 
who  has  taken  up  the  study  of  analj'tics  can  take  an  active  part. 

What  is  the  use  and  the  function  of  such  a  club  as  I  have  indicated?  It 
se»as  to  me  that  there  are  three  kinds  of  purpose  that  such  a  dub  may  serve, 
if  it  is  successful.  It  surdy  benefits  those  studimts  who  unseat  papers  or 
sdutions,  it  ought  to  hdp  those  who  attmd,  and  it  should  be  a  good  thing  for 
the  college  as  a  whole. 

Just  a  word  on  this  last  point,  before  taking  up  the  first  two.  One  of  the 
most  unfortunate  traditions  among  the  undergraduates  of  our  colleges  is  the 
feeling  that  they  are  serving  their  college  only  when  they  are  playing  basdb«Il» 
or  runmng  the  football  team.  Their  loyalty  is  splendid  and  genuine,  and  such 
a  precious  enthusiasm  should  not  be  allowed  to  eooA,  even  if  it  is  sometimes  ob- 
served to  run  in  a  directir>n  of  secondary  importance.  It  is  almost  impossible 
for  the  underjrraduate  tf>  realize  that  in  the  long  run  the  greatest  honor  to  a  college 
is  a  competent  and  well-trained  graduate,  and  the  most  far-sighted  loyalty  to  his 
alma  mater  would  lead  him  to  prepare  himsdf  to  be  sudi  a  graduate.  To  be  an 
officer  r  til '  mathematics  dub  is  an  honor,  and  those  who  work  for  the  welfare 
of  the  club  are  recognized  as  working  for  the  college.  And  since  its  activities 
haxc  to  do  with  the  intellectual  life,  it  should  appeal  to  the  most  genuine  spirit 
of  loyalty  to  the  institution. 

Let  me  empluuise,  however,  lhat  unless  the  activities  vt  the  dub  are  kept 
simple,  so  that  it  may  have  the  reputation  in  college  of  being  wdl  within  the 
domain  of  rationality  of  a  good  many  students,  this  feature  of  the  dub  will  be  a 
failure.  For  a  small  !>ody  of  pale  people  talking  about  existence  theorems  is 
not  a  spectacle  over  which  college  students  as  a  whole  will  enthuse.  I  am 
certain,  however,  that  this  idea  of  organizing  certain  extra-curricula  activities 
which  have  contact  with  things  of  the  mind  helps  to  divert  some  ot  the  energy 
«rf  the  students  from  an  overwhdming  development  of  athletics.  I  do  not  intend 
to  express  any  lack  of  appredation  for  athletics.  Young  men  must  have  them. 
But  few  will  argue  that  they  arc  not  carried  to  an  extreme  in  many  of  our  colleges, 
and  that  a  counter-irritant  should  be  sought. 
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The  benefit  of  the  dub  to  the  student  who  attwdsj  but  who  has  no  stated 
part  is  fairly  obvious.  It  depends,  howevo*,  on  the  way  the  meetings  are  con- 
ducted, whether  the  auditor  gets  mudll  out  of  it  or  not.  Iti  my  experience  it 
has  been  absolutely  necessary  to  conduct  the  mertintrs  in  the  most  informal 
manner  possihle.  The  speaker  expects  to  be  interrupted,  and  to  explain  in 
greater  detail  questions  of  notation  or  demonstration  or  implication  which 
anyone  requests.  Often  the  mxae  carefully  and  clearly  a  paper  is  presented,  the 
greater  curiosity  it  awakens,  and  the  oftener  the  ^leaker  is  asked  to  make  more 
detailed  explanation. 

The  fundamental  fact  is  that  students  cannot  be  expected  to  go  many  times 
to  a  mathematics  club  because  they  feel  that  they  ought  to.  They  will  only  go 
because  they  want  to,  and  nothing  but  a  good  time  intellectually  and  socially 
will  hold  them.  I  do  not  mean  by  this  that  there  should  be  meager  food  for 
thought,  and  much  entertainment.  Quite  the  contrary.  The  intellectual 
nourishment  cannot  be  too  good  or  too  well  prepared.  But  it  must  ho  adapted 
for  their  powers  of  digestion,  and  must  be  served  with  good  fellowship  aud 
simplicity. 

The  ben^t  of  the  dub  to  those  who  give  papers  is  naturally  greater  than  to 
any  one  dse,  and  on  them  depends  the  success  of  the  dub  to  a  large  extent. 

Our  responsibility  as  teachers  of  college  mathematics  is  nearly  as  great  in  the 
direction  of  training  our  students  in  the  difficult  art  of  self  expression  as  in  the 
technique  of  mathematics.  The  regular  elass  room  instruction,  especially  in 
elementary  work,  consists  to  a  large  extent,  tor  many  of  us,  in  patiently  requiring 
our  students  to  express  the  truth  that  is  in  them  in  the  form  of  an  English  sentence 
which  has  a  subjt  i.  i  predicate  and  the  proper  qualifying  dauses.  Now  the 
club  affords  a  splendid  opportunity  to  give  a  few  pood  students,  men  who  are 
worth  taking  ])ains  with,  excellent  practice  and  training  in  the  exi)ositi()n  of  a 
specific  topic  in  mathematics,  i  wotild  remark  parentiietically  that  this  means 
an  appreciable  amount  of  paimtaking  and  tactful  work  on  the  part  of  some  one 
on  the  teaching  staff.  The  students  must  fed  that  they  do  the  whole  thing, 
but  they  must  be  far  from  correct.  I  have  rarely  found  the  Student  who  had 
really  adequate  terminal  facilities.  They  always  prepare  papers  from  twice 
to  four  times  as  long  as  they  should  he,  and  hnd  the  greatest  difficulty  in  t*ondens- 
ing  to  advantage.  Even  if  the  student  sees  his  problem  in  the  proper  perspective, 
it  requires  almost  superhuman  efforts  to  get  him  to  express  it  clearly  and  oondsely. 
But  I  am  forced  to  say  that  assisting  a  student  to  get  an  effective  method  of 
exposition  without  doing  the  work  for  him  is,  in  my  opinion,  scientific  education 
of  the  most  uiiportant  and  useful  kind,  and  any  means  that  enables  one  to  render 
such  ist;rvice  is  an  important  feature  of  the  college. 

The  second  great  benetit  to  the  speaker  in  the  mathematics  club  is  the  expe- 
rience whidi  he  gets  in  examining  the  literature  of  his  topic,  and  going  outside  his 
text  books  for  his  material. 

The  third,  and  the  most  important  of  all  is  the  consciousness  that  comes 
with  indepeiideut  search  for  truth.  The  truth  sought  is  usually  not  new  to 
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aciieiice,  but  it  is  new  to  the  student,  and  has  all  of  the  freshness  of  spring  to  him.  ^ 
For  college  students,  wHat  might  be  called  "seavchwinrk/'  that  is,  topics  dealing 
with  tmportofd  questions  whidi  contain  enough  meat  to  interest  any  right  thinking 
person,  is  much  more  profitable  than  the  discussion  of  some  topic  which  he  has 
worked  out  for  himself  but  whicli  one  cannot  find  in  the  books,  or  memoirs. 
In  fact,  I  think  that  it  is  a  pity  for  an  able  student  to  get  the  impression  that  the 
discovery  of  some  little  point  that  no  one  else  has  happened  to  mention,  is  mathe- 
matical sdiolarship  and  a  substitute  for  a  broad  and  wide  knowledge  of  the 
subject. 

My  procedure  with  a  student  who  has  signified  his  desire  to  prepare  some- 
thing for  the  club  is  somewhat  as  follows.  After  finding  a  topic  which  is  within 
his  range,  and  in  which  he  is  likely  to  be  interested,  I  give  him  one  or  two  refer- 
ences which  he  is  to  read,  and  to  report  upon.  Then  I  often  tell  him  of  other 
books  in  which  he  had  better  look,  and  urge  him  to  go  over  all  the  literature  he 
can  find  which  seems  to  promise  wdl.  By  the  time  this  is  done  he  can  make  an 
outline  of  wli;)t  hr  proposes  to  say,  specifying  what  ho  wishes  to  prove,  and  what 
is  to  be  given  without  proof.  The  student  always  wants  to  prove  almost  every- 
thing, and  cannot  understand  how  a  paper  can  omit  proofs,  and  still  be  a  good 
one,  except  when  he  is  listening  to  it.  Finally  a  few  days  before  the  meeting 
I  try  to  go  over  with  him  in  more  detail  the  plan  of  his  paper,  and  often  the 
details  of  exposition.  Of  course  he  never  speaks  from  notes,  but  puts  diagrams 
on  the  board  before  the  meeting.  I  have  found  that  if  a  paper  is  planned  which 
the  student  thinks  will  take  twenty-five  minutes,  it  actually  takes  forty-five  if 
he  is  not  interrupted  badly.  If  he  is  interrupted,  he  never  gets  through,  but  has 
to  summarize  the  last  part.  I  make  great  efforts,  howevwi  to  keep  the  papers 
down  to  twenty-five  minutes  of  talk. 

Undonbtcdly  the  kind  of  organization  which  would  be  best  adapted  to 
students  of  one  institution  might  not  be  suited  to  another.  I  \n\\c  had  expcricnice 
with  only  two  types  of  club  at  Columbia  College.  At  first  there  was  no  organiza- 
tion at  all.  Meetings  were  held  every  two  weeks  by  those  who  were  interested 
to  come,  but  without  unde^sraduate  officm,  no  dues,  and  no  machinery  at  all. 
I  always  presided,  in  the  most  informal  manner,  and  it  was  a  purdy  spontaneous 
expression  of  interest  in  mathematics  on  the  part  of  those  who  attended.  After 
a  couple  of  years  of  this  sort  of  i)roecdnre,  ihe  students  suggested  that  they  have 
a  regular  club  witli  ofiicers,  dues  of  twenty-five  cents  per  year  to  cover  the 
exp  use  of  srading  cards  to  members,  and  a  written  constitution. 

So  far  as  the  essential  features  of  the  club  are  concerned,  I  cannot  see  that  it 
makes  the  slightest  difference  what  kind  of  organization  is  in  force.  The  fact 
from  which  one  cannot  get  away,  is  that  a  mathematics  chib  will  not  run  itself, 
and  that  it  requires  a  great  deal  of  careful  work  to  get  speakers  who  can  attract 
a  good  house.  If  the  organization  is  such  that  some  member  of  the  staff  can 
really  look  after  thb  feature  of  the  work  and  at  the  same  time  keep  in  the  back- 
ground so  t  hat  the  students  seem  to  be  in  disrge,  it  does  not  make  much  difference 
whether  there  are  many  officers  or  few,  or  whether  there  is  a  constitution  or  not. 
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^  I  am  inclined  to  think,  however,  that  the  club  is  of  more  service  to  the  college 
community  if  there  are  undergraduate  officers,  and  definite  organization.  If  the 
professors  can  attend  not  as  professors  but  as  fellow  creatures  of  the  students 
there  is  no  objecti<m.  But  the  moment  that  the  boys  feel  that  another  disguised 
recitation  is  in  progress,  and  that  their  professors  are  watching  their  accomplish- 
ment, the  club  is  no  longer  a  diih,  hut  a  parade  ground. 

The  most  important  and  at  the  same  time  the  most  difllcult  feature  of  the 
dub  to  manage,  is  the  program.  Especially  during  the  first  part  of  the  year, 
papers  must  be  provided  whidi  wiU  attract  the  students  and  hold  thdr  intnest. 
I  suppose  that  the  mathematical  topics  which  naturally  attract  the  student 
who  is  not  far  advanced,  are  those  which  he  thinks  liavf  ^nme  mystic  significance. 
Something  about  higher  dimensions,  or  infinit>',  or  paradoxes.  Personally  I 
think  that  the  greatest  service  which  a  club  cau  perform  in  regard  to  these 
topics  is  to  denude  them  of  their  mystic  qualities,  and  to  bring  the  ideas  involved 
squardly  and  fairly  into  relations  with  sound  mathematics.  But  students  cannot 
perform  this  service,  for  they  have  not  the  perspective,  and  so  far  as  my  experience 
goes,  make  a  bad  matter  of  any  topic  relating  to  these  subjects.  Consequently, 
it  usually  seems  wisest  for  an  older  person  to  talk  about  the  fourth  dimension 
and  orders  of  infinity,  rather  than  a  student. 

One  might  think  papers  of  an  historical  nature  admirably  adapted  for  pres- 
entation at  the  club.  But  to  my  great  surprise,  I  have  had  very  little  luck  with 
stich  papers.  It  may  he  my  own  fault,  but  I  have  found  tliat  tlie  students  do 
not  have  a  sufficiently  broad  and  scholarly  grasp  of  the  subjects  whose  history 
they  are  presenting  to  make  topics  of  this  kind  rewarding.  Here  again,  a 
member  of  the  staff  does  much  better. 

A  distinguished  educator  once  complained  to  me  that  the  teachers  of  mathe- 
matics and  physics  missed  a  great  opportunity  in  not  humanizing  the  presentation 
of  their  subjects.  He  said  that  a  boy  might  study  physics  two  years  and  not 
know  whether  Boyle  was  an  Irishman  or  a  very  painful  swelling  on  one  s  person. 
I  have  made  a  serious  effort  to  get  students  to  prepare  papers  on  the  "  hcroci^  of 
mathematics,"  They  like  the  idea  immensely  but  when  it  comes  to  preparing 
a  paper  showing  just  where  Napier,  Newton,  Archimedes  or  Descartes  stood  in 
relation  to  what  preceded  and  what  followed,  and  what  specific  problem  stimu* 
lated  them  to  carry  forward  their  epoch  making  work,  I  have  sometimes  been 
disappointed,  owing  again  to  the  lack  of  perspective.  But  on  the  whole  such 
papers  have  been  much  more  successful  than  those  which  attempt  to  treat  the 
development  of  an  idea  or  set  of  ideas. 

At  least  one  excellent  meeting  a  year  can  be  provided  by  asking  the  students 
to  bring  paradoxes  or  puzzles  of  a  mathematical  nature.  These  may  be  pre- 
sented, and  solutions  requested  from  the  audience. 

I  have  found  no  difficulty  in  finding  enough  interesting  topics  which  involve 
little  or  no  calculus.  Such  a  procedure  does  not  seem  to  result  in  the  loss  of 
int»«st  on  the  part  of  the  more  mature  students,  for  they  feel  the  need  <rf  a  more 
complete  perspective  over  their  elementary  mathematics,  and  as  a  matter  of 
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fact,  a  paper  which  involves  a  good  deal  of  the  calculus  cannot  be  followed  in 
detail  by  as  arge  body  of  students  as  one  likes  to  have  at  the  r!ub.  And,  unlike 
the  members  of  more  pretentious  mathematical  societies,  tu  lf  nts  do  not  enjoy 
sitting  through  a  long  paper,  no  part  of  which  they  understand  with  the  possible 
exception  of  the  title.  And  they  wOl  not  do  it. 

I  have  mentioned  several  types  of  topics  which  students  find  some  difficulty 
in  presenting  effectively.  It  is  much  easier  to  do  that  than  it  is  to  generalize 
regarding  the  kind  of  paper  which  is  successful.  For  here,  as  in  most  questions 
involving  education,  it  ail  comes  back  to  the  man  behind  the  guns.  If  the 
student  himself  b  thoroughly  interested  in  a  topic  he  can  do  wonders  with  it. 
If  not,  he  can  spoil  the  best  subject  in  the  world. 

On  the  whole  the  students  do  best  on  topics  which  are  very  definite,  and  in 
which  there  is  a  clear  relation  between  the  new  idea  whi^  h  tliey  are  presenting 
and  some  thing  with  which  they  are  familiar.  For  exanii)le,  I  recall  e  vrry 
excellent  paper  on  the  exponential  and  logarithmic  function  of  complex  numbers, 
in  whidi  the  well-known  ideas  of  many-yaluedness,  and  periodidty  as  found  in 
trigonometric  functions  were  taken  for  points  of  departure,  and  these  same 
features  of  the  functions  under  dtscuimon  were  exposed.  Also  the  paradoxes 
which  arise  when  one  takes  the  wrong  branch  of  a  many-valued  function  affords 
instruction  and  amusement. 

Imaginary  lines  in  the  plane  are  also  interesting.  Any  student  of  analytics 
can  prove  that  the  distance  between  two  pmnts  on  such  lines  is  sero,  and  a  number 
of  other  curious  features.  Here  the  hope  of  success  of  the  paper  lies  in  connecting 
the  new  ideas  with  tlie  similar  ones  regarding  real  lines. 

Another  kind  of  topic  which  is  likely  to  be  successful  is  the  graphical  study  of 
processes  which  are  more  or  less  familiar  analytically.  Such  subjects  as  the 
graphical  solution  of  equation,  the  study  of  constructions  which  are  possible 
with  the  use  of  the  compasses  and  a  fixed  parabola,  construction  with  a  two-sided 
straight  edge  are  all  excellent. 

Since  these  remarks  are  simply  intended  to  start  a  discussion  in  which  it  is 
hoped  that  many  will  take  part,  I  do  not  propose  to  follow  tiie  example  of  t)ie 
students  in  talking  twice  as  long  as  I  should.  I  must,  however,  express  my  con- 
viction that  a  mathematics  dub  in  a  college  is  a  powof ul  stimidus  on  the  side  of 
sound  scholarship,  and  to  my  certain  knowledge  able  men  are  inducted  through 
it  into  the  serious  study  of  mathematics,  and  stimulated  in  their  ambition  not 
only  to  know  the  subject  so  far  as  their  abilities  permit  but  to  add  to  it  as  well. 
I  know  of  no  activity  in  which  a  college  professor  of  mathematics  can  more 
profitably  spend  some  effort,  than  in  directing  a  club.  For  not  only  is  he  helping 
the  cause  of  scholarship,  but  he  is  making  a  subject  which  has  the  reputation  of 
being  somewhat  austere,  an  object  of  living  and  spontaneous  interest  on  the  part 
of  a  good  body  of  students,  and  giving  it  a  place  in  the  college  community. 
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CLUB  ACTIVITIES. 

The  Matheiiatics  Clitb  of  Albzon  College,  Albion,  Mich. 

This  club  was  founded  in  Januarj',  1911,  "to  create  a  greater  interest  in 
present-day  mathematics  and  allied  subjects,  and  to  sturly  best  methods  of 
teaching  mathematics."  Any  student  showing  unusual  ability  during  the  first 
three  semesters  of  the  college  course  may  be  elected  to  membership  in  the  club. 
All  nominations  are  made  by  the  head  of  the  department.  Professor  Edwin  R. 
Sleight. 

Meetings  last  for  about  an  hour  and  the  usual  routine  is  as  follows:  (1) 
roU-cnll,  carh  member  responding  to  his  name  by  a  short  discussion  (2  or  3 
minutes  as  a  maximutu)'  of  an  assigned  topic  [there  is  never  any  trouble  with  this 
part  of  the  programl;  (2)  short  talk  of  the  evening,  limited  to  10  minutes;  (3) 
topic  of  the  evening,  occupying  20  to  30  minutes;  (4)  general  discuanon  of  any 
of  the  topics  of  the  evening;  (5)  critic's  report  (the  critic  is  usually  a  student). 

Officers  are  elcc  ti'd  at  the  elnsc  of  each  semester  for  the  one  following;  those 
elected  for  the  first  semester  of  11)  17- IS  were:  rresldi  nt,  Lucille  Ball  'IS;  vice- 
president,  Esther  Turnell  '18;  secretary-treasurer,  Myrtle  Speese  '19;  program 
committee:  Professor  Sleight,  the  vice-president,  the  secretary-treasura*,  and 
Gertrude  Landon  '19.  For  the  second  semester  the  officers  were:  F^ident, 
Alice  Money  '18;  vice-president,  Myrtle  Spe^  '19;  secretary-treasurer,  Floyd 
Harper  '20. 

Programs  for  the  past  two  years  are  indicated  below  [(1)  roll  call,  (2)  short 
talk,  (3)  evening  topicl.  The  sliort  talks  for  1916-17  were  historical.  "The 
programs  for  a  normal  year  are  so  arranged  that  each  member  of  the  club  gives 

one  short  talk  and  one  long  talk  each  semester.  The  programs  for  1917  IS  are 
not  a  fair  sample  of  the  work  done  by  the  club.  We  are  so  rushed  by  having 
cln!^'5es  six  days  of  the  week,  and  having  practically  no  vacations  that  we  decided 
that  the  programs  for  the  year  should,  for  the  most  part,  be  merely  reviews  of 
artides  found  in  periodicals." 

October  3, 1916:  (1)  None;  (2)  "Euctid"  by  Jesse  Campbell  '18;  <3)  President's 

address  "The  place  of  mathematics  in  the  world"  by  Hazd  Miller  '17. 
October  10:  (1)  "A  recent  invention  to  which  mathematics  was  applied;"  (2) 

"Archimedes"  by  Gertrude  Landon  '18;  (3)  "The  forward  movement  in 

mathematics"  by  Alice  Money  '18. 
October  17:  (1)  "Integration"  [each  person  as  his  name  was  called  was  sent  to 

the  board  and  asked  to  integrate  a  form] ;  (2)  "Apollonlus  of  Perga"  by 

Myrtle  Speese  '19;  (3)  "Some  unusual  integrals  and  their  solutions"  by 

Ralph  Huffer  'IS. 

October  24:  (1)  "A  prutiieal  application  of  a  geometrical  theorem;"  (2)  "Dio- 
phantus  of  Alexandria  "  by  Hazel  Miller  17;  (3)  "A  comparison  of  geometry 
with  medianics"  by  Gladys  Harger  '17. 

1  There  were  19  memben  in  1917-18  and  this  number  ntetmainfy  limited  the  time  which 

earh  inriiviflu.il  mieht  ormpv.  '^f  the  10  inrmbors  only  4  are  young  men.  Befora  thft  Wit 
memberehip  was  about  equally  divided  between  men  and  women. 
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October  31:  (1)  None;  (2)  "Vieta"  by  Iv^thrr  Turnell  18j  (3)  " Fourier'8  series 
and  its  application"  by  Professor  Artliur  b\  Beal. 

November  7:  (1)  "INIy  mental  attitude  toward  mathematics;"  (2)  "Descartes" 
by  Alice  Money  IS;  "The  devdopment  of  matiienw^s  in  the  United 
States  during  the  nineteenth  c^tury"  by  Myrtle  Speese  '19. 

NoTmber  14:  "Some  iDterosting  celestial  objects"  (illustrated  lecture,  opm 
session)  by  Professor  Beal. 

November  2S:  (1)  "A  peculiar  geometrical  construction;"  (2)  "Gauss"  by  Vera 
Junkiu  '19;  (3)  "A  geometrical  representation  of  multiplication  and  divi- 
sion" by  Mildred  ChappeU  '19. 

December  7:  (1)  "  Mathematics  in  poetry"  (quotations  referring  to  mathematics) ; 
(2)  "Ne\\^on"  by  Ralph  Huffer  18;  (3)  "MathematiGS  and  psychology" 
by  Esther  Turnell  '18. 

December  14:  (1)  "A  coordinate  system;"  (2)  "Leibnitz"  by  Gladys  Harger 
'18;  (3)  "Homogeneous  coordinate  systems"  by  Gertrude  Landon  '19. 

January  16, 1917:  This  program  consisted  of  four  short  talks:  "Right  and  wrong 
definition  of  a  limit"  by  Lloyd  Crippen  '19;  "  Distributive  law  of  multiplica- 
tion geometrically  proved"  by  Esther  Turnell  '18;  "The  teaf  lnn<'  of  factor- 
ing" by  Gladys  Harger  '17;  "Judging  a  teacher  of  mathematics"  by 
M^Ttle  Speese  '19. 

January  23:  (1)  "Who's  who  in  mathematics  in  America;"  (2)  "A  simple  solu- 
tion of  a  Diophantine  equation"  by  Lucille  Ball  '18;  C3)  "The  circles  of 

ApoUonius"  by  Ralph  HufTer  '18. 
February  6:  (2)  "Lagrange"  by  ^f>Ttle  Speese  '10;  m  "Tests  and  short  cuts 
in  mathematics"  by  Jesse  Campbell  '18;  (1)  Application  of  the  short  cuts 
given  in  (3). 

February  20:  (1)  "An  interesting  event  in  the  life  of  some  mathematician;" 
(2)  "Euler"  by  Gladys  Harger  '17;  (3)  "Some  nmple  applications  of  con- 
gruences" by  Hazel  Miller  '17. 

February  27:  (1)  "Mathematical  current  event?;"  (2)  "Cauchy"  by  Edna 
Colwell  '19;  f3)  "War  and  mathematics"  by  Vera  Junkin  '19. 

March  6 :  (1) "  Name  of  some  subject  in  higher  mathematics  and  its  api^ication ; " 
(2)  "Steiner"  by  Margaret  Courtright  '19;  <3)  "Different  kinds  of  geom- 
etries, with  special  emphasis  on  descriptive"  by  Ian  Patterson  '19. 

March  13:  (1)  "Mathematics  applied  to  some  definite  problem;"  (2)  "Abel" 
by  Mildred  Chappell  '19;  (3)  "The  future  of  mathematics"  by  Mary 
Hutchins  'lU. 

March  20:  (1)  "Some  interesting  personal  experience  in  a  mathematics  dsss- 
room;"  (2)  "Hypatia  "  by  Murray  Fox  '18;  (3)  "Relation  of  the  teacher 

to  the  community"  by  Alice  Money  '18. 
April  3:  (1)  "Some  theorem  used  in  algebra — statement  and  a})[)lif  ation ; "  (2) 

"Galois"  by  Gertrude  Landon  '19;  (3)  "Discussion  of  Fermat's  theorem" 

by  Ralph  Huffer  '18. 
April  10:  (1)  "A  brief  review  of  some  new  text-book;"  (3)  Report  by  Edna 
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Colweli  '19  who  had  been  elected  to  attend  the  mathematics  section  of  the 
State  Schoolmasters'  Club  held  at  Ann  Arbor. 

April  17:  (1)  "Name  of  some  mathematician  oonnected  with  function  theory, 
and  a  brief  statement  of  what  he  did;"  (3)  "Teaching  of  mathematics  in 
secondary  schools"  by  Principal  Harry  R.  Atkinson  of  Battle  Creek, 

Michigan. 

May  1:  (1)  "The  name  of  some  educational  society,  together  with  a  brief  state- 
ment of  its  purpose ; "  (2)  "  Sylvester  "  by  Jesse  Campbell  '18;  (3)  "  Variables 
and  limits"  by  Lloyd  Crippen  '19. 

May  8:  (1)  "Mathematical  fallacies;"  (2)  "Weierstrass"  by  Ian  Patterson  '19; 
(3)  "How  to  make  the  teaching  of  mathematics  interesting"  by  Hazel 
Miller  '17. 

May  15:  (1)  "Some  umisuul  function;  "  (2)  "Lie"  by  Murray  Fox  '19;  (3) 
"Bnlerian  integrals  and  gamma  functtmu"  by  LuciUe  Ball  *18. 

May  22:  (1)  None;  (2)  "Ckrigin  of  certain  typical  problems"  by  Esther  Tumell 
'IS;  (H)  "Poincatig  and  his  contributions  to  mathematics"  by  Margaret 

Courtright  '19. 

May  29:  Social  evening  and  election  of  officers  for  the  following  semester. 

October  IG,  1917:  President's  address  by  Lucille  Ball  18. 

October  23:  (1)  "Matiiematical  current  events;"  (3)  "Geometrical  ptoot  of 

formulas  for  sine,  cosine  and  tangent  of  half  angles"  by  Vera  Junkin  '19; 

"Algebraical  developments  in  Ancient  Greece  and  Babylonia"  by  Margaret 

Courtright. 

October  30:  (1)  "Some  theorem  in  college"  algebra  proved;"  (3)  "Condition 
that  three  lines  pass  through  the  same  point "  by  Joyce  Hadaway  '20;  "  Fresh- 
men and  freshmen  algebra"  by  Esther  Pearl  '20. 

November  6:  (1)  "Historical  theorem  known  by  the  name  of  the  discoverer;" 

(3)  "Methods  for  solving  irrational  equations"  by  Esther  TurneU  '18; 

"The  students  viewpoint  of  calculii-^"  by  Alice  Money  '18. 
November  13:  (1)  "A  peculiar  iogantiimic  combination;"  (3)  "Mathematics 

of  warfare"  by  Ralph  Buffer  '18. 
November  27:  (1)  "A  peculiar  geometrical  construction;"  (3)  "A  new  proof 

for  the  law  of  sines"  by  Carla  Kennedy  '20;  "Mathematics  as  a  means  of 

cultiire  and  discipline"  by  Elizalieth  Hubert  '20. 
December  11:  (1)  "A  mathematical  fallacy;"  (3)  "Significance  of  muliicmatics" 

by  Lucille  Ball  '18;  "A  historical  account  of  mathematical  induction"* 

by  Myrtle  Speese  '19. 
January  8,  1918:  (1)  **A  recent  tot  book;"   (3)  "Projective  geometry— » 

historical  accotmt  and  some  applications"  by  Mildred  Chappell  '19. 
January  15:  Election  of  officers. 

Pebruary  26:  (1)  "The  history  and  meaning  of  mathematical  symbols;"  (3) 
President's  address:  "TlVhy  mathematics  should  be  studied  in  high 
school"  by  Alice  Money  '18. 

>  Cf.  V.  (  rijori,  (1)  Bulktin  of  the  American  Mathematical  Society,  Vol.  15,  pp.  407-408,  1909; 
(2)  "Origin  of  Uie  Name '  Mathematical  Imluctioik,' "  in  this  Momihut,  VoL  25,  pp.  197-201, 1918. 
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March  5:  (1)  "A  statement  of  a  proWpm  wiio^o  solution  is  the  irrational  root  of 
a  cubic  e^quation;"  (2)  "Some  suggti^tions  on  the  teaching  of  geometry" 
by  Dorothy  Tichenor  '20;  (3)  "Solutions  of  the  cubic  "  by  Almira  Priest 
'20. 

Msrch  19:  (1)  "A  mathematical  piizale;"  (2)  "Valid  aims  and  purposes  for  the 
study  of  mathematics  in  secondary  schools"  by  Don  Alexander  '20;  (3) 
"The  function  of  mathematics  in  scientific  research"  by  Carlton  Sawyer 
'20. 

April  2:  (1)  "An  original  mathematical  limnidc;"  (2)  "The  Perry  method" 
by  Joyce  Hadaway  '20;  (3)  "A  review  of  some  old  arithmetics"  by  Carla 

Kennedy  '20. 

April  16:  (1)  "Helpful  hints  to  the  teacher;"  (2)  "The  heuristic  method"  by 

Vera  Junkin  '19;  (3)  "The  planimeter"  by  Gertrude  Landon  '19. 
April  30:  Social  evening,  and  election  of  officers  for  next  semester. 

Tbs  Mathematics  Club  of  Goucheb  Collbob,  Baltimore,  Maryland. 

This  club  of  young  women  was  founded  in  November,  1913,  in  order  "to 
promote  a  spirit  of  comradeship  in  the  department,  to  stimulate  interest  in 

mathematics  and  to  provide  an  opportunity  to  discuss  many  topics  which  are 
not  included  in  the  regular  course."  All  students  who  have  completed  the  first 
courses  in  analytic  geometry  and  in  cah  ulus,  given  the  first  semester  of  the 
sophomore  year,  are  eligible  for  membership.  During  1917-18  the  club  had  22 
mffiDnbm  and  the  average  attendance  at  the  meetings  was  about  15.  There  are 
no  officers  but  Professor  Florence  P.  Lewis  usually  presides  and  acts  as  program 
committee.  ''At  the  dose  of  each  meeting  we  have  very  informal  discuBsion 
and  ver>'  light  rcfreslunents  furnished  usually  by  the  speakers  of  the  evening." 

"Previous  to  1910- 17  we  had  no  course  ou  ihe  history  and  teaching  of  mathe- 
matics and  so  devoted  the  club  work  to  these  subjects.  We  tried  to  cover  the 
history  in  a  very  elementary  general  way  in  two  yean  of  club  work.  A  secretary 
was  appointed  to  make  of  the  work  a  typewritten  r6suml,  copies  of  which  were 
given  to  each  girl." 

November  12,  1917:  "The  parallel  axiom  and  modem  work  on  foundations  of 

geometry"  by  Professor  liewis. 
November  20:  "Trisection  of  an  angle  and  the  duplication  of  a  cube"  by  A. 
Marie  Whelan  '18. 

December  10:  "A  demonstration  lesson  in  the  teaching  of  geometry"  by  Miss 
Elizabeth  White,  teacher  of  mathematics.  Eastern  High  Sdbool,  Baltimore, 

January  21,  1918:  "The  triangle  and  its  circles"  '  by  Margaret  Amig  '19. 
February  18:  "Geometry  of  four  dimensions"  by  Marguerite  Lehr  '19. 
Mar<^  4:  "The  history  of  the  invention  d  logarithms"  by  Teresa  Cohen  '12, 
graduate  student  of  Johns  Hcpldns  University. 

1  See  this  Montbit,  1018,  p*  231,  note  2. 
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April  15:  "Construction  of  a  pentap;on"  by  Anna  L.  EUery  *20;  "Fallacious 
proof  that  all  triangles  arc  equal"  by  Ethel  H.  Fox  '19;  "Orthogonal 
circles"  by  Effie  M.  Gray  '18. 

April  29:  "lOuatnilion  of  non-Eudidean  geometry  on  the  Poincar^  sphere"  by 
Flrofessor  Clara  Lw  Bacon. 

May  18:  Gub  picnic  at  Herring  Hun. 

May  20:  "Graphic  metbods  of  presenting  facts"  hy  Mildred  Grafflin  '20;  "A 
new  theorem  oa  equal  circles"*  by  Ethel  11.  Carroll  '20;  "History  of 
famous  problems  in  algebra "  by  Ida  R.  Marshall  '20. 

r  * 

TOPICS  rOE  CLUB  PBOGKAMa. 

13.  CoMSiBVcnoNB  WITH  A  Doublb-Edgbd  Ruler. 

It  is  just  about  one  hundred  years  since  the  French  mathematician  and 
engineer  Jean  Victor  Poncelet  'wrote  his  famous  Traiie  det  propriMig  'projtelitet 

des  figures^  which  entitles  him  to  rank  as  (me  of  the  greatest  contributors  to  the 
development  of  nuxlern  geometry.  On  pages  187-190  arc  given  indications  of 
the  proofs  that :  Eccry  geometrical  comiruction  wiih  ruler  and  straight  edge  is  aho 
-possible:  (1)  with  straight  edge  (done  if  a  single  circle  and  its  center  have  been  drawn 
in  the  plane  (a  theorem  often  incorrectly  attributed  to  Stdn»  as  originator*) ; 
and  (2)  loiih  an  angli*  (of  wood  say)  o/  given  Ofpemng  a,  a/ontf. 

Particular  cases  of  the  double-edged  ruler  (2)  are:  (3)  a  squaie,  when 
a  =  90°;  and  f4)  a  ruler  with  parallel  edges  when  or  =  0°. 

As  a  proof  of  (1)  Steiner  found  it  convenient  to  show  that  the  means  at  his 
disposal  were  sufficient  for  solving  the  following  problems:*  (a)  To  draw  through 
a  given  point  a  parallel  to  a  given  line;  (()  to  produce  a  given  line  segment  its  own 
length  any  given  number  of  times  or  to  divide  it  into  any  number  of  equal  parts; 
(c)  to  draw  through  a  given  point  a  line  perpendicular  to  a  given  line;  (d)  to  draw 
through  a  given  ])oint  a  line  wliich  makes  with  a  given  line  a  given  angle;  {e)  to 
bisect  a  given  angle  or  to  make  an  angle  any  number  of  times  greater;  (/)  to  draw 
frcMn  a  given  point  in  a  given  direction  a  segment  equal  to  a  given  segment ;  ijg)  to 
determine  the  points  of  intersection  of  two  circles  whose  radii  and  centers  are 
given;  and  {A)  to  determine  the  points  of  intersection  of  a  given  line  with  a 
circle  the  position  of  whose  center  and  the  length  of  whose  radius  alone  are 
given. 

Recent  proofs  of  (2),  (3)  and  (4)  have  been,  in  effect,  reduced  to  showing  that 
these  same  constructions  could  be  carried  thiou^  by  the  special  instruments  in 

*  See  this  Moiitbi.t,  1918,  p.  231,  note  8. 

-  r.iris,  see  ako  2e  6d.,  tome  1,  1865,  pp.        184,  413^14.    Poncelet  tells  us  fliat  thia 

great  work  w;uj  the  result  of  research  made  in  ISKl-l  I  when  in  Russian  prisons  "privo  tie  iout« 
eep^ce  dc  Iivrc?a  et  de  wcours,  aur-tout  distrait  par  Ie«i  nuiUuura  de  iim  patrie  et  les  mien  propn  s." 

'  Hence  the  expression,  "Steiner  coiutructione"  employed  in  this  oonnectioa  sliouid  be 
"Poncelet  constructions." 

*  **  Faussc  6qucrrc." 

*  i.  Steiner,  Di«  geomdriachen  Corulruclionen  autge/ilhrt  miildtt  dtr  geradun  Liuien  und  eina 
futen  Kniatt,  Leipzig,  1833,  pp.  2^,  ete. 
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question.  Such  is  the  mode  of  procedure  of  Adler  in  1890  and  1906,'  of  Enriqiies 
in  1903,-  of  Giacomini  in  1907^  and  of  Killing  and  Hovestadt  in  1910.* 

For  separate  discussion  of  constructions  by  means  of  a  ruler  with  parallel 
edges  reference  may  be  given  to  papers  and  notes  by  Lebescond  de  Coatpont  and 
De  Tilly/  Marenghi,  and  Conctoa.* 

I^oe  a  paraUdogram  may  be  dfawn  at  once  with  a  double-edged  ruler  note 
that  the  following  famous  problem  wa.s  disdused  by  Lambert,'  s'Gravesende,' 
Poncelct,^  Tractcnlierg'"  and  Child":  "(Jiven  a  paralleUogram,  construct  with 
•itraight  edge  alone  a  parallel  to  a  given  line." 

Important  practical  applications,  in  surveying  and  warfare,  of  constructions 
mvolving  a  double-edged  ruler  are  indkated  in  the  remarkable  little  book  of 
F.  J.  Servois,  Solutions  peu  connues  de  Hffirens  yrohlhnes  de  giotnetrie-pralique 
.  .  .  A.  !Metz,  An  XII  [1804],  (especially  pages  68-79),  and  in  the  very  interesting 
work  of  Gohierre  de  Longchamps  to  which  reference  has  been  made  already. 
Solutions  of  surveyors*  problems  with  the  square  were  given  also  by  L.  jVIascheroni 
in  his  Problemi  per  gli  agrimenwri  em  tarU  tchtdam.  In  Pavia,  MDCCXCUi." 

With  ruler  and  compasses,  only  special  problems  of  degree  higher  than  the 
second  can  be  solved,  no  difference  how  many  of  these  instruments  may  be  cm- 

*  A.  Adler,  (1)  "  i'ber  die  zur  Au.sfuhruiiK  gcoiiictri.srhcr  Construclioiiiiniifpabcn  zwcitcn 
Grades  notwendigen  Hilimittel,"  SUzung$bariclUe  dor  m(Uheniatischrrutturwi»un»chqfUichm  CImm 
itr  kaiaeHiehm  AkademU  der  WUtmadki/len  t»  Wim,  Band  99,  AbtheiknK  Ha,  HJa^jvag  1800, 
Hrft  8;  (2)  Theoric  At  gromclrischen  Konslmklinnen,  Lripzig,  1906,  pp.  12^1-138. 

•F.  Enriqucs,  VorU^unycH  ubcr  projektive  Geotmirk,  Leipzig,  1903,  pp.  26&-277;  2.  Aufl. 
Leipzig,  1915,  p.  254. 

*A.  Giaooouiu,  ''t}ber  die  L<]fluii8  dot  ieometriachea  Aufgaben  mit  dem  Lineal  und  d«n 
lineal  Ihstruineiiten  .  .      pp.QS-VXBfA  FirngmderBhimfUarfetmeMg^eea^^  , 

gestellt  von  F.  EiinVniCf;,  11.    Toil,  LfipziK,  1907;  Italian  n<h'tIon,  Boloniia,  1914,  pp.  89-96. 

*  W.  Killing  uod  H.  Hovestadt,  llandhuch  dea  maihemaliachen  Unierrichli,  Band  I,  Leipzig, 
1910,  pp.  194-199. 

'"Sur  hi.  i^vuiwir'ni  de  la  rdgle,"  XouvtJfe  correspondence  mathiMatigfUf  tome  3,  1877|  pp. 
201-20S;  toiiif  5,  1879.  pp.  439-^42;  tome  G,  1880,  pp.  34-35. 

*C.  Man  nghi,  "('icomctria  delln  riga  a  due  orli  parolleli,"  7/  boHelirw  di  tnaUnuiiiche  e  di 
meim  fitiche  «  nfUurali,  Bologna,  Vol.  2, 1900-1901,  pp.  129-145;  U.  Concina  "  Resoluzione  dei 
probfeii^  foDdamenlalt  idativi  al  tiaeporto  delle  ligura  piane  coUa  riga  a  due  oili  parallelt,**  Htm, 
igOl,  pp.  225-237. 

^  J.  H.  Lambert,  Freie  Pcrspeclive,  2c  6d.,  Ztirich,  Vol.  2,  p.  169.  Tliis  solutiou  >  given  also 
in:  (1)  Maihemalical  QuesiioM  and  SoliUiom  from  the  ^Educational  Titnea,'  Vol.  57,  London, 
18^,  p.  88;  and  (2)  J.  W.  Ruawfl,  An  Eleamlary  Tnatite  on  Ptm  Geometryf  Hew  aod  leviaed 
edition,  Oxford,  l9Uo,  p.  318. 

•W.J.  s'GiaveaBiide  ^ied  1742],  Oewm  pMewplU^pM,  Amatevdani,  1774,  Ire  parties  {  312, 
p.  174. 

*  Traiti  des  proprUUt,  etc.,  1822,  pp.  106-107;  Lambert's  solution  is  abo  pven  here.  Both 
of  ihcsc  polufiona  are  reproduced  in  L.  Cremona,  ElemenU  of  Projective  Geometry,  translated  by 
C  L/'udc.-sdorf,  Uxfortl,  1885,  pp.  9(^-97;  Poncelet  gave  his  solution  of  the  Trai(6  and  two  others 
in  his  Application'^  il'dnabj.'ic  i  t  ilc  gfoviHrie,  Puns,  1862,  pp.  437--i;59  (this  part  of  the  work  waa 
writtea  while  he  was  in  prison  ia  1813-14).  One  of  tbeoe  aolutions  is  also  reproduced  in  G.  De 
Longchampe,  Buai  tur  la  giomibrie  de  la  rigle  el  de  Piqmrre,  Vam,  1890,  pp.  233-235. 

'"M.  I.  TrachtenbrrK,  Mnthrmatical  Gazette,  1908,  Vol  1,  p.  334. 
"  J,  M.  Child,  MathemoXicaL  Gazette,  1910,  Vol.  5,  pp.  2Sa-281. 

'-.Semnd  edition  with  title:  Problemi  di  geoni'irm  oUe  dimoslrazioni  del  CapUatu  Saixhi, 
Milano,  1803;  thir  1  edition,  1832.  French  tnuialatioo  of  the  first  edition:  /VoUimca  pour  lee 
arpeadnm  aeec  dijfcrentee  eohitions,  Paris,  An  XI-I8(e;  2c  <^d.,  ivitli  title:  PrtHdhne»  de  giomM* 
fnti^ftwltearpeidaiinaMcdigi^^  1838. 
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ployed.  In  contrast  to  this  it  is  interesting  to  note,  as  Adler  (I.  c.)  emphasizes, 
that  the  rifrlit  angle  (square)  is  a  much  more  powerful  instniment.  Indeed 
Plato's  instrument  for  the  solution  of  the  problem  of  the  duplication  of  a  cube* 
is  equivalent  to  the  use  of  two  right  angles  to  solve  a  binomial  cubic  equation. 
So  also  four  right  angles  could  be  used  to  solve  a  fifth  degree  bmomial.  Des- 
cartes employed  a  similar  instrument  with  right  angles'  for  the  insertion  of 
several  geometric  means  between  two  line  segments. 

The  funflamcntal  ideas  here  introduced  were  adapted  by  LiJP  so  as  to  extend 
to  the  solution  of  polynomial  equations  with  numerical  coefficients.  From  this 
Adler  readily  formulated,  in  particular,  the  result:  Problems  d  the  third  and 
fourth  degree  can  be  rigorously  solved  geometrically  by  means  of  several  right 
angles.   

COLL£GIAT£  MATHEMATICS  FOR  WAR  SERVICE. 
Snn»  wiB  siKVicii  ooumnncATiom  to  Dr.  ^mbt  BLiJiiBBao«  Univenity  of  lUinda. 

FIRING  DATA. 
By  J.  K.  WamsifoaE;. 

In  the  first  part  of  this  paper,  I  shall  outline  a  course  in  "Firing  Data,"  and 
in  the  second  part,  make  some  suggestions  as  to  the  conchict  of  such  a  course. 

The  outline  is  based  on  the  course  given  in  the  last  college  year  in  the  Yale 
R.  O.  T.  C  The  course  in  firing  data  includes  all  the  mathematics  necessary 
•  for  an  officer  of  the  Field  Artillery,  and  is  an  extremely  important  part  of  the 
training  for  a  commission  in  that  service.  The  work,  as  h^  described,  applies 
to  the  U.  S.  d-inch  gun,  the  British  18  pounder,  and  the  French  75  mm.,  but  the 
tables  used  in  the  examples  apply  only  to  the  t".  S.  3"  gun;  they  are  given  in 
Danford  and  Moretti's  "Notes  on  Training  Field  Artillery  Details,"  Yale  Univer* 
sity  Press,  Sixth  Printing,  Feb.,  1918. 

The  fundamental  firing  data  problem  is  the  computation  of  data  for  the 
battery  for  the  opening  salvo  in  indirect  lajwg  from  observations  made  at  the 
battery  commander's  station.  These  data  are  range,  site,  deflection  and  deflec* 
tion  (HfTerencc.  Indirect  laying  is  pointing  a  gun  at  a  target  invisible  at  the  gun; 
both  target  and  battery  must  be  visible  at  the  battery  commander's  station. 
The  course  begins  with  certain  definitions  which  must  be  tlioroughly  learned 

'  M.  Cantor,  Vorletutigen  ulcr  GmchiclUe  <itr  Mall^cinaLik,  d.  Auilage,  Band  I,  I/t  ipzin,  1907, 
pp.  227,  353,  Cy.  L'Alg^n  dVmar  Alkkayydmi  publi^e  ...  par  F.  Woepeke,  Paris,  MDCCLI, 
pp.  94-96;  A.  CoDti,  in  Fragen  dtr  El/mmiargeomdrit  (EnriquM),  Band  2,  p.  215;  and  A.  Adler, 
I  e.,  1906,  p.  237. 

La  Ciometrie,  lim  11,  OnwTM  de  Deieartet  pufalidn  par  G.  Adun  et  P.  TaimaT,  Tol.  6, 

Pork,  1902,  p.  391. 

<  E.  Un,  (1)  lUaolution  gnphique  des  Equations  nuni(rique«  de  tow  tes  d«0rte  h  une  Bcule 

incorriTip,  ct  description  d'un  instrument  invent6  dans  ro  but,"  SouvtUes  annaleg  de  mathhnaliques, 
1867,  (2),  tonic  0,  pp.  35y-;>02;  (2>  "Resolution  graphique  dcs  Equations  nuin<^rique«  d'un  degr£ 
<pldoonque  i  une  inconnuc,"  Comptea  rcndut  de  Vacad^ie  des  sciences,  Paris,  tome  65,  pp.  854-^7. 
See  alee  T.  Vablen,  Katutruktionen  wnd  Afprmimationm  in  tjfftmati$ch«r  DartUUmgt  Leipdib 
1911.  p.  141. 


Digitized  by  GoOglc 


riEING  DATA. 


361 


by  the  student.  These  are  g^ven  alphabetically  in  Drill  Relations  tar  Field 
Artillery  and  in  Danford  and  Moretti.  This  arrangement  is  convenient  for 
reference,  but  the  definitions  should  be  grouped  in  proper  connection  for  instruc- 
tion. For  the  comprehension  of  this  paper  it  is  npcps=;ary  to  give  the  following: 
Mil,  a  unit  of  angular  measure,  is  one  sixteeii  luindredth  of  a  right  angle,  and 
is  approximately  one  thousandth  of  a  radian.  The  numerical  measure  of  an 
angle  in  mils  exceeds  one  thousand  times  its  radian  measure  by  about  two  per 
cent.  The  usefulness  of  the  mil  depends  on  the  formula  for  small  angles^  m  »  c/k, 
v^hvrr  v!  i.s  the  angle  in  mils  subtended  by  a  line  c  units  long  at  a  distance  of 
IjOUU  k  units.  If  c  is  the  side  of  a  right  triangle  opposite  the  small  angle  m  mils, 
and  1,000  k  the  adjacent  side,  then  m  is  given  by  the  formula  witli  an  error  not 
greator  than  two  per  cent,  if  m  is  not  greater  than  330.  The  formula  b  «cact 
for  a  certain  value  of  m  nearly  equal  to  270.  The  same  formula  is  used  for  small 
m  when  1,000  k  is  not  the  leg  but  the  h>i>othenuse  of  the  right  triangle.  In  this 
case  the  value  of  m  given  by  the  formula  is  always  too  small,  the  ettCT  varying 
from  two  per  cent,  at  zero  to  about  three  per  cent,  for  m  =  300. 


(vcbtkal) 


Fio.  1. 


Plane  of  ffite  is  the  plane  containing  the  line  (tT  and  the  horizontal  line 
perpendicular  to  the  axis  of  the  bore  of  the  directing  gun.  6'  is  the  muiizle  of  the 
directing  gun  for  which  the  data  are  computed,  and  2*,  the  target.   (Fig.  1.) 

SUe  (m)  is  the  angle  in  mils  of  the  plane  of  site  with  the  horisontal  p^ane. 
It  is  positive  or  negative  according  as  T  is  above  or  below  G.  To  avoid  the  use 
of  negative  nunil>er<»  we  use  SI,  where  SI  =  ;^()0  +  si.  The  term  site  is  used 
for  other  elevations;  thus  we  sj)eak  of  the  site  of  the  target  at  the  battery  com- 
mander  s  {BC)  station.    (Figs.  1  and  2.) 


B 


Fio.  2. 

Angle  of  departure  (AD)  is  the  angle  in  mils  of  the  tangent  to  the  trajectory 
of  the  projectile  at  the  point  of  departure  from  the  gun  with  the  plane  of  site. 
(Fig.  1.)   For  most  service  conditions  in  the  Field  Artillery  the  trajectory  may 
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be  regarded  aa  rigid  without  importent  error,  ao  that  change  of  nte  produces 

no  change  in  the  relation  of  range  and  AD.  Actually  the  elevation  of  the  gun 
is  given  by  two  mechanisms,  on  one  of  which  the  site  is  laid  off,  and  on  the  other, 

the  range. 

Aiming  point  (P)  is  the  object  on  which  the  panoramic  sight  of  G  is  directed. 
(Figs.  4  and  5.) 

Di(fieeiion  (D)  is  the  angle  PGT  measured  counterclockwise  (or  the  angle 

TCP  measured  clockwise)  as  set  off  on  the  panoramic  sight.   (Figs.  4  and  5.) 

Deflection  Difference  (DD)  is  the  difference  in  deflection  applied  to  other  than 
the  directing  gun  of  the  l)attery  necessary  to  bring  it  to  bear  on  the  proper  portion 
of  the  target.    For  parallel  fire  DD  is  the  parallax  of  the  aiming  point.    ^,1'  ig.  6.) 

DiaktbuiUm  is  the  lateral  rdation  of  the  shots  of  a  salvo. 

After  the  definitions  necessary  have  been  well  learned,  there  should  be  con- 
siderable practice  in  the  me  of  mils.  One  important  inroblem  depends  on  nothing 
else,  two  others  only  on  the  me  of  mils  and  the  range  table.  The  first  of  these 
is  the  determination  of  the  site  from  observations  at  the  B.  C.  station  (fi).  For 
this  the  formula  (Fig.  2) 

may  be  used,  where  LG  and  LT  are  the  levels  of  G  and  T  above  B,  and  li  is  one 
thousandth  of  the  range.  These  levels  are  negative  if  0  and  T  are  below  B, 

and  this  fact  often  leads  to  confusion*   I  think  it  better  to  not  use  any  formula 

.  for  this  problem,  rather  to  use  a  figure  and  to  describe  relative  elevations  as 
above  or  below.  Such  a  problem  is  usually  fornmlated  as  follows:  SI  G  at 
B  =  260,  SI  T  &t  B  =  285,  BG  =  270,  BT  =  3000,  iin  =  3100.  Find  SL 
We  have  LT  ^  ^  45,  T  45  below  B,  LO  =  -  11,  G  11  below  B,  T  34  below  G, 

-  =  289. 

The  next  of  these  problems  is  that  of  the  clearance  of  a  crest  of  known  height 
and  distance  when  firing  on  a  target  whose  site  and  range  are  given.  The 
clearance  is  given  in  mils  by  the  formula 


i 

— tmk — 

FiQ.  3. 

where  c  is  the  hetjxht  of  tlie  crest  In  ynrds,  1,000/-  llie  distance  or  range  of  the 
crest  in  yards,  and  ADG  the  angle  of  departure  for  the  range  of  the  crest.  If 
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the  value  ^ven  by  the  formula  is  negative,  the  crest  is  not  cleared.  If  we  set 

the  clearance  equal  to  zero  and  solve  for  AD  we  have  the  angle  of  departure  for 
the  miiiitmim  range  for  tbf  rrc-^t.  The  i)r()()f  of  this  formula  follows  iimnediately 
from  Fig.  3,  provided  that  all  unfiles  involved  are  small  enough  to  permit  the  use 
of  the  mil  formula,  as  is  usually  the  case  in  practice.  An  example  of  this  kind 
requires  evidently  the  use  of  a  range  table  connecting  AD  and  Rn  (Danford  and 
Moretti,  |»age  254).  Such  a  problem  is  usually  formulated  as  follows: 

Crest  20  yards  high,  400  yards  from  battery;  SI  205,  Rn  2600.  How  much 
is  crest  cleared  in  mils  and  yards?    What  i'^  iTiinimum  range  for  crest? 

The  clearance  is  70  —  5— 60  —  7  =  14  iiuis,  5.6  yards. 

AD  for  minimum  range  is  62,  2,250  yards. 

The  third  piroblrai  is  that  d  the  proper  location  of  the  battery  to  the  rear 
of  a  crest  for  a  given  target.  It  may  be  shown,  if  the  tangent  to  the  trajectory 

for  the  given  target  from  a  gun  supposed  on  the  crest  is  produced  hackwards  to 
intersect  the  Iev<'l  ground  to  the  rear  of  the  crest,  that  u  battery  placed  at  the 
point  of  intersection  will  always  clear  the  crest  when  tiring  on  the  given  target. 
Sttdi  a  problem  is  the  following: 

Crest  is  15  yards  above  ground  to  the  rear.  Observer  on  crest  finds  for  T, 
SI  290,  Rn  3500.  Where  should  guns  be  located?  What  is  5/?  How  much 
is  crest  cleared? 

15 

Guns  should  be  to  rear  of  crest  1,000  X  f ]^  =  140  yards.  81  -  300 
20 

-  ^  =  294.   Clearance  is  122 -  6- 105 -  2  =  9  mils,  1.3  yards. 

These  three  kinds  of  problems  are  of  considerable  importance,  furnish  good 

practice  in  the  use  of  mils,  and  gI^•e  the  student  an  opportunity  to  become 
familinr  with  the  range  table.  I  do  not  think  that  these  problems  should  be 
once  treated  and  practised  and  then  laid  aside,  rather  the  student  should  be 
required  to  wofk  at  them  occasionally  throughout  the  whole  course. 


Vto.  4. 

The  most  important  of  tiie  problems  of  firing  data  is  the  calculation  of  the 
deflection  for  the  directing  gun,  usually  no.  2,  as  we  count  from  the  right  when 
facing  f  .  This  ]xol4ein  should  be  introduced  as  early  as  posnble  and  should  be 

dwelt  upon  and  hammered  in  until  the  students  can  do  one  in  two  minutes  and 
until  they  consider  it  the  easiest  thing  in  the  cotirsc.  Tn  FIg.s.  4  and  o,  G  is  the 
directing  gun,  T  the  target,  P  the  aiming  point,  B  the  13.  C.  station;  the  dcflec- 
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tion  D  is  the  angle  PGT  mtUWCtd  counterclockwise,  and  is  e\  idently  greater  or 
less  than  3,200  mils  according  as  P  is  to  tlie  left  or  right  of  GT;  the  angle  PBT, 
which  is  called  ,1,  is  measured  at  B\  the  angles  at  T  and  P,  which  in  j)ractice 
are  small,  are  the  ojfsets  (oii'set  angles)  of  target  and  aiming  point  respectively; 
the  perpeadieulan  £r<Mii  B  to  GTtxidOP  are  also  called  offsets  or  offiMst  d&tanoes. 
It  is  easily  seen  that 

A:hOT:hOF, 


p 


F10.S. 


OT  and  OP  d«iotiiig  offset  angles  of  target  and  aiming  point  tespeetivety. 
Hie  offset  angles  are  found  in  mils  from  the  offset  distances, 

or  -  ^      OP  = 

It  is  clear  that  these  formulas  gain  in  accuracy  by  choosing  B  near  G  and  P 
remote  from  B.  In  practice  examples  the  distances  BT,  BP,  OT,  OP,  are  at 
first  given.  The  range  GT  differs  little  from  BT  if  £  is  near  G,  and  may  be  taken 
aa  BT  with  a  small  correction,  to  be  added  or  subtracted  according  as  1^  is  in 
front  of  or  behind  the  line  of  guns,  and  given  to  the  nearest  hundred  yards. 
The  chief  difficulty  of  the  problem  is  in  giving  proper  signs  to  the  offset  angles 
in  the  formula  for  D.  These  signs  may  be  determined  from  a  figure  but  this 
does  not  always  eliminate  the  difficulty,  as  angles  greater  than  a  straight  angle 
must  frequently  be  used.  I  have  used  the  fdlowing  rules  and  believe  they  save 
time  and'make  for  aceunu^: 

1.  5  to  left  of  GT,  +  OT;  right,  -  OT. 

2.  P  behind  BG,  OP  same  sign  hs  OT;  front,  opposite  sign.   

_If  in  Fig.  4,  we  suppose  BT  =  ;],iU)n,  BP  =  4,800,  BG  =  240,  OT  =  200, 
OP  =  160,  A  =  710,  we  have  OT"  -  50,  OP  =  33,  D  =  A  ~  OT  -i-  OP  =  690 
(687),  deflection  being  given  to  the  nearest  ten.   Rn  =  3,700. 

In  field  practice,  of  which  I  shall  say  more  later,  the  distances  BT  and  BP 
are  measured  with  a  range  finder,  or  may  be  taken  from  a  map,  or  in  case  of 
necessity,  estimated,  not  guessed;  BG  may  be  measTired  or  estimated,  or  computed 
as  follows:  the  gunner  lays  off  10  or  20  yards  at  (i  in  a  line  perpendicular  to  BG, 
the  angle  subtended  is  measured  at  B,  and  BG  is  then  computed  from  the  mil 
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formula.  But  it  is  not  easy  to  measure  or  to  estimate  accurately  the  oifsets 
OT  and  OP*  F<»  this  reason  the  method  is  nuNllfied  (Fig.  5)  by  drawiiqi;  the 
offset  lines  from  Q  perpendicukr  tuBT  and  the  o^ts  are  then  found  from 
OT  =  BQsinGBT,  OP  =  BG  smPBG;  the  range  may  if  necessary  be  com- 
puted more  accurately  from  Rn  ~  UT  —  BG  coi=,  GBT.  This  method  requires 
the  measurement  of  two  angles  at  B.  I  think  it  is  not  desirable  in  this  work  to 
use  the  trigonometric  functions  of  any  but  acute  angles.  The  sign  of  the  correc- 
tion to  BT  for  range  can  he  seen  at  oncej  and  is  negative  or  positive  according 
as  is  to  the  rear  or  in  front  of  the  guns.  The  trigonometric  work  need  not  be 
accurate  to  more  than  one  per  cent.  A  trigonometric  table  of  sines  and  cosines 
giving  these  functions  to  two  decimals  for  every  hundred  mils  is  adequate,  and 
may  easily  be  written  on  a  small  card.  It  is  most  desirable  and  important  that 
the  student  acquire  great  speed  as  well  as  accuracy  in  working  deflection  problems. 

The  deflection  difference  (DD)  for  parallel  fire  given  to  a  battery  with  guns 
at  equal  normal  intervals  of  20  yards  is  that  for  gun  no.  3  with  no.  2  as  directing 
gun.  The  DD  for  no.  4  is  double  that  for  no.  Z,  DD  for  no.  1  is  that  for  no.  3 
with  the  sign  reversed.  The  DD  given  is  positive  or  negative  according  as  P 
is  in  front  or  to  the  rear  of  the  line  of  guns,  and  is  given  to  the  nearest  five  mils. 
It  is  evident  from  Fig.  G,  wlach  is  not  drawn  to  scale,  that  in  mils 


DD 


20  cos  D 


In  practice  average  va'ues  of  cos  D,  called  obliquity  factors,  are  used,  each  run- 
ning  for  400  mils.  These  factors  are  1,  .9,  .7,  .4,  0;  the  factor  1  runs  from 
D  =  6,200  through  6,400  to  200.  The  obliquity  factors  may  conveniently  be 
incorporated  in  the  card  trigonometric  table  whose  use  is  suggested.  The 


Vta,  6. 

simplest  method  of  computing  DD  is  to  write  first  the  sign,  second  the  obliquity 
factor,  then  20/ GPt  compute,  and  give  result  to  the  nearest  five.  In  practice* 
since  BP  is  known,  and  generally  differs  little  from  GP,  BP  may  be  used  in  place 
of  GP.  Suppose,  for  example,  DD  is  required  for  parallel  fire  for  battery  at 
normal  intervals;  given  GP  2,500  yards,  D  2,300. 


DD 


•'2.5 


-  5,  (-  6.6). 
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An  important  type  of  problem,  requiring  only  the  use  oi  the  mil  formula 
and  the  idea  of  DD,  is  the  problem  of  distribution.  Such  problems  are  rather 
in  "fire  control"  than  in  firing  data,  having  to  do  with  the  corredion  of  data 
from  observation  of  the  results  of  firing,  but  they  have  practical  value  and  are  of 
use  to  the  student,  and  may  well  be  considered  in  connection  with  the  work  in 
DD.  They  appear  to  !ie  extremely  confusing  to  the  student,  and  for  this  reason 
I  give  in  detail  the  solution  of  such  a  problem  explaining  what  seems  to  me  a 
good  method  of  arranging  the  work.  The  following  problem,  slightly  modified, 
is  given  in  Danford  and  Moretti,  no.  Id,  page  265: 

Target  is  a  battery  at  twice  the  normal  interval,  Bn  4,000.  Battery  is  in 
position  with  intervals 

.|.  24  .|.    8    .|.   16  .|. 

A.  P.  is  2,500  yards  distant,  D  is  2,300,  and  DD  for  parallel  fire,  guns  at  normal 
intervals,  has  been  given  to  tlie  guns.  At  the  first  salvo,  the  ri^rlit  gun  is  on  its 
target.  Give  commands  necessary  to  put  the  other  guns  on  their  proper  targets. 
Draw  diagram. 

The  diagram  I  draw  as  follows:  The  line  of  guns  is  rei»«8ented  on  a  vertical 
Une  at  the  left  of  the  paper,  the  line  of  fire  to  the  right  across  the  paper,  the  target 
a  vertical  line  on  the  right,  T  the  point  of  impact  of  no.  2,  the  directing  gun,  the 

range  written  on  the  line  of  fire.  The  next  step  is  to  compute  DD  as  given.  This 
was  found  in  a  preceding  paragraph  to  be  —  5.  Determine  next  tlie  point  of 
impact  of  each  gun  with  reference  to  T,  points  above  T  being  represented  by  T  +  , 
below  r  by  f We  require  for  this  the  correct  DD  for  parallel  fire  for  each 
gun.  These  are  respectively  for  nos.  3, 4, 1, 

"•^Is""^' 

each  computed  to  the  nearest  mil.  These  DD  if  used  would  give  respectively  as 
points  of  impact  T  +  8,  T  +  32,  T  —  16.  The  DD  actually  used  are  respecti\  ely 
—  5,  —  10,  +  5.  The  differences  between  the  correct  DD  for  parallel  fire  and 
those  used  iHToduce  changes  in  yards  at  4,000  yards  of  —  12,  —  4,  +  4,  so  that 
actual  impact  on  the  line  of  the  target  are  for  1, 2, 3, 4  req>ectively 

f- 10  + 4  =  r- 12,    T,    2  +8- 12=  r- 4,    2' +  32  -  4  =  T  +  28. 

Xo.  1  is  oti  its  proper  target;  the  proper  targets  of  the  other  guns  are  the  opposite 
guns  of  the  enemy  battery  at  40  yard  intervals,  and  are  therefore  T  +  28,  t  -t"  oS, 
I  +  1U8,  Guns  2,  3,  4  should  then  be  turned  to  the  left,  or  their  points  of  im- 
pact on  the  line  of  T  raised,  by  28,  72,  and  80  yards  respectively,  that  b  theur 
deflections,  for  4,000  yards,  increased  by  7, 1%,  and  20  mils  respectively.  The 
actual  wmk  is  conveniently  arranged  in  lines,  one  for  each  gun: 

No.  3   DD=-.7  ^=  -2   Impact  1+8-12=  T-i  should  be  2+68  left  18 
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No.  4 


r+32-4=r+28 


r+108  20 


1 


+4 


r-16+4-  T-12 
T 


2 


r+28 


7 


The  last  problem  to  be  considered  is  also  a  problon  d  fire  control,  the  corree- 
tion  of  the  firing  data  from  the  observed  effect  of  a  number  of  shots  by  an  ele- 
mentary application  of  the  theory  of  probability.  The  theory  of  proHahility 
here  used  has  no  direct  connection  with  the  subject  of  probuhility  as  taught  in 
"college  algebra,"  but  is  based  on  the  law  of  errors.  Problems  dealing  with 
range,  deflection,  and  height  of  burst  are  solved  in  the  same  way.  I  shall  illus- 
trate the  method  by  solving  a  problem  in  the  correction  of  range.  The  center 
of  impact  is  a  point  in  the  line  of  fire  such  that  an  equal  number  of  shots  fall 
short  of  it  and  over  it.  A  zone  is  an  interval  on  the  line  of  fire  of  which  the 
center  of  impact  is  the  center;  the  sixty  per  cent,  zone,  for  example,  is  the  zone 
within  which  sixty  per  cent,  of  the  shots  fall.  The  probability  factor  for  any  zone 
is  the  ratio  of  the  width  of  that  zone  to  the  width  of  the  fifty  per  cent.  zone. 
A  table  of  probability  factors,  the  same  for  range,  deflection,  and  height  of  burst, 
is  given  in  Danfonl  and  Moretti,  page  223.  Tlie  probable  error  is  one  half  the 
width  of  the  fifty  per  cent,  zone,  and  is  the  (hstance  from  the  center  of  impact 
as  often  exceeded  as  not  by  the  points  of  impact  of  all  shots  fired.  The  probable 
error  varies  with  the  range.  A  table  of  probable  errors  in  range,  deflection,  and 
height  of  burst,  for  ranges  from  1,500  to  5,000  yards,  is  given  on  page  220  of  the 
same  book. 

Suppose  it  is  observed  in  firing  12  rounds  (shots)  at  Rn  2,000  that  10  fall 
short,  2  over  tlie  target.    What  change  in  range  should  be  made? 

We  reason  as  follows;  J'^  =  16%%  shots  fall  over;  then  T  i»  at  the 

further  edge  of  the  66H%  zone.  For  Rn  2,000  the  probable  wror  in  range  is 
34  yards;  the  probability  factor  for  the  66%%  sone  is  1.44.  Then  T  is 
1.44  X  34  =  49  yards  beyond  the  center  of  impact.  The  range  should  be 
increased  by  50  yards,  no  changes  of  range  other  than  multiples  nf  25  yards 
being  possible.  Tables  of  probable  errors  and  probability  factors  may  be  and 
should  be  dispensed  with,  for  an  officer  of  the  Field  Artillery  should  be  as  far  as 
possible  independent  of  tables.  No  con^derable  error  will  be  made  if  the  prob- 
able errors  for  all  ranges  in  range,  deflection,  and  height  of  burst  are  taken  respee> 
tively  as  30  yards,  2.4  mils,  l.S  mils.  It  may  l)e  a  help  to  the  memory  to  note 
that  these  figures  are  5,  4,  3  X  0.  Tlic.se  i)robal)Ic  errors  apply  only  to  the 
U.  S.  3"  gun.  The  probability  factors  for  the  50%,  82%,  90%  zones  are  respec- 
tively 1,  2,  3  nearly;  these  xones  correspond  to  25%,  25%  +  107o,  25%  +  16% 
+  7%  respectively  of  shots  beyond  or  short  of  tiie  center.  These  figures  are 
earily  remembered  if  we  note  2  +  5=1  +  6  =  7.  The  probability  factor  re- 
quired in  any  example  is  easily  foimd  with  sufficient  arenracy  by  interpolation. 
Thus  if  we  work  the  example  given  above  without  consulting  the  printed  tables 
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the  probability  factor  is  found  for  the  33)^%  of  shots  between  T  and  the  center 
of  impact  as  1  +  =  1.52.    The  probable  error  being  taken  as  30  yards, 

the  change  to  be  luade  in  range  is  again  50  (40)  yards.  While  tlus  work  may 
seem  very  rough  to  the  mathematiciaii  he  may  feel  assured  that  it  is  of  the  greatest 
practical  value. 

I  wish  in  the  following  pages  to  make  certain  general  remarks  concerning  the 
course  in  firing  data,  which  will,  I  hope,  be  of  interest  to  any  one  planning  such 

a  course. 

The  only  mathematical  knowledge  required  of  a  student  taking  the  course  is 
arithmetic  and  a  very  little  of  each  of  the  following,  algebra,  plane  geometry, 
plane  trigonometry.   To  do  well  in  the  course  the  student  must  learn  to  do 

accurately  and  quickly  such  multiplications  and  di\  isions  as  have  appeared  in 
the  examples  worked  in  the  preceding  pages.  It  is  desirable  that  he  should 
have  a  sense  of  accurate  approximation,  that  he  should  learn  to  carry  his  arith- 
metical work  far  enough  aiul  not  waste  time  by  carrying  it  further.  Speed  in 
arithmetical  work,  as  in  every  part  of  the  woA  in  cvwaputing  firing  data,  diould 
be  a  constant  aim  in  the  instruction.  In  algebra  the  student  must  be  able  to 
substitute  numbers  in  such  simple  formulas  as  have  appeared  in  this  paper,  to 
transform  simple  equations,  and  to  liandle  negative  signs  witliout  bhmdering. 
No  geometry  seems  necessary  beyond  an  appreciation  of  the  equality  of  alternate- 
interior  angles.  In  trigonometiy  it  is  necessary  only  to  know  how  to  find  the 
legs  of  a  right  triangle,  given  the  hypothenuse  and  one  acute  angle. 

The  time  devoted  to  the  course  last  year  at  Yale  was  three  hours  a  week  for 
half  the  college  year.  It  was  felt  that  this  time  was  not  enough  for  the  students, 
mostly  freshmen,  to  become  thoroughly  familiar  with  the  problems  of  the  course, 
and  was  certainly  not  enough  for  the  students  to  learn  to  work  these  problems 
with  proper  wpeed.  It  was  planned  in  the  coming  year  to  give  to  freshmen  in  the 
R.  O.  T.  C.  a  three-hour  course  throughout  the  college  year  on  trigonometry  and 
fiririL'  !  ;ta.  Probably  more  than  half  the  time  in  such  a  course  would  be  given 
to  tiring  data. 

A  very  important  part  of  the  course  is  field  work.  It  was  not  possible  last 
year  to  give  the  students  nearly  enough  practice  outdoors.  My  divinon  had 
five  afternoons  in  the  fidd  and  should  have  had  at  least  twice  as  much.  For 
outdoor  work,  "fire  control"  instruments,  a  range  finder,  and  an  aiming  circle 

or  scissors  are  very  desirable,  but  i)robably  cannot  be  obtained  at  present.  If 
these  instruments  are  not  available  tiie  distances  from  the  C.  station  to  target 
and  aimuig  point  should  be  given  to  the  students  by  the  instructor  or  obtained 
by  the  students  from  a  map,  or  may  be  estimated,  if  proper  methods  of  estimation 
are  tau^t*  Such  methods  are  given  in  Danford  and  Moretti,  pages  146-149. 
Angles  may  be  measured  with  some  accuracy  by  a  B.  C.  ruler,  which  is  six  inches 
long  divided  into  sixty  equal  parts;  to  the  center  is  attached  a  string  twenty 
inclies  long.  Each  division  (jf  the  ruler  subtends  an  angle  of  five  mils  when  the 
ruler  is  twenty  inches  from  the  eye,  the  whole  ruler  thus  subtending  300  mils. 
Angles  greater  than  a  right  angle  should  not  be  measured  with  a  B.  C.  ruler;  if 
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such  an  angle  is  required,  a  straight  line  should  be  run  and  the  supplementary 
angle  measured.  To  measure  an  angle  of  site  it  is  necessary  to  establish  a  hori- 
zontal liue.  A  simple  and  fairly  sati;^factory  way  to  do  so  is  the  following: 
Construct  accuratdy  on  a  sketching  board  a  line  perpoidiciilar  to  one  edge  and 
attach  a  string  to  a  point  of  this  line;  in  using,  attach  a  weight  to  the  other  end 
of  the  string  and  move  the  board  in  a  vertical  plane  until  the  string  hangs  along 
the  line;  the  edge  is  then  horizontal.  Some  distant  object  in  a  horizontal  line 
with  the  observer,  as  nearly  as  possible  in  the  same  vertical  plane  with  the 
observer  and  the  point  whose  site  is  to  be  measured,  may  thus  be  determined,  and 
the  site  meaaured  with  the  B.  C.  ruler  with  an  error  probaUy  not  greater  than  five 
mils.  Angles  may  be  roughly  measured  by  sighting  over  the  knuddes  of  the 
clenched  fist  held  at  arm's  length.  Of  course  each  obsonrer  must  for  this  purpose 
know  tlie  scale  of  his  own  fist. 

The  course  in  firing  data  should  if  possible  be  coordinated  with  other  courses, 
the  outdoor  work  particularly  with  map  making  and  panoramic  sketching  and 
with  use  of  fire  control  instruments  if  these  are  available.  For  any  part  of  the 
work,  instruction  in  map  reading  and  mat^d  (the  mechanism  of  the  gun)  is 
useful.  The  course  should  be  followed  by  a  course  in  fire  control,  but  the  latter 
can  prohaltly  be  given  sati«'factori!y  only  by  a  trained  artillery  officer. 

The  tables  needed  for  the  course  have  already  been  mentioned.  They  are 
range  table,  tables  of  probable  errors  and  {wobabQity  factors,  and  table  of  dnes 
and  cosines  for  angles  in  mils.  All  are  given  by  Danford  and  Moretti.  A  brief 
but  sufficiently  accurate  range  table  for  the  U.  S.  3"  gun  is  here  given.  It  seems 
however  undesirable  to  lay  emphasis  on  memorizing  either  the  range  table  or 
the  table  of  probable  errors,  siuee  these  apply  only  to  the  U.  S.  3"  gun.  In  the 
following  table  the  first  column  is  range  in  yards,  the  second  is  the  corresponding 
AD,  the  third,  the  change  in  AD  for  100  yards'  increase  in  range. 


1000 

200(3 

aooo 

4000 
fiOOO 
0000 


20 
fiO 
90 
140 
200 
270 


3 
4 
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6400 
6300 
6200 
6100 
0000 
5900 
5800 
5700 
6600 


3200 

3300 

3400 

3500. 

3600 

3700 

3SfM) 

3m) 

4000 


.9 


SIN 

COS 

3200 

0 

0 

1.00 

1600 

0 

3100 

100 

0.10 

0.99 

1500 

1700 

3000 

200 

0.20 

0.98 

1400 

1800 

2900 

aoo 

0.29 

0.96 

1300 

1900 

.4 

2800 

400 

0.88 

0.02 

1200 

2000 

2700 

500 

0.47 

0.88 

1100 

2100 

2600 

600 

0.56 

O.Sii 

10(K) 

2200 

.7 

2r,m 

700 

0.63 

077 

<HM) 

2;-i()() 

2400 

SOO 

0.71 
COS 

0.71 
8IK 

800 

2400 

1 

4  SOO 

4800 

4700 

4900 

4600 

5000 

4fi00 

6100 

4400 

5200 

4300 

5300 

•12(K) 

54(X) 

4100 

o'jUO 

4000 

6600 

In  the  trigonometric  table  above  the  sines  and  cosines  for  every  hundred  mils 
are  given  to  two  decimals.  The  obliquity  factors  for  corresponding  deflections 
are  also  given. 
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Of  course  it  is  necessary  that  the  student*  work  a  large  number  of  numerical 
problems.  Dunford  and  Moretti  give  a  considerable  number  (pp.  263-282) 
taken  firom  examinations  held  in  the  non-commissioned  officers*  course  at  the 
school  of  fire.  The  instmctOT  will  have  no  difficulty  m  making  up  any  number 
of  similar  problems. 

While  tliere  exists  a  large  amotmt  of  literature  on  the  subject  of  firing  data, 
I  believe  that  for  an  introductory  course  nothing  further  is  necessary  than  the 
Drill  and  Service  Regulations  for  Pield  Artillery  and  some  text  such  as  that  of 
Danf ord  and  MorettL 

Requests  for  further  information  concerning  the  course  in  training  for  service 
in  the  Field  Artillery  at  Yale  may  be  addressed  to  the  Curriculum  Committee, 
Artillery  Hall,  New  Haven,  Conn* 

Yale  UNivBBsrrr. 
Stpteaiw,  1918. 


covBSEs  m  natiqahok  at  the  vmitbd  states  KATAL  ACADEMT.i 

The  Department  of  Navigation  nt  tlie  Naval  Academy  givos  two  different 
courses,  the  regular  course  for  midshipmen,  and  a  special  course  for  Reserve 
Officers.  The  two  courses  are  similar  iu  content,  but  diti'er  greatly  in  method  of 
presentation  and  in  the  amount  of  time  allotted. 

The  course  for  midshipmen  is  preceded  by  a  thorough  course  in  '  t  lcal 
trigonometry  and  stereographic  projections  given  by  the  Department  of  Mathe- 
matics. To  this  preliminary  work  about  thirty-five  recitations  are  devoted, 
approximately  half  of  this  time  being  given  to  the  use  of  stereographic  projections 
and  to  the  logarithmic  solution  of  the  same  problems  treated  by  projection.  The 
text  book  is  Brown's  TVigonometry  and  Stereographic  Ftojections,  puUished  by 
the  Naval  Institute,  Annapolis,  and  the  tables  used  are  Bowditch's  "Useful 
Tables,"  from  the  text  on  navi^ration  by  this  author. 

The  work  under  the  Department  of  Navigation  involves  three  recitations  per 
week  during  the  last  three  terms  (semesters)  of  the  academic  course.  In  the 
spring  term  preceding  the  first  class  (senior)  year,  two  months  are  devoted  to  a 
brief  course  in  astronomy,  baaed  on  White's  Theoretical  and  Descriptive  Aatron- 
omy  (John  Wiley  and  Sons),  and  the  remainder  of  the  term  is  given  to  sudi  woric 
in  navigation  as  will  best  prepare  the  student  for  the  practical  work  of  the  summer 
cruise.  During  the  last  yvnr  tlu-  whole  field  of  navigation  and  compass  deviations 
is  covered  with  Muir's  Navigation  and  Compass  Deviations  (Naval  Institute, 
14.20)  as  a  principal  basis.  Use  is  made  of  the  Practical  Manual  of  the  Compass 
prepared  at  the  Naval  Academy  (Naval  Institute,  SI .75),  also  of  Bowditch's 
American  Practical  Navigator,  the  N:uitical  Almanac,  and  Azimuth  Tables,  all 
publications  of  the  Hydrogrnphic  Office,  Navy  Department,  Washington,  which 
may  be  purchased  through  tiie  Superintendent  of  Tublic  Documents. 

The  special  course  for  Reserve  OflBcers  occupies  sixteen  weeks,  five  recitations 

*  We  are  ludcbievl  lu  I'ruf.  K.  E.  iiuot  fur  the  inforinatoa  regarding  these  courses. 
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per  week.  In  this  course  no  use  is  made  of  stereograph ic  projections,  and  for 
text  books  only  the  publications  of  the  Hydrographic  Office  mentioned  abuve  are 
used.  Each  dass  is  given  six  periods  on  boaid  a  naval  vessel  in  practical  instruo- 
tUm  in  the  use  of  diarts  and  instruments. 

F(^owing  is  an  outline  of  the  16  weeks'  course  in  Navigation  for  Reserve 
Qfficwa  as  reo^tly  given. 

1.  The  assignment  of  tiOK  was  as  follows: 

16  weeks,  5  recitations  per  week  (less  13  recitation  periods  devoted 

to  written  tests,  holidays,  etc.)   67  periods 

Practical  instruction  on  U.S.  S.  Dubuque   6  periods 

2.  During  the  first  nine  weeks  of  the  course,  the  whole  daas  covered  the 
following  ground: 

(a)  Geometrical  and  trigonometrical  definitions  and  use  of  logarithm  tables. 
(6)  Use  of  chip  log,  patent  lop,  srnnding  machine,  cnnpass,  azimuthj  circle 

pelorus,  binnacle,  barometers,  thermometers,  and  log  book, 
(c)  Application  of  variation,  deviation  and  compass  error. 
id)  Laying  courses,  plotting  positions  and  bearings,  and  measuring  distances 

on  chart. 

(fi)  Piloting,  including  cross  hearings,  two  bearings  and  run  between,  sextant 

angles,  and  use  of  3-arm  protractor,  soundings,  lights,  tides,  etc 
(  / )  The  sailings  and  dead  reckoning. 
(g)  Use  and  adjustments  of  sextant. 

(A)  ComparisotL  of  dironometers,  and  error  and  rate  of  dnonometers  by 

noon  "tick." 
(t)  Navigational  and  astronomical  definitions. 

(j)  Use  of  Nautical  Almanac. 

{k)  Conversion  of  arc  to  time,  local  to  standard  time,  mean  to  apparent  time, 

and  finding  6.  M.  T. 
(0  Corrections  to  observed  altitudes, 
(m)  Meridian  altitude  of  sun  and  constant. 

(n)  Reduction  to  meridian  (sun), 
(o)  Time  sight  of  sun. 

(p)  Azimuth  of  sun  and  finding  compass  error. 

8.  At  the  end  of  eight  weeks  the  class  was  divided  on  the  basis  of  prog- 
ress made;  and  during  the  10th  and  11th  weeks,  two  sepuate  courses  were 

pursued : 

1st,  By  the  more  backward  students  (about  one  third  of  the  class),  a  review 

of  (c),  (c)  and(/). 
2d,  By  the  more  advanced  students  (about  two  thirds  of  the  class), 
(g)  ConveiMon  of  solar  to  sidoeal  time. 

(r)  Conversion  of  sidereal  to  solar  time. 

(«)  Meridian  altitudes,  reduction  to  meridian,  and  time  sights  of  stars. 
(0  Polaris  sights. 
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4.  During  the  12th«  I3tb  and  I4th  weeks,  the  whole  class  covere<i  the  following 
subjects: 

(«)  Finding  compass  error  and  use  of  Napier's  diagram. 
(•)  Elementary  practical  compensation  of  the  compass. 

(w)  Lines  of  position  and  chart  interactions. 

(3*)  Naval  regulations  and  instructions  on  navigational  siil  j  cf  ^ 

5.  During  the  remainder  of  the  time  available,  separate  courses  were  again 
pursued  by  the  two  divisions  of  the  class: 

Ist  Division  (advanced  portion  of  the  class). 

(y)  Method  of  St.  Hilaire. 

(z)  Day's  work. 
2d  Division  (backward  portion  of  the  class). 
iq),  (*),  W  and  (y). 

6.  All  of  the  time  assigned  to  Navi^tion  on  board  the  U.  S.  S.  Dubuque 
was  devoted  to  piloting,  use  of  charts,  use  of  compass,  Sisztant,  etc.,  and  much 

of  the  regular  section  room  time  was  devoted  to  practical  instruction  in  use  of 
charts,  noon  "tick,"  chronometers,  barometers,  compass,  pdorus,  three^rm 
protractors,  tide  tables,  deviascope,  etc. 


NOTES  AND  NEWSi. 
Editbd  bt  D.  a.  Rovbsock,  Indiana  Univenlty,  Bloommjton,  IndUnia. 

Dr.  S.  D.  Zeldin  of  the  College  of  Hawaii  has  been  appointed  professor  of 
mathematics  in  Olivet  College. 

Fh>feflSor  M.  E.  Grabeb  has  been  dected  to  the  diair  of  mathematics  in 
Hadelbwg  University,  Tiffin,  Ohio. 

Professor  C.  A.  Babnhabt,  formerly  of  Carthage  College,  has  been  appointed 
profesBOT  of  mathenmtics  in  the  Univmity  of  New  Mexico. 

Dr.  W«  0.  Memdenhall,  profesMW  of  mathematics  in  Earlham  College,  has 
been  elected  to  the  presidency  of  Friends  University,  Wichita,  Kansas. 

Assistant  professor  C.  W.  Watkeys  has  been  advanced  to  a  professorship  of 
mathematics  in  the  University  of  Rochester. 

Professor  Aknold  Dresden  of  the  University  of  \Yisconsin  sailed  for  France 
in  Septembw  for  service  in  the  Red  Cross. 

Dr.  F.  II.  MoRBis  has  been  appointed  instructor  in  mathematics  at  the 
University  of  California. 

Mr.  II.  Lyle  Smith,  instructor  in  mathematics  at  Princeton  University  for 
the  past  two  years,  is  now  in  the  office  of  Major  F.  R.  MouLioNof  the  Ordnance 
Departmmt  at  Washington. 
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Professor  S.  L.  Boothrotd,  of  the  department  of  mathematics  and  astronomy, 
University  of  Washington,  ti)ok  an  active  part  in  the  Crocker  expedition  for 
observation  on  the  solar  eclipse  the  past  summer. 

Dr.  F.  D.  MuRNAGiiAN',  of  Rice  Institute,  has  been  appointed  associate  in 
applied  mathematics  at  Johns  Hopkins  University. 

Dr.  AxNA  Pell,  associate  professor  of  mathematics  at  Mt.  Holyoke  College, 
has  accepted  an  associate  professorship  in  mathematics  at  Bryn  Mawr  College. 

Mr.  C.  A.  HuTcnrxsoN,  instnictor  in  mathematics  at  Wittenberg  College, 
Springfield,  Ohio,  has  accepted  an  instruetorship  in  mathematics  in  the  College  of 
Engineering  of  the  University  of  Colorado. 

Dr.  Thomas  Buck,  assistant  professor  of  mathematics  at  the  University  of 
California,  has  been  commissioned  a  first  lieutenant  in  the  ordnance  department 
of  the  army,  and  will  be  located  in  Washington  doing  research  work  in  ballistics. 

At  the  Univmity  o!  Minnesota,  Associate  Professor  R.  R.  Sbuiiwat  has  been 
appointed  assistant  dean  of  the  College  of  Science,  Literature  and  Arts;  and 

Associate  Professor  W.  H.  BuBSBT  has  been  appointed  chairman  of  the  depart- 
ment of  mathematics  for  the  year  1918-19,  and  also  executive  secretary  of  the 

School  of  Ciiemistry. 

The  Li})rary  Sub-Committee  of  the  Mathematical  Assor  in  tion  of  Ki  -land  has 
decided  to  issue  a  suggestive  list  of  books  suitable  for  mathematical  libraries  of 
secondary  schools.  It  is  proposed  to  divide  the  list  into  two  parts,  a  Teachers* 
Library,  and  a  Fnpils'  Library.  A  preliminary  list  of  books  on  algebra  and 
analysis,  containing  one  bundled  and  sixteen  titles,  has  been  issued;  it  appears  as 
a  sui^Iement  to  the  May  (1918)  numbw  of  The  MatkemaiieiU  GaatUe. 

In  the  recently  announced  untundy  death  of  Ptofessor  Maxiub  B6cher 
Amtf ican  mathematicians  have  lost  from  their  number  one  of  an  minent  group 

of  men  who  have  been  in  the  center  of  American  mathematical  activity  for  a 
quarter  century.  The  most  noteworthy  recent  publication  by  Professor  BociiER 
is  his  Lc(,om  nur  l&t  Mithodes  de  6luriii,  a  volume  which  appeared  last  year  as  a 
monograph  in  the  notable  series  edited  by  Emilb  Bobel.  It  contaim  an  expo- 
sition of  the  author's  lectures  delivered  at  the  Sorbonne  from  November,  1913, 
to  January,  1914.  It  deals  with  the  methods  of  Sturm  in  the  theory  of  linear 
differential  equations  and  their  modern  developments.  In  it  the  author  gives 
an  intrtHluctory  cxj)()sition  of  the  range  of  ideas  which  have  l)een  in  the  center 
of  his  research  uctivity  for  about  twenty-five  years;  he  includes  some  new  results 
along  with  his  account  of  previous  work  of  his  own  and  others.  This  book, 
toother  with  Professor  Bocher's  address  before  the  fifth  international  congress 
of  mathematicians  at  Cambridge,  affords  the  reader  a  valuable  and  convenient 
means  of  initiating  himself  into  the  principal  contributions  of  their  autlior  to 
mathematical  science.  The  writings  of  few  men  atlord  a  more  suitable  intro- 
duction to  the  life-work  of  their  author.   Somewhat  outside  of  the  main  current 
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of  ideas  represented  in  the  M^hodes  de  Sturm  but  nevertheless  connected  with 
thm  U  the  first  work  thum]^  wMch  Pjrofessor  BdcBKR  attracted  attention, 
namely,  his  Reikeneniunekdimgm  der  Pa^enUaHheorie,  This  appeared  first  in 
1891  as  a  Gottingen  dissertation  of  seventy  pages  and  was  later  expanded  into 
a  book  of  2GG  pages  and  published  in  1894.  Not  long  after  the  appearance  of 
this  book  Professor  Bocmeb  began  to  publish  his  contributions  in  connection 
with  the  work  of  Sturm.  Since  that  time  his  main  researches  have  had  to  do 
with  tiie  interests  thus  initiated.  While  he  has  done  work  in  other  directions,  it 
is  in  this  and  in  the  book  of  IBHH  that  one  must  seek  his  more  important  con- 
tributions. 
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Mathematical  Texts 

Edited  by  CHAS.  S.  SLIGHTER 
New  Bditicn  Reidy  is  Norember 

Slichter—Blementary  Mathematical  Analysis 

ByCHARi  }  -  S.  SucHTEK,  Pi  fessoF  of  Applied  Mathematics,  Uni- 
versity of  Wisconsin.  AJx>ut  490  pagea,  5x7}^,  lUuBtrated.  Now 

in  press. 

An  entirely  revised  edition  of  tliis  distinctive  first-year  text  will 
soon  be  ready.  In  the  light  of  the  experience  gained  by  the  exten- 
sive cla'?s-room  use  of  (lit-  }K)ok,  Professor  Slichter  has  simplifiod 
much  of  the  material,  hai>  oiuitttid  some  work,  and  has  added 
numerous  worked  exercises.  New  sets  of  exercises  and  long  lists  of 
miscellaneous  and  review  exercises  liave  been  inserted*  Several 
changes  in  order  of  material  and  in  method  of  treatment  have  also 
been  iriadf,  Tlio  book  treats  the  various  topics  in  analysis  as  be- 
longing to  a  single  science  and  hence  combines  work  in  trigonom- 
etry, odUega  algebra,  and  analytic  geometry. 

Other  Books  in  the  Series 

I>owling— Projective  Geometry 

By  L.  W.  DowuNO,  PIi,D.,  Associate  Proffer  of  Mathematics, 

University  of  Wisconsin.   215  pages,  SxTJ^^.  illustrated,  $2.00. 

"  DowJing's  Projective  Geometry  pleases  me  by  its  direct  and  rapid 
style,  and  by  its  large  content  in  small  sjpace.  Through  brei^ty 

llie  aiillior  altiiiiis  unexpected  fullness.  The  set  of  problems  are 
very  satisfactory,  some  relating  projective  to  metric  theorems, 
others  developing  or  extending  the  discussions,  purely  projective, 
of  the  text.  Diagrams  arc  unusually  well  desi^jnrd  and  Mell 
executed,  e.  g.,  those  for  the  two  Dct^rgues  theorems. "" — Projessor 
Henry  &  White,  Vassar  College. 

March  &  Wolff — Calculus 

By  Herman  W.  March.  Ph.D.,  and  Hemhy  C.  Wolff,  Ph.D., 
AMistant  Professors  of  Mathematics,  University  of  Wisconsin.  360 
pages,  5x7H»  illiistrated,  12.00. 

Wolff — V\athematics  for  Agricultural  Students 

By  Henry  C.  Wolff,  Assistant  Professor  of  Mathematics,  Univer- 
sity of  Wisconnn.  311  pages,  5  x  7H,  illustrated,  11.50. 

Scad  for  C«pie«  oa  approval 


MCGRAW-HILL  BOOK  CO.,  Inc. 


3J9  West  39tb  Street 
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Unified  Mathematics 

By  LOUIS  C.  KARPINSKI 

Uflivwttty  off  MieUgaa 

HARRY  Y.  BBNeOICT  and  JOHN  W.  CALHOUN 

Unlviraity  of  Tmhw 

UNIFIED — The  authors  have  achieved  their  aim  so  well  that  the  work  possesses 
an  organic  unity  through  which  each  of  the  traditional  suhjects  contributes 
its  leaources  to  the  undentanding  of  the  others  walk  does  this  at  tlie  appro- 
priate time  and  plaoe. 

PRACTICAL— The  statistical  prohlems  contain  many  lelating  to  agriculture,  and 
there  are  engineering  problems  a  simple  type.  The  problems  dealing 
with  projectiles  not  only  give  valuable  drill  in  the  use  of  formulas  and  in 
trigonometric  relations,  but  they  also  supply  correct  itiformation  concerning 
the  nature  of  modern  artillery.  Certain  problems  of  particular  interest  are 
treated  at  various  times  fitmn  different  points  of  view.  The  apfdications 
include  much  work  on  the  interest  function  and  on  annuities.  When  theo- 
retical mathcninfirs  is  prpsentrd,  the  problems  and  applications  are  designed 
to  show  the  use  that  is  made  of  it  in  the  world  of  aifaics. 

TBACH  ABLE — Written  by  three  men  who  have  had  long  experience  ^  itli  Fresh- 
man classes  in  different  parts  of  the  United  States,  it  is  stifficioiilly  simple 
to  be  intelligible  to  the  average  Freshman  and  suUicieutly  practical  to 
arouse  his  interest. 

At  the  ontset  of  the  work  great  stress  is  laid  upon  arithmetical  computa- 
tion; how  this  can  be  facilitated  by  the  application  <tf  the  formulas  of  elemen- 
tary Algebra  is  shown  in  a  separate  chapter,  and  such  computation  is  contantly 
insisted  upon  in  the  list  uf  problems.  The  fact  that  numbers,  as  they  appear 
in  scientific  work,  are  in  general  measurements  with  very  definite  unuts  of 
accuracy  is  made  clear,  and  the  proper  treatment  of  such  rmmbers  in  computa- 
tion is  explained.  Several  hundred  dia^^runis  on  co-ordinate  paper  with  decimal 
subdivisions  as  used  by  engineers,  army  and  navy  oflicers,  and  statisticians, 
serve  to  make  clear  the  use  of  graphical  methods  and  to  develop  the  ability  to 
make  proper  use  of  this  instrument. 

Logarithms  are  introduced  at  a  very  early  point  and  their  employment  in 
the  problems  continues  through  the  work.  The  rundamental  ideas  of  the  trigo- 
nometric  relations  are  made  a  vita!  and  consistent  part  of  the  work.  Even  for 
those  iostilutiuos  which  require  trigonometry  for  entrance,  this  text  is  usable, 
as  it  gives  the  drill  in  the  application  of  trigonometric  functions  to  practical 
problems  which  is  so  neoesaary  for  students  of  science. 
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THIRD  SUMMER  MEETING  OF  THE  MATHEMATICAL  ASSOCIA- 
TION OF  AMERICA. 

The  Association  held  its  third  summer  meeting  by  invitation  of  Dartmouth 

College  at  Hanover,  N.  H.,  on  Thursday,  Friday  and  Saturday,  September  6-7, 

1918,  in  conjunction  with  atul  fnllowinp  the  sumraer  meeting  of  the  American 
Mathematical  Society.  8t\ eiity-oiic  persons  attended  the  sessions,  including 
the  following  42  members  of  the  Association: 


H.  L.  Aqard,  Wtllioim  Culiege. 
R.  C.  AHcmnALD,  Brovm  University. 
R.  D.  I'.iiKTr.i:,  Darlmduih  ColloKC. 
Ci.  D.  BiKKHOKF,  Harvard  Univermty. 
Daniel  Bitchanan,  (JiuH-n'a  Univenity. 
W.  D.  Cmhxs,  Ohcrlii)  rcllrge. 
\V.  H.  Cahveh,  Ctinitil  L  iiivcrsity. 
JruA  T.  CoLPiTTS,  Iowa  State  Oillefje. 
Lbknib  p.  Copbland,  WeUesley  CoUege. 
LovisB  D.  ODBnuNos,  ViuRar  OoUege. 
C.  H.  CunniER,  Brown  riiivfrsity. 
E.  L.  IXiDD,  University  of  Te.xim. 
C.  H.  FoHS^Tn,  Dartinoutli  Collegie. 
A.  S.  CiALE,  University  of  liorhe.ster. 
O.  E.  (I1.KNN,  University  of  Pennsylvania. 
C.  V.  (  .i  MMER,  Queen's  University. 
J.  G.  Uaiiuy,  Williaiufl  CoUc^e. 
E.  v.  HuNTiwoToy,  Harvard  Univernty. 
W.  W.  JoiiN.soN,  U  S  X  ivy. 
Fi>uHi!:NCE  P.  Lkwi.h,  Gouciicr  College. 
J.  MatbbsoN,  Queen'K  I'nivcrsity. 
HEueif  A.  Mbrrim,,  WcUealey  CoUege. 


F.  M.  Morgan,  IHirtmouth  GoUegp. 

G.  D.  Olds,  .•\mher»t  College. 

H  1,  OijiON,  New  Hampsliirn  College. 

F.  W.  Owiws,  Cornell  Univenuty. 

Anna  H.  Pauo^,  College  for  Women,  Westem 

R»•^■f"rvo  University. 
A.  D.  FiTCHEU,  Adclbert  College. 
JE88IE  0.  QuKiLEY,  College  of  Saint  Ttnuk. 
L.  U.  Ricb.  Tu/t6  College. 
R.  G.  D.  RicRAsraoN,  Brown  ITniveraty. 

E.  D.  Roe,  Jr.,  Syracnsr  T'iiiv(  rsity. 
Clara  E.  .Smith,  Wcllesk  y  College. 
Sarah  E.  S.\iiTn,  Mount  Ilolyoke  CVtllege. 

H.  W.  'J'ylkk,  Moawcbiuelts  Institute  of 
Techn<»logy. 

Oswald  Veblen,  Princeton  Univm^ity. 
C.  A.  Wau>o,  Washiugtoa  University. 
A.  G.  Webbter,  Clsrk  Univenity. 
J.  K.  Whittemokk,  Yale  University. 
C.  B.  Williams,  Kalamazoo  College. 

F.  N.  WiLi-soN,  Princeton  Univernty. 
J.  W.  YovNo,  DarUnoutli  College. 


The  increase  in  railroad  rates  had  its  very  evident  eiFect  in  the  somewhat 
reduced  attendance  as  compared  with  the  preceding  summer;  there  were  present 
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nevertbeless  as  membm  from  greater  distances — three  each  from  Canada  and 

Ohio,  and  one  each  from  Iowa,  Maiyland,  Michigan,  Minnesota,  New  Jersey, 
Pennsylvania  and  Texas.  The  presence  of  Majors  Huntington  and  Veblen, 
and  of  Professor  Tyler  from  their  governmental  activities  in  Washington,  D.  C, 
and  Maryland  gave  a  strong  suggestion  of  the  unusual  times  in  which  we  are  and 
brought  great  aid  in  the  important  consultations  and  results  which  formed  a 
unique  feature  of  the  meeting.^ 

Members  and  other  visitors  were  comfortably  housed  in  South  Fayerweather 
Hall  and  College  Ilall.  The  latter  atTordetl  also  a  dining  room  and  commodious 
social  rooms  whic  h  were  freely  placed  at  the  disposal  of  all.  A  leaflet  of  general 
information  printed  by  Dartmouth  College  especially  for  these  meetings  was  of 
definite  asustance  to  all.  Small  parties  made  brief  excursions  about  tlie  birtwic 
village  and  vicinity.  In  all  respects  this  was  a  most  pleasant  and  successful 
meeting.  A  unanimous  rising  vote  at  the  joint  session  of  the  two  organizations 
recognized  the  admirable  character  of  the  local  arrangonents  and  the  warm  hos^ 
pitaltty  shown  by  the  Hanover  faculty. 

The  sessions  were  preceded  by  the  joint  dinner  of  the  Association  with  the 
American  MathematiaJ  Society  on  Thursday  evening.  Fifty-six  were  present 
on  this  occasion,  whidi  ccmibined  with  its  pleasant  social  feature  an  atmosphere 
of  earnestness  in  the  face  of  war  times  and  w  ar  problems.  President  Huntington 
called  upon  several  persons,  inchiding  Dean  Laycock  of  Dartmouth  College,  who 
welcomed  the  assembled  guests  to  Dartmouth  and  brought  fresh  reports  from  the 
Plattsburg  conference  ou  military  cducatioii  in  the  colleges;  Major  Veblen,  who 
urged  the  call  of  the  ordnance  department  for  able  mathematicians  to  araist 
in  that  department,  men  who  are  capable  of  assuming  responsibility  for  inde- 
pendent work  in  ballistics,  as  well  as  those  not  so  fully  able  to  work  independently; 
Secretary  Cairns,  who  read  abstracts  from  the  lEcovernmcnt's  circular  on  the  new 
courses  to  be  instituted  in  the  colleges  and  universities,  and  called  attention  to 
certain  proposed  war  courses  in  mathematics  which,  already  sketched  out  by  a 
few  mathematicians,  should  be  perfected  at  this  time;  Ptofessor  Richardson,  who 
described  the  instruction  in  navigation  that  has  already  berai  ^ven  in  two  or  three 
universities  and  urged  the  great  importance  of  preparing  young  men  whose  clioice 
is  the  navy;  Professor  Wiilson,  w!io  at  the  sugj^estron  of  Major  Huntington  em- 
phasized the  i)Iuce  of  descriptive  geometry  as  one  of  the  essential  courses  in  the 
new  war  mathematics;  Secretary  Cole,  who  announced  the  publication  of  the 
first  part  of  the  Cambridge  Ckilloquium,  that  by  Professor  G.  C.  Evans;  Ftofessor 
Webster,  who  gave  an  engrossing  account  of  the  experiences  of  a  civilian  enlisted 
in  governmental  service;  and  Dean  Olds,  who  supplemented  the  report  concerning 
the  new  war  courses. 

Sessions  of  the  Association  were  held  as  announced  on  Friday  morning  and 
afternoon  and  on  Saturday  morning.  The  joint  session  of  the  Association  with 
the  Society  at  half  past  ten  o'clock  Ff  iday  morning,  Ftofessor  G.  D.  Biridioff  pre- 

^  Th«  8ecretaiy-1>euui«r  regrets  that,  due  to  »  wMt-ftfcf  made  by  the  printer,  the  meniben  in 
SBTeral  otates  did  not  receive  oppice  of  the  prognun. 
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ridinsr,  was  addressed  by  Professor  A.  6.  Webster  on  "Mathematics  of  Warfare." 
As  tills  wdl  known  mathematical  physicist  is  on  the  U.  S.  Naval  Consulting 
Board,  he  vrns.  well  cquippeil  to  tell  of  current  developments  in  the  theory  of 
ballistics.  He  described  the  elementary  principles  of  ballistics  for  long  range 
trajectories,  summarizing  the  contributions  to  the  subject  of  such  men  as  Dau- 
forth,  Siacct  and  Chapel.  After  developing  the  "ballistic  function"  and  its 
differential  equation,  he  closed  by  touching  more  briefly  on  the  outstanding 
problems  of  interior  ballistics.  The  address  when  published  in  its  fuU  fonn  will 
furnish  a  notable  chapter  in  this  theory. 

A  vahmhle  and  suggestive  program  was  arranged  by  the  jiro^jram  committee 
under  the  chairmanship  of  Professor  Archibald.  A  still  greater  interest  and  con- 
centration of  effcKt  centered  al>out  the  ahnost  continuous  confoences  ov&  the 
formulation  of  war  courses  in  mathematics.  Before  this  report  appears,  all 
institutions  concerned  will  have  been  informed  as  to  the  United  States  govern- 
ment's recommendations  or  instructions  in  this  respect.  It  will  however  remain 
as  a  unique  feature  of  this  meeting  that  thirty  or  forty  professors  in  collegiate 
mathematics  from  representative  schools  in  ail  parts  of  the  country  except  the 
far  west  met  in  an  informal  capacity  and  after  much  discussion  and  earnest  con- 
sideration came  to  a  united  view  as  to  the  character  and  contents  of  three  twelve- 
week  terms  for  the  general  military  student  in  college,  two  twelve-week  terms  in 
navigation,  and  an  eight-week  course  in  descriptive  geometry,  besides  suggestions 
as  to  further  second  year  courses,  so  far  as  there  will  be  men  to  attend  these. 
The  courses  as  formulated  were  transmitted  through  Major  Huntington  as  recom- 
mendations made  by  this  unoflBdal  conference  to  the  educational  committee  of 
the  war  dq[)artment  and  will  doubtless  have  been  incorporated  in  whole  or  in 
part  into  the  suggestions  issued  by  that  department  and  already  familiar  to  the 
readers  of  the  Monthly  before  the  appearance  of  this  report. 

* 

OiiDiiK  OF  Topics  on  the  Separate  I'kogram. 

(1)  "The  Teaching  of  Curve  Tracing."  Pbofessob  F.  W.  Owenb^  Cornell 

University. 

(2)  "A  Formula  in  Combinatorial  Analysis."  Professor  J.  W.  Young, 
Dartmouth  College. 

(3)  "Trigonometric  Functions-^f  what?"  PRofessob  W.  B.  Cakvvr, 

Cornell  T^niversity. 

(4)  "Firing  Data  at  Yale."    J.  K.  Whittemore,  Yale  University. 

(5)  "A  Combined  Course  iu  Mathematics  for  College  Freshmen."  Pbofes- 
soK  A.  S.  Gale,  University  of  Rochester. 

(6)  Report  of  the  Committee  on  Mathematical  Requirements.  Professob 
J.  W.  YoTTNO,  Chauman. 

(7)  Presidential  Retiring  Address:  "Flans  for  a  History  of  Mathematics  of 
the  Nineteenth  Century."  Profebsok  Flobiam  Cajobi,  University  of  Cali- 
fornia. 
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(8)  "Some  Experiments  in  the  Teaching  of  Descriptive  Geometty."  Pro- 
PBSSOR  F.  L.  Kennedy,  Harvard  University. 

Abstracts,  numhercH  tn  correspond  with  the  luimbcrs  on  the  foregoing  pro- 
gram, are  printed  below,  together  with  reports  of  some  further  informal  discus- 
sions. 

Abstracts  op  Papers. 

(1)  Professor  Owens  in  his  paper  on  the  "Teaching  erf  Curve  Tracing"  urged 
that  the  light  thrown  upon  the  whole  notion  of  functionality  by  the  introduction 

of  the  graph  may  be  much  intensified  by  a  much  greater  use  of  graphical  methods 
in  the  (•(  v::fr'irtion  of  the  curve  whicii  exhibits  the  function.  lie  exhibited  .some 
simple  metiiods  which  lie  has  found  to  be  particularly  helpful  to  students  in  con- 
structing graphs  for  functions  which  are  or  may  be  given  explicitly,  and  which 
make  especially  clear  the  genesis  of  the  more  complicated  function  from  more 
simple  ones  by  processes  indicated  in  the  expresmon  tor  the  function. 

(2)  Professor  Young  considers  a  class  K  —  (ku  <  •  •  «  on  A'  objects. 
Any  combination  C,  of  s  elements  of  K,  together  %vith  the  combination  (*,  of 
the  remaining  N  —  s  objects  is  called  a  puriition  of  A',  C,  and  C,  being  called  the 
sidea  of  tlie  partition.  A  pair,  triple,  .  .  .  ,  i-ad  of  elements  of  A'  is  said  to  occur 
in  a  partition  if  the  pair,  triple,  •_•  •  ,  i-ad  occurs  in  either  side  of  the  partition, 
A  system  Sm  of  partitions  (C,,,  C,,)  (i  =  1,  2,  .  .  .  ,  to)  consist  of  any  set  of  m 
partitions;  the  9i  are  not  assumed  to  be  all  equal,  though  they  may  be.  The 
symbol  is  used  to  represent  any  t-ad  of  K;  Pf^  to  represent  the  number  of  times 
the  t-ad  f.  occurs  in  a  given  >*^m-  Thus  Pi,^^._.  means  the  nimiber  of  times  the 
pair  kx  h:  occurs  in  i^^;  P*|,  the  number  of  times  the  l}-ad  k^i  occurs  in 
S^,    The  formula  mentioned  in  the  title  is  as  follows: 

where  a i  is  any  given  set,  iri,  1*2,  .  .  .  , /r„  of  AT,  when /ij  is  any  elenioat  of  a.,  and 
/a»-.i  represents  the  set  of  «  —  1  elements  obtained  by  removing  A-/  from  a,. 
The  sununation  is  extended  over  all  |i-t,  .  .  .  oontuned  in  jon^.  This 
formula  may  readily  be  summed  from  j  ^  lioj  ^  i,  yielding  a  second  formula. 
The  above  formula  for  i  =  3  gives 

P«  +  P«  +  Pi*  -  TO  +  2  P«». 

In  any  system  ^'.„,  in  which  all  pairs  occur  tlic  same  number  of  times,  ail 
triples  will  also  occur  the  same  number  of  times.  This  theorem  is  readily  gen- 
eralised. Ai^cadon  of  the  formula  is  made  to  certain  problems  of  arrat^mnent 
— ^in  pardcular  to  certain  problems  connected  with  a  certain  type  of  whist 
tournaments. 

(3)  Professor  Carver's  ]')apcr  called  attention  to  tlic  difficulty  caused  for  the 
student  by  tiie  two  difi'ereiit  notions  of  the  trigonometric  functions,  as  fniutions 
of  angles  and  functions  of  numbers.    It  was  suggested  that  the  student  might 
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be  helped  (1)  iu  trigonometry,  by  the  early  introduction,  and  freqmnt  me  in 
pfcblem,  of  the  radian  unit;  (2)  in  analytic  geometry,  by  indstence  upon  the  use 
of  the  radian  unit  in  the  plotting  of  such  curves  as  ij  =  sin  x  and  p  ~  (i6\  (3)  in 
calculus,  Hy  a  clear  presentation  of  the  notion  of  trigonometric  functions  of 
numbers  just  before  tlie  development  of  their  f^er^^'at!vps. 

(4)  Mr.  Whittemorc's  paper,  which  was  an  account  of  the  course  in  Artillery 
Firing  given  the  past  year  at  Yale  University  as  a  three4iour  course  for  a  semester, 
has  already  appeared  in  thb  Monthlt.  It  was  a  very  timely  address  and  in  its 
full  form  offers  a  great  aid  to  those  who  have  l>cen  planning  similar  courses. 

(5)  A  first  step  toward  a  combined  course  for  freshmen  was  taken  at  the 
Univer^jity  of  Rochester  by  Professor  Gale  in  the  year  1907-1908,  when  it  was 
decided  to  emphasize  the  graphical  sigiiilicaucc  of  the  functions  occurring  in  the 
subjects  taught,  namely,  solid  geometry,  trigonometry  and  advanced  algebra. 
Soon  thereafter  considerable  interweaving  of  these  subjects  was  done.  In  1913- 
1914  the  calc  ulus  was  introduced  and  a  combined  course,  developed  by  Professors 
Gale  and  Watkeys,  has  been  taught  for  the  past  four  years. 

The  central  theme  of  the  year's  work  is  the  study  of  the  elementary  functions, 
algebraic  and  transcendental.  An  attempt  has  been  made  to  keep  in  very  close 
contact  with  applications  of  mathematics,  and  to  attach  greater  importance  to 
ideas  and  the  development  of  the  power  to  think  than  to  purely  manipulative 
processes.  An  analysis  of  the  properties  of  functions  and  graphs  consists  of 
relations  between  a  sincle  function  and  its  graph,  and  of  the  relations  between 
various  pairs  of  functluu^  and  their  graphs.  These  principles  may  be  introduced 
in  connection  with  simple  algebraic  functions,  and  utilized  in  the  i^esentaticnL  of 
the  transcendental  functions.  Interpretation  of  the  graphs  of  important  func- 
tions furnishes  the  means  for  organizing  and  rem^bering  various  properties  of 
the  functions. 

Among  the  aj)pIications,  emphasis  is  laitl  oa  the  <lclerniination  of  a  function 
whose  table  of  values  agrees  reasonably  well  with  a  given  table  obtained  empiri- 
cally, the  general  problem  being  given  as  a  part  of  the  method  of  discovery  in 
science. 

It  is  believed  that  the  moulding  of  the  subject  matter  into  a  coherent  year's 

work  pives  the  student  a  better  comprehension  of  what  mathematics  is  and  a 
greater  fai  ility  in  its  use,  and  that  the  freshmen  are  more  interested  in  their  work 
than  I'ortuerly. 

Among  those  who  took  part  in  the  discussion,  Professor  Richardson  maintained 
that  different  courses  shouhl  be  given  according  as  tiie  students  do  or  do  not 

expect  to  continue  the  study  of  mathematics,  Professor  Williams  told  of  his 
success  in  combined  courses  for  freshmen,  and  Professor  Olds  recalled  the  interest 
which  was  kindled  by  the  introduction  of  calculus  into  tiie  freshman  year  at 
Amherst  College  years  ago. 

(6)  Professor  Young  made  a  report  of  the  progress  being  made  along  the  lines 
of  the  committee's  activities.  (See  report  in  the  Monthly  for  December,  1917, 
page  463,  for  a  statement  of  these.)   Miss  Blair's  report  has  been  postponed  in 
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its  printing  in  order  to  assimilate  with  this  rq>ort  certain  material  which  has  come 
in  in  connection  with  two  or  three  recent  articles  on  formal  discipline  and  the 

transfer  of  training. 

The  survey  in  charge  of  Professor  G.  Evans  of  courses  in  algebra  in  secon- 
dttry  schools  is  being  correlated  with  the  work  of  committees  appointed  by  the 
associations  affiliated  with  the  Association  in  this  vratk.  Professor  Crathome  has 
made  a  preliminary  report  and  is  now  engaged  in  studying  the  results  of  question- 
naires. 

Tt  seems  altogether  j)rol)a])le  that  within  fhr  wxt  few  months  the  committee 
will  be  able  to  present  a  report  emltodying  detinite  principles,  the  report  to  })e 
submitted  to  the  Association  and  the  affiliated  bodies  for  their  discussion  and 
promulgation  if  the  report  is  adopted. 

(7)  The  address  of  ex-Fresident  Cajori  has  already  been  printed  in  Science. 
The  removal  of  reddeuee  erf  professor  Cajori  to  Califwida  r^ered  his  presence 
at  the  meeting  Impossible,  and  in  his  absence  the  paper  was  read  by  Professor 
Olds. 

(8)  Professor  Kennedy  showed  by  clear  and  excellent  charts  how  he  meets 
the  difficulties  of  the  students  as  they  begin  the  study  of  descriptive  geometry. 
He  uses  a  set  of  large  scale  diagrams  carefully  drawn  on  heavy  board  in  various 
colors,  blue  print  and  problem  sheets  8"  !>y  \()\"  issued  to  the  pupils,  as  well  as 
tests  on  sheets  of  the  same  or  double  size,  such  tests  of  varying  lenpth  being;  used 
once  a  week  to  secure  concentration  of  effort  and  a  rating  of  the  student's  work. 

No  text  is  used  in  the  course.  A  preliminary  sheet  shows  the  method  of 
represwting  geometrical  figures  by  means  of  three  reference  planes  (frame  of 
reference)  and  the  three  working  rules  of  orthographie  projection,  e.  g.,  vertical 
and  horizontal  projections  lie  on  the  same  vertical  line.  Blue  prints  give  suc- 
cessively symbols  and  conventions,  simple  ami  clear  perspective  and  ortiiograplnc 
drawings  of  the  elementary  theorems  of  points  and  lines,  planes  and  traces,  lines 
and  planes  (e.  g,,  point  of  intersection  of  a  given  line  and  a  given  plane),  angle 
between  two  planes,  the  gradual  approach  by  rotations  to  azonometric  and 
isometric  projection,  a  {date  <rf  "facts  and  pitfalls"  (correct  and  incorrect  con- 
structions side  by  side)  mimeoprnphed  in  blue  iit"!  red  respectively. 

The  lar;,'e  scale  wall  charts  prc\'iously  mentioned  illustrate  the  gradual  de- 
velopment of  a  problem  {e.  g.,  the  problem  of  passing  a  plane  through  three  given 
points  was  shown  in  four  stages,  besides  a  perspective  drawing)  and  afforded  an 
accurate  and  neat  drawing  not  feasible  in  quick  blackboard  sketching.  Colors 
are  freely  used  to  distinguish  different  situations,  as  for  example  given,  construc- 
tion, and  required  lines.  Some  of  tlie  chnrts  have  somewhat  the  nature  of  dis- 
solving views,  in  that  lines,  etc..  not  longer  of  importance  are  drawn  more  lightly 
or  are  omitted  in  the  later  stages. 

A  complete  and  concise  notation  is  used  both  in  assignment  of  problems  and 
in  the  student's  analjrsis  of  these;  thus,  the  statement  "Given  a  line  ab  and  a 
poi  nt  p,  to  pass  a  plane  M  through  p  perpendicular  to  a6  "  is  given  in  the  following 
form: 
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ab  and  p 
M  ->p  X  ab 

The  student  is  expected  to  note  plainly  the  definite  steps  in  his  solution  by  the 
use  of  this  notation  and  other  means;  fw  example,  an  arrow  denotes  the  direction 

in  which  he  revolves  a  line.  Moreover  this  notation  in  connection  witli  gl\  en 
lines,  points,  etc.,  miincopraphcd  on  problem  sheets  enables  him  quickly  to  attack 
the  assigned  problems  each  day.  So  far  as  shades  and  shadows  are  taught,  a 
very  few  diarts  are  used  instMd  ot  a  text,  all  oral  euqdaiiation  being  obviated  by 
the  use  on  these  dwrts  of  the  abbreviated  notation  already  familiar  to  the  class. 

Papers  are  marked  with  respect  to  accuracy,  clearness  and  workmanship. 
Only  limited  stress  is  laid  on  oripinality  since  this  is  apt  to  dcvcloi)  into  eccen- 
tricity.   Ink  is  used  sparingly  and  always  where  it  will  ()n  the  most  jLrood. 

Professor  Kennedy  showed  a  plate  embodying  u  tcu  minute  exerci^ie,  a  mid- 
year examination,  ai^  a  plate  tjt  four  problems  comprising  an  "  inverted  test," 
i.  e.,  four  problems  were  drawn  incorrectly,  the  stud^t  being  given  fifteen  minutes 
to  pick  out  the  errors,  indicate  and  correct  these. 

Dean  Randall,  who  was  to  have  discussed  this  paper,  was  unable  to  he  present 
by  reason  ol  the  unexpected  pressure  of  duties  in  inaugurating  the  new  war  courses, 
ftofessor  Willson  showed  a  copy  of  Monge's  GeomStrie  Deicriytke,  published  in 
1799  during  the  French  Revolution  and  dated  according  to  the  calendar  invented 
for  the  new  regime  by  the  author  and  a  collaborator;  since  the  use  of  this  calendar 
ceased  soon  thorcaftfr  tins  is  a  very  unique  hook,  being  the  only  descriptive 
geometry  and  one  of  the  very  few  books  which  bear  this  system  of  dating. 

Meetino  of  the  Council  of  the  AfisociATioN. 

At  the  meeting  of  the  Council  on  Friday  evening,  the  following  fourteen 
persons,  on  applications  duly  certified,  wm  elected  to  individual  memberdiip: 

L.  BiANCni.    Prof.,  Univ.  of  PisH,  Pisa,  Italy. 

Ugo  Broggi,  Ph.D.  (Gottingen).    Prof.,  Buenos  Aires  and  La  Plata  Uuivs., 

Buenos  Aires,  Arg. 
C.  S.  Cox,  A.M.  (Vanderbilt).  Prof.,  Southern  Coll.,  Birmingham,  Ala. 

P.  J.  DA  CirNHA.    Prof.,  Univ.  of  Li.sbon,  Lisbon,  Portugal. 
Federigo  Enriqies.    Prof.,  Univ.  of  Bologna,  Bolopna,  Italy. 

G.  A.  Gilbert.   Prof,  of  physics  and  math.,  St.  Ignatius  Univ.,  San  Francisco, 
Cal. 

F.  D.  Mttrnaouan,  Ph.D.  (Johns  Hopkins).  Instr.,  Johns  Hopkins  Univ., 

Baltimore,  !Md.  ♦ 

H.  R.  Park,  A.B.  (Southern  T'ni\ .)  Teacher,  Jun.  Coll.,  Riverside,  Cal. 
AnTiim  Pelletikk.    Prof,  of  higher  alp.,  Kiole  Polj'technique,  Montreal,  Can. 
Sai.v,\tore  PiNCiiKULK.    Prof.,  Univ.  of  Bologna,  Bologna,  Italy. 

Susan  M.  Ramdo,  A.M.  (Smith).    Asst.  prof.,  Smith  Coll.,  Northampton,  ^lass. 
L.  H.  Rice,  Ph.B.  (Syracuse).  Instr.,  Tufts  Coll.,  Tufts  College,  Mass. 
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A.  y.  HtCHAiiDBON,  M.A.  (Cambridge).  Lecturer,  Bishop's  Coll.,  Lennoxville, 
Quebec,  Can. 

A.  G.  Webster,  Ph.D.  (Harvard),  ScD,  (Tufts),  LL.D  (Hobart).  Prof,  of 

physics,  Clark  Univ.,  Worcester,  Mass. 

Sev<  ral  (tf  those  elected  come  as  the  result  of  a  movement  for  enlisting  foreign 
members,  which  has  been  carried  on  the  past  year  or  more  by  the  Committee  on 
Membership,  Professcnr  E.  R.  Hedrick,  chairman. 

In  this  place  should  be  announced  a  list  of  twenty-seven  persons  and  three 
institutions  elected  to  membership  by  mail  vote  of  the  Council  in  July,  1918: 

To  indimdual  membership: 

R.  A.  Arms,  Ph.D.  (Penna.).    Prof.,  Juniata  Coll.,  Huntinpdon,  Pa. 
R.  N.  ASHMUN,  A.M.  (Univ.  of  Wash.).    Computer,  Internat.  13oundary  Com- 
mission, Washington,  D.  C. 
H.  G.  A\  ER8,  A.B.  (Creorge  Washington  Univ.).  Coast  and  Geodetic  Survey, 

Wa.sliintjton,  D.  C. 

H.  E.  Burton,  M.S.  (Iowa).    Asst.,  U.  S.  Naval  Observatory,  Washinpton,  D.  C. 
Genevieve  E.  Coffrey,  A.M.  (Univ.  of  Wash.).   lustr.  in  science.  High  School, 
Mackay,  Ida. 

C.  H.  Gingrich,  Ph.D.  (Chicago).  Prof.,  Carleton  Coll.,  Northfield,  Minn. 
J.  M.  Hacklek,  Ph.B.  (Chicago).  Chair<of  math.,  Northeastern  State  Normal, 

Tahlequali,  Okla. 

Kmm  \  K.  Hanthorn,  A.R.  fXthraska).    Instr.,  State  Normal,  Kearney,  Neb. 
A.  C.  HiCKMo'iT,  B.S.  (Dartmouth).    Statistician,  Conn.  Gen.  Life  Ins.  Co., 
Hartford,  Conn. 

W.  G.  IIuBEKT,  Sc.D,  (New  York  Univ.).  Instr.,  Coll.  of  City  of  New  York, 

New  York,  N.  Y. 
C.  R.  HuoiNS,  B.S.  in  M.E.  (Carnegie  Inst.).    Wilkinsburg,  Pa. 
Laik.v  M.  LiNDiN,  B.S.  (Mass.  Inst,  of  Tech.).   Asst.  prof.,  Wheatou  Coll., 

Norton,  Mass. 

A.  G.  MoNTOOUERT,  A.B.  (West  Virginia).   Instr.,  Concord  St.  Normal,  Athens, 
W.  Va. 

Mahy     MooNEY,  A.M.  (Bellevue  ColU?ge).   Dean  of  women  and  prof.,  Hen- 
derson-Brown Coll.,  Arkadpl}>hia,  Ark. 
A.  L.  Ondrak,  A.B.  (St.  Procopius).    Secy.,  St.  l^roeopius  ("oil.,  Lisle,  Til. 
R.  E.  Powell,  E.E.  (Ga.  Sch.  of  Tech.).   Industr.  High  Sch.,  Columbus,  Ga. 
J.  M.  Rankin,  A.B.  (MaryviUe  Coll.).   Instr.,  Coll.  of  Idaho,  Caldwell,  Ida. 
Phhcival  Robertson,  Ph.B.  (Yale).    Instr.,  The  Prineipia,  St.  Louis,  Mo. 
IL  Iv  Kt  ssfit  ,  A.M.  (Wesleyan),  Sc.D.  (Denver).   Prof.,  Univ.  of  Denver, 

T  h'llV  (T.  (  01. 

G.  E.  b\  SfiKRwuoD,  A.M.  (Harvard).    .\sso.  prof.,  Col.  Sch.  of  Mines,  Golden, 
Col. 

R.  K.  Steward,  C.E.  (Maine).  Prof,  of  drawing  and  design,  Mich.  Agric.  Coll., 
East  Lansing,  Mich. 
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Ella  A.  M.  Thobp,  A.B.  (Minn.).  Asst.  instr.j  Univ.  of  Minn.,  MinneapoUs, 

Minn. 

G.  U.  V.  Tryon,  Fenton.  W:rh. 

G.  P.  Unseld,  A.B.  (rol(iriulo).    Gratl.  stud.,  Univ.  of  Col.,  Westmin.ster,  To!. 
C.  B.  Watts,  A.B.  (Indiana).   Asst.,  U.  S.  Naval  Observatory,  Washington, 
D.C. 

J.  J.  WiDMATER,  Jr.,  M.S.  (St.  John's  Coll.).  Structural  designer,  Navy  Dept, 

Washington,  D.  C. 

C.  C.  Wylie,  A.M.  (Missouri).   U.  S.  Naval  Observatory,  Washington,  D.  C. 

To  in^tuHotud  mmber^Hp: 

SouTHWtsTERN  CoLLE<iE,  Wiufield,  Kan. 
College  or  Sr.  Thomas,  St.  Paul,  Minn. 
New  Mexico  Nobual  Univbbsitt,  East  Las  Vegas,  N.  M. 

The  Council  transacted  further  business  in  connection  with  the  Monthly 
and  with  the  annual  meeting  of  the  Association.  In  view  of  the  devdopments 

at  theDartmouth  meeting  it  seemed  inevitable  and  of  the  greatest  importance 
that  the  subject  nf  TiKrt}i»-matics  courses  for  the  period  of  the  war  should  form  the 
predominating  feature  of  the  December  program.  Whether  the  Association 
should  meet  in  affiliation  with  the  American  Mathematical  Society,  whether  in 
affiUatbn  with  the  American  Aaaodation  for  the  Advancement  of  Sdence  at 
Baltimore,  whether  the  Association  will  best  serve  the  int^vsts  of  its  members  by 
holding  one  meeting  or,  instead  of  thi8>  enable  more  members  to  be  within  reach 
of  the  meetinj»??  by  ha\  iiip  duplicate  programs  in  the  Fast  and  in  tlic  West,  were 
the  subjects  of  earnest  discus-ion.  By  tlie  time  tliis  report  api)ears  it  will  doubt- 
less have  been  decided  by  the  full  participatiou  of  the  Cuuncil  us  to  what  place  is 
wisest.  W.  D.  Caisns,  Seerdarjf-Trmsurer, 
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By  G.  A.  MILLER,  Univeraity  of  lUiiuMB. 

The  following  preliminary  article  a  intended  to  serve  as  a  basis  for  discusnons 

relating  to  the  nature  and  the  extent  of  the  major  articles  in  the  proposed  mathe- 
mutiral  dictionary.  It  aims  to  explain  the  terms  group  and  group  theory  and  to  de- 
fiiu-  a  few  of  the  most  important  terms  w  hich  are  related  thereto.  The  latter  terms 
shuuhl  prububly  appear  in  their  reguiur  aipiiui)etieal  places  with  references  to  the 
words  group  or  group  theory  for  their  special  meanings  in  this  connection.  In 
some  cases  this  special  meaning  could  not  be  made  dear  without  such  preliminary 
general  developments  as  are  here  presented. 

The  object  has  been  to  give  only  such  information  as  is  within  the  range  of  the 
first-year  graduate  student,  since  the  proposed  dictionary  should  clearly  not  aim 
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at  oomplcteness  but  should  confine  itself  to  rendering  very  efficient  service  to 
certain  classes  of  students.  It  is  evidently  a  difficult  matter  to  .select  those 
elements  of  a  large  subject  which  a  student  may  be  supposed  to  know  at  a  certain 
stage  of  his  development,  in  view  of  the  great  differences  in  interest  and  prepara^ 
tion.  On  the  other  hand,  brief  ezpontions  wliich  aim  to  present  only  what  is 
most  fundamental  have  a  peculiar  cliarm  even  for  the  mature  students. 

While  the  chairman  of  the  "Dictionary  rommittee"  of  the  Association  was 
consulted  as  regards  the  desirability  of  publishing  a  preliminary  article,  he  did 
not  see  the  present  article  itself  in  manuscript,  so  that  the  committee  is  in  no 
way  reaponsiUe  for  its  style  or  content.  [See  note  on  page  428.  Ed.]  The 
writer  believes  that  the  major  mathematical  terms  should  ap[)ear  infive  Uinguage8» 
English,  French,  German,  Italian  and  Spanish,  and  lience  the  term  group  appears 
in  these  languages,  in  order,  at  the  beginning  of  the  article. 


Group  (groop),  groupe,  Grujrpe,  gruppo,  grupo. 
This  term  is  frequently  used  iu  mathematics 
vith  it*  Don-teoanical  roeamns,  denoting  a 
collection  eompoecd  of  a  finite  or  of  an  infinite 

number  of  elements;  e.  g.,  a  group  of  terms, 
a  group  of  points,  a  group  of  waves,  group 
insurance,  et^.  The  nu>.st  Kciu'ntl  technical 
mathematical  Ilu■:l!li^l^;  oi"  iLe  wunl  ^jroup  is 
obt;iiiU'<l  by  n':jtri«  tijij;  its  non-t('ihiiic:il  iiioan- 
ing  by  impoeiag  the  condition  that  each  of 
the  elements  of  the  collection  can  be  combined 
with  it^lf  and  also  wnth  evety  other  clement 
of  the  collection.  Moreovw,  tile  result  ob- 
tained hy  aieli  a  oombinatiott  must  also  be  an 
etement  of  the  collection.  This  most  gcnend 
trchiiic-al  im-iiiiiii^i;  nf  the  term  group  inciudr!? 
all  its  (•(her  ic'-liiiii  iil  meanings  well  ii^^  tluit 
of  <l()in:iiii  (if  r:it  y.    It  :Li)[)earH  l're<iueiir  ly 

in  the  ijeoriietriral  literature,  f)ut  it  oecLira  altsti 
in  tlie  Jiierature  on  analytiis.  Cf.  Encyclopidie 
dei  Hciences  Malhematiqum,  tuiuc  1,  volume  2, 
pace  243. 

The  most  common  additional  restriction 
impoeed  on  the  elements  of  a  group  is  that  the 
tfHerae  of  each  element  afaall  ubo  be  contained 

in  the  eollection;  i.  e.,  each  element  of  the  col- 

lei  tioii  ean  be  combined  witli  at  lf.-i<<t  one  ele- 
ment of  the  {•oUt'ction  s«  as  to  obiiuu  the 
ideiilil]/-  Among  the  most  coniinon  additional 
restrictions  are  the  following;  wlien  the  elements 
are  combined,  or  mulliplied  togfther,  the  asso- 
ciative law  holds,  tuid  if  any  two  of  the  ^yuibola 
in  the  equation 

aqr  —  « 

are  replaced  by  dementa  of  the  ooUeetkm  the 
equation  has  always  one  and  only  one  root  in 

the  eolloction. 

tin  -o  restrictions  are  iwimlty  inipose<l  on 
the  eieJKcnts  of  a  finite  coUci  tion  reprwiciuuig 
a  mulhematieal  group,  but  frcciuenl  exceptions 
appear  when  the  collection  contains  an  infinite 
number  of  elemeota.  Cf.  Lie,  Tfuurie  der 
Tnauformaliimffrupptnt  mriume  1,  pa^  1^3, 
when  an  infinite  group  which  doea  not  involve 


the  inverse  of  any  one  ol  its  elenjcnts  is  dii^ 
cussed.  Some  writers  oootend  that  even  an 
infinite  coUeotion  does  not  tepreaeDt  a  group 
unlew  its  elenents  satisfy  all  the  condittons  of 

combination  noted  above.  Cf.  A.  Loewy, 
Archiv  der  Mathemalik  vnd  Physik,  volume  9, 
i  lOOVi,  page  Id.'),  where  it  is  stated  that  the 
dfctiiution  jdveii  on  page  21S,  volume  1,  En- 
cykloiKuln  di  r  Mathcmnl'scht  ft  W issrnschaften, 
is  incorrect  as  regards  inhtute  groups,  beeause 
it  is  satisfied  by  a  collection  of  elements  which 
does  not  include  the  inverses  of  its  elements. 
A  group  in  the  most  restrictive  sense  of  tlie 
tenn  has  been  called  ordMuvy  group  by  L. 
Autonne,  Paris,  Compte*  Hm&us,  vol.  143 
(1900),  p.  071. 

E.  Cialoiti  (lSIl-lbkj_'j  aeetiiii  to  liave  first 
used  the  term  group  with  a  technical  mathe- 
matical nieaniiip.  In  fnrtj  Galois  and  the 
other  writtns  before  tlie  iruddle  of  the  nine- 
teenth century  practically  confined  t  heir  group 
theoiy  studies  to  finite  grouixs  whose  elemeuta 
are  represented  by  substitutions,  and  every 
finite  collection  of  substitutions  satisfies  the 
most  restiictive  definition  of  group  noted  above 
provided  It  satlsBes  the  most  general  teehnleal 
definition.  Difficulties  a.s  regards  the  most 
desirable  dcfinitioris  of  the  leehnical  term 
group  l>e>;;iii  to  a[)p*'ar  \\  hen  A.  f\'iyi(>v  in- 
augurated tlie  -stud>-  of  al)Htract  grou[w  (1S.">1), 
and  .lord.aii  exliibirnl  the  wide  usefulnes.s 
of  iniioite  groups  (ISGS).  These  difficulties 
cannot  be  regarded  aa  solved  at  the  present 
time. 

In  a  broad  way  graupa  have  been  divided 
into  four  categoriea,  aa  follows:  Finite  discon- 
tinuoue,  infinite  diarontinuous,  finite  continuous 

and  infinite  continuoiw.  The  first  of  these 
(•ategorics  of  gnnips  began  to  \w  st  udied  during 
Ihi-  latter  luiif  of  the  cigh'i-riit h  rrntiiry  in 
connection  with  the  solution  of  algebraic  equa- 
tions in  one  unknown,  and  the  termiiiulony 
thus  developed  was  largely  transferred  to 
.similar  cuncpnts  arising  in  connection  with 
the  study  of  toe  other  categories.  Among  the  • 
important  coooepts  common  to  all  of  these 
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catt»gori<\H  arc  tlio  following:  subgroup,  inva^ 
iant  subgroup,  conjug:tte  groups  iiiul  quotient 
group.  It  may  bo  noted  thiit  .some  groups 
whicn  arc  continuous  in  tho  terminology  of 
S.  IJe  (184:^-lS99)  have  been  called  discon- 
tinuouB  by  H.  Taber,  BulUiin  of  the- American 
Mathmaiieal  Society,  vol.  U  i  l'.KK)),  p.  202. 

An  illustration  of  a  Doup  iu  the  most  geneiHl 
mathanatical  sense  is  niraiihed  by  ilie  natural 
numbers  when  thry  arp  combioea  by  addition 
or  multipUcation,  or  l)y  both  of  these  operations 
separately.  When  the  positive  and  negative 
intrgers  togetlur  with  0  are  combine<i  by 
afliiition  there  rc8ults  u  group  in  the  most 
restricted  sense.  Both  of  these  are  infinite 
diaeorUinumu  groups.  An  instance  of  a  finite 
dincontimuna  group  is  furnished  by  the  24 
movements  of  space  which  tranafoim  a  cube 
into  itself,  while  the  totality  of  the  movements 
of  space  which  transform  a  point  into  itself 
constitutes  an  illustration  of  a.  finite  contiiiuoiLS 
group.  The  element.^  of  a  continuous  group 
arc  not  fienurncniblc.  Such  a  group  is  com- 
p<:)8e(l  of  one  or  several  families  of  transfor- 
nnition^  caeh  (Icpending  upon  a  finite  number 
of  parameters. 

An  infinite  continuous  group  contains  an 
infinite  number  oC  parameters,  or  one  or  more 
parametric  funetioos.  The  theor>'  of  infinite 
continuous  groups  has  been  less  developed 
than  that  of  finite  continuous  groups.  In  all 
cases  except  i>erliaiis  that  of  finite  discon- 
tinuous groups  there  is  as  yet  no  uniformity  of 
u.sage  regards  the  esnenee  of  the  re^itrietion.s 
to  be  imposed  on  the  most  general  technical 
definition  of  a  group  although  the  restrictions 
imposed  hy  S.  lie  have  Been  very  widelv 
adopted  in  works  on  continuoxis  groups.  It 
should  be  emphasized  that  a  collection  abne 
is  mA  a  technical  group.  There  must  he  dso 
some  law  of  combination. 

The  concept  involved  in  the  most  general 
technical  definition  of  the  term  group  is  (hat  of 
a  system  of  eleuieuth  which  in  ciuscil  a.s  regards 
one  or  more  than  one  method  of  cfimbining 
these  eieiiients.  'i'his  concept  is  a»  old  as 
mathematics  itself  since  it  appears  in  the  fun- 
damental operations  of  arithmetic  and  it  also 
tmderlics  Euclidean  geometry.  Cf.  H.  Poin- 
eaxfi,  The  Monist,  volume  9,  1899.  whaio  it  is 
,  stated,  on  page  31,  that  without  the  notion  of 
group  there  woula  be  no  geometry.  In  fact, 
it  appears  probable  that  the  successive  exten- 
sions of  the  number  eoiicej)(,  .so  to  include 
fractions, and  negative,  irrational  and  complex 
numbers,  was  largely  riue  to  tlie  fact  that  the 
most  general  technical  notion  of  group  is 
ingrained  in  us  and  has  influenced  our  int«l- 
lectuai  development.  Notwithstanding  the 
great  impurtani-e  ui  this  ((encral  technical 
notion  and  the  need  of  a  qwcial  name  for  it,  it 
Is  too  geneml  to  serve  as  a  basis  of  a  spedal 
abstr:iet  thcor>-  at  the  present  atsge  of  mathe- 
matical development. 

I. (Tons  to  formulate  an  abstract  dcfinitiim 
oi  group,  sulficiently  special  to  servo  as  a  basis 


for  an  autonomous  theory,  were  inauguarated 
after  the  most  genenil  teeluiical  notion  of 
group  had  been  extensively  appUed  to  a  set  of 
concrete  elements  (substitutions)  which  in- 
trinsically obey  the  associative  but  not  the 
commutative  law  of  combination.  The  theoiy 
of  substitutions,  more  than  the  theory  of  num- 
ben,  thus  furnished  the  model  for  abstiaot 
definitions  of  a  group,  which  were  first  dearly 
formulated  by  H.  \\eber  fl8S2),  and  O.  Fro- 
beniud  (,l5S7j.  8<_)iuewhai  eaxlier  (l-STO)  L. 
Kroaecker  had  formulated  such  a  definition 
for  nn  abstract  abelian  group.  Among  later 
formulatittn.s  of  sueh  deimitions  we  would  refer 
especially  to  those  whieh  ap{)eared  in  the 
Tnmsactiom  of  the  Amcriran  Mathematical 
Society  and  are  due  to  E.  H.  Moore  (1902, 
1904,  1905),  L.  E.  Dickson  (1905),  E.  V. 
Huntington  (1903,  1906,  190S).  a.  W.  A. 
Hurnits,  Annah  of  MaOmaties  (1906-1907), 
page  94. 

An  expUcit  abstract  formulation  of  a  defmi- 
tion  of  group  in  the  most  general  technical 
sensp,  inehiding  both  continuous  and  diacou- 
tinuous  grou{>y,  was  given  by  S.  Lie  in  1871, 
Forhandlinger  VideiukabtSeUkabet,  edited  in 
1872,  page  243;  but  In  the  development  of  hia 
theoiy  of  continuous  groups  Lie  imposed  addi- 
tional restrictions  so  that  his  f^upa  can  be 
defined  by  means  of  differential  etpiatioos. 
In  the  preface  to  volume  3  of  his  T&orie  der 
Transformationsgruppen  ( 1888-1803 ),  which 
aims  to  give  a  pure  abstract  theory  of  finite 
eontinuovi.s  groups,  he  direeted  attention  (p. 
17)  lo  the  fact  that  F.  Klein  used  the  term 
continuou:s  grou|>  in  a  more  general  semae  than 
that  adopted  by  Lie. 

Among  the  other  terms  used  for  group  are 
the  following:  Permutation  (Ruffini),  syalem  of 
conjugate  subtlUtttiOM  or  conjumie  tyslem 
(Cauchy),  clo«ed  system  (Lie  and  Iflein  in  their 
earliest  publication  only) .  The  term  employed 
by  Cauchy  has  been  extensively  used  by  others, 
espedally  by  French  writers.  In  partii  ular, 
it  is  used  in.slead  of  group  in  the  Cuurti  d'alghbre 
nupirkaiti  by  J.  A.  Serret,  being  retained  in 
the  sixth  edition  (1910).  \\  lien  a  jjurt  of  the 
elements  of  a  group  oonstitute  a  group  the 
lattw  la  called  a  stio0nnip  or  a  dwiMr  of  the 
former. 

When  the  elementa  of  a  group  are  ssrmbob 
of  operation  having  no  intrinsic  properties  the 
group  is  said  to  be  abstract:  when  these  symbols 
have  intrinBie  properties  the  group  i.'^  -aid  lo  be 
concrete.  Abstract  groups  are  sometime.--  l  alled 
general  groups.  It  is  therefore  niK.si^arj'  to 
distinguish  between  general  groups  and  groups 
satisfying  the  most  general  technical  definition 
of  this  term.  When  the  elements  of  a  group 
combine  according  to  the  commutative  law  the 
npop  ia  said  to  be  eommutatit>e  or  abelian. 
When  the  dements  of  a  group  represent 
geometric  concepts  the  group  la  called  a 
geometric  group.  Groups  which  are  not  gco- 
mctfic  are  usually  called  al{;ih;aic  or  'imil^/lic. 
When  tlie  elements  of  a  group  are  represented 
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by  subsUtutuHis  it  is  called  *  tubttituHan 

group. 

If  si  and  «j  rcprcficnt  two  elompniF  of  a  f>Toup 
G  the  element  «j  si  is  calletl  tlic  tmn^form 
of  *!  with  rr.-pi'ct  1(1  >,.  W'lii-ii  ,s-  ri'Jiiiiins 
fixed  wlule  is  r<»plar*ed  surresaively  by  all 
the  elements  of  G  there  results  a  totality  of 
elements  known  as  the  conipicte  ttel  of  con- 
jugatts  of  St  under  G.  The  eiementa  of  ihk 
set  when  they  are  combined  in  eveiy  poanble 
tnanner  generate  a  group  which  mdlima  the 
complete  set  of  conjugates  of  all  its  elemoits 
under  G.  When  this  group  is  not  identic^ 
with  G  it  is  said  to  be  an  imitrianl  or  self- 
conjugaU  mbyrmp  of  G.  All  iu  variant  sub- 
group it^  <  lmnu'teruted  by  the  fact  that  it  in- 
cludes the  complete  pets  of  conjugates  of  each 
of  its  elements,  and  when  a  group  does  not 
contain  anv  such  subgroup  b^dcs  the  iden- 
tity it  is  called  a  simplf  group.  A  group  which 
is  not  simple  is  said  to  be  compotUe.  Invaiiant 
subgroups  are  also  called  nernud  dtvinora, 
proner  ainsors,  tnonolypic,  itelf-coti jugate,  elc. 

When  all  the  elements  of  a  group  H  are  trans- 
formed by  an  elemeni  «  of  H,  or  of  ;i  liir^t  r 
group  G  in  which  H  unpears  as  a  subgroup, 
thf  rc  results  a  group  tl'  known  as  the  coji- 
jugtUe  of  //  with  respect  to  8.  It  rraults 
directly  that  H  is,  in  turn,  the  conjugate  of 
H'  with  respect  to  the  inverse  of  «,  or  s~'. 
When  s  represents  suooeaeively  all  the  elements 
of  G  there  ceeutts  a  emfid*  aef  «f  cm&ugakt  «f 
H  under  O.  A  neoenafy  and  snffident  con- 
dition that  H  is  invnriinit  imdrr  G  is  tliat  all 
of  these  conjugates  arc  idciif icaHs'  equal  to 
fiich  Kthcr,  All  tlif  clctiuiits  of  <!  can  lx< 
fiiviiirij  witli  rc>iport  to  //  into  set.s  :kiiii\Mi  as 
fcv-.v*  f.s  i,  and  w  hcti  //  iM  iii\'ari(irit  these  sets 
combine  as  unita  and  constitute  a  group  calle<l 
the  qnoi.n  iU  ijiaup  of  G  with  respect  to  H, 
which  in  denoted  by  GJU.  A  quotient  group 
is  abo  called  ^faelor  groups  or  a  eomftemeniary 

The  elements  of  an  abstract  group  are  often 

ennf'd  njurnltirx  or  iiiurnlion.t.  When  the 
niirnh<T  of  fhe^e  opcralur^  is  liiiife  it  is  called 
I  he  nrfli  i-  of  the  group.  On  the  other  liand, 
tiie  order  of  a  finite  continuoiLs  nrou[>  is  the 
number  of  its  arbitrary'  paramct^  rs.  A  sub- 
stitution gjroup  on  n  letters  is  said  to  be  of 
tUgne  n.  Some  writers  use  order  for  de^ee 
and  vice  versa.  A  substitution  group  is  said 
to  be  reffukar  when  its  order  i.s  equal  to  its 
degree  and  every  substitution  bestdes  the 
identity  fnvolvps  all  the  lettera. 

Wlieii  eai  li  li  f((  r  of  a  substitution  group  is 
r*-|jla  «.  1  by  a  {jariji  ular  letter  in  some  sub- 
stitution of  the  group  it  is  <  ailed  a  Iratixidie 
group.  .\  regular  group  is  ne^-cs.siirily  tran- 
sitive. When  a  substilutittn  grouji  i.s  not 
transitive  it  is  said  to  be  irttroHgUw.  A  tran- 
sitive substitution  group  whose  letters  can  be 
divided  into  sets  such  that  evenr  substitution 
of  the  group  transforms  all  the  letters  of  each 
of  these  sets  either  among  themselves  or  info 
thotH2  of  another  one  uf  these  sets  is  adled 


imprimUiee  or  ii«M9r»tm(iM.  ^AU  tiaosttive 

f;roupfi  which  are  not  hnpnmitiTe  are  said  to 
)e  primitin.  Wiile  tlie  term  prinuti%-e  is  posi- 
tive it  iff  usually  defined  neKativel\  and  the  eon- 
verse  is  tnie  as  rrpards  the  term  inijiriniitive. 

It  JS  imiiortant  to  note  that  in  the  tiw*orj'  of 
continuous  ^jrouiis  the  intransitive  grouiie  are 
classed  witli  the  imprimitivo  groups  while  this 
is  not  done  in  the  case  of  fiaite  suhstitutioD 
group.  A  substitution  f^mxp  wludi  involvea 
all  the  po^ible  substitutions  «o  its  letters  is 
called  symmetric.  The  synunetrio  group  of 
degree  n  is  of  ordern!  The subetitution  group 
composed  of  exactly  half  the  substitutions  of  a 
symmetric  group  is  called  aUemaiing.  When  a 
substitution  iin<u]>  has  the  property  that  it 
replaces  a  sub-set  of  r  of  the  letters  by  every 
possible  such  set  of  its  letters  it  is  said  to  Ije 
r-times  or  r-fold  transitive.  The  alternating 
group  of  degree  n  is  (n  -  '2  Hold  tran^ve  while 
the  syounettie  group  of  this  degne  may  be 
said  to  be  either  (n>-l  Hold  ort»^old  transitive. 

There  arc  groups  which  are  composed  of  a 
finito  number  of  families  of  continuous  trans- 
formations. For  instant  (',  the  movements  of 
the  plane  which  transform  a  point  into  itself 
and  are  rejtresented  by  the  foUcnriBg  two  sets 
of  equations: 

x'  =  X  cos  9  —  y  sin  ff, 

«x8in9+iroos9, 

and 

«'»seoBf+ysuitf, 
y^vrdntf^yeoaf. 

These  two  families  of  continuous  transform- 
ations constitute  a  group,  but  one  cannot  pass 
continuously  from  a  transformation  of  the 
former  tMx>  to  one  of  the  latter  since  the  deter- 
minants of  the  former  are  equal  to  unity  while 
thoae  of  the  latter  are  eqiuki  to  —  1.  Such 
groups  are  sometimes  csIIm  muvd  or  eompfasr 
grou]is. 

'I'here  is  still  a  i-on-siiit-ritble  la<  k  of  uni- 
formity a.s  regards  the  use  of  terms  m  jxroup 
theorj'.  For  instance,  the  term  prmcAfml 
grmip  (Hauntgninpe)  was  used  by  G.  Fro- 
beiiius  (Crelu,  vol.  86,  1H79,  j).  219)  to  repre- 
sent the  group  formed  bv  the  identical  element, 
while  F.  lUein  employed  the  same  term  for  the 
continuous  mixed  group  of  movements  whose 
invariants  constitute  elementary-  geometry. 
Similarly,  the  term  anhnrvionic  group  has  been 
en!plo\i'd  fill'  two  di-iini'i  groups;  vi«.,  for  a 
^roup  I'f  order  tj  wliieh  ubev's  the  same  laws 
«if  ritnibinaniwi  as  the  synunelri'  group  of 
degree  A,  ami  hence  is  said  to  be  i^inipiy  imnnor- 
p}tic  with  this  group  (I'ascarH  Rtpcrtorivm, 
vol.  i,  1910,  p.  and  also  for  the  non-cyclic 
group  oif  ortlcr  4,  commonly  known  as  the 
four-gnup  (Capeili,  Jttituiioni  di  analiti 
eigwriea,  1909,  p.  111). 

Group  theory.  The  .systematic  develop- 
ment of  theorems  relating  to  properties  of 
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groups  is  known  as  group  theory.  Anion)?  t  he 
various  branches  of  this  science  the  theory  of 
substitution  groups  is  the  oldest,  having  been 
fcNmded  by  A.  L.  Cauchy,  abmit  184S,  and 
fint  embodiBd  hi  the  fonn  ol  »  npaiste 
treatiae  by  C.  Joidan,  TraUi  i$»  mAttitutioM 
el  ^uatiom  algAHques,  1870. 

The  theory  of  Buhstiiutions  contains  two 
large  branches.  The  nlder  of  those  is  Home- 
(inics  callwl  tho  theory  oi  jxTniiitaiioii  grnups. 
and  is  based  on  the  possible  intcrchiingt-s  of 
letters,  while  the  other  branch  is  involved  in 
the  theoiy  of  linear  tranaformationa,  and  ia 
commonly  known  aa  the  theory  of  linear  aub- 
ftitutim  BoniM. 

Tbo  tSeory  of  finite  abrtiaot  groups  ia 
intimately  connecttKl  with  the  two  tneones  of 
substitution  groups  just  noted  and  wa-s  first 
embodied  in  the  fornj  of  a  separate  treati.'<c  by 
W.  Burnsidc,  Thrvri/  of  groups  of  fiidk  order, 
1897;  fMToiid  f<iitiiiii  with  greater  t'lnpli:!^!^ 
on  linear  ^roupfl,  1911.  These  three  thmries 
are  sometimes  referred  to  as  at^/Araic  group 
Ihtory,  There  is,  however,  no  clear  line  of 
distinetion  between  algebraic  group  theoiy 
•ad  the  iieup  theones  of  aiudvsis  and  gBomstnr. 

^The  tfroup  theory  of  anaqrsiB  may  also  be 
divided  into  three  large  branches,  \n7,.,  tlu  (ir\' 
of  finite  continuous  groui>s,  theory  of  luliinte 
continuous  groups,  ami  ihi  jry  <jf  groups  of 
autoinorpliic  functioujj.  The  first  of  these 
tliturirs  was  first  developed  in  a  systematic 
manner  by  S.  IJe,  Thcoric  der  Trnnxforinn- 
tionsgruppen,  three  large  volumes,  wliilc  the 
last  was  traated  in  volume  1  of  AtUomorphe 
Fmetbnun  fagr  R.  FnA»  and  F.  Klein,  1807. 
No  nrstematw  tieatise  on  the  general  theory 
of  infinite  eontimious  groups  has  yet  been 
pubUdied. 


Geometric  group  theory  is  based  on  the 
group  theories  of  algebra  and  analysis.  In 
geometp'  the  group  concept  has  entered  more 
widely  into  the  varioua  developmente  than  in 
algebra  or  in  analyna.  Among  the  treataaes 
devoting  considerable  space  to  geometric 
groups  we  may  mention  Klein's  Eiiueilung  in 
dif  liulurc  C'totni.trir,  II,  1893,  and  Lie's 
dromctru'      dt:r  Ihruhrungslraiisformalionen, 

C.  Ahksia  ])rcparcd  a  general  bibliography  on 
group  thcoo',  which  waa  published  in  voliunee 
18-22  of  A^ritto  di  firica  maiemaliea  e  scienze 
naiur<di,  Favia.  A  biblio0»i>by  relating  to 
finite  groiqi*  tofether  mui  many  historical 
data  may  be  found  in  the  Cotutrvetwe  decdop- 
menl  of  group  thtory  by  B,  S.  Easton,  lOOiZ. 
Among  the  treatises  on  the  theory  of  groups 
which  were  not  not^  i  ali  ive  are  the  following: 
E.  Xctto,  SubitUuliomnlheorie,  18S2;  trans- 
lated into  ItaUan  bv  CI.  Buttaghni,  1885,  and 
into  English  by  F.  N.  Cole,  1892;  S.  Lie  and 
G.  Scheffers,  Vorksungcn  tiber  Differential^ 
gUichungen,  1891,  and  Vorlamn^m  titer  kon- 
HnuicrUche  Gruppen,  1893;  G.  Vivanti,  Teoria 
dm  grupfi  di  trim^fornmsioni,  1898;  tniMdated 
into  Frandi  by  A.  Boolanger,  1904;  L.  %mehi, 
I^zioni  suXla  Ihtoria  dei  gnijipi  di  sostihizioni, 
1900;  L.  E.  Diclcsou,  Linear  Croups,  11K)1; 
J.  E.  Campbell,  Theory  of  Continuous  Group$f 
1903;  J.  A.  do  Siguier,  Groupcs  Abstraits,  1904; 
(i.  Fubini,  Teoria  dei  gruppi  disconlinui  e  dclle 
fumioni  aulomorfe,  1908;  H.  Hilton,  Firiite 
d'ronyjs,  1908;  E.  Notto  Gruppen-  und  Svb- 
stitutionaUheorie,  1908 ;  J.  A.  de  o«niier,  Groupes 
de  SubstUutiona,  1912;  JNIiller,  Oichfeldt  and 
Dickson,  Theory  and  AppHeaHont  of  Finito 
Oroupa,  1916;  H.  F.  Blichfeldt,  FiitUtCoUinta- 
Hon  arwp$,  1917. 


FUNDAMENTALS  IN  THE  MATHEMATICS  OF  INVESTMENT. 
By  EDWARD  LEWIS  DODD,  Univenitr  of  Tans. 

§  1.  Introduction. 

In  most  books  on  the  mathematics  of  investment  tlu  re  in  a  wealth  of  formula 
somewhat  forbidding  to  the  casual  reader,  however  necessary  it  may  be  to  the 
accountant  or  actuary.  It  is  the  object  of  this  paper  to  present  in  rather  com- 
pact form  some  of  the  fundamentals  of  the  subject,  with  a  few  general  formulas 
of  wide  application. 

§  2.  Interest  and  Discount. 

The  mathematics  of  investment  deals  with  the  increment  of  rnhic.  If  P 
units  of  value — say  F  dollars — at  one  moment  of  time  are  worth  or  conceived 
to  be  worth  8  umts  at  a  later  moment,  the  increment  iS  —  P  is  called  the  interetP^ 

'  For  the  general  theory,  it  ia  immaterial  whether  the  change  of  value  is  brought  about  by 
a  loan  or  by  »  series  of  oommercial  tnnaaetlon^  indeed,  whether  the  ineiement  is  positive  or 
negative. 
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(on  P),  and  this  same  difference  is  called  the  HBeotaU  (on  S)  for  the  period  of 
time  determined  by  the  given  moments.  The  ratios 

S  -  P 

are  reapectivdy  the  mto  d  intertH  and  the  rate  of  diteowU  for  the  period. 

Discount  is  also  called  mtereH  in  admmeet  8  is  called  the  amount  of  P,  and  P 

the  present  valm  or  present  worth  of  8;  P  is  often  called  the  principtd  or  capital. 
If  each  dollar  of  P  increases  hy  r,  the  total  increase  is  S  —  P,  thr  f^Wcn 

increase.    The  interest-rate  for  a  period,  then,  may  just  as  well  be  dctined  as 

the  increase  of  one  (dollar)  diu-ing  the  period.    In  place  of  a  dollar,  any  unit  of 

money  or  value  may  be  used. 

Likewise,  if  from  each  dollar  of  S,  the  value  at  the  end  of  the  interval,  the 

same  deduction  u  is  made,  the  total  deduction  ia  S  —  P,  the  diffamioe  between 

the  ultimate  and  initial  value  of  the  monev  in  question.   Thus  u  may  be  defined 

as  the  discount  on  one  (dollar)  for  the  period. 

The  sum  of  money  1/(1  +  r)  at  the  beginning  of  the  period  becomes  one  at 

the  end  of  the  period.  The  former  is,  thm,  the  present  vahie  or  present  wortk 

of  the  latter,  and  may  be  designated  by  «.  Then 


l  +  r 


1  -  tt.  (2> 


Illtuftration. — A  man  borrows  $100  for  one  year  at  a  discount  of  4% — or  at 
4%  interest  in  advance.  In  this  case,  he  actually  receives  $96  and  must  pay 
$100  at  the  end  of  the  year.  Thus,  II  due  in  one  year  u  worth  S.96  now; 
tc  =  .96.  The  discount  on  $1  is  $.04;  u  =  .04.  The  interest  is  94  on  196, 
the  interest  rate  is  about  4|%;  r  «  .0416  +• 

§  3.  DsBiVKD  IvnssEVt  Rates. 

Let  r  be  the  interest  rate  for  eadi  of  n  oonsecutive  periods^  of  time.  I  hen 
an  initial  P  (dollars)  becomes  P(l  +  0  at  the  end  of  the  first  period,  P(l  +  r)- 
at  the  end  of  the  second  period,  •  •  *,  P(l  +  r)*  at  the  end  of  the  nth  period. 
For  the  sake  of  siniplic  ity,  the  P  may  be  dropped.  The  amount  of  one  for  the 
entire  period  or  term — ^formed  by  Wining  the  »  consecutive  periods — ^is 

1  +     «  (1  +  T)\ 

where,  by  the  dehnition  of  §  2,  »*„  is  the  inltresl  on  om  for  the  entire  period  or  term. 
In  conformity  with  this,  the  amount  of  one  for  t  periods,*  where  t  is  any 

•  The  periods  need  not  be  of  equal  length,  ilie  mitrtist  tiuirged  for  l  ebruary  may  be  the 
.sninc  as  for  March.  So  far  M  the  theory  goes,  there  is  no  reaeoD  why  the  periods  should  be  even 
approxiinately  equal. 

*  Even  this  does  not  require  the  perioda  to  be  of  equal  length.  MomoQte  of  time  ate  meie^ 
to  be  in  one-to-one  oorreHpondeDce  with  real  numbcn,  the  later  of  two  moments  to  be  associated 

with  the  number  algebraically  greater. 
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positive  real  number,  is  defined  to  be 


1  +  n  =  (1  +  r)'. 
The  interest  on  on«  for  the  entire  period  is  then 

r,«(14-r)'-l. 


(4) 


(3) 


If  tct  and  ut  refer  to  this  new  period,  it  follows  from  (2)  and  (3)  that 


1 


=  1  —  Mi  =  W(  "  to'  =  fl  —  U)'. 


(5) 


1  +  fi 


lUviiration. — Many  banks  pay  a  "nominal  4%"  eomerUhh  gemironnuaUy. 
This  means  that  they  pay  2%  for  6  months.   Then  $100  becomes  S102  at  the 

end  of  0  months,  and  this  $102  heromes  j5ll)4.04  at  the  end  of  the  next  6  months. 
This  makes  S  I. 04  the  Inteiest  on  SI 00  for  one  year,  and  the  interest  rate  for  the 
year  is  4<>'5%.  This  is  in  conformity  with  (4)  wliere  the  original  period  is  6  mo., 
r  «  .02,  i  »  2,  f  I  «  .0404. 


If  in  Equation  (4),  the  Binomial Tlieorem  is  used  and  only  two  tarns  retained, 
the  result  is  simple  interest  on  one  (dollar).  The  error  of  the  approximation, 
using  simple  interest  for  compound,  is  the  sum  of  the  terms  after  the  second  in 
the  binomial  expansion. 

If  P  at  one  mamoA  is  wottii  Q  at  anoHier  moment,  t]i«i  P  and  Q  will  be  said 
to  be  s^uMmiI  to  each  other.  Thus,  equivalence  involves  the  notion  of  time 
as  well  as  of  value. 

A  fundamental  property  of  compound  inierest  is  the  following: 

Tico  ^ums  qf  money  each  e^ivcUent  to  a  third  sum  qf  money  are  equivalent  1o 
each  oilier. 

Thus  P  at  one  time  is  equivalent  to  P(l  +  fY  after  the  lapse  of  the  time  i,- 

This  in  turn  is  equivalent  to  P(l  +  r)'+''  after  the  further  lapse  of  time  t'. 
But  the  latter  is  also  equivalent  to  the  original  principal  P  after  the  lapse  of  the 

time  t  +  t'. 

Thus  the  initial  and  the  ultimate  value  are  each  equivalent  to  the  middle 
value,  and  they  are  equivalent  to  each  other. 

But,  if  Hmpile  intereH  is  used,  two  sana  of  money  each  equivalent  to  a  third 
are  not  equivalent  to  each  other. 

For  major  financial  computations,  simple  interest  would  he  absurd — ^although 
it  often  gives  a  permissil)le  ajjproximation  for  a  fraction  of  a  year. 

Thuif  the  amount  mti^t  be  an  exponeniial  Junction  oj'  the  time;  it  can  not  be  a 
Hnear  function  of  the  time. 

The  amount  is,  indeed,  a  linear  function  of  the  principal.  Thus  often  we 
may  ignore  the  prindpal  at  first,  and  merely  use  it  as  a  multiplier  as  the  concluding 
step  in  a  problem. 


§  4.  CouPOUND  Intebest  vb.  Sdiplb  Intkbbst. 
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lUutiraUon, — ^If  »t  5%  simple  interest,  $100  is  loaned  for  4  years,  it  becomes 
1120;  and  if  this  is  rdooned  for  6  years,  it  beoomes  f  156.  IVhereas,  if  the  $100 

were  loanecl  for  10  years  straight  the  amount  would  be  only  S150. 

But  if  $100  is  kept  continuously  at  strict  5%  componnd  interest  for  10  years, 
tlie  amount  will  be  exactly  §100  (1.05)^",  evea  if  the  money  changes  hands  a 
dozen  times. 

§  5.  Febpiiitiiities. 

A  'perpetuity^  is  an  infinite  series  of  viUues,  associated  with  moments  of  time 
which  extend  indefinitely  into  the  future,  ^ese  moments  are  usually  thought 
of  as  the  end  moments  of  the  periods  into  whidi  they  divide  time.   When  it  is 

desirable  to  associate  the  values — usually  called  payments — with  the  initial 
moments  of  the  periods,  the  perpetuity  is  called  a  perpduUy-due,  or,  often,  an 
immediate  perpetuity.  Unless  othcrwiiic  sta  ed,  the  payments  of  the  perpetuity 
are  to  be  taken  as  all  equal;  indeed,  frequently  it  is  understood  that  each  pi^r- 
ment  is  a  payment  oi  one  (dollar). 

If  r  is  the  interest  rate  for  each  period,  the  present  value  ojf  a  perpetuUt/  of 
one  pw  period,  payable  at  the  end  of  each  period  forever  is 

b^^\;  (6) 

and  tiie  prmniwhte  of  a  perpetuity-due  d  one  per  period,  payable  at  the  beginning 
of  eadi  period  forew  is 

5-  =  --  (7) 

For  1/r  will  yield  as  interest  one  at  the  end  of  each  period  forever;  and  1/tt 
will  yield  as  interest  in  advance  one  at  the  beginning  of  each  pwiod  forever. 
The  interest  is  to  be  withdrawn  as  soon  as  it  falls  dnc. 

Illustration. — A  building  must  be  reconstructed  at  the  end  of  every  25  years, 
at  an  expense  of  $10,000.  What  sum  of  money  put  out  at  4%  compound  interest 
will  pay  for  the  renewals  forevaf  Let  tn  be  the  interest  rate  for  the  period  of 
25  years.  Then  from  (6)  the  required  endowment  is 

10,00o(^)  =  ^^^(S)  "  (.0240120),  =  $6003, 

as  found  by  iisini;  a  moucLury  table. 

A  perpetuity  deferred  t  periods  is  a  series  of  perpetual  payments,  tlie  first  pay- 
ment to  be  made  after  the  lapse  of  1  + 1  periods, — thus  the  first  payment  is 

made  t  periods  later  than  it  would  normally  be  made.   This  i  may  be  any  positive 

real  number, ^ — indeed  t  may  be  negative,  if  the  forhnnw  prrppiniiy,  to  be  con- 
sidered presently,  is  counted  as  a  special  case  of  a  deferred  annuity.  It  follows 
from  (5)  and  (6)  that 

^  If  $4  is  tu  be  eullccted  as  interest  on  $100  the  end  of  each  year  forever,  this  iii  called  a 
peipetuity. 
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.  =  ».(i) 


(8) 


is  the  present  value  of  oiie  per  period  forever,  the  first  payment  to  be  made  aiier 
the  lapse  of  1  + 1  periods. 

LilKwise,  for  the  perpetmtif-dw  deferred  i  perioda, 


is  tiie  present  value  of  one  per  period  forever,  tlie  first  payment  to  be  made  after 
tile  lapse  of  i  periods. 

Now  (1  +  r)'6„  at  any  given  moment  is  equivalent  to  for  that  moment 
ca  lier  by  t  periods,  and  hence  is  the  "present  vahie"  of  a  perpetuity  whose  first 
payment  was  made  i  —  1  periods  earlier.   Thus,  for  this  forborne  perpeiuHyt 


is  the  sum  of  the  "amoimte"  of  the  earlier  payments  d  one  per  period,  begun 
t  —  1  periods  earlier,  and  tiie  "piesent  yahies"  ot  the  later  payments  of  one  per 

period  ad  infinitum. 

Likewise,  for  the  perpeiuiiy-due  forborne  i  periods. 


is  the  sum  of  the  amounts  of  die  earlier  payments  of  oits  per  period,  b^n  i 
pmods  earlier,  and  the  present  values  of  the  later  payments  of  on«  per  period 
in  regtdar  continuation  forever. 


An  annuiiy  is  a  series  of  periodic  payments.  The  payments  are  usually 
eqnal  and  limited  in  number. 

A  prapetuify  may  be  considered  as  an  annuity  with  an  infinite  number  of 
payments.  And  an  annuity  may  be  eontidered  a»  ike  difference  belween  two  per- 
petuities  starting  at  (liferent  time.9. 

The  value  of  an  annuity  may  be  required  at  any  time.  But  usually  its  value 
is  required  (1)  at  the  time  of  the  first  payment,  or  (2)  one  period  before  this 
payment  is  made,  or  (3)  at  the  time  of  the  last  payment,  or  (4)  one  period  lata 
than  the  last  payment.  Taking  n  as  the  numbw  of  payments,  these  four  values, 
in  order,  are 


(9) 


(10) 


(11) 


§  6.  Annuities. 


(12) 


(13) 
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c,«(l  +  r)*(i)-i-7.  (14) 

C.-a  +  r)"(l)-Uj,  (15) 

where  each  payment  is  one,  as  is  seen  by  referring  to  Equations  (3)-(ll). 

These  four  formulas  can  he  proven  without  reference  to  perpetuities.  To 
prove  (14),  note  that  an  initial  one  (dollar)  is  worth  r  per  period,  payable  at  the 
end  of  each  period  for  n  periods,  together  with  cm  at  the  end  of  the  nth  period — • 
'  thb  terminal  one  is  prindpal  returned.  But  an  initial  one  is  also  worth  (1  +  r)* 
at  the  end  of  the  nth  period.  Hence  r  per  period  lor  n  periods  is  worth 
(1  r>"  —  1  at  the  end  of  the  nth  period.  Thus  one  per  period  for  n  periods  is 
worth  J  (1  +  r)"  —  l}/r  =  r^jr,  at  the  end  of  the  vih  period. 

The  most  common  proof  of  these  formulas  involves  the  summing  of  a  geometric 
progression. 

/tfiMtrafum. — ^If  a  man  deposits,  in  a  bank  that  pays  4%,  $100  at  the  rad  of 

each  year  for  25  years,  the  accumulation  to  his  credit  at  the  ^d  of  the  25  years 
will  be  $4,164.59,  as  found  from  a  table  based  upon  (14). 

The  terms  deferred  and  forborne  are  applied  to  annuities  in  the  same  way  as 
to  perpetuities.    Thus,  the  present  \  aluc  of  au  annuity  deferred  i  periods  is 

Bn  and  Cm  are  respectively  the  "present  value"  cuod  "accumulation"  <^  an 
annuity-due, — here  a  payment  is  made  at  the  beginning  of  each  interval. 

In  (12)-(15),  the  r  and  u  are  respectively  the  interest-rate  and  discount- 
rate  for  the  period  between  payments.  If  an  interest  rate  is  given  for  some  other 
period — say  for  a  period  of  length  t — then  by  (3)  and  (2)  these  formulas  (12)-(15) 
may  be  transformed  to  involve  explicitly. 

The  following  interesting  and  useful  rdations  may  be  eanly  proved  alge- 
braically or  arithmetically: 

§  7.  Varying  Annuities  and  Perpetuities. 

It  has  been  found  that  l/u  will  furnish  one  at  the  beginning  of  each  period 
forevpr.  Required  the  capital  that  will  furnisli  one  at  the  hepinninp  of  the  first 
period,  two  at  the  beginning  of  the  second  period,  and  so  on,  increasing  forever. 
These  payments  will  be  furnished  if  a  perpetuity-due  is  started  at  the  beginning 
of  each  period.  The  capital  required  for  this  perpetuity-due  of  perpetuities-due  Is 

(/«)--^.-  (17) 
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The  foxmiilA  for  a  perpetuity-du«  of  p^fpetuities  is 

(/6).-i.;-i  +  i.  (18) 

This  yidds  one  at  the  end  of  the  first  period,  itoo  at  the  end  of  the  second  period, 
and  so  on,  increasing  forever. 

An  increasing  annuity  or  perpetuity  is  one  in  wiiicli  the  successive  payments 
are  in  order,  oim,  fuw,  f Arse,  etc.,  as  in  eounting.  Thus,  an  m<»easing  annuity 
of  n  payments  is  an  increasing  perpetuity  minus  an  increasing  per()etuit y  starUd 
II  periods  later,  minus  also  n  times  a  perpetuity  of  one  started  lilcewise  at  the 
latter  moment. 

A  varying  annuity  or  perpetuity  may  have  payments  forming  an  arithmetic 
progression  of  second  or  higher  ordor.  A  reader  interested  in  such  annuities  is 
referred  to  "The  Institute  of  Actuaries'  Text  Book,  Part  I,"  pages  40-^. 

§8.  Complete  Annuities. 

Sui^ose  tiiat  the  interest  r  on  one  (dollar)  is  collected  at  the  end  of  each 
of  m  consecutive  periods.  If  the  loan  is  continued  for  the  fraction  i  of  a  period, 
and  the  "face"  of  this  loan — viz.  one—\s  then  collected,  interest  for  that  fraction 
<  of  a  period  is  also  due,  to  the  extent  of  rt,  as  per  (4).  Now  the  interest  payments 
of  r  each  form  an  annuity,  and  the  single  payment  of  u  is  said  to  complete  this 
anntdty.  Likewise,  if  1/r  is  loaned,  an  annuity  of  one  per  period  results,  whick  is 
eomphted  by  the  payment  of  rj/r. 

Let  the  whole  term  of  tlie  loan  he  n  periods.  Tlien  n  =  m  +  t.  Now  an 
initial  1/r  has  at  the  end  of  n  periods  the  value  (1  +  r)"/r.  Thus,  reasoning  as 
in  §  6,  one  per  period  for  m  periods,  followed  by  the  completing  payment  of  ri/r, 
is  worth  at  the  end  of  »  periods, 

;(l  +  f)"-;-7", 

as  in  (14).  Formula  (14)  has  thus  been  made  valid  for  all  positive  real  values 
of  n  provided  that  the  completmg  payment  is  rifr  when  n  is  not  integral.  This 
completing  payment  approaches  one  when  t  approaches  one,  as  obviously  it 
should. 

Indeed,  formulas  (12)-(15)  are  valid  for  all  positive  values  of  n  if  the  com- 
pleting payment  of  r,'r  is  made  at  the  end  of  the  n  periods. 

Likewise  tlu  y  hold  if  the  set  of  m  regular  payments  of  one  each  is  preceded  by 
an  initial  completing  payment  of  uju,  made  earlier  than  the  first  regular  pay- 
ment by  the  fhu^tion  <  of  a  period. 

Indeed,  these  formulas  will  remain  valid  if  any  set  of  k  consecutive  regular 
payments  is  replaced  by  a  single  payment  of  Ukfu  at  the  beginning  of  the  term 
of  the  special  set,  or  by  a  single  payment  of  r*/r  at  the  end  of  the  term  of  the 
special  set. 


Digitized  by  GoOglc 


394  FUNDAMENTALS  IN  TBX  IIATHEMATICS  OP  INVB8TUSMT. 

If  the  t  above  is  a  fraction  of  a  small  period  of  time,  such  as  a  year,  a  fair 
approximation  for  r,lr,  or  indeed  for  Utju,  will  be  t  itself,  in  most  cases — as  easily 
seen  by  using  the  Binomial  Theorem. 

lUtuiraHon.—On  a  loan  of  $2,500  at  4%,  interest  payments  of  $100  have  been 
collected  regularly  for  a  certain  number  of  years.  The  lender  wishes  the  loan 
of  $2,500  paid  6  months  after  the  last  interest  payment  lias  been  made.  In 
practice  $50,  the  simple  interest  on  the  $2,500  for  C  months  would  be  collected. 
But  this  is  not  the  equitable  interest.  $100  payable  at  the  end  of  a  year  is 
equivalent  to  $49.50  payable  at  the  end  of  6  months  and  $49.50  at  the  end  of 
the  year.  The  interest  on  $49 JO  for  6  months  makes  iq>  the  extra  dollar.  An 
annuity  of  $100  per  year  is  completed  (exactly)  by  $49.50  at  a  moment  6  months 
later  than  a  regular  payment.  This  illustrates  the  fact  that  for  afraetion  of  one 
period,  simple  interest  is  greater  than  comvmivfl  interest,  so  that  a  money  lender 
can  well  afford  to  substitute  simple  interest  ior  compound  interest  for  a  fraction 
of  the  specified  interest  period. 

$  9.  ComiON  Notation. 

To  gain  generaUty,  certain  commonly  accepted  symbols  have  bera  avoided 
in  this  papa  thus  far* 

When  the  year  is  taken  as  the  unit  of  time>  the  usual  symbols  are  as  follows: 

r  =  »,  u  —  d,     «  =  «, 

Thus 

1  -  (1  +  »)*  -  1 

=  — ^ — *   ^  • 

The  corresponding  rate  of  interest  for  one  one-»ith  of  a  year  is  j^/m;  and  the 
corresponding  rate  of  discount  is  /»/m.  Ha«  jm  is  called  the  "ftommai  rate  oj 
infereHp"  and  fm  the  "nominal  rate  c/  dMcount" 

The  equations 

i+i=(i+^^)'-r-a-*r-(i-^-r-*' 

ctmnect  the  most  fundamental  of  these  quantities  where  the  force  of  interest 

S  =  log,  (1  4-  i)  =  lim  jm  -  lim/«, 

»mnt  mmm 

with  i  constant. 

§  10.  COKCLUSION. 

No  attempt  has  bet  n  made  to  display  all  the  formulas  most  frequently  used, 
or  to  introduce  the  reader  to  the  many  fascinating  applications  in  connection 
with  premiums  on  bonds,  amortization  schedules,  wearing  values  of  machinery, 
sinking  funds,  etc. 


1 
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Few  students  of  mathematics  have  any  conception  of  the  beauty  or  difficulty 
of  certain  problems  arising  in  actual  business  transactions. 

But  an  intense  arithmetic  appreciation  of  the  important  relations  underlying 
•imuities  and  perpetuities  irill  go  far  toward  equipping  a  student  to  solve  problems 
of  this  kind. 


BOOK  REVIEW. 

Bekd  all  communications  abodt  books  to  W.  H.  Bcssby,  Uiuv«nity  of  Minnesota. 

Introdiidion  to  Mathematical  Statistics.   By  Casl  J.  West,  Ph.D.,  Assistant 
Professor  of  IMathematics,  Ohio  State  University.  R.  G.  Adams  and  Co., 

Coluuibus,  19  IS. 

In  spite  of  the  wide  divergence  between  tlie  original  sources  and  purposes  of 
matheumtical  btatistics,  the  present  develupment  of  the  iiubject  seeius  to  be  along 
two  main  lines-^that  is,  eitha*  it  presents  statistical  information  consisting  usually 
of  numerical  measurements  in  a  form  easily  and  quidily  int^reted  by  the  eye, 
or  it  derives  and  applies  formulas  for  the  purpose  of  measuring  various  phtiiomena 
presented  by  the  measurements. 

The  first  line  of  development  calls  for  very  elementary  mathematical  know- 
ledge and  has  been  well  treated  by  several  authors,  especially  Brinton.  The 
second  line  of  devdopment  has  been  treated  in  its  various  phases  in  scientific 
journals  and  a  few  English  and  German  books;  it  involves  matiiematical principles 
rangin?  from  tlir  most  elementary  to  the  most  abstruse  but  was  never  presented 
))y  an  American  statistician  in  approximately  complete  form  until  Dr.  West's 
Introduction  to  Mathematical  Statistics  appeared.  The  usefulness  of  the  German 
books  in  tlus  coiinlTy  is  impMied  the  language  while  ail  the  other  foreign  books 
aa  the  subject  are  too  voluminous  to  be  used  as  textbooks  in  American  colleges* 

As  may  be  eaqpected,  Dr.  West's  hook  gives  a  treatment  of  both  fines  of  devd- 
opment and,  considering  the  great  amount  of  literature  of  the  second  kind  in 
variotis  scientific  journals,  shows  good  judgment  in  the  selection  of  important 
principles.  Xo  doubt,  Dr.  West's  book  will  be  widely  used — especially  as  a 
textbook  in  colleges— with  few  rivals  for  many  years  to  come,  although  any  author 
of  a  statistk»l  textbook  would  merit  considerable  praise  even  though  he  did  little 
more  than  encourage  wider  study  and  help  to  standardize  methods. 

The  reviewer  agrees  with  Dr.  West  in  most  of  his  introductory  statements  but 
insists  that  a  knowledge  of  at  least  the  calculus  is  indispensable  to  a  full  under- 
standing of  the  principles  involved  in  the  second  line  of  development  mentioned 
above,  espedally  the  work  of  Pearson  and  his  followers,  some  of  which  is  treated 
by  Dr.  West. 

The  printers  show  a  lack  of  experience  with  scientific  books  or  else  the  proof 
was  not  carefully  read;  the  alignment  is  poor  in  ])laces — for  example,  letters  are 
out  of  line  in  eighteen  different  places  on  page  1?$ — and  typographical  errors  are 
fairly  frequent. 
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PBOBUaiS  TOR  BOLimON. 


A  few  paragraphs  are  poorly  written.  For  example,  the  last  paragraph  on 
page  131  is  surely  not  in  the  form  intended.  Also,  the  expression  Since  Oi  and  a? 
are  not  integers,  in  the  last  paragraph  on  page  135,  seems  to  be  out  of  place.  The 
repetition  of  the  formula  for  K  on  page  138  seems  unneoessary^t  b  given  on  the 
preceding  page.  The  formulas  for  Sz,  Si  and  Si  on  page  98  are  almost  too  badly 
mixed  and  the  expression  for  1/y  •  dyjdx  in  terms  of  the  moments  is  almost  too 
poorly  aligned  to  be  unravelled  by  the  student.  But  the  trouble  in  both  cases  is 
typographical. 

The  latter  part  of  the  book  is  a  little  too  condensed,  especially  the  part  of  the 
appendix  devoted  to  the  Pearson  types  of  frequency  curves,  which  cannot  be 

used  except  for  purposes  of  reference  unless  supplemented  by  explanations  and 
illustrations  by  an  experienced  instructor.  Reference  should  have  been  made  to 
the  types  of  curves  recently  developed  by  Pearson  as  well  as  to  the  interesting 
abacus  given  in  Pearson's  Tables  to  be  used  in  distinguishing  the  various  types. 

Hie  treatment  of  the  various  kinds  of  averages  is  good  although  the  reviewer 
believes  that  the  wdghted*  arithmedc  average  should  be  regarded  as  a  special 
form  of  the  ordinary  arithmetic  average— wh«re  the  various  cono^tions  of  vteiffht 
take  the  place  of  frequencies. 

Correlation  theory  is  treated  at  great  length,  as  it  deser\  es,  although  the  im- 
portant correlation  surface  and  its  equation^  with  its  important  relation  to  the 
oortelation  coefficient,  is  unfortunately  omitted  in  order  to  avoid  more  advanced 
mathematical  principles.  The  distinctiim  between  the  correlation  coefficient 
and  the  correlation  ratio  is  well  explained. 

Most  of  the  errors  found  in  the  book  are  trivial  and  of  the  kind  which  it  is 
almost  impossible  to  avoid  in  a  book  dealing  with  a  virgin  field.  On  the  whole. 
Dr.  West's  book  promises  to  fill  well  the  long  felt  want  for  a  textbook  on  mathe- 
matical statistics  and  no  longer  need  instructors  depmd  solely  upon  their  own 
notes  and  lectures.  The  fact  that  the  book  is  well  provided  with  good  examples 
should  make  it  especially  successful  as  a  text-book. 

C.  H.  FOBSTTH. 

Daktmocth  Collkqe. 

PKOBLEAiS  FOK  SOLUTION. 

SbND  ail  COHKDMICAnONa  ABOUT  FSOBLmS  TO  B.  F.  FWKEL,  Springfield,  MiBBOtlri. 

It  is  to  be  understood  that  problems  proposed  for  solution  or  solutions  of 
problems  which  have  been  proposed  in  the  Montblt  are  welcomed  from  uXL 
readers,  whether  subscribers  or  not.  Sin^e  copies  cemtuning  these  problems 
or  solutions  will  be  sent  to  those  contributing,  provided  their  addresses  are 
known  to  the  Secretary  of  the  Association. 

2727.   Proposed  by  H.  t.  WOODALL,  Stockport,  Eatfaad. 

Having  given  2*  -|  k  (motl.  y)  and  {  the  haupt-cxponcnt  of  2  for  mod  p  ({  is  the  leiflt 
power  of  2  whose  residue,  for  modulus  p,  ia  plus  unity)  solve  2  -2*  +  1  ^0  (mod  p). 
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AlsOr  M  regards  the  inverse  problem,  what  do  we  know  about  the  factois  of  AT  ■  6-2*  + 1, 
nhen  6  IB  a  known  positive  intpRer,  e.  g.,  &  —  141. 

2728.   ProfNided  by  HOHMAN  ANNIXU,  Somewhere  in  Franoe. 

A  material  triao^  of  ttDtform  denaity  and  thidoim  ia  of  audi  a  ah^ie  that  whm  8«H|MiDded 

from  the  vertices  in  succession,  the  lower  sides  have  dofwe  of  1 : 1, 1| :  1,  and  3 : 1.  C9onfltraei 
the  thaogle  given  that  the  shortest  side  i^  10  inches. 

By  dafimtioDp  aa  a :  1  dope  Bfidcea  aa  an^  wHh  tlie  wtieal  whoae  tangont  is  a. 

3729.  ItepoMdbf  ir.«.pAinnu,Sailln.bdla. 
Solve  in  int^sna  s*  +      -  A 

27901  PMipoaedlvW.a.m«  Waahi«Cl<«,]>.a 

^:^  +  f/^t  when x,    a,  n  are  intepn,  and  n pdme^  pnva  tbat 

Also  prove  that        -|- (iC'+o/*  —  j/fo+D''}'  and        +  (j!C»7»/»  +  Jl^Y^  BO  conunon 

facl-ors  except  the  divisors  of  -f        4-  v)- 

2731.   Proposed  by  JAME8  K.  huittemoke,  Yale  Unhrerrity. 

A  bowl  ia  in  the  form  of  a  par^ioloid  of  revohitiott.  If  for  a  given  volume  the  eurfaoe  is  a 
miniiaum,  prove  tbat  the  ratio  of  the  diameter  of  the  top  to  the  dqptib  is  appfoadmatdy  1.86. 


SOLimONS  OF  PROBLEMS. 


2660.    Proposed  by  JOSEPH  £.  KOWE,  State  College,  Pa. 

Rrova  that  tbe  diatanee  meaaured  along  the  aide  of  n  trian|lef  from  tbe  point  of  oontaet 
with  the  inaeribed  and  eaerihed  cirdei  ia  equal  to  tlie  aide  of  the  tnangle  between  the  two  ctcdea. 

Solution  by  George  F.  Wilder,  Brooklyn,  N,  Y. 

Let  ABC  be  the  triangle  and  a  its  semi-perimeter.  From  the  equalities  AE  ^  AF,CE  CD, 
antl  BD  =  BF,  we  have  s  =  AE  -f  CD  -f-  HI),  or  .<!  =  AE  +  a,  since  CD  -\-  BD  a.  Hence, 
AJ?  »  «  -  o,  (1).  Also,  since  AE'  =  AF'  and  BF'  =  BD',  IE'  +  CD'  =  2s,  Hence,  CD'  =  a, 
aiaoe  CE'^Ciy.  Hence,  i?Z>' «•  CD' C£  »  •  ~  o, 
(2).    From   (1)  and  (2)  we  have  AE  =  BD'. 

Now  -  jBA  +  -  BD'  +  AF',  since  AE  - 
£D'  and  -  ill^,  and  hence  ifS' -  +  Ai^ - 
AB. 


Similar  and  various  other  solutions  wore  re- 
ceived from  the  followmj;  rontrihu'ors:  J.  V. 
Balch,  Horace  Oi.sox,  Paul  Capkox,  S.  W. 
Reeves,  C.  P.  Sousley,  J.  F.  Connelly,  Elijah 
Swift,  and  the  Proposer, 

Tills  problem  was  proposed  in  an  examination  test  in  Cooper  Union,  New 
York,  and  solutions  shnilar  to  the  one  above  were  rcci  ivcd  from  G.  J.  HAnuis, 
H.  F.  Mathussen,  i.  J.  Fajans,  C.  J.  SniMiTT,  H.  Glad.^tone,  Morris  Devor- 
K£N,  Angelo  J.  Sajin,  David  Tennenbauu,  Jacob  GitEi£MANN,  I.  Millenkt, 
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Max  Silverman,  G.  Vanderboon,  J.  Lebedepp,  P.  Weinberg,  Mosse  Karn, 
MoKHis  Gross,  Peter  Pumo,  Hyman  Milberg,  S.  L.  Rader,  0.  C.  Simonsen, 
Abraham  Pletman,  Frank  Patu,  M.  J.  Montferrante,  Joseph  Mekt, 
MoBBis  BuNsis,  Samttcl  Cohen,  and  Cltpfobo  Strain. 

2668.   Proposed  by  B.  F.  FiNiUX,  Drury  College. 
Shovthftt 

2  ga-ir 

where  a  is  the  radius  of  a  droplet,  <r  its  density,  rj  the  vnscosity  of  the  air  and  v  the  velocity  under 
gimvity      &ohu*9  lau. 

Solution  by  Albert  R.  Xauer,  St.  Louis,  Missouri. 

Stokes  finds  analytically  a  formula  determining  the  resistance  of  a  fluid  medium  to  the 
inovemeni  cf  »  qAMe  tlmusli  it, 

Stokes's  JfaAsmafioal  and  Fk^/tkei  Paptn,  Vol.  in,  p.  88.  From  a  pnevioiw  devdapment 
(p.  28)  is  pven 

/i"Cr)  -  |/i(r)  =  0.      and      /,"(r)  -  |/,Cr)  -  mV,(r)  =0.  (H) 
Thea  the  eqiUitiaiis  «f  conditUm  beoome  on  putting/Or)  kttMr)  +/t(r)i  and  r 

m  -  0,      m  -  0. 

The  intograliou  of  tlie  difTcn^ntial  equations  (11)  has  no  difTifultie.s,  iho  first  one  it  of  A  well- 
known  turm  and  the  »ecuud  oue  is  tx  liiccati  equalion  fiolvuble  in  iimte  lerms. 
The  int^mleaie 

/i(r)--  +  Br«      and      /t(r)  =  Ce-"' f  1  +  —  )  +  £>c"' f  1  +  —  V 

Eere  D  "0,  sinoe  otherwise  the  velocity  would  be  infinite  at  an  infinite  distance;  B  ~0,  other- 
wise the  vdociiy  would  be  finite  wfaen  r  *  «. 
Fkom  Eq.  (1),  we  fst 

Putting  6  -  «,  we  get  fiom  £q.  (2), 

^  ; EqufttioD  (l)^  -  0  -  ^  -  «Ca  -  «  -  !)•--•,      C  =  1^ 

and  then 

Substituting  in  (I), 

F  -  -  |t«^>I^(i  +     + JLJe^— «.  (Ill) 

SubHiiiiitin^  for  m  its  value,  which  is  the  particular  iquare  toot  of  (nV*-!)// wldeb  bee 
its  real  part  positive,  and  write  V  for  ce'^-'"'.  Then 

F  =  -  CiTn'paV,  (IV) 

where  m'  =  m/Pi  called  by  Siokes,  t  he  index  of  friciion  and  t>  la  the  density  of  the  fluid.  When- 
ever the  motion  is  so  slow  that  the  pert  of  the  resistance  which  depends  on  the  M]om  of  the 
Telocity  may  be  neglected,  we  have,  supix)sing  V  to  be  the  terminal  velocity; 

-  f  «  jirjo»(ff  -  p)t 
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where  0  ia  the  force  of  gravity,  and  9,  which  is  supposed  to  be  greater  than  p,  the  density  and  a 
the  ndiua  of  the  qphere. 

ia%n'paV  =  \wga^{tT  —  p), 

''-of U 
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QUESTIONS  AND  DISCUSSIONS. 

Brnxm  Aix  coumumcations  to  U.  Q.  Mitchell,  Univeisity  of  Kansas. 

1H8CUS8IONS, 

CONCEBNINO  Two  FiVTH-PoWEB  PROBLEMS  IN  DlOPHANTENE  ANALYSIS, 
fiy  Cnrin  B.  Haldshan,  Robb,  Butla  County,  Ohio. 

I.  To  resolve 

P*+9«  +  1>»  +  #»«<*  +  «*+i^  (1) 

where  p,  q,  r,  *,  t,  u,  and  v  arc  ratwnal. 

Sohitian,  Let  p  —  2x,  q  =  y  —  x,  r  =  2a  —  J*  —  «,  »  =  2o  +    +  a, 

+    ««2a  —         and  •  «  2o  +  ii*  —  «. 
Substituting  in  (1)  we  get 

(2x)»+  (y-«)»+<2a-6*-a)»+  (2a  +  6*+ar)» 

^  ix+yy+i:2a-b'-\-xy+C2a  +  b'-xy 

We  may  write  (2) : 
(«  +  »)»+ (ar l(2a  +  [(2a  +  6»)  +  «]• 

+  l(2a  -     +  arl*  -  ((2o  -  6*)  -  «]•  -  (2»)»  =  0. 

Expanding,  regarding  each  binomial  in  parenthesis  as  a  single  quantity,  and 

adding,  we  have  from  (3) 

2a!»  +  20!B»y»  +  lOxy*  -  2**  -  2Cte»(2o  +      -  l(k(2a  +  6^* 

+  2x»+  20a«(2a  -         10«(2o  -  y)*  -  32»»  =  0. 
Equation  (4)  reduces  to 

2ar^i/*  +     -  16a6V  -  640^62  -  16a6«  -  3ar*  =  0. 
Solving  for  y*,  we  get 
f  +  a*^  V4b<  +  16afi«ir«  +  64flF6^+  16o6^  =  2a»  +  4a +  iP),  say. 


J- 
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From  this  we  find 
and 

y'-  ^  • 

To  rationalue  the  expreaamua  for  x  and  let 

dh^  »  4a'fe*  -  (62  +       a  +  6«  =  (fi  -  2a6)S  (5) 

and 

dy  ;=4aV-(6*  +  <P)«a  +  6»  +  4d^(6»+<P)a=  (tt-2o6-Z)».  (d) 
From  (5)  we  get 

n^  -  6« 

and  from  (6),  since  the  square  of  n  —  2ab  b  assumed  equal  to  the  first  four  terms 
of  the  left-hand  member,  we  have 

_        2nZ-  r-  _ 

Equating  the  values  of  a  and  clearing  of  denominators,  we  get 

=  Z»  (6»  +  d«)*  -  46Z»  n  +  46Zn»  -  2Z  (6»  +  d»)«,». 

Place  46Z»'  =  -  idr  {b-  +  (P)n-  unci  soIn  e  for 

then 

Substituting  the  value  of  Z  in  «  gives 

d»(6»  +  d»)»-86» 
**'  '  26(d*->) 

The  value  of  Z  and  the  value  of  n  in  terms  of  6  and  d,  substituted  in  either  of 
the  above  values  of  a  gives 

__  ^(b-  +  (Pf  -  W 

From  (5)  and  (6)  we  have 

*  *  • 

and 

n-2ab-Z 
y  =  ^  . 


\ 
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The  values  of  a,  n  and  Z  substituted  in  tbese  expressions  for  x,  and  y,  give 
Ftom  the  ^ues  of  a,  x  and  y  we  obtain 

-  4b'  d(y+<P) 

_  26*d(d*  -  b*)  -i-       +  d^ni^  -\-<P)-4ifiib-^d) 
*  ~  26*<i  (d*  -  6*)  » 

^  ^     bdid*  -  6*)  ' 

2b*d(b*  -  d*)  4-    (6*  +         -f  <P)  -  4y(6  +  d) 

2yd(<y  -   -f     +  d^nd?  -  &»)  +  4fc«(6  -  d) 

By  substitution  of  the  expressions  just  lound  for  p,  r,  tt  U  and  »  in  (1); 
and  after  clearing  of  denominators,  we  have  the  identity 

+  {2h*d{^  -  6<)  +        +  ^fij:^  -k-d^)-  ^\b  +  d)\^ 
-  12W*     +  d?f  -  86»]» 

+  (2&*d(6«  -  d«)  +  d»(4^  +  d^«(6^  +  d")  -  46»(6  +  d)]» 
+  (26W(d*  -  6*)  +  <P(6'  +         -  fr')  +  ^b\b  -  d)]* 
Take  6  »  1,  d  »  2,  and  we  have,  after  dividing  by  12*, 

16*  +  50*  +  53*  +  79*  -  63*  +  66*  +  69*. 
IX.  To  rtioht  the  equtditif 
J>^  +  9*  +  r»  +  *»  +  t»  +  tt»  +  «*  +  w» 

(1) 

-  {2gtr  +  (2i72)*  +  (2j7,)*  +  .  .  .  + 
whrep,q,T,t,i,UfV,w,ffi,^tgt,.  .  .  ,  ^  are  rortionoi. 
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Solution.   Let  p  =  a  +  6  +  c,  j  =  o  —  6  —  c,  r=6  —  a  —  c,  «asc  —  a  —  6, 
t'^d-\-e-\-f,  u  =  d— e  —  f,  v=e  —  d—f^w— f—d'^e. 
Then,  by  substitution  in  (1),  we  have 

(a+6  +  «)*+  (a-6-c)»+(6-o-c)»+  (e-a-b)* 

For  convenience,  we  may  write  (2) : 
la  +  (6  +      +  la  -  (6  +  c)]*  +  1(6-  c)  -  a]»  -  1(6  -  c)  +  aj» 

+  (•+/))*+  -J)  +  dl»  (3) 

=  i2g0'  +  (2^2)'  +  (2^;,)'^  +  .  .  .  +  i2g^)K 

Expanding,  regarding  eiidi  binomial  in  parentibesis  as  a  single  quantity  and 
adding,  we  get  from  (3) 

2a«  +  20a^((  +  e)*  +  10a(6  +  e)*  -  2a*  -  20a*(6  -  e)*  -  I0a(b  -  e)* 

+  2d'  4-  20d^(e  4-  /)'  +  lOdie  +  f)*  -  2d''  -  20d?ic  -ff-  10(i(c  -  /)<  (4) 

Equation  (4)  reduces  to 

10o*U6  +  cf  -  (6  -  cy\  +  ba[{h  +  c)*  -  {b-  c)*] 

+  lOcPK*  +  +  5d     +        (e  -  /)*J 

and  by  further  expansion  and  reduction,  we  have 

5(fl^6c  +  o6»«  +  o6c»  +  d«^f  +  -  2(^»  +     +        . . .  +  gj),  (6) 

Let  d  =  a  and  (5)  becomes 
5a»  (6c  +  ife*  ^  +  5o  (6»c  +  W  +  t«y  +       =  2(^j»  +     +  ft»  +  . . .  + 
Place  &c  +       =  0  and  have 

5a(6»c  +  6c»  +  W  =  2(if»»  +  j,*  +         ...  + 

From  these  equations  we  obtain 

5(6»c+6c»+ifeey+ At/')  ' 

which  give  the  requirements. 
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UNDERGRADUATE  IMATHEMATICS  CLUBS. 
domiiD  BT  B.  C  A«cm*iJ>f  Biovm  Univmityi  FrovideDoe,  R.  I. 
CLUB  ACriVITJES. 

Denison  Mathematics  Club,  Denison  University,  Granville,  Ohio. 

This  Club  came  into  existence  through  well  atteudetl  meetings  of  an  informal 
nature  in  1915  shortly  after  Professor  Forbes  B.  Wiley  went  to  Denison  University 
as  head  of  the  department  of  mathematics.  In  January,  1915,  a  constitution  was 
approved  and  a  dub  formally  organized  ''to  bring  before  its  members  matters  of 
interest  in  mathematics  tliat  arc  not  rcgtilarly  (ll.scus.st'd  in  courses  offered  in  the 
currieuluni."  Any  college  student  or  member  of  the  faculty  wlio  desires  to  join 
the  club  is  eligible  to  do  so.  The  average  attendance  at  meetings  last  year  was 
about  25  as  against  30  the  year  before. 

Officers  1917-18:  President,  Grace  Jefferson  'IS;  vice-president,  Ruth  Phillips 
'19;  secretary-treasure.  Sterling  Abell  '20;  assistant  secretary-treasurer,  Law- 
rence Curl  '20.   The  program  committee  consists  of  these  officers  together  with 
the  head  of  the  dej)artment. 
October  3,  1916:  Election  of  oflScers  for  the  year. 

Nov»aib(9  7:  The  purposes  of  the  dub  e3q>lained  by  the  preddoit,  and  various 
short  topics  presented  to  illustrate  to  new-comers  some  of  the  possibilities 

of  such  an  organization. 
November  21 :  "Problems  in  the  mathematics  of  astronomy"  by  Professor  Wiley. 
Deceuiber  19:  "History  of  the  Denison  Mathematics  Club"*  by  Marie  Tilbe  '17; 

"Integral  curves"  by  rrofessor  Anna  B.  Peckham. 
January  23,  1917:  "Mathematical  sodeties  and  journals"  by  Professor  Wiley; 

attention  was  drawn  to  problems  in  this  Monthly. 
February  20:  Solution  of  problems  proposed  at  the  previous  meeting  by  Lawrence 

Curl  '20  and  Virgil  Trailer  '19;  "Spherical  projection"  by  Harlan  C. 

Reynolds  '17. 

March  6:  "The  possible  use  of  parallel  axes  in  the  plane  of  intersecting  axes  of 

eodrdinates"  by  Professor  Wiley. 
March  20:  "The  concept  infinity"  by  Professor  Paul  Biefeld  of  the  astron<miy 

department. 

April  17:  "Hyperbolic  functions"  by  Professor  Wiley. 
May  1:  Officers  for  1917-18  elected. 

September  25:  "The  probability  function"  by  Professor  Wiley. 

October  23:  "The  fourth  dimension"  discussed  by  Sterling  Abell  '20,  George 

Read  '18,  Clifford  Marshall  '18  and  Charles  T.  Bumer  '19. 
November  6:  "Theorems  of  elementary  number  tlieory"  by  Professor  Wiley. 
November  20:  "Inversion"  by  Professor  Peckham. 

*  Bdetring,  prauniabty,  to  meeliiisii  before  the  formal  oiguiintioii. 
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December  18:  "Constructions  with  compasses  alone  and  with  ruler  alone"  by 

George  T.  Street  Jr.,  ii  tructor  in  mathematics. 

January  22,  1918:  "Tlic  algebra  of  number  pairs"  hy  Grace  JefTcrson  *18. 

February  19:  "The  possible  use  of  ])arallel  axes  in  the  plane  of  intersecting  axes 
of  coordinates"  (continued)^  by  Professor  Wile^'. 

March  6:  "The  different  methods  of  defining  the  trigonometric  functions  and  the 
identification  of  the  functions  so  d^ned"  (primarily  for  freshmen)  by  Pro- 
fessor Wiley. 

March  19:  "A  pro})Iem  in  invariants"  by  Mildred  Hunt  'OS. 

April  16:  "Introduction  to  the  study  of  groups"  by  Professor  Wiley, 

May  14:  Election  of  officers  for  1918-19. 

"During  the  past  year  our  Club  has  feh  increasingly  the  loss  of  strong  mem- 
bers  who  have  entered  the  national  aervwe" 

Underoraduatb  Mathe&iatics  Club,  University  of  Illinois,  Urbana,  III. 

The  first  mathematics  club  at  the  University  of  Illinois  was  organized  during 
the  year  1899-1900.  Members  of  the  faculty,  graduate  students  and  undergrad- 
uate.1  constituted  the  membership.  At  the  l»i-\vef'kly  meetings  for  several  years 
the  topics  discussed  were  suitable  for  undergraduates  but  gradually  the  club 
became  an  experiment  station  for  trying  out  pa])ers  to  be  presented  later  befcne  the 
American  Mathematical  Society.  As  a  result  in  1909  the  Club  was  divided  into 
two  sections:  (1)  the  graduate  section  with  its  tri-weeldy  meetings  devoted  mostly 
to  the  presentation  of  doctor's  dissertations  and  original  papers  hy  faculty  mem- 
bers; and  (2)  the  undergraduate  section  which  met  muiithiy,  for  about  an  hour, 
"for  the  consideration  of  questions  of  general  mathematical  interest  and  the 
solution  of  problems."  During  several  years  the  averi^  attendance  at  meetings 
of  this  latter  section  was  30-35.  While  the  management  of  the  section  was 
largely  in  the  hands  of  graduate  students  a  majority  uf  tlie  speakers  were  under- 
graduates. This  arrangement  did  not  seem  to  give  entire  satisfaction  and  still 
further  bifurcation  occurred  in  the  autumn  of  1917. 

There  are,  then,  now  three  organizations:  I.  Mathematics  Club — Graduate 
Section,  all  members  of  the  department  staff  and  aU  graduate  students  being 
eo  ipso  members.  The  meetings  are  open  to  all  interested  and  are  devoted 
exc  lusively  to  reports  on  research  work  done  in  tlie  de])artment  and  to  occasional 
rejjurts  on  seientihc  meetings.  II.  The  Mathematieal  Iiound  Table,  consisting 
of  all  graduate  students  in  mathematics  (and  a  few  selected  seniors)  but  not  open 
to  men  with  the  Ph.D.  degree.  At  the  weekly  meetings  the  average  attendance 
is  12-15.  Each  member  presents  two  papers  a  year  on  some  semi-advanced 
t(i{)i(  not  taught  in  the  regular  courses.  Visitors  are  not  encouraged.  III.  The 
Undergraduate  Mathematics  Cltih  from  Avliieh  the  department  stafT,  as  well 
as  graduate  students,  are  excluded.  The  members  consist  of  juniors  and  seniors 
majoring  in  mathematics,  and  freshmen  and  sophomores  of  excellent  stand- 

>  C/.  this  MoMTHLT,  1918,  page  355. 
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ing  in  mathematics  courses.  All  undergraduates  are  welcome  as  visitors.  The 
avosge  ftttendanoe  »  8-12  from  a  membetship  of  36*  Offioen,  1917-18:  Fl«Ba- 
dent,  Ruth  Andrews  '18;  vice-president,  Mary  D.  Craigmile  '18;  secretaiy, 
Harry  W.  Penhiillow  '19;  program  committee:  the  president^  George  Williams'lSj 

and  Dr.  Aubrey  J.  Kempner  (faculty  adviser). 

Apart  from  the  solving  of  problems  less  difficult  than  those  in  the  Monthly 
the  programs  of  the  Uuderj^raduute  Mathematics  Club  for  last  year  were  as  follows. 
January  23, 1918:  "On  paper  folding  "  by  Ruth  Anderson  '18. 
February  6:  "The  value  of  high  school  mathematics"  by  Winifred  White  '18* 
February  20:  "Mathematical  puzzles"  by  Fannie  McMurray  *19. 
March  13:  "On  RoUe's  Theorem"  by  George  Williams  '18. 
April  3:  "Constructions  with  tiie  double  ruler"  by  M&ry  Craigmile  '18. 
April  17:  "The  Theorem  of  Pythagoras"  by  Irene  Doyle  '19. 
May  1 :  "The  fundamental  theorem  of  algebra"  by  C.  T.  G.  Ching  '18. 
May  15:  "On algebraic  numbers"  by  Jesse  V..  Wilkins  '18. 

The  programs  of  the  Mathematics  Club — Undergraduate  Section — in  1915^16 
were  as  follows. 

November  7,  1915:  "  Who  s  who  in  mathematics  in  America"  by  Nathan  C. 

Grimes,  assistant  in  mathematics. 
December  S:  "Construction  possibilities"  by  Eathmne  Lackqr  '16. 
January  9.  1916:  "Fourier  Series  and  the  barmouc  analyzer"  by  Paul  L.  Bay* 

ley  Or. 

Febnmry  13:  " Nomography  "  by  Joe  Langueville  Or. 

March  13:  "Origin  of  calculus"  by  £rma  Elliott  Gr. 

April  10:  "Graphic  solution  of  equations"  by  Alb^  E.  Babbitt  Gr. 

May  9:  "Mathematical  models"  by  Maurits  Hedlund  Gr. 

Tub  Mathematical  Club  of  the  Kansas  State  Ao&igultubal  Colleoe, 

Miuihattan,  Kansas. 

This  club  was  organized  in  Sej)teniber,  1013  "to  ^xtiniulatc  larger  interest  in 
mathematics  on  the  part  of  students."  Any  student  of  collegiate  rank  was 
dipble  for  membership,  whidi  totalled  75  in  1916-17;  the  average  attendance  at 
meetings  was  about  20.  Professor  Benjamin  L.  Remick  the  head  of  the  mathe- 
matics department  acted  as  "officer  in  charge;"  there  were  no  student  officers. 
"For  various  local  reasons  such  as  decrease  in  enrollment  due  to  the  war  and 
the  desire  of  several  members  of  the  department  to  engage  in  special  mathematical 
woric  for  themselves,  it  was  decided  not  to  carry  on  the  usual  club  activities 
during  1917-18." 

The  programs  for  the  first  four  years  of  the  Club's  existence  were  printed 

annually.    They  are  reproduced  below. 

October  25,  1913:  "Organizations  and  journals  for  the  study  of  mathematics  in 
America"  by  Professor  liemick;  "History  of  v"  by  Professor  Alfred  E. 
White. 

November  8:  Euclidean  constructions"  by  Professor  William  H.  Andrews: 
"The  history  of  logarithms"  by  Arthur  Pdin,  instructor. 
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November  22:  "The  teadhing  of  secondary  algebra  "  by  Ina  E.  Holroyd,  asslsfant; 
"The  algebruc  treatment  of  the  evolute  of  a  oonic"  by  Flrofessor  Harrison 

E.  Porter. 

December  6:  "History  of  a  few  proofs  of  the  Pythagorem  Theorem"  by  Charles 
H.  Clevenger,  instructor;  "The  place  of  limits  in  geometry"  by  Daisy  D. 
Zeininger,  instructor. 

January  17, 1914:  (a)  "Note  on  problem  411,  American  Mathehatical  Mon* 
TnLY,"*  (6)  "The  perfect  magic  square  for  1914"  by  Professor  Remick; 
"The  tendencies  in  modern  mathematics"  by  Professor  ^Villiam  T.  Stratton. 

January  31:  "Concerning  reguhir  polyhedra"  by  Professor  William  H.  Andrews; 
"The  development  of  irrational  numbers"  by  Professor  WTiite. 

Fc^raaiy  14:  "The  devtkiipmettt  of  the  decimal  system"  by  Mr.  Fdhn;  "Cal- 
culating machines"  by  Professor  Pcnrter. 

February  28:  "A  mathematical  notation  applied  to  a  few  problems"  by  Mr. 
Clevenger ;  "  The  place  of  mathematics  in  the  education  of  women  and  girls"* 
by  Miss  Holyroyd. 

March  14:  "Mathematics  as  a  universal  study"  by  Professor  Stratton;  "What 

is  the  labcNTatory  method  in  the  study  of  math^natics?"  by  Miss  Zeininger. 
April  11:  "Non-Euclidean  geometry"  by  Professor  Remick;  "Some  fundamental 

ideas  in  mathematics  "  liy  Professor  Andrews. 
April  25:  "The  theory  of  duality"  by  Professor  Porter;  "The  mathematical 

properties  of  maps"  by  Professor  W'hite. 
May  9:  "The  history  of  trigonometry"  by  Mr.  Fehn  and  Miss  Zeininger;  "Matlie- 

matics  in  English  public  schools"  by  Professor  Stratton. 
May  23:  "The  problem  of  failures"  by  Miss  Holyroyd;  "Coordinate  systems" 

by  Mr.  Clevenger. 

November  7:  "Recent  TTinvemcnts  in  mathematics"  by  Professor  Remick; 
"Mathematical  paradoxes"  by  Elliott  Ranney  16;  "History  of  the  dupli- 
cation of  the  cube"  by  Roy  W.  Haege  '18. 

November  21 :  "A  ivoblem  in  partial  payments"  by  Professor  Porter; "  Graphical 
railroad  time  tables"  by  Gabe  A.  Sellers  '17;  "Plato  as  a  mathematician" 
by  Edith  L.  AIsop  '16. 

December  5:  "Number  bases  among  the  primitive  races"  by  i'rofcssor  Stratton; 
"Mathematics  at  Kansas  State  Agricultural  College  from  a  student's  stand- 
point" by  William  A.  Lathrop  '15;  "History  of  algebraic  symbolism"  by 
DUt8S.McHugh  '18. 

January  16,  1915:  "History  of  angular  measurement"  by  Professor  Wliite; 
"History  of  the  trisection  of  an  angle"  by  Jefferson  H.  Flora  '17;  "Magic 
square  for  1915"  by  Rufus  S.  Kirk  '17. 

January  30:  "Short  methods  in  the  four  fundamental  operations"  by  Lee  R. 

'  Vol.  20,  p.  IciO;  ''AHCD  is  a  rectangle  of  kuown  sides.  BC  being  pruUucud  indefinitely*, 
it  ia  require*!  to  draw  a  straight  line  from  A  cutting  CD  and  UC  in  A'  and  }',  respectively,  so  that 
the  iatereopt  X  Y  nay  be  equal  to  a  given  straight  line.  (Unsolved  in  Educalional^Timu^y*  Cf.. 
Pmceeiings  of  the  EiiiiburghMalhemalieal  Society,  Vol.  28,  pp.  152-178, 1909-10. 

I  PuUished  in  8eho<d  Sdenee  and  Meihamtkt,  June,  1014. 
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Light  '15;  "Curves  that  traect  an  angle"  by  Earl  E.  Sweiuon  '17;  "Origin  of 
number  symbols"  by  Caroline  R.  Packard  '17. 

February  13:  "Number  concept  and  generalization  in  algebra"  by  ^Tr.  Fclin; 
"Mathematical  games"  by  Zeno  C.  Rechel  '18;  "Elementary  mathematics 
iu  evening  schools"  by  Helen  Mitchell  '18. 

February  27:  "The  mathematics  of  mineralogy"  by  Lyle  M.  Dean,  assistant; 
"Ufe  and  works  of  Newton"  by  Louis  R.  Parkinson  '16;  "History  of  arith- 
metic in  the  United  States"  by  Mae  V.  Hildebrand  Sp. 

March  13:  "Correlation  of  mathematics  and  i)hysics"  by  Eustace  V.  Floyd, 
assistant  professor  of  physics;  "History  of  the  quadrature  of  the  circle"  by 
llobert  F.  Mirick  '16;  "Systems  of  quadratic  equations"  by  James  A. 
HuU  '17. 

April  10:  "The  logical  and  the  psychological  in  geometry"  by  Miss  Zeininger; 
"The  controversy  between  Leibnitz  and  Xewton"  by  Charles  A.  Willis  *16; 

"Mystic  properties  of  numbers"  by  Charles  H.  Zimmerman  *1G. 

April  24:  "Mathematical  symmetry  in  nature"'  by  Miss  Holyroyd;  "  Construction 
of  logarithmic  and  trigonometric  tables"  by  Donald  D.  Hughes  '18;  "Life 
and  works  of  Descartes"  by  Russd  H.  Oliver. 

May  1:  "Thought  versus  rule  in  mathematics"  by  Joseph  I.  Kirkj)atrick,  assistant 
in  veterinary  medicine;  "Euclid  and  his  geometry"  by  Carl  D.  Hultgren  *17; 
"Hypatia,  last  of  the  Greeks"  by  Sarah  K.  Kimport  '18;  "Geometiy  for 
engineers"  by  Leroy  N.  Miller  '18. 

May  15:  "Historical  solution  of  the  quadratic  equation"  by  Professor  Andrews; 
"Relation  of  mathematics  to  statistics"  by  Lestw  Tubbs  '17;  "Geometry 
and  construction  work"  by  Basil  A.  Greene  Sp. 

November  6:  "Tlie  i)Iace  of  mathematics  in  the  study  of  heredity"  by  Edward 
N.  Wentworth,  professor  of  animal  breeding. 

November  20:  "The  function  idea  in  and  outside  of  mathematics"  by  Professor 
Remick;  "The  lelaticw  of  mathematics  to  wirdess  telegraphy"  by  Harold 
M.  McCleUand  '19;  "Mathematics  in  verse"  by  Helen  Mitchell  '18. 

December  4:  "Generalizing  some  theorems  in  elementary  geometry"  by  Pro- 
fessor Andrews;  "The  United  States  coast  and  geodetic  survey"  by  Hubert 
A.  Dawson  '19;  "The  life  and  work  of  Poincar6"  by  Harry  L.  Robinson  '18. 

January  15,  1910:  "The  application  of  the  prismatoid  formula  to  the  solids  of 
elementary  geometry"  by  Professor  IVhite;  "History  of  arithmetic  in  the 
United  States"  by  Gordon  W.  Hamilton  '19;  "The  Pythagorean  brother* 
hood"  by  Elizabeth  A.  Cotton  '19. 

January  29:  Address  by  John  O.  Hamilton,  professor  of  physics;  "Zero  and  in- 
finity" by  Elliott  ilanney  '16. 

February  12:  "Means  of  measuring  mathematical  ability  in  students"  by  Pro- 
fessor Stratton;  "Graphical  solution  of  quadratic  equations  having  complex 

'  In  iim  coniicctiun,  refereuce  may  be  given  to  the  eomcwhat  unscientific  work  by  S.  Colm&n 
and  C.  A.  Couu  entitled  Naiur^a  Harmomc  Unilp^  A  TmOiae  on  tic  BdaHcn  to  Pnportkmoi 
Formt  New  York,  Futnun,  1912. 
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roots"  by  Frank  M.  Sisson  '18;  "Proof  and  history  of  the  fimdamental 

theorem  of  algebra"  by  Otto  B.  Githens  '17. 
February  26:  "The  mathematics  of  investment"  by  Professor  Porter;  "The 
mathematics  of  chemistry"  by  Herbert  H.  King,  assistant  professor  of 
chemistry. 

March  4:  "Mathraaatical  symbolism  and  the  economy  of  thought"  by  Miss 

Zeinlnger;  "The  solution  of  the  biquadratic  equation"  by  Charles  A.  Willis 

'16;  "The  problem  of  one  cent"  by  Leroy  N.  Miller  '18. 
March  18 :  "  The  influence  of  French  mathematics  in  America"  by  Miss  HoljToyd; 

Problem  discussion  by  Ivor  O.  Mall  '18 ; "  The  solution  of  the  cubic  equation  " 

by  Andrew  M.  Harvey  'IS. 
April  8:  "History  and  development  of  Fmnat's  last  theorem"  by  IkLr.  Fehn; 

"Some  noteworthy  series  for  the  value  of  ir  and  their  derivation"  by  Lowell 

E.  Baldwin  '18;  "Develoj)ment  of  imaginary  numbers"  by  Wilbur  Lanr  '19. 
April  22:  Address  by  Siebelt  L.  Simmering,  assistant  i)rof»'SS()r  of  steam  and  gas 

engineering;  "The  cattle  problem  of  Archimedes"  by  Charles  A.  Franken- 

hoff  '19;  "Tvo  American  mathematiciaiis  "  by  Earl  V.  Kesinger  '17. 
May  13:  "lie  andent  and  the  modem  treatment  of  proportion"  by  lyle  MdP. 

Dean  Gr.  and  assistant;  "Mathematics  and  the  science  of  war"  by  Jefferson 

H.  Flora  '17;  Problem  diseussion  by  Joseph  P.  Ball  '19. 
November  14:  "Recent  developments  in  high  school  mathematics"  by  Miss 

Holyroyd. 

Deoembw  5:  "The  mathematics  of  life  insurance"  by  Frdfessor  Porter. 
Janiuny  16*  1917:  "The  pfobl^  of  three  bodies^histwy  and  progress"  by  Pro- 
fesM>r  Remick;  "The  constraction  of  logarithmic  tables"  by  Harry  Dunham 

'18. 

February  10:  "Formul.T  for  the  nrp»  of  a  triangle"  by  Miss  Zeininger;  "Some 

problems  in  gearing"  by  Myron  it,  iiowernian,  absistant  professor  of  niecli- 

anical  drawing  and  machme  design. 
March  6:  "Elementary  geometry  of  the  triangle  **  by  Professor  Stratton. 
April  10:  "Some  fundamental  ideas  in  mathematics"  by  Professor  Andrews; 

"The  application  of  mathematics  to  civil  engineering"  by  Lowell  E,  Conrad, 

])rofessor  of  civil  engineering. 
May  8:  "Circles  ol  tiie  iriangle"  by  Mr.  Felm;  "The  relation  of  mathematics  to 

chemistry  "  by  Herbert  H.  King,  professor  of  chemistry. 
June  5:  "Construction  of  the  polygon  of  seventeen  sides"  by  Professor  White; 

"Graphical  solution  of  the  quadratic  with  complex  roots"  by  Donnelly  J. 

Taipey  '19. 

Mathematics  Club  op  ths  Univbrsitt  of  Montana,  Missoula,  Montana. 

So  far  as  the  editor  is  aware  this  club  was  die  first  one  to  be  founded  in  1918. 
It  resulted  from  a  sugg^on  of  its  first  president.  Last  semester  anyone  in- 
t  1^  ted  in  mathematics  could  belong  to  the  club  but  during  the  present  year 
detinite  rules  for  members,  as  well  as  a  statement  of  the  purposes  of  the  club,  are 
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to  be  foraiidated.  There  were  22  members  (3  of  the  faculty)  last  year  and  the 
average  attendance  was  18. 

Officers  1917-18:  President,  Gretchen  Van  Cleve  *19;  secretary,  Adele  Maer- 
dian  '20;  treasurer,  Harry  Rooney  '21.  The  prognm  committee  consists  of  the 

president  and  secretary. 

March  11,  1918:  Orgaiuzution  of  the  club. 

Mardi  27:  Address  by  Professor  Nels  J.  Lennes,  head  of  the  departm^t  of  mathe- 
matics. 

April  10:  "What  other  clubs  are  doing"  by  Doris  Thetge  '21;  "Russian  peasant 
method  of  multiplication  and  other  methods"  by  Adele  Maerdian  '20. 

April  24:  "Method  of  constructing  curves  on  roads  and  railroads"  by  Tom 
Swearingen  '19;  "Money  value  of  an  education"  by  Bessie  Rutledge  '20. 
Election  of  officers  for  1918-19. 

May  15:  "Mathematics  of  war"  by  James  Friauf  '18. 

May  29:  "The  slide  rule"  by  Radcliffe  Beckwith  '21. 

"At  each  one  of  our  meetings  we  have  had  a  'feed'  (a  strictly  war  'feed,' 

I  assure  you, — nothing  unpatriotic  about  us  out  here  in  Montana).    The  young 
*       people  seem  to  take  interest  and  pride  in  getting  up  a  good  '  feed,'  and  they  tax 

us  an  amount  something  like  fifteen  oents  to  a  quarter,  eadi  time,  to  eawt  the 

expense.  One  Sunday  we  got  four  automobiles  and  drove  about  thirty  miles 

into  the  country  for  an  afternoon  picnic." 

The  Mathemultics  Club  of  Northwestern  UNivEiisixY,  Evanston,  111. 

[1918, 132-134].» 

March  7,  1918:  "The  history  of  the  teaching  of  mathematics  in  the  United 
States"  by  Mae  Campbell  '18,'  "Some  mathematical  fallacies"  by  Helen 

Maloney  '18. 

March  28:  "Bomb  throwing"  by  Frank  D.  Danielson  *18. 

April  18:  "Gauss's  method  of  quadratures"  [subject  of  Master  of  Arts  thesisl 

by  Theodore  Doll  '17. 
May  2:  "Descriptive  Geometry"  by  Milby  R.  Hammer. 
May  18:  Election  of  officers  for  1918-19. 

Mathewatk  Ai.  Chvn  of  Rockford  College,  Hockford,  111.  [1918,  187-188). 

February  20,  1918:  Debute,  "Resolved  that  one  year  of  mathematics  should  be 
refiuired  in  college"  by  Dorothy  Jamison  '20,  Virginia  Schneider  '20 
(aflirmative),  and  Lila  Dole  '20,  Doris  Voliand  '20  (negative). 

Mardb  6:  Social  meeting. 

April  17:  "Women  in  mathematics"  by  Estle  Russell  '18. 

April  24:  Special  business  meeting. 

May  S:  "Social  meeting  open  to  tliost-  freshmen  who  intenfl  to  po  on  with  mathe- 
matics and  who,  therefore,  will  be  able  to  join  the  club  next  year." 

'  Tliis  form  of  abbroxifitton  will  bo  u?od  in  thn  ftiture  tO  indicate  CuUcriiagev  of  this  MoNTRLT 
where  uthcr  items  conccruiug  the  club  may  be  found. 
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The  Newtonian  Socixtt  ot  the  State  Collbqe  of  WASHnraroN,  Pullmaiij 

Wash. 

This  society  was  founded  as  The  Mathematical  Society  in  Nov^bor,  1911, 
but  just  five  years  later  "  after  hearing  claims  made  for  more  than  a  score  of 

mathematicians,  the  society  voted  to  name  itself  in  honor  of  Newton." 

"  Its  purpose  is  to  afford  an  opportunity  for  students  to  form  the  habit  of 
reading  up  on  assigned  topics  which,  for  the  most  part,  do  not  come  up  under 
regdar  courses.  Broadly  speaking,  it  is  the  aim  of  this  sodety  to  lay  the  foun- 
dation  for  individual  investigation  and  researdi.  The  students  get  some  infor- 
mation and  much  inspiration  from  attendance  upon  these  meetings.  As  a  rule, 
one  member  of  the  faculty  and  one  student  take  part  in  each  meeting." 

Any  member  of  tlie  faculty  and  any  student  interested  in  mathematics  is 
ehgible  for  membership.  The  total  number  of  members  last  year  was  14  and 
the  average  attendance  at  meetings  was  10.  ''There  are  no  fees,  dues,  or  other 
items  of  expense,  in  connection  with  the  society." 

Officers  1017-18:  President,  Dorothy  XefT  '19;  vice-president,  Dorothea 
Sorenson  '20;  rei)ort(«r  (who  looks  after  publicity  in  the  college  pa])er),  Flossie 
Folsom  '19;  program  committee,  Professor  Charles  A.  Isaacs,  Florence  Evans  '20 
and  Rachel  Shuman  '18. 

October  27, 1916:  "The  continuum"  by  Professor  Isaacs. 

November  10:  "Life  of  Euclid"  by  Rachel  Sliuman  '18;  "Life  of  Archimedes" 
by  Chirence  L,  Hix,  instructor;  "Life  of  I.agrange"  by  Professor  Elmer  C. 
Colpitts;  "Life  of  Newton"  by  Marie  Weldin  17;  "Life  of  Euler"  by  Frank 
M.  Bryant,  instructor;  "Life  of  Descartes  "  by  Professor  Isaacs. 

November  24:  "Mathematical  literature"  by  Elsie  Worthen  '20;  "Mathematical 
books  in  the  odlege  library"  by  Rachel  Shuman  '18;  "Mathematical  period- 
ical litwature  in  the  college  library  "  by  Frofessor  Colpitts. 

December  8:  "Arithmetic  and  geometric  progressions"  by  Corrine  Barclay  '19; 
Convergent  and  divergent  series"  by  Ina  Craig  '19;  " Hypergeometric 
series"  by  Mr.  Hix. 

January  5, 1917:  "MethodsofDiophantus"  by  Edith  McBride  '19;  "Arithmetica" 
by  Mf  .  Bryant. 

January  26:  "The  determin  int^  in  algebra"  by  Dorothy  Neff  '19;  "The  deter- 
minants in  geometry"  by  Frank  Hameiius  'IS;  "Hessians  and  Jacobians" 

by  Professor  Isaacs. 

March  2:  "Permutations  and  combinations"  by  Blanche  Lowary  *20;  "The 
theory  of  probability"  by  Flosae  Folsom  '19;  "Insurance"  by  Professor 
Colpitts. 

March  16:  "Concurrent  lines  of  a  plane  triangle"  by  Florence  Evans  '20;  "Prop- 
erties of  a  plane  triangle"  by  Marie  Weldin  '17;  "Circles  connected  with  a 
plane  triangle  by  Mr.  Hix. 

April  20;  "Projectiles"  by  Rachel  Shuman  *18;  "Gunnery"  by  Mr.  Bryant. 

October  18:  "Points  on  a  line"  by  Professor  Isaacs;  "Properties  of  a  tetrastigm" 
by  Ina  Craig  '19. 
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November  15:  "Pythagorean  astronomy"  by  Professor  Colpitts;  "Singular 

points  on  *  curve"  by  Edith  McBiide  '19. 
December  13:  "The  andeiit  and  modem  abacus"  by  Mr.  Hiz. 
January  24,  1918:  "Symbolic  b^c"  by  Professor  Isaacs;  "Bertrand  Russell" 

by  Florence  Evans  '20. 
February  25 :  "  Some  problems  in  modern  geometry"  by  JMr.  Bryant  and  Dorothy 
Neff  '19. 

Mardi  21 :  " What,  if  any,  mathematics  shouhl  be  required  for  graduates  from 
secondary  schools? "  by  Professor  Isaacs;  round  table  discussion  by  the  whole 

society. 

April  1 :  "Funny  figures"  by  Amy  Kelso  '21 ;  "  Card  tricks "  by  Mr.  Ilix. 

April  1 1 :  "The  sine  law  in  plane  geometry"  by  Dorothea  Sorenson  *20;  "Addition 

and  subtraction  of  logarithms"  by  Professor  Colpitts. 
May  13:  "Arithmetical  prodigies  "  by  Flossie  Folsom  '19;  "The  nebular  and  other 

hypotheses"  by  Ina  Craig  '19. 
May  16:  "The  history  of  the  calculus"  by  Rachel  Shuman  '18;  "Impropw 

integrals"  by  Elsie  Dallas  '18. 

"The  number  of  programs  for  the  past  year  was  reduced  so  as  not  to  interfere 
with  the  Red  Cross  work  in  which  many  students  were  engaged." 

TOPICS  FOB  CLUB  PitOORAMS. 

14.  Thb  Cattle  Fbobleic  op  Abcbzuedeb. 

Durbg  the  last  im  years  of  his  fife  Gotthold  Ephraim  Lesnng,  the  German 

critic  and  dramatist,  occupied  himself  almost  exclusively  with  the  treasures 

of  the  library  at  Wolfenbuttel,  Northern  Germany,  where  he  was  librarian. 
The  results  of  tlipse  researches  were  embodied  in  a  series  of  volumes,  Beitragc  zitr 
Geschichie  und  Litcratur,  tlie  first  being  published  at  Braunschweig  in  1773. 
In  this  volume  first  appeared  the  Greek  epigram'  (in  verse  form,  44  lines,  from  the 

^  Page  421  f .  The  text  is  followed  by  Lessing's  conimcntary,  a  purported  solution  in  Greek, 
by  aechoUast,  and  a  inathointitical  (ii.scus-sioii  by  Christian  I-oi.ste  (numerous  misprints  and  errors 
in  connection  with  the  nutobeis).  The  same  ia  to  be  found  in  the  standard  edition  of  Lessing's 
works:  AbninlBeAt  Sekr^eitf  befaoagegeben  von  K.  "Ltdaaum,  beeoigt  dureh  F.  Monker, 
Leipzig,  Band  12,  1S07,  pp.  100-107,  110-115.  (In  this  edition  thr  misprints  nnd  errors  of  the 
1773  edition  have  been  corrected) — The  Greek  text  of  problem  aad  s<  holium  are  ulso  ^veu  (with 
Latin  translation  of  tiie  problem)  by  J.  L.  Hetbei^  Arddmadu  opera  omuia,  itenirn  edidit,  Vol.  2. 
Lipein.  MIXXICCXIII,  pp.  528-534.  (Fee  also  oommaBtsiy  in  J.  L.  Ueiberg,  Quaaiionet  Areki- 
fNftiea,  Hauniae,  MDOCTiXXIX,  pp.  2C,i.,  or>f.)^Por  Qennaii  tranriatioiwsce:  (1)  G.  F.  N«8Bd- 

mann,  Die  Algthm  Jtr  Gruchrn,  Berlin,  1S413,  pp.  4S1-491;  (2)  R.  Kninibie^el,  "Das  problema 
bovinum  dea  Archimedee,"  Zvitschrijl  Jut  MaUiematik  und  I'hi/sik,  hist,  lilenir.  Abt.,  iS80,  Vol. 
25,  pp.  121-136.  (This  oomprehensive  discussion  of  earlier  w  ork  contains  German  translations 
of  both  epigram  ami  scholium.  KnimbieRera  jiajjor  is  followed,  papps  15,3-171,  hy  A.  Auithor'a 
mathematical  disnission.  The  two  present  a  mxistcrly  presentation  of  the  lutid  and  are  funda- 
mental  for  every  student  of  the  problem.) — French  truialations  by  Terquem  and  A.  S.  C.  Vincent 
in  BuUetin  de  bMioifraphie,  d'kUtoin  tt  dt  biograpkie  math6matigue$,  tome  1,  1855,  pp.  113-124, 
130, 165-178;  tome  2, 1856,  pp.  3&^.— Italtan  traofllatbn  bgr  G.  Loria  in  le  teimte  ewtte  imB' 
onlicaGrccia,  2a  e<I.,  INIilano,  1911,  pp.  932-939  (H  ''probleinadfliliini''di Aidiiinsde). 
Tie  cattie  problem  was  also  carefully  studied  by: 

(a)  J.  Strove  and  K  L.  Sbeme,  Vatar  und  Sohn,  AUtt  griediiaehtt  Sf4gfmm  matktmaliaekai 


Uigitizeo  by  LiOO^lc 


412 


UNDBBOIUDTrATB  1UTHE1CA.TIGB  CLUBS. 


original'  discovered  by  Leasing  m  the  Wolfenbiittel  library)  headed*:  "A  problem 
whidi  Archimedes  found  among  (some)  epigrams  and  sent,  to  be  solved  by  those 
in  Alexandria  who  occupy  themselves  with  sudi  matters,  in  his  letter  to  Eratoe- 

thenes  of  Cyrene." 

In  abbreviated  and  partly  symbolic  form  the  problem  is  as  follows:  Compute, 

0  friend,  the  host  of  the  oxen  of  the  Sun,  giving  thy  mind  thereto,  if  thou  hast  a 
share  of  wisdom,  compute  the  number  which  once  grazed  upon  the  plains  of  the 
Sidlian  isle  Thrinada,*  and  whidi  were  divided  according  to  color  into  four  herds, 
one  milk  white,  one  black,  one  yellow  and  one  dappled.  The  numbw  of  bulls 
formed  the  luajority  of  the  animals  in  each  herd  and  the  rdations  between  than 
were  as  follows: 

1  .  .  .   White  bulls  (\V)     =  (1/2  -f  1/3)  black  bulls  (A')  +  yellow  bulls  (F), 

2  .  ,  ,   Black  bulls  (X)      =  (1/4  +  1/5)  dappled  bulls  (Z)  +  yellow  bulls  (7), 

3  .  .  .  Dappled  bulls  (Z)  -  (1/6  +  1/7)  white  bulls  {W)  +  yeUow  bulls  iY), 

As  to  the  cows: 

4  .  .  .   White  cows  (w)  =  (1/3  +  1/4)  black  herd  (X  +  x), 

6  .  .  .  Black  cows  (x)  =  (1/4  +  1/5)  dappled  herd  (Z  +  z), 

6  .  .  .  Dappled  cows  (t)  =  (1/6  +  1/6)  yeUow  herd  (Y  +  y)> 

7...  Yellowcow8(2r)  »  (1/6  +  1/7)  white  herd  (IT  +  w). 


Inhatta  ton  LunmQ  tnA  einnui  nnn  Drudu  Jn^fMerl,  jdgt  tmt  lAgedruekt  und  maffitmaHmsh  md 

hilisch  bcharuklt,  AJtona,  1S21  (47  pp.). 

(b)  J.  G.  Hermann  (the  German  classical  scholar  and  philologiflt),  De  archimedia  prMemale 
botrino,  Leipzig,  1828  (13  pp.).  (Ako  in  Godojredi  Hermanni  OpiMevJa,  Vol.  4,  lipsue,  1831,  pp. 
iii-v,  228-238;  contains  some  notes  not  in  original  pamphlet.) 

(c)  P.  Tannery:  (1)  "Sur  le  problcme  dca  bocufs  d'Archimdde,"  Bulletin  des  sciencci  malhi- 
vtaHti'iti  el  cutlronomiqucs,  ISSl ,  tome  5,  part  1,  pp.  25-30  (also  in  P.  'i'nnncry,  Mimoiret  scientifiquet, 
tome  1,  Touktuse,  1912,  pp.  118-123);  (2)  "L'arithm^tique  d«8  grecs  dans  Pa^inia"  (1880). 
Mimoiret  msienHfiquM,  Uma  1, 1912,  pp.  lOS-lOS. 

(d)  F.  O.  H1l1t<^^h  im  Pnnly-Wi'^sovra's  Real  Eru^fliopSdie  der  Cloftitehm  AUtrtUimwitiei^' 
schaft,  Band  2,  Stuftg.irt,  l&9(j,  cols.  531-535,  1110. 

Students  may  fiiui  T.  L.  Heath's  aoittenrhat  brief  fiisni.'vsions  more  acrcssible:  (1)  The  Works 
<tf  Archimwktt  CambcidKe,  1S97,  pp.  xadV'^aacv,  319-326.  (Alao  in  Archimedes'  Wcrke  mil 
modemen  Btuiehnunffen  heransgrgcben  tmdmiteiner  Binleitung  mtsehen  von  Sir  Thoinas  L.  Heath. 
Deutsch  von  F.  ICltini.  Berlin.  1U14,  pp.  471-477).  (2)  Diophantus  of  Alexandria,  A  tiudySntkt 
History  of  Greek  Algebra,  2d  edition,  Cambridge,  1910,  pp.  11, 12, 121-124, 279. 

'  There  is  another  copy  of  the  epigram  in  the  BiUiothifeque  Dfttkmale,  cod.  FUris  Gr.  2448 
Sae*-.  XI\",  fol  .17.    HoibtTf;  indic  ates      tlic  small  differences  of  the  codices. 

=  111  ihL-i  ouimcclioii  1  have  <:hu&cii  t  lir  traii.-.l.ation  which  Krurabicgcl  and  Heath  regard  aa 
literal,  though  somewliat  unBati8factor>'  in  nicaning. 

'  Hie  problem  seeme  to  hark  back  to  the  twelfth  book  of  Homer's  Odyatti^  vheie  the  foUowing 
lines  occur:  "Next,  you  will  reaoh  the  ulaiul  of  Harinuia  whoe  in  great  mnnbm  feed  kine  and 
the  stur<I>  nocksof  theSun"  (O.H.  Pidnwr'e  tnmflbtkiii,  Boeton,  1894,  pp.  188-180);  or  in  Fdpo's 
traoslation 

^'Thenee  to  Trincaria's  shore  yott  bend  your  way, 
Where  graze  th>-  lu  nl,  illustrious  source  of  dayt" 

As  to  the  name  Tpnwt/>fa  for  Sicily,  and  (lie  Opivaxl-^  of  Homer  and  of  the  epigram,  see 
Encyclopaedia  Briiannica,  article  "Sicily,"  and  Homer's  Odysaey  edited  by  W.  W.  Merry  and  J. 
RiddeU,  2d  ed.,  Vol.  1,  Osifoid,  1886,  p.  516. 
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If  tliou  canst  give,  0  friend,  the  iiuiuber  of  hulls  and  cows  in  each  lierd  thou  art 
not  uukuowing  nor  unskilled  iii  numbers,  but  still  not  yet  to  be  counted  among 
the  wise. 

Cooader,  however^  the  following  additional  rdations  between  the  bulls  of 
the  Sun: 

8  .  .  .  White  buDs  (W)  +  blade  bulls  (Z)  "  a  square, 

9  .  .  .  Dappled  bulls  (Z)  +  yellow  bulls  (F)  »  a  triangular  number. 

Yiheai  thou  hart  then  CMuputed  the  totals  of  the  herds,  0  firiend,  go  forth  as 
conqueror,  and  rest  assured  that  thou  art  proved  most  skilled  in  the  sdence  of 
numbers. 

The  first  seven  equationsi  in  eight  unknowns,  lead  to  the  solution: 

IT  -  10366482  ft,  Z  -  7460614  n,  r  -  4149387  n,  Z  »  7358060 
w  »  7206360n,a;  »  4893246ft,]r  »  5439213n.s  -»3516820n, 

where  n  is  any  integer.  The  solution  given  without  explanation  by  the  scJioIisst 
corresponds  to  n  »  80,  and  the  total  number  of  cattle  of  the  Sun  4,031,125,560. 
These  numbers  do  not,  as  he  affirms,  satisfy  conditions  8  and  0. 

It  is  generally  accepted  that  condition  8  is  equivalent  to  W  -{-  A'  =  a  square 
number;  but  an  ambiquity  in  the  language  of  the  epigram  in  this  connection  makes 
possible  the  strained  interpretation  that  W  -{•  X  =  sl  square  figure  or  rectangle 
(i.  e.  the  product  of  two  factors),  since  a  buU  is  longer  than  it  is  broad. 

Witli  this  latter  interpretation  of  condition  S  the  problem  was  completely 
solved  by  J.  F.  Wurm  in  1830,*  and  the  total  nunihor  of  cattle  of  the  Sun  was  then 
fonnd  to  he  5,916,837,175,686,  If  it  were  desirable  to  distribute  these  cattle 
uniformly  over  all  the  dry  land  of  the  earth,  one  animal  would  come  about  every 
25  square  feet. 

Amthor  attacked  the  {voblem  on  the  basis  of  the  more  generally  accepted 
reading  and  this  called  for  the  solution  of  the  equation 

f  -  4729494     =  1» 

After  <'l;)horate  and  arduous  work,  especially  with  continued  fractions,  he  arrived 
at  tliL'  conclusion  that  W  =  1598  \2U0r)lO,  where  <'206,>4O  represents  the 
fact  that  there  are  206541  more  digits  to  follow,  and  that,  with  the  same  notation 
the  whole  number  of  cattle  -  7766  < 20654 1>.  "It  is  easy  to  show  that  a 
sphere  having  the  diameter  of  the  milky  way,  across  which  light  takes  ten  thou- 
sand years  to  travel,  could  contain  only  a  part  of  this  great  number  of  animals 
even  if  the  size  of  each  is  that  of  the  smallest  bacterium." 

There  has  been  much  debate  as  to  whetlier  Archimedes  really  propounded  the 

>  Jahn'a  JahrbOcher  fur  Philoloffie  und  Pddagogik,  \o\.  14,  1830,  p.  194  f.  Review  of  Her- 
Dmon's  pamphlet.   Amthor  Rives  the  solution  of  Warm's  problem. 

•  Thii  equation  li;ts  Ix-cn  r(;ferreti  to  a-i  n  l'clli;ui  ('(jimt ion,  hut  there  is  not  the  slightest 
ground  for  ao  designating  my  equation  of  this  form.  See  EncydopidU  du  tdeneet  malh6- 
matiguM,  tons  1|  Vol*  8»  Imc.  1, 1006,  p.  27. 
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cattle  problem.  In  1880  Erambiegel  gave  a  pretty  complete  account  of  argu- 
ments for  and  against  this  theory.  As  a  result  he  concludes:  The  exact  form  of 
the  problem  is  probably  later  tlian  Archimedes,  but  as  to  the  problem  itself,  not 
only  is  it  very  possible,  but  very  i)robable  that  it  really  oriprinated  with  the  cele- 
brated geometer  of  Syracuse.  Sucii  too  is  the  opinion  of  Tannery,  and  of  Heiberg* 
who  is  the  greatest  authority  on  the  texts  of  Archimedes.  Hultsch  discusses  "a 
most  attractive  suggestion"  (Heath)  that  the  unmistakable  vein  of  satire  in  the 
opening  words  of  the  epigram,  in  the  transition  from  the  first  to  the  second  part8> 
and  in  the  last  lines,  was  a  shaft  directed  towiird  Aj)()llonius. 

This  problem,  originating  before  tlie  begninmg  of  the  Christian  era  is  remark- 
able in  the  history  of  Greek  algebra  since  it  is  a  problem  in  indeterminate  analysis 
of  the  second  degree,  a  problem  the  sdutimi  of  lihidi  is  move  complicated  thim 
that  of  any  in  extant  works  of  Diophantus. 

K.  B.  Mollweide  (who  was  born  in  Wolfenbiittcl)  is  quoted  as  authority  for 
the  statement  that  his  friend  Gauss  had  solved  the  Cattle  Problem  completely.^ 
If  Gauss  really  obtained  the  solution  he  is  the  only  person  known  to  have  done  so. 
For,  although  it  has  been  held  very  unsafe  to  claim  that  Archimedes  had  at  his 
dbposal  no  method  sufficiently  powerful  to  cope  idth  such  a  question,  no  one 
contends  (nor  was  it  necessary  for  giving  to  Apollonins  bis  quietus  in  accordance 
with  Hultsch's  suggestion)  that  he  actually  carried  through  all  the  necessary 
computations. 

As  final  reference  to  the  literature  of  our  topic  I  note  three  papers  published 
in  America,  two  by  A.  H.  Bell,^  and  one  by  Maiisfield  Merrimau'  to  which  the 
studoit  who  is  unable  to  read  the  admirable  and  comprehensive  German  memoirs 
of  Krumbiegel  and  Amthor  will  naturally  turn.  Bell's  papers  set  forth  the  results 
of  nearly  four  years  of  computation  by  himself  and  two  others  who  constituted 
the  "Hillsboro  Mathematical  riub"  of  Hillsboro,  111.  They  computed  thirty 
or  thirty-one  of  the  left-hand  figures  and  twelve  of  the  right* hand  figures  for  each 
of  the  eight  unknowns,  as  well  as  for  the  total  number  of  the  Cattle  of  the  Smi. 
Amthor  seems  to  have  oontoited  himsdf  with  computing  the  &st  four  of  the 
left-hand  figures  of  (a)  one  of  the  unknowns,  (6)  the  total  (although  similar  \  abies 
for  other  unknow  ns  follow  readily  from  his  work).  The  corresponding  printed 
results  of  Bell  and  Amthor  do  not  agree. 

>  Qiira  jilionca  Archimedea,  1.  v.,  and  Philologus,  GdltinReD,  Band  43,  1SS4,  p. 

W  ith  these  authotities  Heath  too  aeems  to  range  himself.  It  is  interesting  to  compare  bis 
dtaeiMBion  of  the  Oattle  Problem  in  the  fint  edition  of  his  Diopfeon/os  <tf  Aktan^brtai  Gbmbtidfle^ 
1886,  pp.  7,  142-147,  with  that  Ki\xn  in  the  second. 

*  Hermann,  I.  c,  p.  230  of  Opuecuiu. 

*  (1)  "On  the  celebrated  'Cattle  Problem'  of  Archinn  'I'l.c  M(ilhn>ta!iral  Mn'jazine, 
Washington,  Januar>-,  1895,  Vol.  2,  pp.  163-164;  (2)  "The  'Cattle  Problem'  by  Aicbimedei 
251  B.  C,"  American  Matheuatical  IdONTHLY,  May,  IS95,  Vol.  2,  pp.  14(hl41. 

*  M.  Merriman,  "The  Oattle  FkoUem  of  AzdumedeB,"  Popidar  Seknee  M<mOiiif,  1906,  Vol. 
67,  pp.  60(H}65. 
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COLLEGIATE  MATHEMATICS  FOR  WAR  SERVICE. 
CoMmnHCATioNs  Fos  THIS  CKPABnoNT  BHOOlo  BB  SENT  xo  U.  Bi.uuB£Ra,  UnivcTslty  of  liUuoia. 
90ME  OKAmKGS  AND  GHAFBECAL  SOKVnONS  IN  NAVIGATION. 

By  Wm.  H.  Roarat. 

1.  Introdiidory  Note. — During  thf  past  suiniiur  the  U.  S.  Naval  Auxiliary 
Reserve  School,  Municipal  Pier,  Chicago,  made  arrangements  whereby  its  stu- 
dents were  to  take  a  couiae  in  navigation  at  the  University  of  Chicago.  As  a 
member  of  the  teadiing  staff  at  the  University  dtiring  the  summ«r»  I  offered  my 
services  as  instructor  in  navigation  to  these  students.  Professor  Wilczynski  and 
I  were  asked  to  give  the  work  in  nautieal  astronomy.  Most  of  the  students,  m  hile 
very  intelligent,  had  only  n  liinitcd  knowledge  of  matheiiiutics, — not  extending 
beyond  plane  irigouometry, — and  no  knowledge  whatever  of  astronomy.  For 
this  reason  I  at  Brst  made  frequent  appeal  to  their  geometric  intuition  and  solved 
by  graphical  processes  tlie  splierical  triangles  which  arise  in  the  detetmination  of 
time,  latitude,  longitude,  a/.imuth,  and  in  the  problem  of  great-circle  sailing. 
I  also  drew  a  number  of  pictures,  illustrating  space  relations.  These  pietiires 
and  graphical  processes  proved  to  be  so  helpful  to  my  students  that  it  seemed 
worth  while  to  those  who  had  charge  of  the  course  in  Navigation  at  the  University 
of  Chicago  to  have  them  put  in  a  form  whereby  they  will  be  available  to  othm. 
Hence  this  article.  It  should  not  be  assumed  from  what  has  been  said,  that  I 
did  not  also  give  the  customary  methods  of  computation. 

2.  Time  Ddermination . — The  determination  of  time  reduces  itself  to  the 
mathematical  problem  of  finding  an  angle  (the  hour  angle)  of  a  spherical  triangle 
of  which  the  three  sides  (complements  of  the  latitude,  altitude  and  declination} 
are  known.  To  solve  grairfucally  radi  a  triangle  let  us  consider  the  trihedral 
formed  by  the  planes  of  the  sides  of  the  spherical  triangle.  Fig.  1  represents  sudi 


a  trihedral  in  which  a,  6,  e  denote  the  aides  of  the  spherical  triangle  or  the  face 
angles  of  the  trihedral,  and  C  denotes  the  lequured  angle  of  the  spherical  triangle 


L 


¥lQ.  1. 


Flo.  2. 
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or  the  I  l  i  t  [  111  ling  dihedral  angle  of  the  trihedral.  The  point  0  represents  the 
center  of  tlie  sphere  or  the  vertex  of  the  trihedral,  and  X  represents  any  point  on 
the  edge  of  the  required  dihedral  angle.  At  N  perj)en(lieulars  are  erected  to  the 
edge  ON  in  the  faces  which  meet  in  ON.  These  perpendiculars  meet  the  other 
edges  of  the  trihedral  in  the  points  L  and  M.  Then,  in  the  triangle  represented 
by  LMN,  the  angle  htNia  equal  to  the  required  angle  C  of  the  spherical  triangle. 
To  find  C  graphically,  let  us  cut  the  trihedral  along  the  edge  ON  and  open  it  up, 
or  develop  it,  as  shown  in  Fig.  2.  Then  N  will  assume  the  two  po^iti'Mis  V;  and 
Ni,  which  lie  at  equal  distances  from  0  on  the  two  positions  assumed  by  the  edge 
ON.  The  perpendiculars  erected  to  tliese  positions  at  tlie  points  Ni  and  Nz, 
respectively,  meet  the  new  positions  of  the  other  edges  in  L  and  Jf,  respectively. 
Hence  ML,  LNi  and  MNt  in  Fig.  2  are  the  true  lengths  of  the  sides  of  the  triangle 


Pio.  3.  Fia.  4. 


represented  by  LMN  in  Fi{^.  1.  Thus  we  are  led  to  the  Construction:  With  0 
(Fig.  2)  as  vertex  lay  oi\  tlie  angl<>  r  ('([ual  to  the  sifle  of  the  spherical  triangle 
which  lies  opposite  to  the  required  angle  C.  Atljactnt  to  the  angle  e  and  on 
either  side  of  it  lay  off  the  angles  a  and  b  equal  to  the  other  two  given  sides  of  the 
spherical  triangle.  Then  on  the  terminal  lines  of  these  last  two  angles  take 
points  and  A'2  at  equal  distances  from  0.  At  these  points  erect  perpendiculars 
NiL  and  N2^f  to  these  sides,  meeting  the  sides  of  the  angle  c  in  the  points  L  and 
M,  respectively.  With  L  as  center  and  LNi  as  radius  draw  a  circle,  and  with  M 
as  center  and  MN2  as  radius  draw  another  circle.  These  two  circles  intersect 
in  a  point  Nt,  which,  together  with  the  points  L  and  M  forms  the  triangle  repre- 
sented  by  LMN  in  Fig.  1,  and  hence  the  angle  LN^M of  ¥ig.  2  is  tlic  rt  quired  angle 
C  of  the  given  spherical  triangle.  A  cheek  on  the  construction  is  furnished  by  the 
fact  that  the  points  iY«  and  0  must  lie  on  the  same  perpendicular  to  the  line  LM, 
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In  navigation,  the  sides  (  and  e  (complements  of  the  latitude  and  altitude, 
respectively)  are  always  acute,  but  the  side  o  (complement  of  the  declination) 
may  be  acute  or  obtuse.  For  tlie  case  in  which  the  side  a  is  obtuse  the  point  L 
will  lie  on  the  produce<l  edge,  as  shown  in  Fig.  3,  and  then  the  required  angle  C 
is  the  supplement  of  the  angle  MNL  of  the  triangle  M LN.  The  corresponding 
construction  is  shown  in  Fig.  4. 

If  the  sides  a  and  h  of  the  given  spherical  triangle  aie  nearly  90^,  tiie  p(»nt8 
L  and  M  of  the  constructions  shown  in  Figs.  2  and  4,  will  fall  heyond  the  limits 
of  tlie  drawings.  In  this  case  the  construction  explained  in  $  4  can  be  used  to 
adva  ntage. 

3.  Solution  of  the  trianyk  in  the  Haint  Ililaire  Method. — To  find  the  latitude 
and  longitude  of  a  ship  by  the  Sumner  Method,  two  linet  qf  ponton  must  be 
determined.  The  Saint  Hilaire  Method  for  finding  such  lines,  involves  a  spherical 
triangle  of  which  two  sides  and  the  included  angle  are  known  and  of  which  the 
side  opposite  the  given  angle  is  required.'  To  solve  graphically  this  spherical 
triangle,  let  us  consider  Fig.  5,  in  which  the  edge  of  the  given  dihedral  angle  C 


Fia.  6.  Fig.  0. 


of  the  corresponding  trilicdrni  is  represented  as  being  in  a  vertical  pohition,  i.  e., 
perpeiulicuiar  to  the  plune  Oet  us  say)  of  a  table  top.  The  points  in  which 
the  edges  of  the  trihedral  meet  this  plane  are  represented  by  the  points  JV,  Z, 
and  M,  of  which  the  first  lies  on  the  edge  of  the  given  dihedral  angle  C.  The 

center  of  the  sphere,  or  the  vertex  of  the  trihedral,  is  represented  Ity  the  point  0. 
Let  us  now  think  of  this  trihedral  as  cut  along  its  three  edges  OA .  (KM,  OL  and 

1  'Vhis  side  is  the  computcnl  aenith  dij^tanre  of  the  observed  object.  The  asiinutb  is  UBUally 
obtained  from  on  azimuth  table,  but  it  can  easily  be  fuuiid  grapliiculJy  an  shown  in  the  Remark  at 
the  nd  of  S  4. 
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of  its  faces  as  turned  down  around  the  lines  X}[,  ML,  LN  into  the  plane  of  the 
tal)lf  top.  They  then  assume  the  position  shown  in  Fig.  6.  Hence  the  Con- 
sirudimi:  With  .V  (Fip.  6)  as  vertex  lay  off  the  angle  C  equal  to  the  given  angle 
of  the  splierical  triangle.  At  N  erect  perpendiculars  to  the  sides  of  this  angle 
and  on  these  take  points  Oi  and  Oa  at  equal  distances  from  N.  Through  Oi  and 
Os  draw  lines  making  with  OiN  and  Otif  the  angles  o  and  b,  lespectivdy,  equal 
to  the  given  sides  of  the  spherical  triangle,  and  meeting  the  sides  of  the  angle  C 
in  the  points  L  and  }(,  respectively.  Then  with  L  as  center  and  LOi  as  radius 
draw  !i  circle,  and  with  3f  as  center  and  3/Oj  as  radius  draw  another  circle.  These 
cirdes  meet  in  a  point  Oj,  which  with  L  and  M  forms  the  triangle  represented  in 


Fio.  7.  Fio.  8. 


Fig.  5  by  OLM  and  of  whidi  the  angle  at  0  is  equal  to  the  required  «de  c  of  the 
spherical  triangle.  Hence  the  angle  LO3M  of  Fig.  6  is  the  required  angle  c  of  the 
spherical  triangle.    A  cheek  is  furnished  by  the  fact  that  0»  and  N  should  lie 

on  the  same  perpendicular  to  LM. 

in  tlie  navigation  problem  the  side  6  i,complemeut  of  the  latitude)  is  always 
acute,  but  the  parts  C  and  a  may  be  acute  or  obtuse.  In  the  case  where  the  part 
a  is  obtuse  the  point  L  lies  on  the  produced  edge,  as  shown  in  Fig.  7,  and  then  the 
required  part  c  is  the  supplement  of  the  angle  LOM  in  the  triangle  LOM,  The 
corresponding  constmetion  is  shown  in  Fig.  S. 

If  the  parts  a  and  b  are  nearly  IH)'  tlu>  {)oiiit>  /.  and  M  of  Figs.  0  and  S  will  fall 
beyond  the  limits  of  the  drawings,  and  in  this  cu.se  the  constructiou  of  §  4  can  be 
used. 

4.  ConstrueHont  OMuhble  infaUing  cases  of  the  ah&te. — Constructions  whidi 
have  the  advantage  over  the  constructions  just  given,  in  that  all  the  points  re- 
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main  within  the  limits  of  the  drawings,  will  now  be  given.  These  constructions 
are  perfectly  general  and  may  be  used  whenever  the  given  parts  of  the  spherical 

triangle  are  less  then  1S0°.  These  constructions  will  now  be  given,  but  for  their 
proof  the  reader  is  referred  to  Loria,  Vorlmm^  tteber  Dantellende  Geometric, 

Vol.  IT.  p.  0. 

ConMruction  (Fig.  9  for  a  acute.  Fig.  10  for  a  obtuse). — The  thrto  parts  a, 
b,  c  {i.  c,  the  aides  of  the  spherical  triangle  or  the  lace  angles  of  the  corresponding 
trihedral)  are  laid  off  horn  a  point  0  as  shown  in  Figs.  9  and  10.  A  circle  r  of 

center  0  and  any  convenient  radius  is  then  drawn  cutting  the  sides  of  the  angles 
a,  b,  c  in  the  points  C,  A,  Bi  and  Bt  as  shown  in  the  figures.  From  the  points 
^1  and  Bt  perpendiculars  are  dropped  to  the  rays  OC  and  OA,  respectively. 


Fio.O  Fio.  10. 


cutting  these  in  the  points  F  and  E,  respectively,  and  eacb  otiier  in  the  point  6. 
With  F  as  center  and  FBi  as  radius  a  circle  Ai  is  drawn.  At  (r  a  perpendicular  is 
erectcd  to  the  line  BiF  cutting  the  circle  Ai  in  Hi.  Then  the  supplement  of  the 
angle  BiFHi  is  the  required  angle  C  of  the  spherical  triangle  of  which  the  sides 

are  the  angles  o,  b,  c. 

CoTisfrnrfinn  fFijj.  9  for  a  acute,  Fip.  10  fnrn  (ilituse). — If  b,  C  arc  tiie  given 
parts  (»!'  tlir  s])li(>ri(  :il  triangle,  the  v\rc]v  V,  the  perpendicular  BiF  and  the  circle 
Ai  arc  iiruwii  us  in  tiie  above  prt  a  tiiug  construction.  The  point  Hi  is  now  taken 
on  the  circle  Ai,  so  that  the  angle  BiFIh  is  the  supplement  of  the  given  angle  C. 
From  Hi  a  perpendicular  is  dropped  to  FB^  meeting  it  in  G.  From  G  a  per- 
pendicular IS  dropped  to  OA  meeting  it  in  E,  and  meeting  the  circle  F  in  Bt. 
The  angle  AOBi  is  then  equal  to  the  required  side  c  of  this  spherical  triangle. 

liemark. — In  order  to  find  the  angle  .1  (which  is  the  a/imuth  in  the  nautical 
problem),  wr  have  merely  to  drnw  the  ctrcie  Aj  of  center  E  and  rndius  /'/?-.  At 
6'  wp  then  vwci  u  perpendicular  to  BiK  cutting  A2  in  //j.  The  supplement  of 
the  angle  B2EU2  is  then  equal  to  tlie  required  angle  A. 
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5.  The  great-eirde^aUing  proUem, — ^The  problem  of  greatpcircle  sailing  con- 
sists in  determining  the  latitude  snd  longitude  of  various  points  Q  of  the  great 
circle  which  connects  two  piven  points  A  and  B  on  tlie  surface  of  the  earth.  The 
points  Q  are  then  plotted  on  a  Mercator  chart^  from  whicli  the  course  of  the  ship 
between  consecutive  points  is  determined.  To  devise  a  graphical  solution  of  this 
problem  let  us  first  think  of  the  points  A  and  B  as  both  situated  in  the  same  hemi- 
sphere (Fig.  11). 

Now  think  of  a  plane  tangent  to  the  earth  at  its  pole  0'  and  upon  this  plane 
let  ns  project  the  points  A  and  B  from  the  center  0  of  the  earth,  denoting  the 
projections  by  A'  and  B',  respectively.  Then  the  straight  line  A'B'  of  this  plane 
is  the  projection  of  the  great  circle  path  AB,  and  the  lines  O'A'  and  O'B'  are  the 


projections  of  the  meridians  of  A  and  B.  Let  V  denote  the  point  of  tlie  ^reat 
circle  AB  wliich  is  nearest  the  pole  0'.  E\  idently  the  projection  of  the  point  V 
is  the  toot  V  of  the  perpendicular  from  0'  to  A'B'  in  the  triangle  O'A'B',  A 
general  point  Q  of  the  great  drcle  AB  projects  into  a  point  Q'  of  the  line  A'B*, 
The  tetrahednm  OA'B'(y  represented  in  Fig.  11  is  the  inverted  position  of  the 
tetrahedron  OLMX  represented  in  Fig.  5,  so  that  the  parts  a,  b,  C  of  Fig  T)  cor- 
respond respectively  to  the  ro-iatitude  (OC-I.^)  of  .1,  the  co-latitude  (90°-Ia) 
of  B  and  the  difTerciice  in  lon^dtnde  (equal  to  the  angle  B'O'A')  of  the  points 
A  und  B.  Hence  the  part  c  of  I'ig.  5  corresponds  to  the  angular  distance  AOB 
of  Fig.  11.  Thus  the  construction  of  Fig.  6  determines  graphically  (in  that  it 
determines  the  part  c)  the  angular  distance  between  the  two  points  A  and  B 
w  hen  the  latitudes  and  the  difference  in  longitudes  of  these  points  are  known. 
In  order  to  find  the  latitude,  longitude  and  distance  from  A  (or  from  B)  of  the 

'  For  tbe  definiUoa  of  Mercator  projeotkm  see  {  7. 


Fxo.  II. 
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point  V  and  of  the  general  point     ve  will  b^n  by  repeating  the  construction 

of  Fig.  G.  Til  Fifj.  12  this  much  is  shown  by  the  heavily  drawn  lines;  the  points 
()',  A\  B',  Oa,  0,u  0"'  o{  Fi<^.  12  correspond  to  the  points  .V,  L,  3/,  0,,  Oj.  O3, 
respect ivi'ly,  of  Fig.  0.  In  Fig.  12  the  triuiiple  O'A'B'  is  the  true  shape  of  the 
triangle  which  is  shown  in  Fig.  11  by  the  same  letters.  Hence  in  Fig.  12  the  foot 
of  the  perpendicular  from  0'  to  A'^  is  the  point  V\  and  any  point  of  A'B*  is  a 
point  Q'.  The  angles  A*0"*V'  and  A*0'"Q!  are  then  thft  angular  distonces  of 
the  points  V  and    respectivdy,  from  the  point  A,  Evidently  the  angle  V'(yA' 


r 


Fig.  12. 


(Hg.  12)  is  tiie  difference  in  longitude  between  the  points  V  and  A,  and  the  angle 

V'O'Q'  is  the  difference  in  longitude  between  V  and  To  find  the  latitudes  of 
1^  and  Q  let  ns  first  draw  a  circle  F  of  center  0'  and  radius  ()'()  ^  —  O'On  (equal 
to  the  distaiu  e  represented  by  00'  in  Fig.  11).  To  get  the  latitude  of  V  draw  in 
Fig,  12  a  line  through  0'  perpendicular  to  O'V  and  cutting  F  in  0„.  Tiicn  the 
angle  0'V*0^  is  the  latitude  of  V.  Similarly,  to  get  the  latitude  of  Q  draw  a  line 
through  0'  perpendicular  to  O'Q'  and  cutting  F  in  Oy.  The  angle  O'Q'Oq  is  then 
the  latitude  of  Q,  This  is  evident  from  the  fact  that  the  triangles  O'OtV*  and 
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O'OqQ'  nf  Fig.  12  are  the  revolved  positions  (turned  into  the  phine  of  the  triangle 
(TA'B')  of  the  triangles  represented  by  (TVO  and  O'Q'O  in  Fig.  1 L 

Just  as  we  started  with  Fig.  6  the  construction 

of  Fip.  12  corresponding  to  the  case  where  A  and 
B  art-  ill  the  same  hemisphere,  so  for  the  case 
wliere  A  and  5are  in  ditlerent  hemispheres  we 
start  the  construction  with  Fig.  8. 

6.  Definition  of  a  gooi  pidure. — ^In  the  absence 
of  models,  good  pictures  serve  very  well  to  onnN  c  v 
an  adcqtiatc  notion  of  spare  relations.  By  a  gooil 
picture  of  a  spate  ol)ject  is  meant  a  plane  repre- 
sentative which,  when  properly  placet!,  produces 
upon  the  retinal  surface  of  the  eye  an  image 
which  does  not  differ  much  from  that  produced 
l)y  the  object  itself  in  a  position  in  which  one  is 
accustomed  to  see  or  think  of  Uie  object.   It  can  easily  be  shown  that  a  central 


Fio.  14. 

or  parallel  (orthographic  or  oblique)  projection  in  general  satisfies  this  criterion* 
and  therefore  sudi  a  projection  of  an  object  in  an  accustomed  position  furnishes  a 

•  See  for  iiuitjincc,  pages  X  IS  and  152  of  the  article  on  Descriptive  Geometry  in  Vol.  25  of  this 

MUMTULT. 
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good  picture;  What  ia  here  meant  by  an  accustomed  position  will  be  made  dear 
from  the  statements  which  follow.  A  stereographic  projection  of  a  sphere  is  a  cen- 
tral projection  for  a  particular  position  of  the  center  of  projection.^  However,  the 
stereographic  projection  of  the  celestial  sphere  with  its  circles  of  reference  does 


¥io.  15. 


not  produce  nearly  so  good  a  picture  as  does  an  orthographic  projection  on  a 
general  plane.  This  will  be  evident  to  the  reader  when  a  comparison  is  made  of 
Figs.  13  and  14  which  are  stereographic  and  orthographic  projections,  respectively. 
Hence  a  stereographic  projection,  although  it  is  a  projection  which  satisfies  the 
criterion  of  producing  the  same  retinal  image  as  the  object  itself,  does  not  furnish 
a  good  picture,  because  it  is  projected  from  a  point  from  which  one  is  not  accus- 
tomed to  sedng  the  ai^ere. 

7.  Stereographic  and  M creator  projecUona  defined, — ^We  have  already  used  the 
terms  ^lercator  projection  and  stereographic  projection.  For  the  purpose  of 
defining  these,  as  well  showinc;  a  simple  relation  \vlii(  h  exists  between  them, 
we  will  make  use  t)t  the  foregoing  picture  (Fig.  15)  whicii  is  an  ortliographic 
projection. 

The  stereographic  projection  of  a  sphere  is  the  central  projection  of  the  points 
of  the  surface  of  the  sphere  upon  a  diametral  plane  from  a  pole  of  the  great  <  li  ( li; 

*  For  the  delmitioii  of  ■teraognphic  projecUon  «ee  i  7. 
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in  which  this  plane  cuts  the  sphere.   In  Fig.  15  the  plane  of  projection  is  the 

equatorial  plane,  and  the  center  of  projcc  tion  is  the  aoiith  pole.  The  projection 
oi  the  point  P  of  the  sphere  is  the  point  P,  of  the  equatorial  plane. 

The  Mercator  projection  of  a  sphere  is  the  development  of  a  riglit  circular 
cylinder,  tangent  to  the  sphere  along  the  equator,  the  points  of  which  are  ob- 
tained from  those  of  the  sphere  in  the  following  manner.  The  point  P  of  the 
sphere  is  projected  from  the  center  0  into  a  point  Pt  of  the  (^tinder  (Pig,  15). 
Upon  the  element  of  the  cylinder  \vhi(  h  passes  through  the  point  Pi  the  Mercator 
projection  P„  of  the  point  P  lies,  and  its  distance  ?/  from  the  equator  is  equal  to 
the  Xajjcrian  logarithm  of  the  reciprocal  (1/r)  of  the  distance  (r)  of  the  stereo- 
graphic  projection  P,  from  the  center  0  of  the  sphere,  the  radius  of  which  is  taken 
to  be  umty. 

Thus  if  of  a  point  P  of  the  sphere,  L  latitude  and  X  =  longitude,  and  B  is 
the  co-latitude,  so  that 


and  if  for  the  stenographic  projection  P,  the  polar  coordinates  are  r  and  X,  and 
for  the  Mercator  projection  the  rectangular  coordinates  are  u  and  e,  then 


Thns  one  easily  sees  the  simple  relation  which  exists  between  these  two  types 
of  map. 

8.  Mem  nm  and  potion  qf  time  defined. — In  the  definitions  of  mean  time 
and  the  equation  of  time,  a  good  picture  showing  the  relation  which  exists  between 

the  mean  and  apparent  suns  is  vcr.\  lielpful.  In  the  orthographic  projection 
shown  in  Fig.  10  the  celestial  splure  witli  the  equinoctial  and  ecliptic  are  repre- 
sented. Tn  this  figure,  the  vernal  (-(luinox  is  represented  by  the  jioint  r,  the 
position  whicli  the  true  sun  occupies  at  perihelion  (which  occurs  about  January 
first)  is  represented  by  8^  and  the  position  whidb  the  true  sun  occupies  at  any 
particular  instant  (the  position  shown  in  the  figure  corresponds  to  about  February 
12)  is  represented  by  S.  Before  defining  the  mean  sun,  let  us  first  define  a  fic- 
titious sun  which  moves  in  the  ecliiitic  at  a  uniform  rate  in  the  same  direction 
an  the  true  sun  does  and  CKincides  with  the  true  --un  at  jicrilicliou  {and  therefore 
nho  at  aplichonj.  Tiie  point  /'  represents  the  po.sition  wliich  this  sun  occupies 
when  the  true  sun  is  at  S,  The  mean  sun  may  now  be  defined  as  the  point 
which  moves  along  the  equinoctial  at  a  uniform  rate  and  coinddes  with  the  fic- 
titious sun  at  the  vernal  equinox  (and  thnefore  also  at  the  autumnal  equinox). 


=  I  -  i  and  hence  6/2  =  ir/4  -  L/2, 


and 
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The  position  wliicii  the  nieaii  sua  occupies  when  the  true  sun  is  at  5  is  repre- 
sented by  if.  In  other  words,  the  right  ascension  of  the  mean  sun  M  is  equal 
to  the  mean  celestial  longitude  of  the  fictitious  sun     these  two  artificial  suds 

being  in  coincidence  at  the  vernal  equinox.  Fig.  16  also  represents  the  center 
0  and  the  north  pole  P  of  the  celestial  sphere  and  the  hour  pirrle?  of  iS, 
F  and  M.   The  hour  circles  of  S  and  F  intersect  the  equinoctial  in  the  points 


liu.  it). 


5'  and  F',  respectively.  The  difference  in  right  ascension  between  S  and  M, 
i.  e.,  the  angle  }fOS'  is  called  the  equation  of  time.  It  is  the  difference  between 
mean  and  apparent  solar  times.  Thus  if  Z  represents  the  zenith  of  a  particular 
place  of  the  earth  at  a  particular  instant, 

frn,  =  angle  ZP^f,  is  the  local  mean  time  of  this  place, 

ta,  =  angle  ZFSf  is  the  local  apparent  solar  time  of  this  place, 

and 

i,  —  tm  —  ta—  an(^e  MOS^t  is  the  equation  of  time.^ 

9.  The  Sumner  Makod.— In  describing  the  Sumner  Method  of  determining 
the  position  of  a  ship  at  8ea»  a  picture  representing  both  the  celestial  and  the 

terrestrial  spheres  proves  to  be  very  helpful.  In  Fig.  17  such  a  picture  is  repre- 
sented in  orthographic  projection.  The  pd-itioiis  on  tl>e  celestial  sphere,  of  the 
pole,  zenith  and  two  jwsitions  of  the  sun  are  representetl  P,  Z,  .S'l.  »S«.  respec- 
tively.   The  positions  on  the  terrestrial  .sphere,  of  the  pointii  immediately  below 

*  It  Hhould  not  l>e  lorguKen  that  hour  onglu  (time)  and  right  u«cc>nsion  arc  measured  iu  opixiHtte 
dinctions. 
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these*  are  denoted  by  p,  z,  si,  stt  respectivdy.  Then  2  is  the  position  of  the  ship, 
and  «i,  sz  are  called  the  subsolar  (or  in  the  case  of  a  star,  the  substellar)  points, 
The  meridian  of  Greenwich  is  shown  on  hnth  of  the  spheres  as  is  also  the  eqnatnr. 
It  in  thus  evident  that  the  terrestrial  longitude  of  a  sui):jolar  point  is  equal  to  the 
Greenwich  apparent  time  and  that  the  latitude  is  equal  to  the  declination  of  the 
true  Sim.  A  small  circle  of  the  terrestrial  sphere  which  passes  through  the  position 
of  the  ship  (»)  and  has  as  pole  the  subsolar  point  is  called  a  Sumner  circle.  It  is 


Fig.  17. 


easy  to  see  from  the  figure  that  the  angular  radius  of  this  circle  is  equal  to  the 

zenith  distance  of  the  sun.    The  figure  shows  tlie  two  Sumner  circles  which  cor- 
respond to  kS'i  and     and  wlii*  li  intersect  in  the  position  z  of  the  shij). 

10.  The  (Inomonic  Charf.  —By  a  fjnomonie  cliart  is  meant  the  projection  of 
the  points  of  a  spherical  surface  upon  a  tangent  plane  to  this  surface  from  the 
center  of  the  sphere.  A  straight  line  of  such  a  chart  corresponds  to  a  great  circle 
of  the  sphere.  Such  charts  are  used  in  solving  grai^icaUy  the  problem  of  great- 
cir(  !e  sailing,  of  which  one  gtapliii  al  -olution  has  already  been  i:\\  vu  In  §  5.  In 
fact  the  projection  O'A'W  (Fig.  11  on  the  plane  tangent  to  the  sphere  at  the 
point  0'  is  a  irjiomoiiic  chart  of  the  triangle  O'AIi  of  the  sphere  for  the  case  where 
the  plane  of  projection  is  tangent  to  the  sphere  at  the  pole  (>'.  In  this  case  the 
meridians  project  ihto  straight  lines  radiating  from  the  point  of  tangenc^  and  the 
parallels  of  latitude  project  into  concentric  circles  whose  common  center  is  the 
point  of  tangency.  If,  however,  the  plane  of  projection  is  tangent  to  the  sphere 
at  a  point  not  coincident  with  a  pole,  the  meridians  project  into  straight  lines  which 
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ladiate  from  the  point  where  the  axis  of  the  earth  pierces  the  plane  of  projection, 
and  the  parallels  of  latitude  ptoject  into  conies.  This  is  the  case  because  the 
planes  of  the  meridians  all  pass  through  the  axis,  which  contains  the  center  of 
projection,  and  because  the  projecting  rays  of  a  parallel  of  latitude  form  a  right 
circular  cone.  Fig.  I  S  cimhlcs  one  to  see  this  more  rlenrly.  If  on  such  a  chart  a 
sufficient  number  uf  nicridiaus  and  parallels  of  latitude  are  represented,  it  is  an 
easy  matter  to  read  off  from  the  chart  the  latitude  and  longitude  of  various  points 
of  the  straight  line  representative  of  a  great-circle  path  of  the  sphere.  The 
mcf  liod  of  doing  this  as  well  as  that  of  finding  the  distance  and  cnurse  (direction 
of  sailing)  is  explained  on  the  greatpcirde  charts  which  are  published  by  the 
U.  S.  Hydrographic  OiHce. 

The  construction  of  a  gnomonic  chart  is  identical  with  that  of  a  horizontal 
sun-dial  for  a  place  whose  latitude  is  equal  to  that  of  the  point  of  tangency  of  the 
plane  of  projection  of  this  chart.  This  can  be  easily  seen  by  the  aid  of  Fig.  18, 
in  which  we  may  now  consider  the  horizontal  table  top  as  the  dial  j)late  and  the 
axis  of  tlie  sphere  as  the  pnnmon,  or  style,  of  the  dial.  The  lines  rei)resenting 
the  iiu?riiliuns  are  then  positions  of  the  shadow  of  the  style  upon  the  dial  plate, 
and  the  conies  representing  the  parallels  of  latitude  are  the  diurnal  paths  of  the 


Fia.  18. 


shadow  of  a  knob  (situated  at  the  point  0)  of  the  style  on  the  dial  plate.  In  the 
dialing  problem  it  is  required  to  find  the  position  of  the  shadow  of  tiie  style  for 
the  hours  of  the  day.  The  diurnal  patlis  of  the  knob  are  the  conies  lying  between 
the  conies  representing  the  Tropica  erf  Capricorn  and  Cancer.  It  is  on  these 
conies  that  the  equation  of  tiiiu  is  laid  off  from  the  position  of  the  shadow  of  tlie 
style  at  apparent  solar  noon  in  order  to  make  possible  the  use  of  a  sundial  for 
the  determination  of  mean  time. 
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NOTES  AND  NEWS. 

EoiTi&u  BY  D.  A.  RoTUROCK,  LidiaDa  Uuiversity,  filoomiugton,  Ind. 

To  the  list  of  graduate  students  who  li:i\  e  been  granted  the  Doctorate  in 
mathematics  at  American  I  nix  rrsities  since  June,  1917,  as  printed  in  the  Sep- 
tember number  of  this  Monthly,  should  be  added  the  following:  H.  E.  Bkay, 
Rice  Institute,  "A  Green's  theorem  in  terms  of  I.esbcsgue's  integral";  Tkukba 
Cohen,  Johns  Hopkins,  "An  investigation  of  plane  quartic  curves";  Anna  M. 
Howe,  Cornell,  *'The  classification  of  plane  involutions  of  order  three";  L.  J« 
RoiTSE,  Michigan,  "  A  contribution  to  tiie  question  of  linear  dependence  in  lin- 
ear integral  equations." 

After  the  present  issue  of  this  journal  was  in  type  the  Editok  received  from 
Professes  E.  R.  Hedbick,  Chairman  of  the  Assodation's  Dietionaiy  Committee, 
a  few  remarks  concerning  the  artide  of  Professor  Miller  on  pages  383  to  387 

of  this  issue  (seen  by  FrofessOT  Hedbick  in  galley  proof).  These  remarks  are 
as  follows:  "^^"fIi[!  the  committee  on  a  Miithematiral  Dictionary  has  taken  no 
steps  concerning  rr(»fes,s(»r  Miller's  article  and  while  the  material  was  not  sub- 
mitted to  it  for  approval,  the  chairman  of  the  committee  feels  sure  that  the  com- 
mittee would  unquestionably  sanction  a  statement  approving  the  style  and  the 
nature  of  the  otmtents  of  Professor  Miller's  article.  The  only  possiUle  question 
that  suggests  itself  is  concerning  the  length  to  be  assigned  to  each  department 
in  order  to  keep  the  dlclionnry  as  a  whole  within  reasonable  limits.  No  final 
decision  has  been  arrived  at  concerning  this  matter.  Sample  statements  of  this 
diaracter  should  be  of  greatest  assistance  to  the  committee  and  it  is  suggested 
that  athm  follow  Professor  MiDer's  example  in  submittiiHS  ddSnitions." 
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Rietz  and  Crathorne's  College  Algebra 

By  H.  I-.  RiETZ,  University  of  Iowa,  and  A.  R.  Crathorne,  Uni- 
versity of  Illinois.  {Ammicati  Matfimatkal  Series,)  xiii+261  pp. 
8vo.  ^1.60. 

Si^ii^mentaiy  Exercises  and PtMem.  45  pp.  8vo.  Paper,  i  $  cents. 

A  tried  and  proven  textbook  for  college  beginners.  Its  remarkable  success 
has  been  doubtless  due  to  the  qualities  marked  by  one  user,  "compactness, 
vigor,  and  adaptability  to  freshman  work." 

Rietz, -Crathorne  &  Taylor's  School  Algebra 

SECOND  COVRSM 
By  H.  L.  Rietz,  Head  of  Department  of  Mathematics  in  the  Uni- 
versity of  Iowa,  A.  R.  Crathorne,  Associate  in  the  University  of 
Illinois,  and  E.  H.  TAYLOR,  Professor  in  the  Eastern  Illinois  State 
Normal  School.  {Ameri^  Mathematical  Series.)  x+23$  pp.  r2mo. 
96  cents. 

This  is  aJinirahly  adapted  for  use  with  any  students  who  have  had  a  year 
of  algebra.  Atter  trial  last  \  car  in  the  L'iu\  ersity  of  Minnesota  it  has  just  been 
re-ordered  there  under  the  new  war  conditions.  Professor  R.  M.  Barton  writes, 
'*  I  am  teaching  a  section  in  which  this  text  Is  used,  and  am  much  pleased  with 
it.  My  students  seem  to  like  It,  and  It  is  a  pleasurable  book  from  my  point 
of  view." 

BOcher  and  Gaylord's  Trigonometry 

By  MaXIME  BOCHER,  late  Professor  in  Harvard  University,  and 
H.  D.  GAylord,  Master  in  Browne  and  Nichols  School,  Cam- 
bridge. ixH-142  pp.   i2mo.  ^1.12. 

Brevity  has  been  secured  without  sacrifice  of  clearness,  first  by  omitting  un* 
essential  subjc  ts,  atu!  se  condly  by  avoiding  long-winded  explanations  of  simple 
matters.  Tht'  I  <  ok  i  unt  uns  an  explanation  of  the  use  of  logarithmic  and  other 
t<\b!rs,  and  of  so  nvjch  ut  throry  of  logarithms  as  is  necessary  tor  this  purpose. 
A  chapter  oa  the  rigiil  spherical  triangle  has  been  added. 
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THE  CONTENT  OF  A  SECOND  COURSE  IN  CALCULUS.^ 
*  E.  J.  MOULTON,  NotClnrast«m  TTntvenity. 

The  second  course  in  calculus,  as  presented  in  different  colleges  and  by 
different  uistructor$,  varies  considerably  in  content.  In  view  of  its  position  on 
the  one  hand  as  often  the  culmination  of  the  study  of  matlu  inatieal  analysis 
both  for  students  specializing  in  science  and  engineering  and  for  students  who 
will  be  teachers  of  mathematics  in  our  secondary  schools,  and  on  the  other  hand 
as  a  necessary  prerequisite  for  much  of  the  later  work  in  mathematics,  it  merits 
careful  consideration.  A  general  discussion  of  the  course  at  a  meeting  like  this 
should  prove  stimulating  to  all  of  us  who  have  been  faced  with  its  difiBlculties; 
and  it  is  my  desire  to  learn  the  views  of  other  teachers  as  much  as  to  argue  my. 
own  views  that  has  led  me  to  speak  on  this  subject  to-day. 

Before  considering  the  content  of  the  course  we  should  think  of  what  its 
general  aim  should  be.  This  general  aim  in  turn  depends  upon  the  students  who 
are  expected  to  take  the  oourae,  their  preparation  and  their  iequifem«a,t8.  As  to 
preparation,  the  miiiimum  may  be  assumed  to  consist  of  courses  in  trigonometry, 
college  algebra,  analytical  geometry  and  a  three-hour  year  course  in  calculus. 
This  is  doubtless  quite  generally  exceeded,  but  closely  approximates  the  most 
common  actual  prerequisites  for  the  second  calculus  course;  and  it  is  not  desirable 
to  assume  a  much  better  preparation.  In  my  own  classes,  for  instance,  many  of 
the  students  have  had,  or  are  taking,  a  course  in  medianics,  but  I  find  it  impossible 
to  assume  that  course  as  a  part  of  the  student's  preparation.  At  best  the 
student's  outlook  on  the  field  of  mathematics  is  very  restricted,  and  even  his 
working  knowledge  of  calculus  is  limited  to  the  very  simplest  portions. 

>  This  paper  is  a  revision  of  one  pr^otad  to  the  Mathematical  Anociation  of  Amwioa  at 
the  meeting  in  Chicago  on  December  27, 1917. 
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THE  C021TB3IT  OF  A  SECOM)  COTIItBE  IN  CALCULUB. 


As  to  the  student's  requirements,  these  are  best  discussed  by  dividing  the 
students  into  three  groups:  first,  those  who  are  specialising  in  scienoe  or  engineer- 
ing; second)  those  for  whom  this  is  the  last  course  in  analysis  and  who  will  pre- 
sumably have  no  direct  use  for  the  calculus  in  their  subsequent  work;  and  third, 
those  for  whom  this  is  a  preparation  for  more  advanced  mathematics. 

For  the  first  group  the  ability  to  use  mathematics  easily  and  vigorously  is 
dearly  the  great  need.  Mathematics  for  them  is  primarily  a  tool,  and  secondarily 
a  mental  discipline;  and  the  general  utility  of  any  topic  might  well  be  the  basis 
for  deciding  whether  it  should  be  given.  For  them  it  is  less  important  to  give 
painstaking  proofs  of  important  thonrrms  than  to  emphasize  the  importance 
of  those  theorems  by  using  them  in  the  solutions  of  problems  which  they  recognize 
as  practical  problems  or  applications  of  mathematics.  And  we  may  furthermore 
suggest  that  the  mental  discipline  is  as  great  in  a  careful  use  of  a  theory  as  in 
the  proof  of  it, 

In  the  second  group  are  prospective  teachers  and  students  who  may  be 

described  as  taking  mathematics  for  its  cultural  value.  They  are,  in  general, 
students  who  are  making  mathematics  tlieir  major  subject  in  college,  and  will 
accordingly  take  other  courses  of  about  the  same  grade,  probably  in  projective 
gemnetry  or  the  theory  of  equations.  In  these  latter  subjects  mathematigs  as  a 
systematic,  logical  development  ci  certain  lines  of  thought  is  wdl  illustrated, 
but  mathematics  as  a  tool  for  the  discussion  of  the  physical  world  is  largely, 
if  not  completely,  neglected.  It  is  important  that  these  courses  be  given  in  this 
way;  but  it  is  also  important  that  the  student  shall  appreciate  the  great  utility 
of  mathematics.  The  topics  which  one  associates  with  the  calculus  are,  at  least 
in  part,  well  adapted  to  be  givoi  so  as  to  show  this  utility,  and  accordingly  it  seems 
that  this  aspect  of  the  subject  should  receive  a  considerable  emphasis.  Moreov^, 
the  students  <st  the  second  group  require  less  fonnal  work  than  those  of  the  first 
group;  they  need  instead  to  cover  a  wide  range  of  topics  with  only  sufficient 
fornml  drill  to  he  able  to  follow  the  course  readily. 

Concerning  the  third  group,  composed  of  future  mathcmatician.s,  there  will 
doubtless  be  a  diversity  of  views  as  to  their  needs.  My  own  feeling  is  that  it  is 
too  early  in  the  student's  career  to  introduce  the  critical  attitude  of  higher  mathe- 
matics, that  it  is  far  better  at  this  stage  of  the  student's  development  to  develop 
his  technique  in  handling  the  great  algorisms  of  calculus,  and  at  the  same  time, 
as  far  as  possible,  to  give  him  a  broad  outlook  on  the  great  classical  problems  of 
analysis.  The  student  needs  a  background  before  entering  on  any  detailed  study 
of  the  fundunental  properties  of  continuous  functions,  for  example,  and  it  is 
especially  within  the  province  of  this  second  course  in  calculus  to  provide  that 
background.  A  study  of  those  fundamental  properties  should  follow  this  course 
instead  of  being  a  part  of  it.  Mi  reover,  it  seems  to  me  important  that  the  student 
should  at  this  time  get  some  notion  of  a  cousideruble  number  of  topics  rather  than 
go  more  extensively  into  some  one  subject,  like  differential  equations,  for  instance. 
The  student  will  pfesumaUy  go  m<xt  deq)ly  into  eadi  of  the  topics  later,  and  the 
advantage  of  having  some  preluninary  notion  of  the  subject  in  eadi  case  and  of 
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a  number  of  rclatf  nf  i<  ( ts  should  much  more  than  make  up  for  the  time 
apparently  lost  in  repetitions. 

It  seems,  then,  that  we  have  three  things  that  we  should  aim  to  do;  first,  we 
should  aim  to  develop  the  student's  techn^ue  in  using  with  some  freedom  as 
many  as  possible  of  the  great  algorisms  we  naturally  associate  with  the  calculus; 
second,  we  should  aim  to  present  as  far  as  possible  problems  which  the  student 
will  recoj^nize  as  applications  of  mathematics;  and  third,  wc  should  aim  to  give 
as  broad  an  outlook  as  possible  on  the  classical  problems  of  analysis. 

Granting  that  these  should  be  our  aims,  there  arise  a  number  of  questions 
as  to  methods  of  procedure  and  questions  as  to  what  should  be  the  actual  topics 
taken  up.  First  of  all,  it  is  obviously  undesirable  to  try  to  build  up  our  calculus 
from  a  few  siinplo  j)Ostulates  in  a  manner  satisfactory  from  the  point  of  view  of 
formal  logic,  for  time  would  not  permit,  even  if  we  assumed  that  the  student  could 
appreciate  such  u  method.  On  the  contrary,  it  is  desirable  to  make  a  great  number 
of  assumptions,  subject  of  course  to  tiie  oondidon  that  th^r  be  consistent,  and 
further  that  the  student  will  agree  to  their  validity  intuitionaUy.^  The  more 
we  reflect  on  the  fundamental  postulates  and  elementary  theorems  involved  in 
questions  in  limits  and  continuity,  the  more  important  it  appctir*  that  the 
specialist  in  niatiiematics  should  eventually  go  into  these  questions  deeply,  but 
also  the  more  important  it  seems  that  in  the  earlier  stages  of  his  training  he  shall 
make  a  free  use  of  his  geometric  intuitions  in  sudi  ijuestions  under  the  guidance 
of  a  more  sophisticated  intuition.  I  would  therdfore  urge  that  we  use  our  geom> 
etric  intuitions  with  some  freedom  in  this  course,  the  instructor  holding  himself 
responsible  for  their  correctness. 

Furthermore  is  it  wise  to  insist  on  giving  proofs  of  all,  or  even  of  approxi- 
mately all,  of  the  theorems  we  may  wish  to  state,  even  when  those  theorems  do 
not  appear  intuitional  to  the  student?  The  fact  that  mathematics  is  built  up 
as  a  matter  of  loi^cal  proof  from  a  set  of  axioms  gives  the  subject  a  special  claim 
for  our  attention,  but  is  it  advisable  to  require  our  students  to  go  through  the 
proofs  of  nil,  or  of  approximately  all,  of  the  theorems  they  may  ever  want  to  use? 

My  beliet  is  that  we  would  do  better  if  we  took  greater  freedom  in  stating 
theorems  without  proof,  and  spent  more  time  in  giving  our  students  an  idea  of 
the  topic  under  discussion  in  its  entirety,  inddentally  requiring  them  to  buUd 
hightt  through  a  more  frequent  acceptance  of  the  dicta  of  others.  This  involves 
no  necessary  loss  in  the  training  of  the  student's  reasoning  powers,  for  the  proofs 
that  are  given  need  be  given  no  less  carefully.  The  student  may  feel  the  lark 
of  the  completeness  which  is  one  of  the  charms  of  mathematics,  and  this  would 
be  serious  if  it  came  too  early  in  his  course,  but  it  seems  to  me  that  Uie  gaittt 
far  exceed  the  losses  if  this  poli^  is  adopted  in  the  course  we  are  discusring. 

As  to  the  standard  oi  rigor  to  be  maintained  in  the  proofs  which  are  given, 
it  Is  clear,  with  our  expressed  aims,  that  tbrre  should  not  be  any  radical  change 
from  the  standards  with  which  the  student      already  familiar.    It  is  more 

*  S«e  E.  H.  Moore:  "On  tbo  Foundatknu  of  MatbttmaticB,"  fitifltftn  qf  th»  American  Maikf 
moltui  Society,  Vol.  9,  1902-1903,  for  lemwb  Ml  tin  UM  «f  our  iatuilion  m  dcmeDtai^^  madw- 
nttioi. 
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important  to  give  arguments  in  a  form  wliicli  will  be  readily  understood  by  the 
student  and  which  are  essentially  complete  and  exact,  even  if  not  perfectly  satis* 
factory  from  the  point  of  view  of  fonnal  logic,  than  to  iay  inoie  stress  on  the  lo^cal 
mmutie  of  the  proofs.  Geometrical  intuitional  arguments  which  are  essentiaUy 
conclusive  should  be  used  with  freedom  whenever  they  will  aid  in  clearness  of 
presentation.  But  arguments  which  involve  actual  misstatements,  or  whirh  the 
best  students  may  easily  see  to  be  illogjical  or  fundamentHlly  inconiiiiete,  should 
of  course  be  avoided.  Furthermore,  carelessness  iu  such  tlimgs  as  dividing  by 
lero,  neglecting  one  of  the  square  roots  of  a  quantity,  or  assnming  the  converse 
of  a  proposition  should  not  be  permitted.  The  last  error  particularly  is  to  be 
avoided,  for  this  is  more  than  a  mathematical  error — it  is  an  element  of  daily 
reasoning  which  it  is  perhaps  important  for  the  student  to  appreciate  as  any 
of  the  mathematical  theory  winch  he  will  learn. 

Another  thing  which  should  perhaps  be  mentioned  is  the  importance  to  be 
attached  to  problems  in  the  course,  and  the  character  of  the  problems.  Professor 
Osgood  has  said:*  "The  process  by  which  the  youth  actually  acquires  the  ideas 
of  tlie  calculus  is  to  a  large  extent  and  essentially  through  formal  work  of  sub- 
stantial character.  In  order  to  attain  this  end  however  the  formal  work  must 
appear  to  him  as  having  for  its  direct  object  the  power  to  solve  some  of  the  real 
problems  of  pure  and  applied  mathematics,  and  those  problems  must  be  kept 
before  his  eye."  My  own  experience  as  student  and  teacher  bears  out  these  state- 
ments. In  the  presaitation  of  the  course  the  solution  of  problems  should  con- 
stitute a  vital  part,  a  superficially  more  important  part  than  the  development  nf 
the  theory.  In  this  way  the  student's  technique  is  developed,  he  obtains  an 
appreciation  of  the  utility  of  the  subject,  and  he  may  be  led  to  a  consideration 
of  many  of  tlw  great  old  problema. 

It  is  my  purpose  to  teke  up  in  a  moment  an  explicit  list  of  topics  suitable  for 
the  course  under  consideration,  chosen  in  an  attempt  to  meet  the  aims  we  have 
stated.  Owing  to  dlfTcrences  in  the  first  course  as  given  at  different  times  and 
places  it  is  found  necessary  to  include  some  topics  which  are  often  adequately 
treated  in  the  first  course  in  the  calculus.  One  would  naturally  wish  to  avoid 
repetition  except  in  the  case  of  the  most  fundamental  notions,  whwe  a  review  is 
worth  while,  but  these  topics  are  induded  so  that  they  will  not  be  ov^ooked  in 
both  courses  in  calculus.  Recalling  that  we  assume  as  a  prerequisite  only  a  three- 
hour  year  course  in  oalculus,  we  see  why  there  will  be  a  considerable  overlapping 
of  topics  with  those  often  considered  in  a  first  course  or  in  other  courses  of  about 
the  suuic  grade. 

The  topics  will  be  taken  up  in  the  order  in  which  they  might  well  be  givm 
to  the  dass,  dealing  with  partially  known  and  simpler  topics  first,  and  leading 
to  new  and  rather  more  difficult  topics  last, — following  this  out  as  far  as  seems 
compatible  with  a  natural  desire  tr>  n«=ociate  closely  related  topics. 

As  an  introductory'  chapter  we  need  a  brief  review  of  the  ideas  of  function, 

*  In  his  presidential  address  to  the  American  Mathematical  Society,  "The  Calculus  in  Our 
GoOfltM  and  TMhniesI  Befaooia,''  ApA  S7, 1907;  mt  1i»  BtOMmfaM  Amerkm  M«Amataol 
Mir,  Vol.  18, 1906-1907;  pp.  449^. 


Diyitizeo  by  LiOO^l 


TBS  COmSNT  OF  A  8BC0KD  COinUBB  IN  CALCULTIB. 


433 


limit,  continuity,  derivative,  and  integral.  It  is  more  important  here  to  call 
attention  again  to  the  fundamental  importance  of  the  idea  of  function  in  applica- 
tions of  mathmatiG$  than  to  attempt  any  r^nements  in  the  d^nitions  of  limits 
and  continuity.  It  is  denrable  to  indude  a  das^fication  of  the  elementary 
functions,  a  discussion  of  their  discontinuities,  and  a  working  test  for  locating 
discontinuities  of  a  function  of  a  function.*  By  introducing  hj-perboHc  fimetions 
here  we  can  both  make  it  possible  to  use  these  important  functions  later  and  at 
the  same  time  provide  some  new  material  for  practice  in  the  old  methods  of 
differentiation  and  integratron. 

A  chapter  on  the  sunplest  types  of  differential  equations  of  the  first  and 
second  orders  .can  be  given  as  a  simple  apjdicationof  differentiation  and  integra- 
tion. A  discussion  of  f;ariilies  of  curves,  orthogonal  trajectories,  and  the  solution 
of  numerous  problems  \n  geometry  and  mechanics  will  show  the  utility  of  the 
subject  to  the  student.  The  importance  and  significance  of  the  constants  of 
integration  should  receive  emphasis  as  well  as  the  formal  solution  of  equations. 

This  may  be  followed  by  a  chapter  leading  up  to  and  including  Taylor's 
Theorem  with  Remainder.  Starting  from  Rolle's  Theorem  and  the  simpler  Law 
of  the  Mean  as  geometrically  evident,  we  mny  prove  the  extension  of  the  latter 
theorem  to  the  quotient  of  two  functions,  and  establisii  THospital's  Rule  for  the 
evaluation  of  indeterminate  forms.^  These  theorems  may  be  applied  to  the 
geometrical  i«oblem  of  contact  of  plane  curves  and  to  the  problem  of  finding 
polynomial  approximations  to  functions.  This  leads  directly  to  Taylor's  Theorem 
with  Remainder,  which  is  illustrated  with  special  functions  and  is  applied  in 
computations  and  applications  to  extremes  and  points  of  inflection. 

The  consideration  of  R^,  the  Remainder  Term  in  Taylor's  Theorem,  as  a 
function  <d  n  leads  to  infinite  series.  Convergmce  tests,  induding  the  com- 
parison test,  Caudiy's  integral  test  and  d'Al^b^'s  ratio  test,  the  simple 
theorems  on  altefnating  series  and  absolute  convergence,  and  a  statement  without 
proof  of  theorems  concerning  power  series  and  uniform  convergence,  constitute 
the  theory  of  series.  They  may  be  applied  to  various  computations  and  to  the 
solution  of  differential  equations. 

The  conrideration  of  a  definite  integral  as  the  limit  of  a  sum  is  dosely  related 
to  infinite  series,  and  though  the  subject  is  treated  in  the  first  cooise  in  calculus, 
its  fundamental  importance  makes  it  merit  further  empha^  Taking  this  up 
now,  we  mav  iiK'liui*'  approximation  fomnln^-,  f'^•;^^IMtinn'^  by  ingenious  devices 
and  by  infinite  series  as  wfll  !)v  tlip  siui]>lt:  use  ul  tlie  iiuictinite  integral  method. 
Comparison  theorems  and  lut.iu  value  theorems  for  definite  integrals  may  be 
given  and  applied  to  the  approximate  evaluation  of  difficult  integrals  as  well 
as  to  certain  theoretical  questions. 

Improper  integrals,  with  tests  for  convergence,  ftdlow  the  iweceding.  Im« 

'  Tlu'  poitit  is  niif  q\utf'  often  o\  (Tl<)(jk((!  .'irid  haa  in  my  cxperimco  cauaod  many  good 
atudeuts  perplexity,  imdiun  lu-i  ihey  do  the  as.'-unipiiim  of  continuity  in  ueariy  every  theorem, 
without  beh^afale  to  tell  wlu  thur  the  functions  with  which  they  deal  are  continuous. 

*  It  is  very  questioiiublo  if  thi'  ]iroof  of  the  latter  theoMm  for  the  fonn  «o/(e  j«  wartb  giving^ 
considering  it«  difficulty  tor  the  student. 


Digitized  by  Google 


434 


TEE  COlfTENT  OF  A  SECOND  COUHaE  IK  CALCULTJ8. 


portant  special  integrals,  including  the  Eulerian  integrals,  provide  applications 
for  this  topic. 

A  brief  treatment  of  dliptic  integrals  and  functions  may  now  be  introduced. 

Only  the  simplest  properties  and  uses  of  these  functions  can  be  given,  time  not 
permitting  a  treatment  of  tlie  general  methods  of  redticing  elliptic  integrals  to 
standard  types,  computation  of  the  standard  integrals,  or  a  systematic  develop- 
ment of  the  theory  of  elliptic  functions. 

Thus  far  we  have  oonndered  only  functions  of  a  single  variaUe.  To  introduce 
functions  of  two  or  more  variables  I  find  it  necessary  to  devote  §ame  time  first  to 
solid  analytics.  Then  partial  derivatives,  the  totaJ  differential,  change  of  vari- 
able, differentiation  of  implicit  functions,  Jacobians  and  Taylor's  Series  may  be 
treated.  Applications  are  made  to  small  errors  and  to  geometry  of  space, 
including  tungent  planes  and  lines,  osculating  planes,  maxima  and  minima, 
curves  on  a  sphere,  cylinder  and  cone.  A  part  of  the  preceding  will  be  a  review  of 
what  has  been  studied  in  the  first  course  in  calculus.  Also  the  next  topic, 
multiple  integrals,  will  be  partly  a  review.  Here  we  may  include  the  definition 
as  a  limit  of  a  sum,  a  restatement,  if  necessary,  of  Duhamel's  Theorem  (or  a  sub- 
stitute), and  a  variety  of  applications  to  problems  in  areas,  volumes,  mass, 
centroids,  pressure,  moments  of  inertia,  and  attraction.  Line  and  surface 
integrals,  Green's  and  Stokes's  Theorem  and  applications  form  an  important  and 
interesting  extension  of  the  study  of  integrals,  and  naturally  follow  the  preceding* 

There  remain  a  number  of  topics  one  would  wish  to  discuss,  but  time  will  not 
suffice  to  present  all  of  them,  and  it  is  not  quite  clear  which  should  have  preference. 
Of  these,  probability,  calculus  of  variations,  Fourier's  Series,  and  a  further  study 
of  differential  equations  could  be  given  in  the  spirit  of  the  preceding,  and  all 
have  a  strong  daim  for  recognition  on  account  of  their  importance  in  various 
realms  of  applied  mathematics.  Vector  analyas  and  functions  of  a  comply 
variable  are  less  closely  related  to  wliat  has  preceded,  but  are  perhaps  of  even 
more  fundamental  importance  to  the  physicist  and  engineer.  On  the  other  hand, 
the  pure  mathematician  may  feel  a  strong  n^d  for  a  thorough  discussion  of 
certain  enstenoe  tfaeinems  or  of  tranafonnation  of  ii^mte  series,  or  of  questkma 
of  double  limits  that  arise  in  the  calculus;  but  my  beli^  b,  in  keeping  with  general 
aims  we  have  stated,  that  these  topics  must  be  sacrificed.  It  is  quite  obvious 
that  there  will  be  a  lack  of  time  for  an  extensive  treatment  of  any  of  these 
topics,  and  it  wouhl  doubtless  be  best  to  attempt  to  discuss  only  two  or  three 
of  them.  As  to  which  these  should  be,  I  have  at  present  no  decided  opinion. 
Perhaps  we  should,  on  general  principles,  allow  for  that  mudi  latitude  in  differ- 
ence of  opinion,  and  not  even  try  to  particularise  furthtf . 
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A  SYSTEM  OF  ALGEBRAIC  AND  TRANSCENDENTAL  EQUATIONS.^ 

By  G.  N.  BAUER  and  H.  L.  SLOBiN,  Univeraity  of  Miimeeota. 

The  eqmtions  under  considef  ation  are  of  the  form 

(1)  P,(«,y)  =  0,     Pt(*,y)-0,  r/a!,y)-0, 

where  Pi(x,  y)  and  Pzix,  y)  are  polynomials  in  x  and  y  with  algebraic  coefficients, 
and  whtte  7(x,  y)  0  denotes  an  equation  which,  in  general,  u  not  satisfied 
if  both  X  and  y  are  algebraic  numbers.  The  equation  T(x,  y)  ~  0  may  be  satisfied 

by  a  finite  iiundier  of  pairs  of  !)raic  numbers.  Thus,  the  equation  ar  —  =  0 
is  satisfied  for  r  =  1,  ?/  =  0  and  for  no  other  pair  of  algebraic  numbers.  Other 
equations  of  this  type  are 

y)  +  Pt(«,  y)  tan  P,(»,  y)  =  0,     Pi(«,  y)<^«*  »>  +  P,f».  y)  -  0. 

where         y)  and  PjCx,  j/)  have  no  common  factor. 

It  is  readily  seen  that  there  ensts  a  non-enumerable  set  of  systCTss  of  the  type 
(1),  for  T{xt  y)  =  0  may  be  of  the  form  T(x,  y)  s  P^(x,  y)  +  <  =  0  wliere  t  is  a 
tmnsccndental  number.  This  equation  is  not  satisfied  for  a  single  pair  of  alge- 
braic numbers.^ 

Throughout  this  paper  Pi(x,  y)  represents  a  polynomial  in  x  and  y  with  alge- 
braic coefficients.  Hie  curve  represented  by  an  equation  of  the  form  Pi{x,  y)  =  0 
will  be  called  a  P  curve.  Ilie  letter  <  always  rqjresents  a  transcendental  number, 
and  pi(()  re|»e8ents  a  polynomial  in  t  with  algebraic  coefficients.  The  curves 

represented  by  equations  of  the  form  7'i  j-,  y)  =  0  arc  called  T  curves. 

Before  considering  the  system  (1)  attention  is  directed  to  a  few  preliminary 
considerations. 

Theokbu  L   Th»  diminaHon  afxory  from  ihe  eqvatiom 

Piix,  y)  -  0,      Ptix,  y)  =  0, 

produces  a  polynomial  equation  in  mt  tmknown,  wsfft  <dg^imic  coeffimenis. 

Tlie  elimination  of  either  r  or  y  pivos  a  polynomial  equation  whose  coeflicients 
are  derived  from  the  coefficieuti  ui  tiie  two  given  polynonnals  by  the  operations 
of  addition  and  multiplication.    Hence  the  theorem  is  evident.*'  * 

Theorem  2.   The  equatioM 

Pdx,  y)  =  0,      Pi(x,  y)  =  0, 

an  taHaHed  timuUmeoualy  by  algtbraie  wmlima  only. 

'  Read  bff  )ro  the  Chicago  Sc  <  t  ion  of  the  American  Malheinrtieal  Sodcty,  December  2!i^  1916. 
Bull.  Avt.  Math.  8oc.,  Vol.  23,  p.  256. 

*  Bauer,  G.  N.,  and  Slobin,  H.  L.,  "Some  I'ransociiclental  Corvwsiid  Klllbbei^''  BtndieotUt 
da  CireUo  MaUmatico  di  Palermo,  Vol.  36,  1916,  pp.  327-332. 

*  Bunwide  and  Panton,  Theory  of  Equaliont,  p.  349. 

*  Bufflimann.  Vmiemattnilbtr  dh  Natur  der  Zahka,  189l2,  p.  20. 
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This  follows  directiy  bom  theorem  1,  for  upon  diminating  y,  for  emnple, 
the  resulting  equation  can  be  satbfied  by  algebraic  numbers  only.^ 
Thsobbh  3.   The  tjfgtem 

Pi(x,  If)  -  0,  y)  =  0,      T(x,  y)  «  0, 

can  have  no  simultaneous  sol uiion  except  possibly  one  or  more  oj  the  pairs  oj  algebraie 
numbers  which  satisfy  T{x,  y)  =  0. 

This  is  apparent  since,  by  ^eotem  2,  the  equations  Pi(»,  y)  0,  Pt(x,  »  0 
can  be  satisfied  only  by  pairs  of  algebraic  nmnbera,  while>  in  general,  T(9,  y)  ^  0 
cannot  be  satisfied  by  such  a  pair  of  numbers. 

Thus,  the  system 

Pi(«, y)  =  0,     Pj(«, y)  «  0,     y  -  sinx  -  0, 

can  have  no  simultaneous  solution  excepting  possibly  (0,  0). 
Likewise,  the  syston 

Pi(a:,y)-0,      Pi(z,y)==0,      P,(x,  y)  -  <  =  0, 

can  have  no  simultaneous  solution. 

It  is  evident  tliat  no  two  P  curves  can  intersect  on  a  T  curve  unless,  by  way 
of  exception,  the  isolated  points  on  the  curve  represented  by  T{Xf  y)  =  0  whose 
oofirdinates  are  both  algebraic  numbers,  happen  to  be  among  llie  intersectbas 
(rf  the  two  P  curves. 

If  a  P  curve  cut  a  T  curve,  no  otbor  P  curve  can  pass  through  any  transcen- 
dental point  of  intersection;  hence  any  curve  which  passes  through  a  transcen- 
dental point  of  intersection  of  a  P  curve  and  a  T  curve  is  not  a  P  curve.  It  does 
not  follow  from  this  that  the  curve  is  a  T  curve  sinqe  it  has  not  been  shown  that 
the  P  and  T  curves  odurast  all  possibilities.  In  fact,  the  equation 

Px(«,  y)Ptix,  y)  +  tPxix,  y)  =  0 

represents  a  curve  that  is  neitlicr  a  P  curve  nor  a  T  curve. 

Theorem  4.    The  equation  Pi(x,  y)  =  0  can  he  satisfied  only  by  a  pair 
numbers  both  of  which  arc  algebraic  or  bvth  of  which  are  iranscmdenial. 

Let  X  be  an  algebraic  number,  then  Pi(a;,  y)  =  0  may  be  considered  a  poly- 
nomial with  algebraic  coeffidents;  h^ce  y  must  be  an  algebraic  number.  If 
on  the  other  hand  :b  is  a  transcendental  nunfber,  y  cannot  be  algduraic,  otherwise 
a  transcendental  number  would  satisfy  an  algebraic  equation  with  algebraic 
coefficients. 

Theohem  5.  //  a  P  curve  (not  a  straitjht  Pne)  intersect  a  T  curve  (not  in  its 
isolated  algebraic  points),  then  the  slope  of  any  line  through  any  algebraic  point  qf 
the  pkmB  and  through  any  point  of  inierseeliim  i»  v  irantcendental  number.  (Any 
point  of  the  plane  whose  coordinates  are  algebraic  numbors  is  called  an  algebraic 
point.) 

1  Badunann,  ibid.,  p.  21. 
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Let  A  any  intersection  of  a  P  curve  and  a  T  curve.  Its  coordinates  are 
both  transcendental  numbers  (^i,  tz)  since  by  hypothesis  they  cannot  both  be 
algebraic,  and  by  theorem  3  one  cannot  be  algebraic  while  the  other  is  transcen- 
dental. Let  (ou  Oi)  be  the  cofirdinates  of  any  algebraic  point  of  the  idane.  Let 
lis  assume  that  the  sli^  is  algebraic;  then  the  equation  is  of  the  form 

y-  02-  m(x  —  Oi), 

where  m  is  an  algebraic  number.  Then  we  have  three  equations,  two  repre- 
senting P  curves  and  one  representing  a  T  curve,  intersecting  in  a  common 
point,  both  of  whose  codrdinates  are  transcendental  numbers.  But  this  is 
impossible  by  theorem  3.   Hence  m  must  be  a  transcendental  number. 

If  the  P  curve  is  a  straight  line  the  theorem  is  true  for  all  algebraic  points 
of  the  plane  not  on  the  line.  The  theorem  obviously  does  not  apply  to  the  alge- 
braic points  ou  the  line,  if  P  be  a  line,  since  the  equation  of  the  P  curve  is  an 
algebraic  equation,  and  hence  the  slope  is  an  algebraic  number. 

Also,  if  the  given  P  curve  is  a  line,  and  if  the  slope  in  question  is  an  algebraic 
nmnber,  then  any  algebraic  point  through  which  the  line  may  be  drawn  must 
lie  on  the  given  curve,  t.  e,,  the  line  so  constructed  must  coincide  with  the  given 
P  line. 

Corollary  1.    Any  line  with  an  algebraic  slope,  yassing  through  the  transcendental 
mtenedioiiu  qfaP  and  a  T  curve,  does  not  past  ihrougk  any  algebraic  point. 
If  the  line  paaa  through  an  algebraic  point,  it  would  be  possible  to  write  the 

equation  in  terms  of  the  coordinates  of  the  point  and  the  slope,  and  hence  the 
line  would  be  a  P  curve.   Then  two  P  curves  and  a  T  curve  would  intersect  in  a 

transcendental  point,  which  is  Impossible. 

Corolk  ry  £.    Jf  the  equation  vf  a  P  curve  is  of  ifw  form 

Ptix,  y)  -  kF^ix,  y)  =  0 

where  k  is  any  algchraic  numherf  the  imiltiple  points  of  the  P  eurte  due  to  tile  tntof^ 
eection  of  Pi(x,  y)  =  0  and  Pt(x,  y)  —  0  cannoi  be  among  the  iraneeendenial 
jpoirtts  on  n  T  rune. 

Theorem  0.  //  a  F  curve  (not  a  circle)  cut  a  T  curve  {not  in  its  algebraic 
fttnnUi)y  then  ihe  dutonce  heheeen  a  point  of  interseelion  and  any  cdgebraic  point  of 
the  phiue  it  a  troMcendental  number. 

Let  the  coordinates  of  any  algebraic  point  of  the  plane  be  given  by  (ai,  as), 
and  let  d  be  the  distance  from  this  point  to  a  point  of  intersection  of  a  P  ctirvc 
and  a  T  curve.  Let  us  assume  that  d  is  an  algebraic  number.  Then,  with 
(aj,  Oi)  as  a  center  pass  a  circle  through  the  point  of  intersection.  The  radius 
of  the  cirde  is  d.  Also  the  equation  of  the  drde  is  pven  in  terms  of  at,  a%  and  d, 
and  hence  it  is  a  P  curve.  We  then  have  two  P  curves  intersecting  a  T  curve 
in  a  transcendental  point  which,  by  theorem  3,  is  impossible.  Hence  d  is  not  an 
algebraic  number,  and  must  therefore  be  transcendental. 

If  the  given  P  curve  is  a  circle,  the  theorem  is  still  true  for  ail  algebraic  points 
of  the  plane  with  the  exception  of  the  center  of  the  given  circle.  The  theorem 
evidently  does  not  apply  to  the  center  of  the  cirde. 
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Corollary.  If  a  circle  tchich  is  a  P  curve  cut  a  T  curve  {not  i7i  its  isolated  alge- 
braic poifiia);  then  the  center  of  tlie  circle  is  the  only  algebraic  point  in  the  plane  whose 
distance  from  a  point  of  irUersection  is  an  algebraic  numher. 

Teboveu  7r  No  eirde  with  an  alffebroie  ndiuf,  r«  wJIom  center  i»  an  inter-' 
section  of  a  P  curve  and  a  T  curte,  passee  ihnn^h  an  algebraic  point  of  the  plane 
(where  r  is  not  equal  to  the  radius  of  the  P  curve,  in  case  P  happens  to  be  a  circle). 

For,  if  the  circle  passes  through  an  algebraic  point  (oi,  oj),  it  is  possible  to 
construct  a  circle  with  this  point  as  a  center,  and  r  as  a  radius.  It  would  therefore 
be  a  P  curve,  and  two  P  curves  would  intersect  a  T  curve,  wludi  is  impossible. 

ThbobsmS.  IfatangentoranoriMlU>aP€wwpaeeee1hrc>ughana!^drraie 
point  (ai,  at),  it  cannot  pace  through  the  intereecHon  qf  the  P  curve  and  a  T  curve, 
unless  the  intersection  haippene  to  be  one  of  the  finite  number  qf  isolated  tdgdtraie 
points  of  the  T  curve. 

Tiic  equations  of  the  tangents  and  normals  to  the  P  curve,  passing  through 
the  point  (oi,  at)  can  be  expressed  in  terms  of  oi,  at  and  the  partial  derivative  of 
P(x,  y).  Hence  these  equations  represent  P  curves.  But  it  is  impossible  for 
two  P  curves  and  a  T  curve  to  intersect;  hence  the  theorem* 

CoTolJnry.    A  line  tangent  to  a  P  ntrre  at  an  algebraic  point  is  a  P  curve. 

TuEoiiKM  9.  Avy  normal  [tangerU]  line  to  a  P  curve,  through  any  algebraic 
point  (oi,  ot)  of  the  plam  is  normal  [tangent]  at  an  algebraic  point. 

This  follows  directly  from  the  fact  that  under  the  stated  conditions,  the 
tangent  and  normal  are  P  curves. 

Theorem  10.  Any  line  drawn  tan^fent  [normal]  toaP  emrve  at  a  tranecendental 
point  is  a  T  curve. 

For,  if  it  contained  an  algebraic  p>oint,  we  could  set  up 

m  n  Wx,  y)        dP(x,  y)  _ 

(2)  — <f^-y)--^  =  ^» 

req[)ectively  the  curve  pasring  through  the  points  of  contact  of  the  tangents 
drawn  from  (oi,  at)  to  P(x,  y)  =  0,  and  the  curve  passing  through  the  feet  of  all 
normals  drawn  from  (oi,  oj)  to  P{x,  y)  =  0,  and  find  two  P  curves  intersecting 
in  a  transcendental  point.    Rut  this  is  impossible.   Hence  it  is  a  7*  curve. 

If  the  P  curve  is  a  straight  line,  the  lirst  member  of  (1)  is  constant,  and  the 
theorem  does  not  apply.   If  the  P  curve  is  a  circle  and  (aj,  oj)  the  center  of 
ctrde  (2)  is  identically  0,  and  the  theorem  does  not  apply  in  that  case. 
Theorem  11.   No  transcendental  point  of  a  P  curve  %e  a  eingviar  point. 
For  the  singidar  points  demand  the  simultaneous  existence  of 

Pix,y)''0,      —^=0,  -^^=0* 
which  represent  P  curves  and  can  be  satisfied  simultaneously  only  by  algebraic 
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numbers.  If  one  of  the  derivatives  rpduccs  identically  to  0,  the  remaining 
equation  must  he  satisfied  simultaneouhly  with  the  given  equation  P(Xf  y)  =  0. 
This  demands  that  the  solution  be  algebraic  numbers. 

CoreUary.  A  T  ewne  cannet  vifemei  a  P  cune  in  <Ae  HngvUor  fointB  ih» 
P  curve,  urUess  the  swipdor  poini  kappmt  toheomrfa  fydlf  mmber  qf  olg^frme 
points  of  the  T  curve. 

Tjoeorem  12.   AU  of  the  singular  points  of 

R{x,  y)  a  P,(a!,  y)  +  p(DP,(x,  y)  -  0,  [1] 

wkiek  require 
and 

'-^  =  0,  !3) 

ft 

are  among  the  inierteciMne  of  Piix,  y)  ^  0  and  Ptiz,  y)  =  0,if  Ume  are  oiiy  ai  off. 
Hie  equations  [2]  and  [3],  in  general,  contain  t.  Eliminating  i  between  [1] 

and  [2]  and  also  between  [2]  and  [3]  wehavetwoeqiiatilNDS  representing  P  curves, 
which,  taken  together  with  [1]  give  a  system  which  cannot  be  satisfied  simul- 
taneously excepting  for  the  values  common  to  I\(x,  y)  —  0  and  Pzix,  y)  =  0. 

Corollary.  The  curves  represented  by  the  eijuations  of  the  type  Piipc,  y)  -\-  p{f)  =  0 
hone  no  ewgular  pointe. 

Theobeu  13.  AU  the  emgvhnHee  qf 

Rix,  y)  -  lh(t')Pi(x,  y)  +  pt(t)Piix,  y)  =  0 

are  found  among  the  irUereeeUone  qf  Piiz,  y)  0  and  Pt(Xf  y)  »  0,  i[f  any  exiHf 
pronded  piit)  +  Xps(0- 

By  setting  up  the  partial  derivatives  of  y)  with  respect  to  x  and  y,  the 
argument  is  seen  to  foUow  the  lines  used  in  the  last  dcsnonstration. 

Tbbobeu  14.   The  tingylantue  qf 

UJ      R(x,  y)  =  po(OPo(a:,  y)  +  Pi{i)Px{x,  y)  +  •  •  •  +  p.ij)Pn{x,  y)  =  0, 
^anif  esAri,,  are  aawi^g  ihe  mtdbineow  echtHone  qf 

Pi>ix,y)^%      Pi(x,y)^0,  P«(a:,lf)  =  0 

proeided 

[21  Wap^bud,  #0 

where  the  demenb  entering  the  matrix  are  the  eo^ficiente  of  the  pdyrwmide  ]»o(0« 
Let  118  write 

and  let  the  highest  power  of  t  occurring  in  any  polynomial  be  designated  by  j. 
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Also,  representing  P,(x,  y)  by  A{  it  is  seen  that  the  foUowing  j  4*  1  equations 
must  subsist  in  order  that  there  may  be  a  solution: 

ihAt  +  Ml  +  h  a^m  —  0, 

boAo  4-  Ml  +  •  •  •  +  bnAn  -  0, 

•  •  • 

Mo  +  MiH  =  0; 

for  the  coeflSdents  of  the  individual  powers  of  t  must  reduce  to  0,  since  by  placing 

it  b  seen  that  the  singular  points  must  be  algebraic  points.  This  requires  that 
the  matrix  [21  be  equal  to  0  or  that  Ao=  Ai=  •  •  •  =  An  "  0.  But  by  hypothe- 
sis the  matrix  is  not  equal  to  0  and  lience  ,-lo.  -^i,  •  ■  ■ ,  A„  must  reduce  to  0,  i.  c., 
the  singularities  arc  among  the  simultaneous  solutions  of  Po  =  0,  Pi  =  0, 
P«  =  0. 

Corollary.   The  Mat  nuwAer  of  nngutar  points,  wfnek  require 

cannot  exceed  jh  where  j  and  h  are  ^  degreee  cf  the  iuo  pUynomiaXe  of  Unoeet  degree, 

Vihich  enter  in  [1], 

It  is  evident  that  many  such  equations  (1]  may  occur  where  j/r  would  he  much 
less  than  the  maximum  number  of  sue  h  jjoints  possible  as  determined  from  the 
table  of  riiickerian  Characteristics.    Thus  for  example 

ptit)x  +  pt(i)y  +  pa(OP»(«,  y)  «  0 

where  P«(x,  y)  is  a  polynomial  of  the  nth  degree  with  the  absolute  constant  not 
0,  has  no  such  singidartties,  for  x  »  0,  y  »  0  do  not  satisfy  Pn{x,  y)  "  0. 

The  ^  arious  theorems  pertaining  to  singularities  Boay  eanly  be  extended  to 
geometry  of  higher  dimensions. 
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PRACTICAL  SOLUTION  OF  LINEAK  EQUATIONS. 
By  H.  T.  BUROE88,  Vnivmdty  of  Waeomia* 

It  we  attempt  to  find  a  Fundamental  Sy^item  of  Solutions^  of  a  system  of 
linear  equationa  by  the  methods  found  in  the  ]itex»tiiie»*  we  meet  with  conrnder- 
able  difficulty  in  the  application. 

It  is  the  purpose  of  this  brief  paper  to  explain  a  scheme  which  works  with 
remarkahlc  ease  and  simplicity  in  practice,  and  which  is  likewise  available  for 
theoretical  purposes,  if  we  so  desire  to  use  it. 

1.  PreHminAiy  Matiix  Theoiy.  If  the  rectangular  matrix 


an 

Oil  • 

'*  OmS 

aiit 

'  *  OflMt 

is  of  rank  r,*  we  can  reduce  A'  by  elementary  transformations^  on  the  rows  only 


to  the  form 


R 
Z 


,  where  Z  cooaists  of  (n  —  r)  rows  of  zeros. 

One  method  of  procedure  is  as  follows:  (1)  if  an  =  0,  some  0,  inter* 
change  rows  1  and^;  (2)  divide  row  1  by  an;  (3)  multiply  row  1  successively  by 
«i2,  Cm,  flin  and  subtract  the  successive  products  from  rows  2,  3,  n 
respectively;  (4)  continue  this  process  until  either  (o)  r  columns  have  been  so 
reduced  or  (6)  some  column,  say  the  ^th,  k  <  r,  is  found  where  every  element 
bdow  the  (k  —  l)8t  row  is  aero.  In  case  (a),  the  resulting  matrix  has  the  form 
I    S  ' 

„  „  \  ,  where  /  is  the  unit  matrLx^  of  order  r,  and  (n  —  r)  rows  of  zeros 
III  L%  I 

appear  in  Z\  and  7^ .  This  must  be  the  case,  for  the  presence  of  a  non-zero  element 
in  Tjz  would  increase  the  rank  of  A'  by  one.  In  case  (6),  pass  on  to  the  first 
column,  siiy  the  pth,  in  which  a  non-zero  element  appears  in  or  below  the  /rth  row. 
Interchange  rows,  if  necessary,  so  that  ot,  +  0.  Divide  the  ftth  row  by  o*,  and 
reduce  all  other  el^nents  in  the  jjth  column  to  sero  as  in  (3).  Continue  this 
process  until  r  columns,  exclusive  of  those  passed  over,  are  reduced  as  in  (3). 
The  result  is  in  the  form 

\J    P  'I 

where  J  is  of  rank  r  and  has  f  rows,  and  (n  —  r)  rows  <tf  aeros  appear  in  Zi  and  Zj . 
That  the  rank  of  J  is  r  is  apparent  if  we  omit  the  columns  which  were  passed  over 

>  See  Bdcher'a  IrUroducUon  to  Hig^  ^k^l^  P*  ^ 

*  See  B^Vcher,  loo.  cit. 

*  See  Bdcher,  pp.  20-22. 
«6eefi6aliar,  p.66. 
•8MB6dwr,i».74. 
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ftnd  observe  that  the  femainino;  matrix  is  the  unit  matrix  /  of  order  r.  As  before, 

a  II  >n-zero  element  can  not  appear  in  Zu  ior  this  would  increase  the  rank  of  A' 
by  oue. 

2.  SoltttittB  of  A  System  of  Uaetr  Homosemeoas  BjuatioiM.  The  flystem 

«U«1  +  «U«»  +  *  •  *  +  "  0, 

otiXi  +  an^s  -\  h  a%At  ~  0, 

(«) 

o»i^i  +  a^^rt  +  •  •  •  +  a«wai»  =  0, 

has  a  matrix  A,  and  if  we  interchange  the  rows  and  columns  in  A,  we  get  the 
matrix  A'  discussed  in  section  1.  Write  the  matrix  ['  A'  \  I  \\  and  reduce  this 
matrix  by  elementary  transformations  on  its  rows  only  until  the  part  indicated 
by  A'  assumes  either  the  form  (o)  or  (6)  of  section  1,  The  entire  matrix  H  |  / 1| 
viU  then  be  reduced  to  the  fonn 


'  R 

K 

1  z 

s  1 

where  there  are  r  rows  in  K  and  R,  r  being  the  rank  of  A,  and  (n  —  r)  rows  in 
S  and  Z,  the  rows  of  Z  consisting  of  zeros. 

Itr=n,xi  =  Xi=       ^  Xn  =  ^  Is  the  only  solution. 
If  r  <  n,  there  are  (n  —  r)  linearly  independent  solutions  of  (a);  and  these 
form  a  fundamental  system  of  solutions.   These  solutions  appear  as  the  rows  in^. 

That  each  row  of  jS  is  a  solution  follows  from  the  fact  that  each  row  of  S  gives 
a  linear  rombination  of  the  rows  of  A'  which  is  zero  and  hence  a  linear  combina- 
tion of  the  columns  of  A  which  is  zero. 

That  the  (n  —  r)  rows  of  iS  are  linearly  independent  follows  from  the  fact 

K  ■ 

^  I  #  0  by  reason  of  its  derivation  &om  the  non-sero 

ementarjr  transfonnations. 

That  the  system  of  solutions  comyiri^cd  in  the  rows  of  S  v?  n  finKlamenta! 
system  follows  from  the  fact  that  they  are  linearly  independent  and  (n  —  r) 
iu  number.^ 

lUuttmHon,  Sdve  the  system 

«+lltf-2a+  8m;+  3i  =  0, 

«+  2y—  s+  3w+  21—0, 
—  2x-\-7y+z-  -  3<  =  0, 
-7a+  4y  +  5s- llw- 12<»  0. 


that  the  determinant 
determinant  |  / 1  by  e 


^SeeBdcher,  p.  52.  Th.3. 
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We  write 


1 

1 

-2 

-  7 

1 

0 

0 

0 

0 

11 

2 

7 

4 

0 

1 

0 

0 

0 

-2 

-1 

1 

5 

0 

0 

1 

0 

0 

8 

3 

-1 

-11 

0 

0 

0 

1 

0 

3 

2 

-3 

-12 

0 

0 

0 

0 

1 

(1)  Add  rows  4  and  6  and  subtract  irom  row  2; 

(2)  Multiply  row  3  by  4  and  add  to  row  4; 

(3)  Add  row  3  to  row  5  and  subtract  row  1  from  the  KSUlt; 

(4)  Multiply  row  1  by  2  and  add  to  row  3; 

(5)  Add  row  3  to  row  4; 

(6)  Multiply  tow  3  by  3  and  add  to  row  2; 

(7)  Intndiange  rows  2  and  3. 
The  lesult  b 


1 

1 

_0 

-7 

1 

0 

0 

0 

0 

0 

1 

-3 

-9 

2 

0 

1 

0 

0 

0 

0 

2 

0 

6 

1 

3 

-1 

-1 

0 

0 

0 

0 

2 

0 

5 

1 

0 

0 

0 

0 

0 

-1 

0 

1 

0 

1 

and  there  are  two  solutions. 

3.  Non-homogeneous  Linear  Equations.  If  we  set  x„  =  I  in  the  system 
(a),  we  have  a  nou-homogeneous  system.  The  process  of  solution  is  the  same 
escept  the  last  column  of  S  must  be  reduced  to  a  column  of  I's  by  dem^tary 
transformations  on  the  rows  of  8. 

A  necessary  and  sufficient  condition  for  such  a  solution  is  that  at  least  one 
element  in  the  last  column  of  S  shall  be  different  from  zero.  This  is  equivalent 
to  the  condition  that  the  matrix  and  the  augmented  matrix  shall  have  the  same 
rank.* 

lUiutnHon*  Solve  the  i^stem 

4x—  y+5s+l  =  0, 
2«  —  3y+  s  +  5-0, 
«+  y  +  2«— 2  —  0, 

ox         4-  2z  -  1  =  0. 


We  write 


1 

4 

2 

1 

5 

1 

0 

0 

0 

-1 

-3 

1 

0 

0 

1 

0 

0 

1 

2 

0 

1 

0 

• 

1 

I 

5 

-2 

-•1 

I 

0 

0 

1 
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PBOBIiEHS  FOR  SOLUTION. 


(1)  Interdiange  rows  1  and  4; 

(2)  Multiply  row  2  by  4  and  add  to  row  4; 

(3)  Multiply  row  2  by  5  and  add  to  row  3; 

(4)  Add  row  1  to  row  2; 

(5)  Multiply  row  2  by  5  and  add  to  row  4; 

(6)  Multiply  row  2  by  7  and  add  to  row  3. 
The  result  is 


1 

6 

-2 

:! 

0 

0 

0 

1 

0 

2 

-1 

0 

1 

0 

0 

0 

0 

-5 

0 

12 

1 

0 

0 

0 

0 

1 

9 

0 

and  the  solution  is  z  ■>     y  «  |,  z  =  0. 

If  the  "5"  in  the  last  row  and  column  had  come  out  a  aero,  the  equations 
would  have  been  inconsistent. 


PR0BL£M8  FOR  SOLUTION. 
Bkkd  AUi  oiBdraiiK^AiiiiaMa  aboo*  noBLua  «o  B.  F.  Vaxn,  Bpiingfwidt  Miwouri. 
2732.  Propoeed  by  faul  capbon,  U.  S.  Naral  Academy. 

A  eoniealeupifinedwHh  a  fluid,  standi  irfth  the  vertex  on  The 

inoer  and  outer  surfaces  of  the  cup  are  similar  cones  of  revolution,  having  altitudes  hmdhfl  x); 
the  ratio  of  the  apecific  weights  of  the  luaterial  of  the  cone  and  the  fluid  is  «;  the  height  of  a 
bermpaeter  oohimn  of  the  fluid  is  At.  Bhow  thmt  for  eqnilihiium 

htfh{l  +  s)*  +  M(l  4-  X  +       <  2/3. 
27S>.  ftopoeed  by  J.  u  waxWt  StephenTHIe,  Teaae* 

An  eUipse  of  constant  i-io  ntricti y  pulses  thfott^  the  focuB  of  a  panbda  and  haa  ita  fed 

on  the  curve.   Find  the  envrlniH  ii  uf  its  axes. 

2734.  Proposed  by  E.  L.  kee8,  The  University  of  Kentuclcy. 

Given  two  circles  tangent  to  each  other  externally.  From  the  extremity  of  a  diameter 
thnnit^  the  point  of  tangenqr,  diaw  »  aeeant  audi  that  the  aegnent  between  the  cirdea  aball 
be  et^  to  a  given  awgmcnt. 

2735.  Proposed  by  H.  B.  PHnxiPS,  Massachusetts  Institute  of  Technolosy. 

If  two  lines  AE  and  BD,  diawn  from  the  vertioea,  A  and  of  a  triangle  to  the  opposite  sides, 
divide  the  angles  A  and  B  m  that  the  paita  of  A  are  Teapeotivcly  leaa  than  the  corresponding 
IMOte  of  B,  tbna  AS  i»  greater  than  BD. 

Xn$»  nepoaed  br     cmuof ,  Freahmaa,  lohna  Hophtaa  UalTersity. 

Prove  by  elementary  gpometrj-  that  the  orthocenter,  the  ccntroid,  luid  (he  l  iroumeenter  of 
a  triangle  lie  on  a  line  (the  Kuler  line),  and  that  the  centroid  hes  between  the  other  two  and  ia 
twiee  aa  far  from  the  orthocenter  aa  from  the  droumcenter. 
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SOLUTIONS  OF  PROBLEMS. 

3869.   Proposed  by  s.  a.  coeey,  Aibia,  Iowa. 

Let  Ai,  At,  •  •  •,  At,  and  —  (^li  +  +  •  •  •  +  -^i)  be  the  vector  sides  of  an  enneagon, 
plane  or  gauche.  Also  let  Bi,  Bt,  Bt,  and  —  (fii  +  5i  +  •  •  •  -h-  B^)  he  the  vector  eidea  of 
a  second  enneagon,  where  Bi  -  CiAx  -  C»C»X,  —  ck7«A»  +  C^yCiAr,  Bt  =  CtAt  —  CifikA^ 

-  CiC«i4(  +  CMUt,  Bt  -  CtAi  +  C,A,  -  C«CU»  -  WtAi,  Bt  -  CtAt  +  CiAt  -  C/!%A* 

-  C,C^„  B,  =  CA,  +  C,a.l.  +  C.ls  +  C,C^7,  B«  -  r,.4,  +  C,C»A4  +  C,A,  +  CtCjit, 
Bi  "  C*Ai  -  CiA,  +  CuU  ~  CiAr,  and  li,  =  C*4,  -  CtA,  +  CtA,  -  CiA,,  C„  C»,  C,,  Ci,  C», 
and  C«  being  scalars. 

Then,  if  a»  tensor  b«  =  te&aor  and  om  (A^»)  —  eonne  of  the  angle  included 
betmon  ilr  •ad  A,  and  «»  (firi?.)  »  coane  of  the  angle  indiided  between  Br  aiKl  establish 
the  following  idation  between  the  eidea  and  an^^  of  the  two  enneagone: 

[Ci«  +  CiC/  +  C<Ca>  -f  CiC4C4>][«at  eoe  (AiA.)  +  dann  ooe  (il»A4)  +  Cm  eoa  U«4t) 

+  CiCMeoe(dili)] 

-  bib,  cos  (BiBa)  +  CM*  cos  (B^B^  +  C|bdb«  eoe  (BtB,)  +  C*C«b,ii  cos  (BiBt). 

Show  that  Geomctrj'  problem  SOG  is  ;i  special  rase  (if  tlio  foregoing.  Give  illustrative  ex- 
ample, using  tiiaogle  or  other  simple  geometric  %ure,  by  asHuiuiug  that  some  of  the  sides  of 
the  flnt  enneagpn  an  aeio. 

SoiiUTXOK  BT  Proposer. 

Whenever  Ai,  At,  •  •  •  end  At  are  scalar  (or  algebraic)  quantities,  and  Bi,  Bt,  •  •  •  and  B» 
have  scalar  valiiea  comaeeponding  in  iorm  to  tboee  given  in  the  iHoblem,  we  hsre  thft  algebnie 

identity, 

(Ci»  +  C»Ci»  +  CiC  +  C,C.C4»)(A,A,  +  CiAuU  +  C*AiAt  +  aCtAui») 

=  iijit  +  CtBtB*  +  CJiJh  +  C,CtB,Bt. 

Inasmuch  as  all  the  tcriiis  iu  A^,  At,  ■  *  ■  At,  and  Bi,  Bt,  •  •  ■  B»  in  litis  algebraic  identity 
•re  of  the  second  degree,  a  geometric  interpretation  may  be  obtained  by  aseuming  that  A),  At, 

At  and  Bu  Bt,  ••'  Bt,hn  vectors.  This  follows  inunediateiy  from  the  fact  that  vector 
mult^fdieatkm  is  eommutatiw  in  so  far  as  the  scalar  part  of  the  product  ts  oonoemed  whenever 
all  the  vector  terms  employed  aft'  of  the  second  degree.  But  tlie  s -ahir  jiart  of  the  vector  product 
BrB,  is  —  b,i>,*'Oii  {Urh,).  Suhstituuug  this  scalar  part  of  the  vccror  product  in  both  members 
of  the  above  algebraic  equation  and  changing  signs  we  obtain  at  once  the  equation  contained  in 
the  problem.  If  Ai  =  A»,  At  A*,  Af  At,  and  At  >  ^  the  problmn  beoomea  idaktieal  with 
Geometry  problem  506. 

Eiamplc.  As  long  as  a  veetor  maintains  a  eonstant  length  and  direction  in  space,  its  origin 
in  space  may  be  altered  at  will.  Hence  wo  need  not  confine  our  attention  to  closed  geometiio 
figures  in  interpreting  the  given  identity.  Let  DSF  be  a  given  triani^.  BfaeetD^in<7.  Draw 
OF  and  extend  EF  to  F'.  Draw  GH  intersectmg  DF  in  I  and  EF'  in  J.  Let  .1 ,  =  (7r,  ^1 ,  =  GI, 
and  At  =  GD.  Also  let  A*  =  .46  =  i4«  -  ^Ij  -  J»  -  0,  Ci  «  Ci  =  C.  =  C\  =  C.  «  1,  and 
Ct  =■  0.  Substituting  in  the  given  identity,  paying  ebiet  attention  to  the  direction  of  the  vectors 
employed,  and  dividing  by  the  constant  factor,  we  readily  get  20F  eoe  FQI  «  DF  cos  OID 
+  EF  cos  EJG,  a  known  result. 

2670.   Proposed  by  CLU'ttmo  N.  MUXS,  BrookLn£s,  South  Dakota. 

A  telegraph  wire,  weighing  one  tenth  pound  per  yard,  is  stretched  between  poke  on  levd 

ground,  so  that  the  greatest.  <lip  of  the  wire  is  thrive  feet.    Find  approximately  the  distance 
tween  the  poles  when  the  tension  at  the  lowest  point  of  the  wire  is  140  pounds. 

SoLvrioN  BT  Elbert  H.  Clabke,  Himn  College,  OUo. 
It  is  a  wdUmown  property  of  wires  banging  freely  from  two  aupporta  that  the  tenaion  at 
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any  point  is  equal  to  that  which  would  be  produced  hr  a  wire  of  the  same  weight  per  unit  lenpr'h, 
hangjpg  vertically  and  being  of  the  same  length  as  the  ordinate  of  the  point  where  tiie  tension  la 
voamand,  tlie  •qmrtion  of  lJb«  «Qm  bMng  of  the  form, 

y-|(«^'-f  e-«/-). 

Hence,      equation  of  the  catenary  curve  assumed  by  the  wire  in  iiie  above  problem  will  be 

the  unit  of  distance  being  one  yard. 

The  unount  of  dip  otr  sag  in  a  ■snnmetrlca]  aesmeot  of  luiriKnital  projoetion,  2il,  will  be 

d       (eV-  +  e-»/«)  -  a 

In  our  problem  d  =  1,  a  ^  1400,  and  a  very  close  hiBt  approximation  is  given  by  neglecting 
all  terms  in  the  series  after  the  first.  Hence,  h  »  52.915,  approximately.  Unng  more  terms 
the  result  oorreot  to  three  pbioes  is  A  *■  52.912.  The  distanoe  between  the  poles,  ooneot  to  the 
neatesfc  tentli  of  a  foot  is  317.6  feet. 

Also  solved  by  Roobb  A.  Johnboit. 

2671.   Proposed  by  abthmas  ma&tin,  Washington,  D.  C. 

FSnd  two  reetsngular  parallclopipedons  whoee  edgee  an  ntiooal  whole  niinabeES  end  wluM 
aoUd  disionals  an  also  ntiiMMl  whole  avmben  sad  ei|uaL 

Solution  by  S.  A.  Corey,  Albia,  Iowa. 

We  have  the  identities 

(x*  +  y*  +  u*  +  v»)*  "  ix*  -  ^-u*  +      +  (2xy  -  2uv)*  +  (2ux  +  2i'y)* 
-  (x*  -  y»  +1^     «^)«  +  (2ary  +  2uv)'  +  (2w  -  2tt»)« 

+  +        2iv)'  +  (Stt  +  any)*. 

By  leitiDg  «,  V,  V,  sad  v  ToprBsent  tatioDal  whole  nombere  aajr  number  of  solutkms  of  ih« 

problem  may  he  obtnineil.  One  such  solution  is  obtained  by  letting  j  =  1,  y  =  2,  u  =  5,  and 
v  »  7,  and  liud  thrtc  p.'iraUelopipedons  fulfilling  the  requirements  of  the  problem,  with  edges 
21,  06,  38;  27,  74,  6;  and  G'J,  18,  34,  re.^ptciively,  the  eohd  diagonal  of  csih  b«ag  79.  Hietbne 
smallest  have  edg<»,  1,  2,  2;  2,  4,  4;  and  2,  3,  6,  reepeclively. 

Aiso  solved  by  L.  £.  Lunn,  W.  JP.  Dubfee,  and  H.  L.  Olson. 

2673.   Proposed  by  wnxiAM  o.  BEAL,  University  of  Minnesota. 

A  plane  through  the  center  of  an  oblate  spheroid  makes  an  angle,  t,  with  the  plane  of  its 
equator.  Expness  the  eccentricity,  e',  of  this  section  in  terms  of  the  eeoentricity.  e,  of  a  meridian 
seetion  and  the  angjle,  i. 

Solution  by  C.  A.  Barnhart,  Colorado  College. 

Let  the  equation  of  the  oblate  spheroid  be  x*ib*  +  y^/b^  +  z'/d*  =  1,  (6  >  a),  of  which  the 
2-axis  is  the  axis  of  revolution.  Let  Ol'  >>'  be  the  semi-niiuur  i\\\a  of  the  fpven  plane  section 
of  which  b  is  the  semi-major  axis.  Then  P  will  be  a  point  on  the  meridian  section,  which  may  t>e 
assumed  to  Ke  in  the  la-plaae  and  to  have  the  paiametric  equationa: 

c«asin#,  ir««5oQs9; 

and  the  eccentricity,   

V6»  -  o» 
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•  •  ^— — —  .   m  t  SUl  Cr. 

6  0 
Bttt  sAr  "  tan  i    (a/b)  tan  9,  or  tm  f    (b/a)  tan  i.  llieiefore, 

J  ^  6  tan  t       ^  b  tan  t  tan  t 

we  have 

e  tant* 


Vo»  +  6*  tan» »     ^  -  We*  +  6*  tan»  i     >teec» »  -  ^ 
Substituting  for  ein  0,  we  have 

f'"  ,  . 

Also  sdved  by  Room  A.  Johnbok,  Elbibt  H.  Cl&bxb,  H.  L.  Olson,  and 

thePBOPOSEB. 

aiM.  Proposed  by  t.  O.  MAHOMET,  DallMbTcus. 

If  two  sides  of  a  triangle  differ  by  lese  than  a  certain  length,  e,  the  two  oppoaiie  angles  will 
differ  by  lees  than  a  certain  quantity  X,  exprMsed  in  decrees,  such  that  X  <  61e/a  where  a  expresses, 
nitti  ft  poaBble  sRiir  s,  the  kngtli  of  Uw  ippucnt^  eqvil  iidiM  of  the  triangte. 


SoLTJTTON  BY  KoGER  A.  JuHKsox,  Hamline  University. 
Hiis  theorem  as  stated,  is  not  true.   Consider,  for  instance,  the  triangle 

a  •=  1001,      6  =  1000,      c  -  99. 
4-87"  44'  32",       5-86"  35'  10",       (7  -  5"  40'  18". 

Now,  considering  the  nearly  equal  angles  A  and  B,  we  have,  in  fact,  X  —  1.157,  whereas  by 
the  fomnda  given,  we  should  have  X  =  .061  or  less.  Thli  is  an  axtreme  case,  but  it  will  be  found 
that  in  any  triaofl^  in  wJikh  the  neaitjr  equal  anglei  aie  9«atHr  tlun  about  £0%  the  fiomula 
does  not  hold.  ' 

Ab  m  matter  of  fact,  tha  conaet  oxproMion  i» 

.     180s.  . 
X  "  —  -tan  A, 
r  a 

where  A  wpwecnta  the  laager  of  the  n^gly  equal  angtea.  We  will  not  flonwdw  the  flatp  that  wther 
of  tfaaaB  two  an|^  exceeds  or  equals  90*. 

If  a  and  h  ace  two  aidea  of  a  triancle^ the  oppoaitB  anfl^t  we  have 

whanea 
miadiaiM»or 

aA  m       .  * 

Fat  oar  praUen,  49  *■  X,  A  •  «^  and  (pn  a}/(coe  0)  may  be  replaced  by  the  greatar  of  tiie 
-valuea  tan  e^  tan  ^,  yiddhig  the  inequality  given  above;. 

Abo  solved  by  Eujar  Swdt  uul  Paxtl  Cafbon. 
Jt'lB*  Atapoiad bjrlt B> BBOOnt Kama Cttft Mo* 
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SumthaseriM 


__1    1^'  .IJi   2^     13 -6  3y  . 
2*  8  "'■2-4  T'"2.4-6"7"** 


Solution  bt  Eujah  Swift,  University  of  Vermont* 

THfTerentiate  the  given  leries  Qieniumbl^  as  ft  power  ieriei»  conyefgent  |  s  |  <  1).  Dividing 

by  x\  we  have  the  eeriee, 

-  -  I  •  1*  +  ^  2'(x')  -  I  I  I  3.(x«)»  +  . . 

If  w«  flubatitute  «  for  and  Umd  inU^te  this  from  0  to  i,  divide  by  2  and  integrate  again,  and 
rqieat  this  prowa,  we  airiTO  at  a  familiar  series.  (Wq  are  integrating  a  function  wUeh  ia  ob- 
viottal7oontiniioaaa*a -0.)  Hie  icmlting  aenaa  la 

Reversing  the  processes  we  have  carried  out  on  the  series,  we  finally  obtain  the  original  aeriea 
in  closed  form.  Thus,  differentiating  (1  4  —  1  and  midtiplying  117  repeating 'Ola  piOOMi, 
and  differantiatiog  the  leault,  wa  have,  puttiag  a  •  x\ 

Pfx)  -  r   + 10="=* -J 

'  8(1  +  * 

Multiplying  this  by  3^,  iiitegraung  and  determining  the  constant  of  integration,  the  value 
of  Um»  given  aeriea  ia 


^+f^?-ii«ig(i+iir+3?). 

8V(l+««)»  •"•^ 


Abo  solved  by  H.  L.  Olson  and  the  Proposer. 


UNDERGRADUATE  MATHEMATICS  CLUBS. 
Enmn  bt  R.  C.  AacBiBAXD,  Brown  Univenity,  Aovidence,  R.  I. 

CLUB  ACTIVITIES. 

The  Jumok  Mathematical  Club  of  the  University  or  Chicago,  Chicago, 
111.    [1918,  34-5].» 

November  15,  1916:  "Newton"  by  Gail  F.  MouHon  19  and  Thomas  McN. 

Simpson  Gr. 

November  20:  "Elementary  notions  of  line  complexes  and  congnienoes"  by 

Levi  S.  Shivcly  Gr. 

DecembcT  13:  "Notes  iu  the  history  of  the  theory  of  functions  of  a  complex 

variable"  by  Joseph  L.  Walsh  Gr. 
January  14, 1917:  "Quadratic  ionas"  by  James  £.  McAfee  Gr. 
January  28:  "Transfonnation  of  Coordinates"  by  Kennetli  Lamaon  Gr. 

^Tbk  Hijhreviatkmindicat'  t  lint  on  pages  34-35  of  thi«  MoMtBLr,  191^  tliere  may  be  found 
fiuther  uif<«mattOB  eonoerning  llie  Junior  Mathematical  Club. 
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February  14:  "An  Application  of  Bayes's  theorem'  in  the  theory  of  probabilities" 

by  Professor  William  D.  Cairns  of  Oberlin  College. 
Febiiury28:  "Caucfay"  by  George  H.  Cz«8se  Gr.;  "Poncelet"  by  Ernest  P. 

Lane  6r.;  "Gaius"  by  Mary  C.  Suffa  Or.;  "Weierstrass"  by  Webster  6. 

Simon  Gr. 

April  11:  "Elementary  notions  of  continuous  groups"  by  Israel  A,  Barnett  Gr. 
April  25:  "Note  on  a  set  of  postulates"  by  William  P.  Ott  Gr. 
May  9:  "Plilcker"  by  Orrin  W.  Albert  Gr. 

May  23:  "The  velocity  of  a  planet"  by  George  H.  Creese  Gr.;  "The  density  of  a 

sphere"  by  Ernest  P.  Lane  Gr.;  "Riemann"  by  Cornelius  Gottwens  Gr. 
June  G:  "Infinite  determinants"  by  William  G.  Simon  Gr. 
January  16,  1918:  "Twisted  curves  in  vector  analysis"  by  Ernest  P.  Lane  Gr, 
January'  30:  "Gauss's  reciprocity  theorem"  by  Horace  Alson  Gr. 
February  18:  *'The  ltma9on*'  by  Gladys  Gibbens  Gr. 
February  27:  "Lagrange"  by  Charles  C.  Spoonw  Gr. 
March  13:  "Statistical  interpretation  of  entropy"  by  Edward  S.  Akeley  Gr. 
April  17:  "The  fundamental  theorem  of  algebra"  by  Ernest  Zeisler  '19. 
May  1:  "Some  elementary  geometric  concepts  of  the  complex  variable"  by 

Tel  C.  KimbaU  Or. 
May  15:  "Hie  discovery  of  Neptune"  by  Frederick  C.  Leonard  '18. 
May  29:  '^Reflected  curves"  by  Louis  Shapotken  '18. 

.  The  Gbinnell  Colleox  Mathbmaticb  Club,  GrinneU,  Iowa. 

This  dub  was  founded  in  March,  1917.  At  the  five  meetings  during  the 

remainder  of  the  year  the  programs  included  the  following  papers:  "The  prob- 
lem of  Apollunius  "  by  Professor  Raymond  B.  McClennon;  "  Planimctcrs  "  by 
Professor  William  J.  Husk;  "Geometry  of  four  dimensions"  by  Lloyd  W. 
Taylor,  Jr.,  instructor;  "Applications  of  Mathematics  to  gunnery"  by  Karl 
Kilgore  18. 

During  1917-18' the  dub  fonctioned  for  the  first  semester  only.  Linn 

Smith  '19,  and  Ethel  Rivers  '17,  were  respectively  president  and  vice-president. 
The  topics  discussed  included,  "Mathematical  fallacies"  by  Linn  Smith  '19, 
and  "  Squaring  the  circle  "  by  Eay  Breckenridge  '18. 

The  Matttemattcal  Club,  Harvard  University,  Cambridge,  Mass. 

[1918,  18t>-71. 

October  11,  1916:  "Geometrical  consLructions  with  special  instruments"  by 

Professor  Charles  L.  Bouton. 
October  25:  "Functions  of  infinitdy  many  variables"  by  Dr.  William  L.  Hart. 

Benjamin  Peirce  instructor. 
November  8:  "\  classification  of  closed  curves  on  a  surface  of  finite  connectivity 
by  means  of  a  canonic  al  set  of  closed  curves"  by  Harold  C.  M.  Morse  Gr, 

*  Cf.  I.  TodhunteTj  A  UUtory  qf  the  Motkematical  Theory  qf  ProbabUUy,  Cambridge  and  Lon- 
don, 1S0O,  pp.  3M  ir. 
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November  22:  "Primary  quadratic  f<Hniks"  by  Dr.  TVaoey  A.  Pierce^  instructor* 
December  6:  "Some  intint  Ltely  related  linear  equations''  by  Professor  Roluid 

G.  D.  Richardson  of  Brown  University,  Provideiioe,  R.  I. 
January  23,  1917:  "Determinants  of  many  dimensions"  by  Lepine  H.  Rice  Gr. 
February  21:  "Minkowski's  contributions  to  pure  mathematics"  by  Dr.  Edward 

A.  Krdier,  B«»ijamm  Fdrce  mstructor. 
March?:  "A  theory  of  rectangular  matrices"  by  Plfofeasor  Clarence  L.  E. 

Moore  of  Massachusetts  Institute  of  Technology. 
March  21:  "Gortain  heresies  in  the  teaching  of  elementary  dynamics'*  by 

Professor  Edward  V.  Huntington. 
April  4:  "The  fundamental  theorem  of  algebra"  by  Forrest  H.  Murray  Gr. 
"MAy  2 :  "  What  is  real  algebra  "  by  Dr.  H^iry  M .  Sh^er,  instructor  in  philosophy. 
May  16:  "Indq)eodent  postulates  for  groups  and  fiel(b"  by  Ronald  M.  Foster 

'17. 

The  average  attendance  at  Harvard  meetings  during  191d-17  was  about  26» 

during  1917-18  about  20. 

March  6,  1918:  "Calculating  machines"  by  Mr.  Modern  of  the  Monroe  Cal- 
culating Machine  Company. 

March  20:  "Bernhard  Rienmnn"  by  Professor  William  F.  Osgood. 

April  3 :  "  Pencils  of  Lines"  by  Dr.  Alton  L.  Miller,  instructor. 

May  1:  "Areal  derivatives"  by  Dr.  Gabriel  M.  Green,  instructor. 

May  15:  "Slide  rules"  by  Professor  William  R.  Ransom  of  Tufts  College,  Tufts 
College,  Mass.  Professor  G.  D.  Birkhoff  was  elected  faculty  adviser,  during 
1018-19,  with  pow«  to  call  a  meedng  for  election  of  officers. 

The  Mathematics  Club  of  THE  Unxveksity  oj?  Kansas,  Lawrence,  Kansas. 

[WIS,  35-6]. 

This  club  was  organized  in  Decciu])cr,  1911.    The  following  programs  sup- 
plementing those  already  given  were  issued  annually  in  printed  form: 
October  5, 1914:  Election  of  officers. 

October  12:  "MatlMmalica  in  astronomy"  by  Professor  ElUs  B.  Stouffer. 
October  26:  "Addition  and  subtraction  applied  to  geonutry  according  to  the 

principles  of  Grassmann"  by  Edward  H.  Cams  '12,  instructor. 
November  S-  "Who's  who  in  mathematics"  by  Charles  F.  Green  '14. 
November  22;    The  fourth  dimension"  by  Laurens  E.  Whittcmore  Gr. 
January  11)  1915:  "The  three  problems  of  antiquity"  by  Cyril  A.  Ndson  Gr. 
January  25:  "  What  is  mathematics"  by  Professor  Ulysses  G.  Mitchell. 
February  15:  "A  discussion  of  the  gyroscope"  by  Wendell  M.  Latimer  *15. 
March  8:  "Current  events  in  mathematics"  by  Eva  M.  Coors  *16. 
March  22:  "The  polar  planimeter  "  by  Austin  Bailey  '10. 
April  12:  "Insurance  mathematics"  by  Professor  Charles  H.  Ashton. 
April  26:  "Napier  and  the  invention  of  logarithms"  by  Ethel  W.  Mallonee  Gr. 
May  10:  "Quadric  surfaces"  by  Ottilia  W.  Ducker  Gr. 
May  24:  "A  trip  to  infinlQr"  by  Professor  John  N.  Van  d^  Vries. 
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September  27:  Election  of  officers. 

October  11:  "Fennat's  theorem  and  allied  topics"  by  Dr.  Solomon  Lefschetz, 

instructor. 

October  25:  "Non-Eudidean  geometry"  by  Jessie  Jacobs  '15. 
November  8:  "Une  constructioii"  by  Ada  H.  West  Gr. 

November  22:  "Who's  who  in  mathematics  in  America"  by  Professor  Mitchell; 

"Mathematical  reference  books"  by  Professor  Stouffer. 
December  13:  "Curve  tracing"  by  Paul  W.  Harnley  '15. 
January  10,  191G:  "Methods  of  computing  errors"  by  Professor  Herbert  E. 

Jordan. 

Febntaiy  14:  "Quadratic  forms  in  number  theory  "  by  Mabel  W.  Arnett  '15. 
February  2S:  "Elements  of  orbits  ol  heavenly  bodies  and  Kepler's  laws"  by 

Cora  J.  Sliinn  '17. 
March  3:  "Mathematical  Fallaciesi"  by  James  B.  Ramsey  '16. 
March  27:  "Some  definite  integrals"  by  Arthur  W.  Larsen,  instructor. 
April  10:  "The  orij^  of  the  calculus"  by  Laura  J.  McKay  '16. 
April  24:  "The  mathematics  of  the  calendar"  by  I^  otiardL.  Steimley, instructor. 
May  S:  "Finite  f^eometry"  by  Cyril  A.  Nelson  '11. 

May  28:  'Review  of  Memorabilia  Mathematica"  [Edited  by  R.  £.  Moritzl  by 

Florence  R.  Scheidenberger  '15. 
Septembtt  25:  "Methods  and  custoon  in  German  Uidversities"  by  Ptafenor 

Aditon. 

October  9:  "The  mysteries  of  thefourtli  dimension"  by  Margaret  Colonan  '17» 

October  23:  "MatheiTiatical  games"  by  Professor  Van  tier  Vries. 

November  (i:  "Three  famous  problems  of  antiquity"  by  Hazel  E.  Parkinson  1<S. 

November 20:  "Some  simple  applications  of  vector  analysis"  by  ^irthur  W. 

Larsen,  instructor. 
December  11:  "The  slide  rule"  by  Hobart  F.  Lutz  '19. 
January  8,  1917:  "Magic  squares  and  cubes"  by  Cora  J.  Shinn  '18. 
January  30:  "Japanese  and  Chinese  mathematics"  by  Frances  E.  Adams  '18. 
February  12:  "Addinp  and  multiplying  macliines"  by  Professor  John  J.  Wheeler. 
February  26:  "Properties  of  the  number  9"  by  Marie  O.  Graff  17. 
March  12:  "How  to  draw  a  straight  line"  by  Earle  B.  Miller,  instructor. 
March  26:  "Paper  folding"  by  Bernice  Boyles  *18. 

April  9:  "Review  of  De  M<Nrgan's  Budget  of  Paradoxes"  by  Helen  R.  Garman 

'18. 

April  23:  "The  planimeter  and  rectifier"  by  Lewis  M.  Hull  '17. 
May  14:  "Mathmatical  recreations"  by  Mignonette  Uhl  '18. 
May  25:  Picnic. 

Tb£  W'lmv.  Matiieuatics  Club  at  the  Univebbitt  of  Kentucjlt,  Lexington, 

Ky,    [IDIS,  90]. 

The  following  list  of  programs  is  supplementary  to  that  previously  given. 
October  11,  1916:  *'How  to  draw  a  straight  line"  by  Professor  Paul  P.  Boyd. 
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October  IS:  "Exceptions  to  the  laws  of  rudicals"  by  Professor  Elijah  L.  Rees. 
C)ctober2o:  "On  the  contraction  of  homogeneous  spheroids"  by  Professor 

Harold  H.  Downing. 
Novonbtt  1:  "Intrinsic  equatloiv"  by  Professor  Joseph  W.  Davis. 
NovonW  8:  "Theorems  relating  to  the  three  noffinals»  through  a  point,  to  a 

parabola"  by  Vernon  C.  Grove  Gr. 
Noveiriber  1"  :  "  Elliptic  integrals  in  the  problems  of  the  inverse  fifth  power^ 

by  Harry  il.  Allen  Gr. 
November  22:  "Eclipses"  by  Homer  L.  Eeid  Gr. 

December  6:  "Graphical  ooostnietion  for  a  fanctkm  <rf  a  function  and  for  a 
function  givm  by  a  pair  of  parametric  equations"  [review  of  W.  H.  Roever's 

article  in  this  Monthly,  1917]  by  Clarence  W.  Harney  '17. 
December  13:  "Linkages"  ^ Diitinued)  by  Professor  Boyd. 
December  20:  "Trisectiou  of  an  angle  by  means  of  conies"  by  Professor  Rees. 
January  d,  1917:  "Areas  of  pedal  cmrves"  by  Professor  Davis. 
January  10:  "Hdmholts's  contraction  theory"  by  Professor  Downing. 
February  7:  "History  of  Egyptian  and  Phoenician  Mathonatics"  by  Vernon 

G.  Grove  Gr. 

February  14:  "History  of  Grecian  Mathematics"  by  Harry  R.  Allen  Gr. 
February  28:  "History  of  Hindoo  and  Arabic  mathematics"  by  Homer  L. 
Reid  Gr. 

March  14:  "History  of  Italian  mathematics"  by  Clarence  W.  Harney  '17. 

March  23:  "History  of  English  mathematics"  by  IT.  L.  Reid  Gr.  . 
March  28:  "History  of  French  mathematics"  by  V.  G.  Grove  Gr. 
April  4:  "History  of  German  mathematics"  by  H.  R.  Allen  Gr. 
April  17:  "A  chart  of  mathematical  history"  by  Professor  Rees. 
April  25:  "Non-Euclidean  geometry"  by  MjTtle  R.  Smith  '17. 
May  1:  "The  general  linear  transformation  by  linkages"  by  Professor  Boyd. 
May  9:  "Perturbations  tre  itrd  j^cometrically"  by  Professor  Downing. 
May  IS:  "Pythagoras  and  the  Pythagorean  theorem"  by  Mary  Beall  '10. 
January  16, 1918;  "Integrals  related  to  the  Lebesgue  integrals"  by  Professor 
Davis. 

January  23:  "A  discussion  of  the  Rochester  plan"  [review  of  W.  Betz's  article, 
on  "The  Teaching  of  Mathematics  in  the  Junior  High  Sdiool/'  in  The  Mathe- 

moHea  Teacher,  December,  1917]  by  Professor  Davis;  "Mathematical  re- 
quirements in  certain  high  schools"  by  Mias  Mamie  Schmidt  of  the  Lexington 

High  School. 

February  7:  "Review  of  Townsend  and  Goodenough's  Calculus"  by  Professor 
Rees. 

February  14:  "The  cydo-humonograph"*  by  Ptofeasor  Boyd. 

February  20:  "Arithmetical  progression  of  the  nth  order"  by  Professor  Downing. 

February  27:  "Introduction  to  infinitesimal  analysis"  by  Professor  Davis. 

'Sec  R.  E.  Moritz,  (I)  "Tlie  Cyrlo-harmono^iriipti :  :ui  instnimcnt  for  drawing  large  classes 
of  important  higher  plane  curves,"  ScitrUiJic  American  .Suppiemeni,  August  5,  1916;  (2)  Oo  the 
coDBtraetioii  of  certain  curw  given  in  polar  ooOnJinatea,"  in  thia  MoimLTy  AUy,  1917. 
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March  6:  "A  theorem  of  mechanics  proved  by  vector  analysis"  by  Professor 

Bees. 

March  27:  "Point  sets"  by  Professor  Downing. 
April  8:  "Point  sets"  (continued)  by  Phifeasor  Dains. 

April  10:  "  Point  sets"  (continued)  and  "Shortest  distance  between  two  pobits" 

by  Professor  Downing. 
April  17:  "Point  sets"  (continued)  by  Professor  Davis. 

April  24:  "Solution  of  two  geometrical  problems"  by  Professor  Rees;  "Point 

sets"  (continued)  by  Firofesaor  Downing. 
May  8:  "Photogvammetiy"  by  V.  G.  Grove  Gr. 

May  15 :  "  Some  applications  of  vector  anaJyaia  to  Jdnematics"  by  H.  R.  Allen  Gr. 

The  Mathematics  Club  of  the  Univebsitt  of  Maine,  Orono,  Me.  [1918, 
132]. 

The  following  programs  are  supplementary  to  those  already  given: 

March  8,  1916:  "Simple  method  of  constructing  normals  to  the  parabola" 
Ireview  of  S.  G.  Barton's  paper  in  this  Monthly,  June,  1914j  by  Maynard 
F.  Jordan  '17:  "Life  of  the  late  Simon  Newcomb"  by  Charles  I.  Emeiy  '17* 

April  5:  "Mathematics  in  the  secondary  school"  by  Hojrt  D.  Foster  *16;  "Addi- 
tion formulas  for  the  trigonometric  functions"  by  Marie  F.  Foster  '16; 
"Fallacies  in  geometry"  by  Professor  Lowell  J.  Reed. 

April  19:  "Methods  of  teaching  high  school  mathematics"  by  James  A.  Hamlin, 
principal  of  Old  Town  High  School. 

May  31:  "Systems  of  ovals  and  the  ellipse  as  a  special  case"  by  Zella  Colvin 
*16;  "Rolling  curves"  by  Raymond  D.  Douglass  '15. 

October  11 :  Social  meeting  at  the  home  of  Professor  James  N.  Hart;  there  was  a 
short  program  consistin;^  of  competition  between  several  teams  in  solving 
problems  and  mathematical  puzzles. 

October  25:  "Applications  of  partial  derivatives  in  relation  to  the  study  of 
conies"  by  Sumner  C.  Cobb  '17;  "Life  and  work  of  Charles  P.  Steimnets"^ 
by  Clarence  H.  Drisko  '18. 

November  8:  "On  the  solutions  of  linear  equations  having  small  determinants" 
[review  of  F.  R.  Moulton's  article  in  this  Mokthlt,  October,  1913]  by  Charles 
I.  Emery  '17. 

Novembtf  22:  "Curve  fitting"  by  John  I.  Miner,  computer  in  the  Agricultural 
Experiment  Station;  "Ufe  of  Pwcival  Lowell,  astronomer"  by  Edith  De 

Beck  '18. 

December  6:  "The  fourth  dimension"  l)y  Dr.  Xorbert  Wiener,  instructor. 

January  17,  1917:  "Solution  of  certain  problems  prepared  in  Granville's  and 
Smith's  calculus  text  books  with  erroneous  answers"  by  Lester  C.  Swicker 
'19;  "Methods  and  symbols  used  m  mathematics  before  the  sixte^th  orai- 
tury "  by  Professor  IVuman  L.  Hamlin. 

^  Brataaor  of  dectro-pbysics  at  Unkm  Oollegp,  Sehenectady,  N.  Y. 
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February  14:  "Solution  of  problems  that  appeared  in  tiie  Amesigan  Mathb- 
UATicAL  MoNTHLT  and  in  Sdiooi  Seienee  and  MathmaUca  by  Samuel  ¥^ae- 

man  '19. 

April  18:  "Some  astronomical  topics  of  current  interest  "  hy  Professor  Hart. 
May  16:  "A  geometrical  interpretation  of  Taylor's  formuia  '  by  Professor 
HarleyR.  Willord. 

December  19, 1917:  "Hiatoiy  of  tr^onometxy"  by  Edith  L.  Deering  '21;  "The 

nine-point  circle"  by  Edith  DeBeck  '18. 
February  27,  1918:  "The  edipae  of  June,  1918"  by  Professor  Hart;  "Comets" 

by  Samuel  Guptill  '20. 
March  27:  "Applications  of  trigonometry  to  railway  curves"  by  Aipheus  C. 

Lyon,  professor  of  civil  engineering;  "Ptolemy's  theorem  an^  its  applies^ 

tions"  by  Albert  J.  Bedaid  '21. 

The  Mathematk  s  Club  of  the  UNiVERSiTy  of  Noeth  Caeouna,  Chapel 
Hill,  N.  C.    [ims,  90-91]. 

The  club  members  are  drawn  not  only  from  the  department  of  mathematics 
but  also  from  the  departments  of  chemistry,  physics,  and  civil  and  electrical 
oigineering.  It  has  been  the  aun  of  the  dub  "to  bring  teacher  and  student  into 

closer  and  man  sympathetic  contact,  to  call  to  the  student's  attention  matters 
for  which  opportunity  did  not  present  itself  in  class,  to  correlate  more  closely 
the  work  of  aUied  departments,  to  arouse  the  interest  and  to  foster  tiie  develop- 
ment of  superior  men  while  lending  help  and  courage  to  the  weaker.  The  pro- 
grams have  been  limited  both  as  to  number  of  papers  and  as  to  Hie  time  occupied 
by  than,  so  that  problems  of  interest  could  be  proposed  and  discussed."  These 
have  been  conducted  by  the  dub's  secretary,  John  W.  Lasley,  instructor. 

The  follfv-insj  list  of  proj;rams  supplements  tliat  previously  given: 
November  28,  1910:  "The  differential  coefficient  viewed  as  a  singular  form" 
by  Professor  William  Cain;  "Mathematical  requirements  for  electrical  engi- 
neering students"  by  Elden  L  Staple:>,  instructor  in  electrical  engineering. 
January  9, 1917:  "The  logic  of  mathematics"  by  Henry  H.  Williams,  professor 
of  philosophy. 

February  13:  "The  inscription  of  a  regular  17-pon  in  a  circle"  by  Sherman  B. 
Smithey  '17;  "Some  characteristic  theoEcms  in  the  foimdations  of  geometry" 
by  Professor  iWcliibald  Henderson. 

March  6:  "A  note  on  linear  equations"  by  Mr.  Lasley;  "The  teadiing  of  mathe- 
matics in  the  high  school "  by  Lestw  A.  H^^lliams,  professor  of  sdiool  adminis- 
tration. 

January  7,  1918:  "Matlicmatics  historically  considered"  by  Professor  Cain. 

(Lecture  open  to  tlic  public.) 
February  6:  "A  method  for  hnding  the  complex  roots  of  a  cuuic  equation"  by 
Mr.  Lasley. 

February  18:  "Some  aspects  of  modem  geometry"  by  Professor  Henderson 
(Public  lecture). 
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March  4:  "The  origin  and  development  of  number"  by  Mr.  Lasley  (Public 

lecture). 

I^iarcii  18:  "  War  maps  and  the  use  of  scales"  by  Thomas  F.  Nickerson,  associate 

profeaaor  of  dvil  en^neering.   (Public  lecture.) 
April  1:  "Conunon  sense  in  mathematics'*  by  Dr.  A.  Wilson  Hobbs,  instructor 

in  matiiematics.    (Public  lecture.) 
April  22:  "Surveying"  by  Marvin  H.  Staqr,  professor  of  dvil  engineering. 

(Public  lecture.) 
April  30:  "Complex  numbers"  by  Houston  Everette  '20. 

The  Mathematics  Ci.ub  or  thb  UMiniBaiTr  op  Obbqok,  Eugene,  Or^jon. 

[1018,  134-135J. 

The  remaining  programs  in  1917-18  were  as  follows: 
Februarv' 27:  "Solution  of  the  fifth  degree  equation"  by  Mary  Mottley  '19; 

"The  Leibnitz-Newton  controversy  over  the  disa>very  of  the  calculus  " 

by  Glen  Langdou  '20. 
May  IS:  "The<Mry  of  numbers,  especially  prime  numbers,  congroencesy  and 

Pythagorean  numbers'*  by  Olga  Soderatrom  '18;  "Septic  curves"  by  Dr. 

Roy  M.  Winger,  instructor. 

VnrcuLTTM,  University  of  Pennsylvania,  Philadelphia,  Pa. 

This  club  was  organized  in  May,  1917,  "to  further  interest  in  mathematics, 
to  provide  a  seminar  for  undergriiduate  students,  and  to  promote  sodability 
among  those  interested  in  the  subject.  Membership  is  limited  to  women  stu- 
dents, in  any  department,  in  any  class,  who  are  majoring  in  mathematics.^ 
During  the  past  year  there  were  20  members  and  the  average  attendance  at 
meetings,  includiug  visitors,  was  25. 

Officers  1917-18:  President,  Edith  P.  Levinson  *18;  vice-president,  Anna 
L.  Kuhn  'iM);  secretary,  Marion  George  '20;  treasurer,  Anna  Corson  '19. 

The  following  is  a  complete  record  of  meetings  (apart  from  those  of  a  business 
nature  only)  from  the  foundation  of  the  club  to  tlie  end  of  the  year  1917-18. 
November  12,  1917:  "Human  side  of  mathematics"  by  John  H.  Minnick, 

assistant  professor  in  education  (formerly  instructor  in  mathematics). 
December  10:  "Early  development  of  arithmetic"  by  Maiu*ice  J.  Babb,  assistant 

professor  of  math^naties. 
January  1^  1918:  "Application  of  elementary  arithmetic  in  phydcs  and  as- 
tronomy" by  Professor  Edwin  S.  Crawley. 
April  15:  "Infinity"  by  Professor  (jeorge  H.  Hallett. 

The  Mathkuatical  Club  of  Suiih  College,  Northampton,  Mass.  {1918, 91]. 
October  23, 1916;  Soda!  meeting.  

1  At  the  Univecitey  oi  Bennqrlvania  then  were  in  1917-18  appwadipetely  000  women  giad. 

uate  200,  in  college  courses  for  tcachcr»  300,  in  arts  00^  end  in  eduoation  800-idl  (eacept 
graduates)  being  caodidatefl  for  bachelor  degrees. 
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November  13:  Review  of  G.  A.  Miller's  nistorical  introduction  to  mathematical 
literaiure  by  Florence  Hatch  '17;  Review  of  A  mmmnry  of  mathematics  in  the 
secondary  school  of  tom,orrow  by  the  Mathematics  Club  of  Chicago  High  School 
Teachers,  by  Gertrude  Schloo  '17. 

December  4 :  Social  at  the  home  of  Professor  Ruth  Wood, 

January  8,  1917:  Review  of  "On  the  nature  of  mathematics!  lessoiUllg"  from 
Poincar^'s  Scirjicc  and  hypothesis  by  Muriel  Irving  '17. 

February  12:  Review  of  "Space  and  Geometry  "  from  Poincar6's  Science  and 
hlfptdkttw  by  Lillian  Miller  '17;  Review  of  "A  non-Euclidean  world"  from 
J.  W.  A.  Young's  Ledurea  on  fundammtid  wneepU  qf  oH^bfa  and  geomebfp  by 
May  £.  Owen  '17;  [title  of  ]»aper  missing  in  club's  lecofds]  by  Ekanor  E. 
Stearns  '17. 

March  5:  " Lobachevsky's  geometry"  by  Katherine  Baxter  '17;  "Riemann's 

geometry"  by  Anna  Hebel  '18. 
March  26:  "Bolyai's  geometry"  by  Ruby  M.  Burt  '17;*  Review  of  *'£3q|»einm^t 

and  GeomeUy"  from  Poincar^'s  Seienee  and  hypothena  by  Janie  B.  Bartlett 

'17. 

April  30:  "The  fourth  dimension"  hy  Aline  Hueston  '17;  "The  slide  rule"  by 

Winifred  L.  Chase  '17;  "The  intepraph  "  by  Professor  Pauline  Sperry. 
May  21 :  Social  meeting  at  Professor  Eleanor  P.  Cushing's  home. 
February  11, 1918:  Professor  Harriet  R.  Cobb  spoke  of  work  at  Columbia 

during  two  summers;  Martha  Chadbourne  '14  described  her  graduate  work 

at  Harvard  and  RadcHffe. 
March  4:  "Pole  and  polar  relations"  by  Florence  B.  Putnam  *18;  "Plane 

homologies"  by  Cornelia  D.  Hopkins  '19. 
March  25:  Professor  Ruth  Wood  spoke  on  her  graduate  study  at  the  University 

of  Gdtlingen;  Professor  Susan  R.  Benedict  told  of  graduate  work  at  the 

Universit\'  of  Michigan. 
April  29:  "  Brilliant  points"  by  Martha  Chadbourne  Gr. 
May  20:  Social  meeting. 

The  Mathematics  Clvb  op  Vassab  College,  Poughkeepsie,  N.  Y.  [WIS,  136]. 
February  17, 1916:  Organisation  meeting. 

March  15:  Election  of  officers;  "Demonstration  of  Simpson's  Rule"  by  Con- 
stance Andrews  '16;  "Ejqdanation  and  discussion  of  the  planimeter"  by 

Mildred  Allen  '16. 

April  20:  "Thu  (-(luilateral  hyperbola"  by  Frances  Atwater  'IG;  "Pascal's 
hexagon"  by  Mary  McMaiius  '16;  "Tiie  path  and  range  of  projectiles  used 
in  modem  warfare"  by  Ruth  Core  '16;  "The  construction  of  shells  used  in 
modern  warfare"  by  Helen  Moore  '16. 

May  12:  "Some  early  stages  in  the  evolution  of  algebra"  by  Professor  Elisabeth 
B.  Cowley. 

October  24:  Election  of  Olhcers;  "Professor  Mittag-Leliler's  last  will  and  testa- 
i  The  last  three  paper*  were  based  mainiy  on  Chapter  3  of  Poincar^'s  6'ctence  and  hypothuu. 
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ment"  by  Caroline  Bacon  *17;  "Explanation  and  discussion  of  the  limit"  by 

Robots  Picking  '17. 
November  28 :  "  The  construction  of  some  curves  by  linkages"  by  Hden  Moulton 

'19  and  Rachel  Franklin  '19:  "The  slide  rule"  by  Katrina  Jaggard  '17. 
December  13:  "T/Cwis  Carroll,  author  and  mathematician"  by  Margaret  Finck 

'17;  "Mathematical  recreations"  by  Beatrice  Boyden  '18. 
February  20,  1917:  "History  of  the  adding  machine"  by  Maame  Harrison- 

Berlits  '19;  "Explaiutimi  and  demonstration  of  the  Burroughs  adding 

madiine  "  by  Mr.  Madison  of  the  Burroughs  Madiine  Co. 
February  22:  Election  of  officers. 

March  1:  "Mathematics  in  the  secondary  schools"  by  Dean  Fredericic  C. 

Ferrj'  of  Williams  College, 
April  17:  '"Hie  fourth  dimension"  by  Maxy  Moher  '16;  Eleanor  Hussey  '16, 

and  Mary  Appdgate  '17. 

February  26,  1918:  Election  of  officers  for  the  second  semester:  Presid^lt, 
Martha  Braun  '18;  vice-president,  Helen  Thompson  '19;  secretary-treasurer, 
Louise  Stuerm;  Professor  Cowley  (^faculty  member  of  executive  committee); 
Christie  White  '19  (member  ui  large  of  executive  committee);  "Planimeters" 
by  Maijorie  YTheatley  '18  [see  1918, 136]. 

April  23:  ''A  mathematical  problem  of  warfare"  by  Eluabetb  B.  Conldin  '18; 
"Mathematical  fallacies"  by  Susan  Bair  '20. 

May  7:  Picnic. 

The  number  of  meetings  of  tlie  club  was  smaller  in  the  year  1917-18  than  in 
thp  pr<'\  ious  year  because  most  of  its  members  participated  in  red-cross  work,  in 
farming  activities,  or  m  a  preparedness  course  in  mechanical  drawing.  "Those 
students  who  wanted  to  go  into  government  wwk  or  to  enter  offices  of  electrical 
ccMnpanies  found  this  course  particularly  us^ul." 

The  JiM(»H  Mathematical  Club,  University  of  Wisconsin,  Madison,  Wis. 

[191 S,  m-9]. 

October  19, 1916:  "Amnican  mathematicians"  by  Professor  Edward  B.  Van 

Vleck. 

November  2:  "Graphical  representation"  by  Professor  Arnold  Dresden. 
November  16:  "Pappus  of  Alexandria"  by  Mary  Henry  '17;  "Models"  by 

Professor  Linnaeus  W.  Dowling. 
December  7:  "Three  breakdowns  in  mathematics"  by  Professor  Ernest  B. 

Skinner;  [title  of  paper  missing  from  club's  records]  by  Racbd  McEannan  '17. 
January  18,  1917:  "Work  of  .\rchimedes"  by  Professor  Charles  S.  Slichter; 

"Life  of  Archimedes"  by  Margaret  Chapman  '17. 
March  1 :  "  Peano's  theory  of  natural  numbers"  by  Frederick  Wood,  instructor 

in  mathematics. 
March  15:  [Details  of  program  missing}. 

March  29:  ''Squaring  the  circle"  by  Professor  Walter  W.  Hart;  [title  of  paper 
mianng]  by  Stdla  Andrews  '17. 
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April  19:  ''Importance  of  notation"  by  Dr.  Thomas  M.  Simpson,  instructor 

in  mathematics. 

May  4:  "Geometrical  fallacies"  by  Mary  Diiiman  17;  "Arithmetical  fallacies" 

by  Joaeph  L.  Wabh  Gr.,  travelling  fellow  from  Harvard  University. 
May  18:  "Relativity"  by  Warren  Weaver  Gr. 
April  3,  1918:  "Integers"  by  Professor  Skinner. 

April  17:  "Progress  in  notation"  by  Meta  Wood  '17;  "Fractions"  by  Professor  Hart. 
May  8:  "Lantern  slides  on  mathematicians"  by  Professor  Dresden. 

CXIIBS  RBPOBTIMG  ON  SESSIONS  IN  UlT-lS. 

The  names  of  these  37  clubs  are  arranged  chronoIogicaUy  according  to  the 
dates  of  their  organization,  and  pages  of  this  Monthlt,  1918  where  their  reports 

are  published  are  indicated. 

The  Mathematical  and  P))\"^iral  Society  of  the  University  of  Toronto,  Toronto, 

Ontario. — i'ounded  January,  1S82.    Membership  (men  and  women)  75; 

Meetings  9 ;  Average  attendance  50.   [Pages  229-231.] 
The  Mathematical  Club,  Harvard  University,  Cambridge,  Mass.— Founded 

about  1898.  Membership  (men  only).  Meetings  12.  Average  atttmdanoe  20. 
(Pages  186-187,  449^50.1 
The  Mathematical  Club  of  Smith  ( oliege,  Northampton,  Mass. — Founded 

October,  1899.   Membership  (women  only)  35.   Meetings  11.  Average 

attendance  24.   [Pages  91,  455-456.] 
Undergraduate  Mathematics  Club,  University  of  Illinois,  Urbana,  111. — Founded 

December,  1899.  Membership  36.  Mmtings  8.  Average  attendance  8-12. 

(Pages  404^05.] 

Pi  Mu  Epsilon  Fraternity,  Syracuse  University,  Syracuse,  N.  Y. — Founded 

November,  1903.   Membership  (men  and  women)  44.   Meetings  9.  Average 

attendance  30.   [Pages  271-273.] 
Mathematics  Club,  The  Western  College  for  Women,  Oxford,  Ohio. — Founded 

1905.    Membersliip  (women  only)  28.    Meetings  6.    (Pages  231-232.] 
The  Junior  Mathematical  Clult  of  the  University  of  Chicago,  Chicago,  111. — 

Founded  November,  1905.    Membership  (men  and  women)  15-20.  Meetings 

14.   [Pages  34^35,  448-449.1 
The  liiathematical  and  Astronomical  Club  of  Swar^more  College,  Swaifhmore, 

Pa. — ^Founded  March,  1907.  Iilembership  42.  Meetings  16.  Average 

attendance  30.    [Page  135.] 
Mathematics  Chib  of  Mount  Ilolyoke  College,  South  llaUley,  Mass. — Founded 

November,  1907.    Membership  (women  only)  53.   Meetings  5.  Average 

attendance  20.   [l  agt^  312-313.] 
The  White  Mathematics  Club  at  the  University  of  Kentudty,  Lexington,  Ky. — 

Founded  November,  1906.  Membership  7.  Meetings  22.  [Pages  90, 451- 

453.] 

Barnard  Collf^'c  MathtMiiatics  f'Uib,  Cohinibia  University,  New  York. — Founded 
1909.  Membership  (women  only)  40,  Meetings  6.  Average  attendance 
25.   [Pages  226-227.] 
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Mathematics  Club  of  Iowa  State  Teachers  Coll^,  Cedar  Falls,  Iowa — Founded 

December,  1909.    Meetings  3.    [Pages  311-312  ] 
The  Mathematics  Club  of  Hunter  College,  New  York. — Fousded  1910.  Mem- 
bership (women  only).    Meetings  8.    [Pages  187-188.] 
Mathematics  Club  of  Columbia  University,  New  York. — Founded  Novemberj 

1910.   Meetings  11.   Average  attendance  14.   [Pages  227-228.1 
The  Mathematics  Club  of  Albion  Cc^^*  Albion,  Midi. — Founded  January, 

1011.  Membership  (men  and  women)  19.  Meetings  15.  [Pages  354-357.] 
The  Newtonian  Soelcty  of  tlie  State  College  of  Washington,  Pullman,  Wash. — 

Founded  November,  10 U.    Membership  (men  and  women)  14.  Meetings 

10.   Average  attendance  10.   [Pages  410-411.1 
The  Mathematics  Club  of  the  University  of  Kansas,  Lawrence,  Kansas. — 

Founded  December,  1911.  Average  attendance  19.  Meetings  16.  [Pages 

35-36,  450-451.] 

The  Junior  'MitliemHtioBl  Club,  University  of  Wisconsin,  Madison,  Wis. — 
Founded  March,  1912.  Membership  (men  and  women)  25.  Meetings  7. 
Average  attendance  18.    [Pages  18S-1S9,  457-458.) 

The  Mathematics  Club  of  Goucher  College,  Baltimore,  Md.— Founded  Novem- 
ber, 1913.  Membership  (women  only)  22.  Meetings  10.  Average  atten- 
dance 15.   [Pages  357-358.] 

Denison  Mathematics  Club,  Denison  University,  Granville,  Ohio.)  Founded 
November,  1014.    Meetings  11.    Average  attendance  25.    [Pages  403-404.] 

Junior  Mathematics  Club,  University  of  Minnesota,  Minneapolis,  Mian. — 
Founded  Decemb^,  1914.  Membership  (men  and  womoi)  20.  Meetings 
10.  Average  attendance  15.  [Page  312.] 

The  Mathematics  Club  of  Brown  Univernty,  Providence,  R.  I. — Founded 
February,  1915.  Membership  (men  and  women)  60.  Meetings  7.  Average 
attendance  42.    (Pages  .")3-34.] 

The  Mathematics  Club,  University  of  Colorado,  Boulder,  Colo. — Founded 
October,  1915.  Membership  (men  and  women)  41.  Meetings  12.  Av^age 
attendance  30.    [Page  185  ] 

The  Mathematical  Club  of  the  University  of  Nebraska,  Lincoln,  Neb. — Founded 
October,  1915.  Membership  about  60.  Monthly  meetings  7:30  to  9  P.  M. 
Average  attendance  35.    [Pages  313-315.] 

The  Mathematics  Club  of  Northwestern  University,  Evanston,  111. — Founded 
January,  1916.  Membership  (men  and  women)  20.  Meetings  10.  [Pages 
132-134,  409.] 

The  Mathematics  Club  of  tlie  University  of  IMaine,  Orono,  Me. — Founded 

February,  1916.    Membership  (men  and  women)  18.    Meetings  7.  Average 

attendance  8.    [Pages  132,  453-454.] 
The  Mathematics  Club  of  Vassar  College,  Poughkeepsie,  N.  Y.— Founded 

January,  1916.  Membership  (women  only)  37.  Meetings  6.  [Pi^s 

136,  456-457.] 

The  Mathematics  Club  of  the  University  of  North  Carolina,  Chapel  Hill,  N.  C. — 
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Founded  October.  lOlO.    Membership  25.   Meetings  10.   Average  atten- 
dance 15-20.    [Pages  UO-91,  404-455.] 
The  Mathematics  Club  of  the  Univefsity  of  Oregon,  Eugene,  Oregon.— Founded 

October,  1916.  Membenhip  30.  Meetings  4.  Average  attendance  20. 

[Pages  134-135,  455.] 
The  Pentagram,  University  of  Texas,  Austin,  Texas. — Founded  October,  1016. 

Membership  (men  and  women)  about  30.    Meeting.s  If).    [Pages  273-270.] 
The  Mathematics  and  Physics  Club  of  tlie  Uuiversity  of  Alabama,  University, 

Ala.— Founded  November,  1916.  Meetings  4.  Average  at^danoe  12. 

[Page  226.] 

The  Mathematics  Club  of  Greenville  College,  Greenville,  111. — Founded  Septem- 
ber, 1916.  Membership  (men  and  women)  25.  Meetings  6.  Average  atten- 
dance 20.    [Pages  89-90.) 

The  University  of  Saskatchewan  Mathematical  Society,  Saskatoon,  Sask.— 
Founded  November,  1916.  Meetings  6.  Average  attendance  (men  and 
women)  14.    [Pages  270-271,1 

The  Grinnell  College  >rathematics  Clul),  Griiiiiell,  Iowa. — Founded  March, 
1917.    M<  inbership  (men  and  women).    Meetings  t).    [Page  449.] 

Vinculum,  University  of  Pennsylvania,  Philadelphia,  Pa.— Founded  May,  1917. 
Membership  (women  only)  20.   Meetings  5.   [Page  455.] 

Mathematical  Club  of  Rockford  College,  Rodcford,  111. — Founded  October, 
1917.    Membership  (women  only)  24.    Meetings  9.    [Pages  1SS,  409.) 

The  IMathcmatics  Club  of  Connecticut  College,  New  London,  Conn. — Founded 
December,  1917.    Membership  (women  only)  7.    Meetings  6.    [Page  270.] 

Mutliematics  Club  of  the  University  of  Montana,  Missoula,  Montana. — Founded 
March,  1918.  Membership  (mm  and  women)  22.  Meetings  6.  Average 
attendance  18.   [Pages  408-409.] 

It  may  be  remarked  that  mote  than  half  of  the  Clubs  were  founded  within 
the  past  four  years:  that  nine  were  organized  in  1910,  four  in  1917,  and  one  in  1918. 

Nearly  one  quarter  of  tlie  clu}).s  arc  for  women  only:  Connectictit,  Goucher 
Hunter,  Mt.  liolyoke,  Peunsylvauia,  Rockford,  Smith,  Vahsar,  and  Western. 

The  number  of  members  in  Hoe  various  clubs  varies  from  less  than  10  in  such 
places  as  Connecticut  and  Kentucky,  to  more  than  50  at  such  places  as  Mt. 
Holyoke,  Brown,  Nebraska  and  Toronto.  The  number  of  meetings  has  varied 
from  .3  5  (for  example  at  Iowa  State,  Alabama,  and  Pennsylvania)  to  15-22 
(for  example  at  Albion,  Swarthmore,  and  Kentucky). 

1918— SUMMARY  NOTES. 

During  the  year  an  attempt  has  heea  made  dearly  to  indicate  the  ideals  of 
(1)  every  American  undergraduate  mathematical  club  which  held  meetings  during 
1917-18,  as  well  as  of  (2)  the  following  three  clubs  which  deemed  it  wise  to  sus- 
pend operation  for  that  j'ear: 

The  Euclidean  Circle  of  Indiana  University,  Bloomington,  Ind. — Founded 
September,  1907.    [Page  228.] 
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The  Mathematical  Club  of  the  Kansas  State  Agricultural  College,  Manhattan, 

Kansas.— Founded  September,  1913.   [Pages  405-408.J 
The  Mathematics  Club  of  the  Univernty  of  Oklahoma,  Norman,  OUa.— Founded 

October,  1916.   (Pages  315-316.] 

To  this  end.  in  so  far  as  information  was  procurable  each  club's  organization 
has  been  described,  and  its  programs  for  one  or  more  years  have  been  published. 

It  is  hoped  that  this  material  has  served,  and  will  serve  for  some  time  to  come, 
as  a  fruitful  source  of  suggestion  as  to  possible  methods  of  club  organization  and 
oonduct,  and  as  to  ideals  which  may  be  successfully  tried  out.  A  sample  con- 
stitution (at  Oklahoma)  has  been  published,  and  it  has  been  observed  that  most 
clnb^  favor  formal  organization  with  student  officers,  anr!  a  member  of  the  faculty 
serving  in  advisory  capacity  on  either  the  program  or  executive  committee. 
At  such  places  as  Barnard,  Saskatchewan,  and  Toronto,  an  honorary  president 
is  dkoaen  the  students  firoin  the  hsxHty,  vhOe  aU  other  officers  are  stndoits. 
ISk  dubs  have  student  officers  only;  Iowa  State,  Kratudcy,  North  Carolina  and 
^nracuse  favor  faculty  control  of  practically  all  ofHces;  informality  in  organisa- 
tions is  characteristic  of  Brown,  Colorado,  Goucher  and  Western.  Just  what  type 
of  control  should  be  maintained  by  the  faculty  must  often  be  determined  by  local 
conditions.  , 

The  facsimile  of  the  certificate  of  membership  at  Texas  given  on  page  275,  the 
printed  programs  of  Greenville,  Kansas,  Kansas  State,  and  Toronto,  and  the  dub 
photographs  arranged  for  at  Brown,  Greenville,  and  Indiana,  will  swve  as 
interesting  suggestions. 

The  address  in  our  October  issue,  by  an  ex{)crience(l  teacher  who  has,  for 
many  years,  met  with  great  success  in  his  conduct  of  clubs,  sets  forth  the  extreme 
value  of  the  dub  and  the  great  importance  of  considerations  involved  in  the 
preparation  of  its  programs.  During  the  year  more  than  650  published  programs 
must  have  offered  helpful  suggestions  in  this  connection  and  made  clear  to  many 
reader!?  how  vital  a  factor  tlie  club  may  be  made  in  the  mathematical,  intd- 
lectual,  and  social  life  of  a  college. 

The  Albion  program  scheme  which  allots  some  task  to  every  member  at 
frequent  intervals,  such  plans  as  those  at  Goucher,  Kansas  State,  K^tucky, 
and  Wisconsin,  for  working  up  portions  of  the  history  of  mathematics  in  con- 
nection with  club  programs,  and  the  very  general  introduction  into  dub  programs 
of  biograi)hics  of  mathematicians,  are  also  noteworthy. 

While  titles  of  appropriate  program  topics  are  suggestive  there  are  few  clubs 
which  do  not  feel  tiie  need  of  indications  of  {possibilities  of  the  topics,  and  of 
exact  references  to  the  literature.  It  was  with  this  idea  in  view  that  a  be^nnlng 
was  made  in  meeting  thb  need  and  the  following  subjects  were  treated  during 
the  year:  1.  The  oldest  mathematical  work  extant;  2.  Geomrtmgraphy  and  other 
methods  of  measiir<^ment  of  jfeometrica!  constructions;  3.  Antlimetical  prodigies; 
4.  Ptolemy's  theorem  and  formulae  of  trigonometry;  5.  Paper  folding;  6.  Women 
as  mathematldaoB  and  astionomers;  7»  The  binary  scale  of  notation,  a  Russian 
peasant  method  <rf  multiplication,  the  game  of  mim,  and  Cardan's  rings;  8.  The 
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logarithmic  apiral;  d.  Golden  section;  10.  A  Fibonacci  series;  11.  Euit-r  integrals 
and  Elder's  spiral-— somedma  caUed  Fresnel  integrals,  and  the  dotholde,  oar 
Cornu's  spiral;  12.  Geometry  of  four  dimensions;  13.  Constructions  with  a 
double-edged  ruler;  14.  The  cattle  problem  of  Archimedes. 

With  one  exception  (because  calculiis  is  involved)  all  of  these  topics  are  suit- 
able for  programs  of  every  one  of  the  clubs  mentioned  above.  In  most  cases  far 
more  was  suggested  than  was  regarded  as  possible  for  oonsidaration  in  a  single 
evening.  The  bibliographies  were  piirp(»«Jy  made  pretty  full,  partly  because 
the  synopses  were  contributions  to  mathematical  history,  and  partly  that  the 
resources  of  each  library'  might  be  laid  under  contribution  when  possible.  It  was 
not  intended  that  anything  of  real  importance  and  interest  should  have  been 
overlooked;  nevertheless  it  was  not  noted  till  too  late  that  (1)  Campanus,  in  the 
thirteenth  century,  proved  the  irrationality  of  golden  section  and  that  his  argu- 
ment (by  ma^ematical  induction)  was  reproduced  by  Genocchi  and  Cantor;' 
that  (2)  discussion  connected  with  Fibonacci's  series  occurs  in  the  writings  of 
Daniel  Bernorilli  as  early  as  1728  and  of  Euler  by  1726  (facts  to  which  Mr.  G. 
Enestr(3m  of  Stockholm  has  kindly  drawn  my  attention);  and  that  (3)  Eulcr's 
spiral  has  played  an  interesting  and  important  r61e  in  connection  with  the  history 
of  railroad  curves.  The  litmtore  of  thb  subject  has  beoi  surveyed  by  the 
editor  and  it  is  possible  that  at  a  later  date  the  results  of  his  inquiry  may  be 
thrown  into  the  form  of  a  dub  topic 

«  *  * 

The  following  passage  of  a  personal  letter  to  the  editor,  from  a  distinguished 
profesiior  in  a  Scottish  University,  will  be  of  general  interest. 

"But  what  I  want  most  to  write  about  today  is  to  thank  you  for,  and  to  offer 
you  a  word  of  appreciation  of,  your  bulletin  of  the  'Undergraduate  Clubs.'  We 
have  nothing  like  this  over  here,  and  the  whole  thing  strikes  me  as  admirable. 
It  seems  to  me  that  it  might  with  Immense  advantage  be  extended  (as  perhaps  it 
already  is  on  your  side)  to  other  sciences  as  well  as  to  mathematics.  Our  better 
students  either  drop  their  work  altogether  on  graduation,  or  either  insist  on 
attempting,  or  perhaps  are  tempted  (for  instance  by  the  C!amegie  Scholarships) 
to  attempt, '  orig^al  investigation '  before  they  are  fit  for  it.  There  is  no  tempta- 
tation  and  little  opportunity  to  prolong  their  own  studies,  to  engage  in  wider 
reading  or  to  make  acquaintance  with  the  historical  n-pect  of  their  science. 
Often  a  comparatively  raw  youtli  or  girl  comes  to  me  and  wants  to  *  do  original 
research.'  I  say '  Why,  you  have  read  nothing  but  a  text-book  or  two ;  you  have 
read  nothing  worth  speaking  of.  Why  not  read  for  a  year  or  two;  make  yourself 
master  of  what  has  been  done  in  this  field  or  that,  and  widen  your  horizon. 
Ki)it()mizc  tile  literature  of  some  theme,  or  of  some  historical  period.'  Bnt  t}\o. 
reply  is  always  the  same.   'I  want  to  do   original  research" i  and  the  Carnegie 

'  Annali  di  mcnzc  maU  matich,  c  fisiche  {Tortolini>,  tnino  fl,  pp.  307-308;  Cantor's  Vorleaungm 
ttder  OeschicfUe  der  Malhemaiik,  Band  2,  2.  Auflage,  IttOU,  p.  105.  See  also  this  Monthi.t,  1918, 
IMiem. 
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Trust  will  give  me  a  good  scholarship  for  doing  so,  and  for  nothing  else  in  the 
world.'  Now  your  plan  seeins  to  uie  to  precisely  meet  the  case.  You  encourage 
your  young  people  to  do  vmrh-^aoit  necessarily  'original  work'^-whidi  is  more 
tliaii  any  reasonable  man  can  expect  of  them;  but  at  least  work  whidi  involves 
just  so  much  originality  or  at  least  independence  as  can  fairly  be  expected.  And 
it  is  work  by  which  they  learn  something;  while  heaps  of  so-called  original  work, 
as  I  see  it  done,  teaches  nothing,  for  it  is  too  often  confined  to  some  tiny  problem, 
and  only  means  watching  the  spot  of  a  galvanometer,  or  making  endless  and  all 
but  identical  titrations  or  measurements." 
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Witch  and  CHssoid,  Generalizations  of.   T.  H. 

Hodge,  223. 


BOOK  REVIEWS. 

Bauer,  G.  N..  and  Brooke,  W.  E.    I  lane  and     Bradley,  H.  C. 
Spherical  Trizonomotrv  with  Tables.    A.     Brooke,  W.  E. 

F.  FRf-MVEI.LEK,  212. 


See  Kenison. 
See  Bauer. 
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Dowllng,  L.  W.   Projective  Geometry.   J.  W. 

Braobbaw,  15. 
Hancock,    IL    Elliptic   Int«grak.     R.  W. 

Brink,  HjSa 
Eenison,  E.,  and  Bmdlev,  BL  C.  Dfrscriptive 

Georoetr3\   W.  IL  koEVsiB,  21IL 
Merrill,  H.  A.,  and  Smith,  C  .  E.   A  First 

Course  in  Higher  ^Vlgebra.   M.  £.  Wells, 

22. 


Morpn,  F.  M.   See  Young. 

Secrut,  IL  An  Introduction  to  Statistical 
Methods.   H»  L.  RiETT,  ISL 

Smith,  C.  E.   See  MerriU, 

West^  C.  J.  Introduction  to  Mathematical 
Statistics.   C.  IL  FoRf^YTH,  Siii. 

Young,  J.  W.,  and  Morgan,  F.  M.  Elemen- 
tary Mathematical  An&ly^.  R.  R. 
Hitchcock,  2SuL 


BOOK  NOTICES. 


Barker,  E.  IL   Plane  Trigonometry  with 

Tiibles,  m 

Bragdon,  Claude.   Art  and  Georoctr>',  117. 

Brenke,  W.  C.    Advanr  od  Algebra,  IIZ. 

 Elements  of  Trigononictn,',  117. 

Bycrly,  W.  E.  An  Introduction  to  the  Use  of 
Generalized  Codrdinaies  in  Mechanics  and 
^hysics,  117. 

Child,  J.  M.  The  Geometrical  Lectures  of 
Isaac  Barrow,  169. 

Clements,  G.  R.  Problfms  in  the  Mathemati- 
cal Tlieon'  of  Investment,  HZ. 

Crawley,  E.  S.,  and  Evans,  H.  B.  Analjiic 
Geometry,  214. 

Evans,  ILB.   Sec  Crawley,  E.  S. 

Gervase,  Sister  Mary.  On  the  Cardioids  Ful- 
filling Certain  Assigned  Conditions,  21^ 

Hancock.  The  Theory  of  Maxima  and 
Minima,  302. 

Kenyon,  A.  M.,  and  Jx)vitt^  W.  V.  Mathe- 
matics for  CoU'  "^te  Students  of  Agri- 
culture and  Genera,    -ience,  117. 

Lennes,  N.  J.   See  Slaught. 


Licks,  H.  E.   Recreations  in  Mathematics,  IZfL 

Lovitt,  W.  V.   See  Kenyon. 

Macro  be  rt  ,  T.  M.  Functions  of  a  Complex 
Variable,  301. 

Morgan,  F.  M.   See  Young. 

Passano,  L.  M.  Plane  and  Spherical  Trigo- 
nometry, 302. 

Phillips,  IL  B.   Integral  Calculus,  Ufi. 

Rice,  J.  N.  On  the  In-  and  Circumscribed 
Triangles  of  the  Plane  Rational  Quartic 
Curve,  215. 

Running,  T.  R.   Empirical  Formulas,  214. 

Shaw,  J.  B.  Lectures  on  the  Philosophy  of 
Mathematics,  302. 

.Slaugbt,  IL  E.,  and  Lenncs,  N.  J.  Plane 
Geometr>'  with  Problems  and  Applica- 
tions, liSQ. 

Smith,  C.  M.  Electric  and  Magnetic  Meas- 
urements, 117. 

Whitehead,  A.  N.  The  Organization  of 
Thought,  m 

Young,  J.  W.,  and  Morgan,  F.  M.  Elemen- 
tary Mathematical  Aualysia,  IKS. 


PROBLEMS  AUTHORS. 

Numbers  refer  to  pages,  black-faco  ty\n:  indicating  a  problem  solved  and  solution  published, 
italics  a  problem  solved  but  fiolution  not  published,  ordinary  type  a  problem  proposed. 

17S,  174.  216.  est,  259.  260,  261.  m.  264. 

179, 


Adams,  O.  S.,  120.  121,  12S{2),  172.  ITL  221. 

Aaard.  H.  L.,  IIL 
Altehiller,  N.,  2A,  79,  8iL 
Amick,  T.  C,  Hk. 
Anning,       120j  218,  39L 
Aude,  fl.  T.,  121, 
Ault,  G.  A.,  IIL 
Babbitt,  A.,  ZIK. 
Baker,  R.  P.,  19,  80,  302. 
Balch,  J.  v.,  3<)7,  dLJiL 
Baldwin,  J.  W:71I2L 
Bamhart,  C.  A.,  44fi. 
Bartow,  D.  F.,  Zfi. 
Bcal,  W.  0.,  75,  4^ 
Beatty,  S.,  2(1776. 
Bell  E.  T.  2L 
Bennett,  A.  A.,  27,  121,  302. 
Bradley,  H.  C,  S. 
Brcit,  G.,  SCL 
Brown,  H.  H.,  3{)6. 
Brown,  B.  JT711S. 
Bunsis,  M^  S2Z. 
CAnaday,  E.  F.,  8IL 

Capron,  P.,^82^8^85^  120^  121(2),  122. 171, 


Carlrtwi,  ILiNy  T^T&Zi  HI,  LIL.  ^ 
Cederbci^,  W.  E.7F(?,  MT^^ 
Chan,  K.  K.,  80.  — 
Chittenden  J  E.  W.,  llfi. 
Clark,  Lewis,  81.. 
Clark,  Louis.  122. 
Clarke,  K.  N.,  445,  ML 
Cohen,  M.,  4i£r~^ 
Cohen,  S.,  397. 
Connelly,  J.  F.,  SSL 
Coolidge,  J.  L.,  80. 

Cor«y,  S.  A.,  20^       215i  216,  262^  303^  304^ 

445,  44fi. 
Devorken,  M.,  S97. 
Dillinnluim,  A.,  Siii. 
Dresden,  A.,  50^  307. 
Duncan,  C.  R.,  IL 
Durfre,  W.  P.,  U6. 

Escott,  E.  B.,  23^  75,  7g(2),  172, 178,  306,  ML 
Fajans,  D.  J.,  SfiZ. 

Feemster,  IL  C,  27,  121(2),  12^  171,  180,  261, 


SOi. 

FinkelTB.  F.,  173,  m 
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Flanagan,  C.  E.,  IXS. 
Franklin,  P.,  81,  UB. 
Fnimveller,  ATF.,  2i 
Gibeon,  E.  M.,  lliL 
Githens,  C.  E.,  ITl,  261. 
Gladstone,  Sin. 
Gossaid,  HTC.,  80^  iia. 
GreiBDian,  J.,  S97. 
Groecclofie,  E.  E.,  j^I. 
Gross,  M.,  SDl. 

Gummer,  C.  F..  20,  25.  2T^  75.  Tg,  80. 123,  m 
Haldeman,  C.  B.,  304. 
Hansen,  P.,  122. 

Harding,  A.  M.,  80,  81.  120.  121,  ISh  171,  17t. 

S6S, 

Harlow,  W.  F.,  HQ. 
Harris,  G.  H.,  gflZ. 
Hartwell.  G7W., 
Hazlitt,  O.  C,  76,  IZL 
HeaJ,  W.  K.,  2Sl7 
Heaton,  H.,  IZL 
Hitt,  J.  RTllS. 
Holeatin,  F.  H^  122. 
Holtwick,  A.T^G. 

Hoover,  W.,  75,  5^  81,       83^  119,  /S/,  122^ 
122.  123,  174,  17Sp21()(2)722Q  (note),  $21. 

Howard,  HTli.,  §2,  'Il^L 
Huntington,  £.7776^  179(2).  2Sfl. 
Ingels,  N.  L.,  22. 

Irwin,  F.,  76,  84,  119,  170.  /TT,  179,  303(2). 
Johnson,  RrATgO0.7?7.T70.  IHZ  (remark), 

>«7,  44Zr 
Johnson,  Koger,  /y.*) 
Johneon,  R.  S.,  26,  26IL 
Johnson,  WillianTvV.,  22. 
Johnson,  W.  Woolscy,  19^  IS, 
Kahn,  M.,  322. 
Kcffer,  R.,  7^ 
Kellogg,  O.  D.,  260. 
Kingston,  IL  R.,  259. 
Kreth,  D.,  22. 
Laslcv,  J.  W.,  75,  82,122. 
Lcbedeff,  J.,  33L 
Lewis,  F.  P..  26,  22. 
Louke,  J.,  12. 
Lu,  J,  F,,  8a. 

Lunn,  L.  E.,  79,  171,  805^  ^ 


McNatt,  J.  Q.,  172 
MacNeiiih,  IT  F.,  21fi, 
Mahoney,  J.  O.,  75,  447. 
Martin,  A.,  74.  123.  180,  215,  216,  30S,  446. 
Mathews,  R.  M„  7^^  121,  122^  171. 
Mathewson,  L.  C,,  7ff75L 
Mathujj8t>n,  H.  F.,  .55/ . 
Mensenkamp,  L.  E.,  121, 171,  261. 
Ment,  J.,  522. 
Milbcrg,  H^  222. 
Millenkv,'Tj  222. 
Miller,  A,  ET,  112. 

Mills,  C.  N..  74.  259.  261.  264.  306.  M5. 

Mills,  v.,  21. 

Montferrante,  M.  J.,  SD7. 

Moore,  E.  IT,  78,  3Ua. 

Moore,  R.  E:;  215,  252. 

MorJey,  F.  \.,~Eni 

Morlcy,  R.  K.,  ZS. 


Nauer,  A.  R..  3Qg.  39a. 
Nicholson,  J.  W.,  12. 

Olson,  EL,       27,  75,  79,  50,  82,       85,  119, 
122,  123,  171,  172,  /7y7?l.Tl9,  2057307 
OlBon,  iLh-lm: .WK -^TTT^.  " 
Q'ShauglinesavTL.,  27,  85,  112. 
Paasweli,  G.,  "8L  iMT^t  259,  26S,  264i  303, 

Page,  L.,  22L 

Pandya,  N.  P..  27.  85.  119.  124.  170.  215.  392. 

Path,  F.,  322. 

Payne,  O.  J.,  Z2. 

Phalor,  M.,  L2i. 

Phillips,  H.  P.,  ^ 

Pletman,  A.,  S97. 

Pooler,  L.  G.,  202. 

Post,  E.  L.,  122. 

Pumo,  P.,  322. 

Rader,  S.  L.,  S2Z. 

Rae,  F.,  IIL 

Ramler,  O.  J.,  7^  SO,  IZS. 

Ransom,  W.  R.,  S^T 

Rasor,  S.  E.,  171,  m. 

Rau,  A.  G.,  8Sr^ 

Reaves,  S.  W.,  26^  82,  306,  222. 

Rees.  E.  L..  19.  IIS.  t  t  l. 

Reynolds,  J.Tr,?^-';i2),  82,  83,  118.  122. 

Riley,  J.  L.,  81,  57^2077^^77227/157170. 171, 

172,  iscTteTt-mi,  m,  ^  — 

RoweTJ.  ET/S,  iiST^ 

Saiin,  A.  J.,  222. 

Schaufler,  IL  R.,  i2L 

iSchmall,  C.  N..  25.  85.  174.  219.  283. 

Schmicdel,  O.,  ZHT 

Schraitt,  C.  J.,  22L 

Schuyler,  E.,  113. 

Silverman,  M.,  .927. 

Simonscn,  O.  C.,  397. 

Smith,  E.  R.,  75,  118. 

Soenow,  G.  Y.,  m,  172^  303. 

Sousley,  C.  P.,  TWrSO,  120,  121(2),  122.  SSL. 

Sperr\',  P.,  172,~mr 

Spunar,  V.  M755, 122. 

Strain,  C,  222. 

Swift,  E.,  25,  75.  179,  180,  219,  262,  306,  307, 

397,  447,  flS. 
Tennenbaum,  D.,  527. 
Thome,  W.  J.,  218.  219. 
Thompson,  IL  L>.,  2&. 
Uhler,  H.  S..  171.  i7/.2ia. 
Vance,  E. 

Vandcrboon,  G.,  322. 
Walsh,  J.  L.,  2S- 
Weaver,  Warren,  171,  216. 
Weinberg,  P.,  222. 
Weisner,  L.,  8(L 
\Mjelan,  M.,  26. 
WTiitfoitl,  E.  E.,84,  112. 
WTiittemore,  J.  Iv7^39L 
Wilder,  G.  F.,  SOG,  322. 
Willcox,  M.  F.712JL 
Wilson,  E.  B.,  21,  Zfi. 
Witmer,  E.  W.,  2fiQ. 
Woodall,  IL  J.,  396. 

Worthington,  E.  H.,  7g(2),  119,  ISO,  215,  gQg. 

Yannev,  B.  F.,  84717971^ 

Yen, C'. C, 27^ 8o;84,  nS^122^mjl71^ 261. 3(;7. 
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SOLUTIONS  OF  PROBLEMS. 
[Numbers  in  black-face  type  refer  to  problems,  those  in  light-face  to  pages.] 


Algebra,  4^  20:  48S,  2Ij  484,  Tii;  4SS,  78; 
486,  78j  487,  110T488,  120;  4897120,  304;  490, 
171 :  491,  172:"^,  2U>:"193.  21 S. 

Geometry.  514,  21j  515,  2^516,  79;  517,  80j 
618,  80;  620,  121;  521,  121j~S22,  12^524.  21ii5 
625, 

Calculus,  360,  173j  426,  SS^  427,  26,  260;  4^ 
81;  430,  Sl;^,">g;        172T^'i71I3  (Note 
iZZD  ;"^,"g2  lTWr5r>on3g72r)  l ;  441,  2r.2. 
"Mt^iflcs;  5^  174j  ^  2(lf3gTr82;  342, 


^8«,  122]  346,  123;  347,  178  ;  348.  179;  349. 

2<i2;~552,  2G1;  353^^1 -"554.  2(vtr55i57^. 
^ulnber  Theory,  257,  27;  258,  27]  259  ,  84: 
262,  8".;  264,  12.3  ;  26571217^6771 2T;  2Wl7g; 
259.  ISO 7m,  MU. 

~~266ir~397;  2661,  305]  2664,  3(X5]  2666,  306] 
2666,  307  ;  2668,  398;  2669,  445;  2670,  Hs] 
2671,  4^  2673,  445;  2674,  iil;  2675,  4487^ 

List  of  unsolved  problems,  260. 

Directions  for  preparing  solutions,  Zfi. 


MATHEMATICAL  CLUBS— UNDERGRADUATE 


ACTIVITIES. 


Albion  College,  3M. 

Barnard  College,  226. 

Brown  University,  33. 

Columbia  University,  22L 

Connecticut  College,  2I1L 

Denison  University,  4U3» 

Gouchcr  College,  357. 

Greenville  College,  S9, 

Grinnell  College,  MSL 

Har\'ard  University,  186,  MO- 

Hunter  College,  181. 

Indiana  University,  228. 

Iowa  State  Teachers  College,  311. 

Kansas  State  AKrit^ultural  College,  iOi. 

Mt.  Holyoke  College, 

Northwestern  University,  132,  409. 

Rockford  College,  ISS^  iMr~^ 

Smith  College,  91,  JSL 

State  College  cfW'ashington,  4KL 

Swarthmore  College,  12h^ 

Syracuse  University,  2ZL 

University  of  Alabama,  226. 


University  of  Chicago  (Junior  Mathematical 

Club),  34,  448. 
University  oTColorado,  ISiL 
University  of  lUinois,  404. 
University  of  Kansas,  35^  4.'>0. 
University  of  Kentucky,  90,  4.'^1. 
University  of  Maine,  132,  453. 
University  of  Minnesota,  312. 
University  of  Montana,  408. 
University  of  Nebraska,  lilS. 
University  of  North  Carohna,  90i  4.'>4. 
University  of  Oklahoma,  3l!y. 
University  of  Oregon,  134,  4'i"). 
University  of  Pennsylvanui,  4iia, 
University  of  Saskatchewan,  270. 
University  of  Texas,  213. 
University  of  Toronto,  221L 
University  of  Wisconsin  (Junior  Mathematical 

Club).  188,  iSL 
Vassar  College,  136,  456. 
Western  CollegoTor  Women,  23L 


TOPICS  FOR  PROGRAMS. 


Arithmetical  Prodigies,  ftL 

Binary  Scale,  1.39. 

Cardan's  Rings,  142. 

Cattle  Problem  of  Archimedes,  411. 

Chronological  Lint  of  Clubs  and  Sessions,  4.'iR 

Constructions  with  Double-Edged  Ruler,  3^ 

Euler's  Integrals  and  Spiral,  276. 

Fibonacci's  Series,  235. 

Geometrography,  3L 

Geometrj'  of  Four  Dimensions  by  H.  P.  Man- 
ning, 316. 


Golden  Section,  232. 

Logarithmic  Spiral,  189. 

Mathematical  Clubs  by  H.  E.  Hawkes,  348. 

Nim, 141 . 

Paper  Folding,  95. 

Ptolemy's  Theorem,  24i 

Rhind  rapjTus,  36. 

Russian  Peasant  Multiplication,  141, 

Summary  Notes  for  1918,  460. 

Women  as  Mathematicians,  IM. 


COLLEGUTE  MATHEMA'HCS  FOR  WAR  SERVICE  PAPERS. 


Courses  in  College  in  Preparation  for  the  Navy, 
R.  G.  D.  Richardson,  321. 

Courses  in  Navigation  at  the  United  States 
Naval  Academy,  370. 

Drawings  and  Graphical  Solutions  in  Naviga- 
tion.   W.  H.  ROEVEB,  415. 

Firing  Data.   J.  K.  Whittemore,  3fiQ.  • 


Mathematical  Instruction  at  the  Great  Lakes 

Naval  Station.   L  A.  Bar.nett.  32iL 
Naval  Unit  at  the  University  of  California,  326. 
Navigation  at  the  University  of  Chicago,  327. 
Navigation  at  Northwestern  University,  328. 
Notes, 
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COLLEGIATE  MATHEMATICS  FOR  WAR  SERVICE  AUTHORS. 


Barnett,  L  a.  Mathemntiral  Instruction  at 
the  Great  lAkes  Naval  Station,  320. 

Richardson,  R.  G.  D.  Courst's  in  College  in 
Preparation  for  the  Navy,  :32 1 . 


RoEVER,  W.  IL   Some  Drawings  and  Graph- 
ical Solutions  in  Navigation,  415. 
Whittemore,  J.  K.   Firing  Data,  3S£L 


PERSONAL  MENTION. 


Abel,  M.,  35:  Abe],  N.  282]  Abell,  S..  ^ 
Adams,  C.  R"733, 34j  Adani.s,T735, 36j  Adams, 
F.  E.,  4511  A^ams,  O.  S.,  IHi,  299:  Akeley, 
E.  S.,  449j  Akimoff,  M.,  40iAlBcrt,  O.  W., 
449;  Alcnius.  A.,  185;  Alejonder,  D.,  357; 
Sllen,  Dr.,  ^  Allen,  F.,  313:  Allen,  H.  K, 
9(h  462i  45SrAllen,  M.,  45g;  Allen,  M.  C, 
I^"Anen7K.  B.,  254:  AlsonTH.,  449:  Alsop, 
ETL  ,  406]  Altshilleirr  N.,  316i~Amc8,  L.  D., 
47i  Amig,  M.,  357;  AmiieT  M.  B.,  226; 
Amsler,  M.,  40j  Anderson,  A.,  312;  Anderson, 
E.,  313.  314;~Xnder8on.  LL  A.,  133;  Anderson, 
R.,  405;  Anderson,  W,  E.,  255;  Andrews,  C, 
456;  Andrews,  D.,  133:  Andrews,  S.,  457i  An- 
arews,  W.  H.,  405^  4(1007,  40S;  Angelesco,  M., 
40j  Ange'-,~B."T:,  ^ ;"^pI^A.  T.  G.,  194; 
Xpplegate,  M.,  4.^7;  Archer.  P.  196;  ArchibaJd, 
R.',  C,  56j  00,  64^  65^  144,  285  286.  377:  Arc- 
tow-ski, '^,'TB7]Arm8,~RrAr75^2]Arm8trong, 
A.  S.,  2Srf  Arnistrong,  B.,  35;  Arnett,  M.  W., 
451;  AiHmun,  R.  N.,  382;  AiBlon,  C.  239, 
150,  451;  Atkinson,  HTR.,  356:  Atwator,"??, 
i55;  Justin,  R.,  133;  Avers,  HTG.,  382;  Avery, 
RTF.,  m 

Babb,  M.  J.,  455;  Babbitt,  A.  E.,  405j  Bab- 
cock,  H.  A.,  m;  Babcock,  R.  W.,  JlT-  Bab- 
cock,  W.,  36;  Bacon,  C,  4.57;  Bacon,  tT~L.,  358; 
Bailey,  A.~m:  Bair,  D.,T^  Baldes,  E.  J..  27T1 
Baldwn,  irT,.,  408;  BaTITJ.  P.,  408i  BallTTT; 
355.  356;  Ballantme,  J.  P.,  187;  Banker,  K., 
231;  Barclay,  C,  410:  BameflTL  A.,  35,  283. 
532,  449;  BarnhartTT.  A.,  372;  Barr,  K;  457; 
Baitlettr  J.  B.,  456j  BartonTTT  M.,  312]  Bar- 
ton, S.  G.,  453:~Batchelder.  P.  M.,  "TTK  285; 
Bauer,  G.  K7298;  Bauer,  W.  C,  134rBau8cH, 
H.,  227;  BaxteFTK.,  456:  BaylerrPT  L.,  405; 
"BaylEirO.,  314i  Ba>-8,"S740;  Bcal,  A.  F  ,  355] 
Beal,  W.  O.,  312;  Beall,  Nr~452;  BccknithTEt 
R.,  255;  Beckwith.  R.,  409;  Be3ard,  A.  J..454; 
BecBeTG.,  36;  Belcher,  A.  W.,  ^  Belcher,  D. 
R.,  38]  Beman,  W.  W.,  283]  Benedict,  S.  R., 
456]~Bennett,  A.  A..  273,~274;  Benson,  A.  K., 
27i;  Bcntlcy,  E.  E.,T^rT5crgman.  G.,  89] 
Berkele,  E.  ,231;  Bernslein,  B.  A.,  329;  Beraic, 
IL  P..  m;  BiTz,  W.,  452;  BianoIuTL.,  381; 
BickfonJTJT,  3l3i  BicfielHTT.,  403]  BilfieldrP:, 
403;  Bill,  E.  CTTSSl:  BinghamTHT,  36]  Bird.  J. 
M7 136;  BirkhoffTG.  D.,  35,  40,  977331,  376. 
450;  "Bisbee,  M.,  132;  BlaFkmai-.~r.~J7  272; 
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By  LOUIS  KARPINSKI 

UnlvwsUy  «ff  MfeMiao 

HARRY  Y.  BENEDICT  and  JOHN  W.  CALHOUN 

Uiilver«ity  of  Texas 

The  new  text  for  fieahmen  Incladed  the  essential  and  vital  featiues 
of  college  algebra,  trigonometry,  and  analytic  geometry.  It  is  note- 
worthy for  the  skill  with  which  the  topics  have  been  correlated,  for  the 
number,  variety,  and  modem  flavor  of  the  problems,  and  for  the  excel- 
lence of  the  diagrams  and  illustratious. 

The  authors  are  iirofessors  in  the  University  of  Michigan  and  the 
University  of  Texas.  Their  experience  has  enabled  them  to  unify  the 
work  in  such  a  manner  as  to  avoid  the  defects  which  have  been  ooih 
q>icuou8  in  sevwal  earlier  books  on  this  plan,  and  they  have  secured  the 
maximum  advantages  of  coherence,  clearness,  and  saving  of  time. 

Hie  inoblems  and  aiqplications  are  exoepttonally  valuable.  They 
are  modem  and  practical,  including  work  in  projectiles,  healing  of  wounds, 
varied  aspects  of  engineering,  agriculture,  annuities,  physics,  statistics,  and 
of  applied  science  in  genoral.  We  do  not  Imow  of  a  series  of  problems  to 
be  compared  with  this  work  in  its  value  to  the  students  of  today. 

The  diagrams  are  uniformly  drawn  on  co-ordinate  jmper  and  illus^ 
trate  every  phase  of  the  work.  There  are  also  numerous  reproductions 
of  photographs. 

In  the  prepnralion  of  the  work  the  authors  have  had  the  active  co- 
operation of  many  specialists  in  the  domain  of  industry  as  well  as  in  that 
of^mathematics. 
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Just  Issued 

New  Reivted  and  Entirely  Reset  Bdition  of 

Slichter — Elementary  Mathematical  Analysis 


By  Chakles  S.  Slighter,  Professor  of  Applied  Mathematics,  Uni- 
versity of  Wisconsin.  Secoud  Edition.  497  pagea,  5  x  7^,  lUus- 
tiated.  $2.50. 

An  entirely  revised  edition  of  this  diatinctive  first-year  text  is  now 
ready.  In  the  light  of  the  experience  gained  by  the  extensive  class- 
room use  of  the  book,  Professor  Slichter  has  simplified  much  of  the 
material,  has  omitted  some  work,  and  has  added  numorom  worked 
exercises.  New  .sets  of  exercises  and  long  lists  of  miscellaneous  and 
review  exercises  have  been  inserted.  Several  changes  in  order  of 
material  and  in  method  treatment  have  also  been  made.  The  book 
treats  the  various  topics  in  analj'sis  as  belonging  to  a  single  science 
and  hence  combines  work  in  trigonometry,  c<^^e  algebra,  and 
analytic  geometry. 
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Dowling — Projective  Geometry 


By  L.  W.  DowLiNG,  Ph.D.,  Associate  Professor  of  Mathematics,  Uni- 
versity of  Wisconsin.   215  pages,  5  X  7J.   Illustrated.  $2.00. 

"  Bowling's  Projeetwe  Oeometrj/  pleases  me  by  its  direct  and  rapid 

style,  and  by  its  large  content  in  siuuU  space.  Through  brevity  the 
author  attains  unexpected  fulness.  The  set  of  problems  are  very 
satisfactory,  some  relating  projective  to  metric  theorems,  others  de- 
veloping extending  the  discussion.*:,  purely  projective,  of  the  text. 
Diafjrams  are  unusually  well  designed  and  well  executed,  e.  g.,  those 
for  liie  two  Desargues  theorems." — Professor  Henry  S.  While,  Vaasar 
College. 


By  Herman  W.  March,  Ph.D.,  and  Henry  C.  Wolff,  Pli.D.,  As- 
sistant Professors  of  Mathematics,  University  of  Wisconsjia.  300 
pages,  5  x  7^.  Illustrated.  $2.00. 

Woilf — Mathematics  for  Ag:ricu!tural  Students 

By  Henry  C.  Wolff,  Assistant  Professor  of  Mathematics,  Univer- 
sity of  Wisconsin.   311  pages,  5  x  7|.  Illustrated.  11.50. 
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